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Abstract. Neutrosophic Fuzzy Sets (NFS) expand upon classical fuzzy sets in the field of fuzzy set theory
by including measures of truth, indeterminacy, and falsity. This paper thoroughly examines the creation and
assessment of similarity measures for Single-Valued Neutrosophic Fuzzy Sets (SVNFS). The similarity measure is
a crucial metric that quantifies the extent of similarity between two sets. It finds extensive application in various
fields such as pattern recognition, medical diagnosis, and decision-making challenges. Nevertheless, the current
similarity measures of Neutrosophic Fuzzy Sets(NFS) suffer from limited practicality and interpretation, and do
not yield highly reliable outcomes. In order to tackle this issues,We provide a variety of new similarity measures,
including the Hausdorff similarity measure, Membership-grade based similarity measure, and Trigonometric
Hausdorff similarity measure specifically designed for Neutrosophic Fuzzy Sets(NFS). We conduct a comparison
of their performance against existing measures. We verify the efficacy of these approaches by conducting
thorough theoretical research and practical trials, showcasing their suitability in pattern recognition. The
findings demonstrate substantial enhancements in precision and resilience, offering vital tools for academics and
practitioners working with intricate and unpredictable data. The results of our research provide a foundation

for future progress in the Neutrosophic Fuzzy Set theory and its practical use in several areas.

Keywords: Nuetrosophic Fuzzy Sets; Single Valued Nuetrosophic Fuzzy Sets; Hausdorff similarity measure

between Nuetrosophic Fuzzy Sets; Enhanced cosine similarity measure between Nuetrosophic Fuzzy Sets

1. Introduction

The fuzzy sets (FS) introduced by Zadeh [2] |6/have a wide variety of application in dif-
ferent fields of study. The fuzzy set handles uncertainty and ambiguity that the classical
set cannot handle. To handle uncertain, incomplete, imprecise and inconsistent informa-
tion,Smarandache [7]popularized the notion of a neutrosophic set (NS) from a philosophical
perspective, It expands upon the principles of classical sets and fuzzy sets. In the neutrosophic

set, a truth
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membership function 7 (z), an indeterminacy membership function Z(x), and a falsity mem-
bership function F(z) are characterized independently, [3] where T (z), Z(z), and F(x) are
real standard or non-standard subsets of | -0,1 + [, such that 7 : X =] -0,1+[Z: X —
]—0,14[,andF : X —]—0,14[. Thus, the sum of 7 (x),Z(x), andF (x) satisfies the condition
—0 < supT (z) + supZ(x) + supF (z) < 3+ [7].The neutrosophic set possesses the advantage of
representing imprecise and conflicting information, a capability that fuzzy sets (FSs) lack in ad-
dressing imprecise and inconsistent information. The neutrosophic set possesses philosophical
applications; however, its use in engineering is problematic. Consequently, the specified range
of T(z), Z(x), and F(x) can be constrained to the real standard unit interval [0, 1] for practical
engineering applications [8]. Consequently, a single-valued neutrosophic set (SVNS) [9] was
established as a subfamily of a neutrosophic set. S. Das et al. created the concept of a neu-
trosophic fuzzy set (NFS) by integrating fuzzy set (FS) with neutrosophic set (NS), resulting
in the emergence of novel concepts. Due to the challenges that neutrosophic fuzzy sets (NFS)
encounter in addressing certain real-world issues stemming from the non-standard intervals
of neutrosophic components, the concept of single-valued neutrosophic fuzzy sets (SVNFS)
has been introduced [4]. Additionally, certain set-theoretic operations, numerical illustrations,
and distance-based metrics for assessing the similarity of single-valued neutrosophic fuzzy sets
(SVNFS) are proposed, and their properties are derived accordingly.
Similarity measurements are crucial in the application of fuzzy sets and neutrosophic sets. The
research of similarity measurement is of greatest significance. A primary challenge in fuzzy
set theory and neutrosophic set theory is the formulation of distance and similarity measure-
ments. A significant amount of effort has been dedicated to the development of distance and
similarity measures for fuzzy sets |[10]. A degree of resemblance between sets of single-value
neutrosophic is essential for addressing multi-criteria decision-making challenges [11].Numer-
ous research studies have established numerous metrics of resemblance between collections of
single-valued neutrosophic data. This work delineated Hausdorff similarity measurements of
neutrosophic fuzzy sets, membership-grade-based similarity measures, and Enhanced Cosine
similarity measures, and examined their application in medical diagnostics.
This paper is organized as follows: The introductory portion comprises essential concepts
and findings necessary for our research. The subsequent sections contain the definitions of
the Hausdorff similarity measure, the membership grade-based similarity measure, and the
enhanced cosine similarity measure pertaining to neutrosophic fuzzy sets. In the subsequent
section, we demonstrate that the newly established similarity metrics fulfill their essential
properties. The clinical diagnosis utilizing similarity-based pattern recognition is elucidated

in a subsequent section. Concluding remarks are presented in the final section.
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2. Related Works

The existing similarity measures for fuzzy sets and intuitionistic fuzzy sets constituted the
initial endeavors in formulating similarity measures for neutrosophic sets. Numerous research
proposed modifications and expansions of these strategies to accommodate the additional di-
mension of indeterminacy in neutrosophic sets.Recent studies have introduced novel similarity
measures tailored for Neutrosophic Sets (NS). Ye, J. [17] proposed an enhanced cosine similar-
ity metric that incorporates the dimensions of truth, indeterminacy, and falsity in neutrosophic
numbers. This metric provides a more comprehensive comparative tool for complex datasets.
Combining various similarity measurements has proven to be an effective technique for leverag-
ing the benefits of different metrics. Peng et al. [18] introduced a hybrid similarity measure that
integrates the weighted Hamming distance with the Jaccard index. This integration enhances
the precision and reliability of similarity assessments within the framework of Neutrosophic
Set (NS).Entropy-based metrics have been examined to tackle the intrinsic uncertainty and
indeterminacy within Neutrosophic Sets (NS). The similarity measure presented by Broumi et
al. [19] is based on entropy and is used to assess the level of uncertainty between sets. This
approach provides a fresh perspective on measuring similarity.Geometric methodologies have
been modified for Neutrosophic Set(NS) in order to quantify similarity. Yang and Singh [20)]
proposed a novel geometric distance-based similarity measure that takes into account the spa-
tial distribution of neutrosophic fuzzy elements. This measure has been found to be highly
effective in many image processing applications. Significant progress has been made in the use
of similarity measurements in medical diagnosis. In their study, Khan et al. [21] devised a sim-
ilarity measure utilizing the overlap coefficient for Neutrosophic Set(NS). This enhancement
resulted in improved precision in disease detection by effectively aligning patient symptoms
with corresponding medical conditions.The integration of similarity measurements with ma-
chine learning algorithms has become a promising field. In a study conducted by Li et al. [22],
it was shown that the combination of similarity measures for Neutrosophic Set(NS) with clus-
tering algorithms improved the effectiveness of clustering algorithms in intricate datasets.
Fuzzy set theory is proficient in managing uncertainty, while neutrosophic set theory proves
beneficial in handling indeterminate and inconsistent data. However, if the available knowledge
is both unreliable and contradictory, then neither the Fuzzy Set (FS) nor the Neutrosophic Set
(NS) can effectively manage it separately. A combination of Fuzzy Set (FS) and Neutrosophic
Set (NS) is necessary to accomplish the objective. This particular challenge required the
extension of the fuzzy set concept within the framework of NS. In fuzzy set theory, the mem-
bership grade is represented by a specific real integer [2]. A wide range of theorems has been
formulated to address the problem of ambiguous membership grades, predominantly through

diverse extensions of fuzzy sets. When the degree of membership is vague and inconsistent,
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it is crucial to delineate the membership grade utilizing neutrosophic components—namely,
truth, indeterminacy, and falsity membership values—to accurately represent the uncertain
and inconsistent information. Nonetheless, to the best of our knowledge, S. Das et al. [4] were
the first to incorporate neutrosophic components with fuzzy membership grades to precisely
represent an environment characterized by ambiguity and inconsistency. Furthermore, they
introduced the notion of Euclidean distance and similarity metrics, along with their practical
applications in decision-making [4]. Our work sought to provide more accurate similarity mea-

sures than those already available and to investigate their application in pattern recognition.

3. Preliminaries

This section establishes a solid framework for our study by introducing essential definitions

and properties.

Definition 3.1. [2] Let X be the universal set, Then a fuzzy set F over X is defined by
F = {(z,ur(z))/z € X, where pur : X — [0,1] is called the membership function of X. The

value pup(z) for each x € X reflects the degree to which x is a member of the fuzzy set F.

Definition 3.2. [3] Consider the universal set X and x € X. A single-valued neu-
trosophic set (SVNS) N in X is distinguished by the function of truth membership T,
the function of indeterminacy membership Iy and the function of falsity membership Fly.
For each point x in X, Tn(z),In(z), Fn(z) € [0,1]. Thus, an SVNS N is denoted by
N ={(z,Tn(x), In(z), FNn(z))|z € X}

Definition 3.3. [4] Let X be the universal set. Then an NFS NF on X is defined by
NF = {(z,punr(z), Tnp(z, 1), INp(z, 1), FNr(z, 1)) /2 € X} where each membership value
is represented by a membership degree for truth, indeterminacy, and falsity, which are indi-
cated as Tnp(x,n), INp(z,1u) and Fyp(x, ). Furthermore, Typ, Inp and Fyp are existing
standard or non-standard subsets of ]0~,17[ , That is,

Typ: E =07, 17,

Inp: E =)0, 14,

Fyr: E —]0~,17].

where,0” < Sup(Tnr) + Sup(Inp) + Sup(Fyr) < 3*.

Definition 3.4. [4] Let X be a universal set. then Single -Valued Neutrosophic Fuzzy Set SNF
on X is defined by SNF = {(x, usnr(x), Tsnp(z, i), Isnp(x, 1), Fsnp(x, pu))/x € X}, where
Tsnp(z, p), Isnp(z, 1), Fsnp(z, 1) € [0,1],and 0 < Tsnp(z, p) +Isnp (@, p)+ Fsne(z, p) < 3.

Definition 3.5. [1] Consider two sets S = {s1, s2,....sp} and T' = {t1, to, ...., ty} The Hausdorff
distance between S and T is denoted by H(S,T') and is defined as
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H(S,T) = max{h(S,T),h(T,S)} where, h(S,T) = maég(rtni%ld(s,t)

sE S
Here, s and t are elements of S and 7', respectively, and d(s,t) is the metric between s and ¢.
Definition 3.6. [5| Consider two Nuetrosophic Sets K; and K3 on X, then the Hausdorff

distance between K7 and K is denoted by dgns(K1, K2) and is defined as follows:
duns(K1, K2) = & Y20 max{|Tr, (2:) — Tic, ()], [Ire, (23) — Ty, (23) ], | Ficy () — Fie, (i) [}

Theorem 3.7. (5] The Hausdorff Distance between Ky and Ks satisfies the following prop-

erties

(1) duns(K1, K2) >0

(2) duns(K1, K2) =0 if and only if K1 = K»

(3) duns(K1, K2) = duns(Ka, Ki)

(4) If K1 € Ky C K3 then dyns(Ki1,K3) > dyns(Ki, K2) and dgns(K1, K3) >
duns(K2, K3)

Definition 3.8. [16] Let X = {z1,29,.....,2,} be the universe of the discourse.
Considerky, k2 € Knrs(X), where Ky ps(X) is the family of all neutrosophic fuzzy sets (NFSs)
in X.

Let 1 = {(i, s (51), T (s i ) Ty (28, s ) Foey (2, 1y )) 5 € X}

Ko = {(Ti, firy (T3)s Tro (T fhe )s Lo (Tis sy )y Froy (Tis phsy)) /i € X'}

The Hausdorff distance between k1 and ko is denoted by dynps(k1,k2) and is defined as
follows.

danrs(ki,k2) = 3o qmax{|pe (i) — fuey (@)], [ Toy (i, tr) — T (@i by, | Ty (@5 pie,) —
Lrco (@i o) | | Fiey (@5 by ) — Feo (i pes )|}

Definition 3.9. [16] Let X = {z1,z9,.....,2,} be the universe of the discourse.
ConsiderK, Ko € Knyps(X), where Kypg(X) is the family of all neutrosophic fuzzy sets
(NFS) in X.

Let Ky = {(wi, b, (20), Tre, (i, oy ) Ziey (@i, iy ) Frey (@5 iy )) /@i € X'}

Ko = {(@i, prc, (@), Treo (T4, 116 ), Lico (Tis Ky ) F o (Tis Hk,)) i € X}

The normalized Hausdorff distance between K; and K is denoted by dygnrs(K1, K2) and
is defined as follows.

dvunrs(Ki, K2) = wamax{lp (2) = e ()] Tie (20, i)

Tic (@i, o) | Ty (i iy ) — Lo (@i )| | F iy (@i, ey ) — Fieo (@, pr, )|}

Definition 3.10. [15] A measure of similarity between two sets of neutrosophic with a single
value is a mapping S : N (X) — [0, 1] that satisfies the following properties:
(1) S(K1, Ky) € [0, 1]
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(2) S(K1,K32) =1 <= K; = K>
(3) S(K1, K2) = S(K2, K1)
(4) KiCKyC K3z — S(Kl,Kg) < S(Kl,KQ) and S(Kl,Kg) < S(KQ,K?,)

S
S
(1) — (4) are called Axioms of Similarity.

4. Similarity Measure for Neutrosophic Fuzzy Sets

A similarity measure can be used to examine differences between alternatives, making it an
effective tool for multiple criteria judgment problems. Using the Hausdorff distance measure
and membership grades, this section extends the similarity measure for Fuzzy Sets and Neu-
trosophic Sets to Neutrosophic Fuzzy Sets. In addition, a brand-new similarity metric based

on the combination of Hausdorff distance and cosine similarity is suggested.

4.1. Hausdorff Similarity Measure For Neutrosophic Fuzzy Sets

Definition 4.1. Let X = {xz1,x9,....,2,} be the universe of discourse. Considersi,ry €
Knrs(X), where Kyps(X) is the group that includes all neutrosophic fuzzy sets (NFSs) in
X.

Let k1 = {(i, pry (20), Ty (%5 b ) Loy (@5 s ) Py (%5 iy )) /s € X}

Ko = {(Zis by (T3)s T (Tis b )s Loy (Tiy Psg ) s Foy (Tis pis)) /i € X}

The Hausdorff Similarity Measure for k1 and kg is denoted by Sg(k1,k2) and is defined as
follows.

Su(w1,k2) = 1 — 3 330 ymax{|pe (25) — by ()| [Ty (i br) — Tooo (i b |+ [ Ty (i py) —
Ty (1, ) s [P (s ) — Fre (s )|}

Theorem 4.2. The Hausdorff Similarity Measure between two Neutrosophic Fuzzy Sets k1

and ko has the following properties.

Proof. (1) We have Su(si,ms) = 1 — LS mact ey (21) — iy (00 | To (21, pa) —
Tra (@i i) | Ty (s pher) = Do (s )| [ (5 ) — Fea (i )|}
From the definition itself it is clear that Sy (k1, k2) € [0, 1]
(@) Su(wima) = 1 implies LS max{lue (5) — pg 0] 1T (2 0,
oo (5 o)) [ T (s piny) — Lo (@i )| | Foa (s piy) — Frog (@i pisy)|} = 0 that s,
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dvunrs(ki,k2) = 0. Then by the properties of Hausdorff Distance between NFSs
we can conclude that k1 = ko

(3) Su(k1,k2) = 1 = oxmmax{|ue (i) —  pey(@0)| [ Tay (s p1ny) - —
Tieo (@i brea )| | Tt (@5 ey ) — Lioo (@i b )| [ Fien (@ pr) — Fco (@i b )|}
= - %Z?:lmax{mnz(%) Py ()5 | Trg (T pey) — Ty (Tis oy )5 [ g (T pey) —
Loy (s posy) |, | Foea (s pny) — Fioy (s psy )|}
= Sp(ka, K1)

(4) Since k1 C Ko C k3 we have fue, (i) < figy (03) < fusg (1), Ty (Tis ptsy) < Ty (i fsy )
Trs (@i, C Ly (Tis piy) < Lioy (Tiy py) < Loy (T sy )y Fioy (Tis sy ) 2> Fiao (T fisy)
Fres (Tiy frcs)-

First, we have to prove that dgnrs(k1,k3) > danrs(k1, k2)
Case-1
ey (23) — pirg ()| = [Ty (@i, fry) — T (Tis ping)| = | Doy (s prey) — Loy (@i pg)| >
| Py (@i ey ) — Frag (@i fsg)|
Then, dunrs(K1,K£3) = |ty (T3) — tiy (74)]
(a) For all z; € X
| Tier (Tis py) — Troo (Tis piy)| < [T
| Ziey (@i pomy) = Lo (i, )| < |Z,
| Fron (@is ey ) — Froo (@5 py )| <
(b) For all z; € X
| T (i g ) — Tz (i, fics)|
Ty (@i, firy) — Loy (T4 s |
| P (@i fhry) — Frog (i flasg)
(c) For all z; € X
|y (3) = ps (20) | < |ty () = ey ()| a0 [y (3) = peg (20) | < |ty (03) = iy ()|
We can deduce from (1),(2) and (3) that, for all z; € X

AVARRVAN

(xznum) 7;3(551'7/1&3)’ < |/‘I€1 (ml) - /‘ﬁs(l‘i”
v (@i i) = Lo (@i, e | < ey (20) — s (24)]
’ K1 (xznu%l) - ]:R:s (‘rivﬂns)‘ < ‘/’('Hl (ml) - MH3(xi)’

7761 ($i7ru’ffl) - 7;3('%1'7”%3)’ < |Hli1 ('TZ) — ks (xl)|
< Ifﬂ (xiuum) _Im(xinu'm)’ < ’Mm (HTZ) - Mfis(xi”
’ < |]:H1(xinuﬂ1) - fn3($iaﬂn3)| < ‘Mm(xi) - MH3(xi)’

%Z?:lmaX{WM (i) = o (@) Ty iy pisy) = Toao (Tis fn) | | Ty (@, iy )

Loy (@i fey) |5 [ Fiey (@i piisy ) - Frag (@i puy) |} <
mmax{li () = g (@] Tey (@ i) = Taa (s i) |5 [ Lo (@, py) - =
Ly (Tis b)) |, [ Fiey (@i, fhey) — Feg (@i peg )|}

— dynrs(k1, k2) < dunrs(k, K3)

and

LS el (5) = ()] a0 t) = Tra (08, ) g (05, )

Lrcs (@i fosg) |5 [ Fias (@i phisy) - Frea (@i s )| } <
%Z?:lmax{mm (i) = s (@) Ty @iy i) = Toag (s tsg) | | Doy (T pey) - —

Ili;g(xiaulig)‘v ‘fﬁl(‘ria,u%l) - fng(xhlu%g)’}
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— dunrs(ka, k3) < danrs(ki, K3)
Case-2

|:U’fi1(xi) - MN3(xi)| < ’Tﬂl(xiaum) - 77{3(531',,“:{3” < |Zli1 (mivum) - Iﬁs(xiaufﬂs)‘ <

| Fror (s psy ) — Frog (T s |

Then, dugnrs(k1,53) = |Fiey (Ti, py ) — Feg (i s )|

(a) For all z; € X
by (23) = py (20)] < ey (0) = s ()
[Ty (s f1sy) —

Frag (@i fsg)

Ly (@i, poy) —
Freg (Tis bz |

(b) For all z; € X
o (24) — s (23)] < |pey (24) — Mk (23)] < | Fey (@i ey ) — Frs (4, Nﬁs)‘

S ’fli1(xi7/~’bli1) - fﬁg(x’ulj’}id)’
(muuﬁg)‘ S |77€1(xi7,u’l£1) - 7;3(1.7;7/1%3)‘ < ’flﬂ(xiaulﬂ) -

Iﬁz(xiaufw” < |IH1(xi’:uf€1) - 153(331'7“%3” < |~Fﬁl(xinum) -

|77€2(33ivuf€2) - 77€3(xiaﬂf$3)‘ < |77€1(‘Ti7:uff1) - :‘63($17HR3)| < |'Ff$1(xi’:uf$1) -

]:/ia(wia Mﬁa)‘

|Il€2(xi>,ul-€2) - Iﬂg(ximuf‘és)‘ < |IH1(xi>,UH1) - Iﬂs($iauﬂs)| < |]:/€1(xialum) -

]:HB(:CZ"MI%”
(c) Forall z; € X
“’rﬁl(xh,um) - fﬁz(whﬂﬁz)’ < ”Fﬁl(xi?ﬂm) - ffia’(‘rivﬂm)‘
and |]:I€2(:L'iaﬂﬂz) Ng(xluuﬂsﬂ < |‘Fl€1(xlnul€1) - fﬂs(xh:uﬂs)’
We can deduce from (1),(2) and (3) that, for all z; € X

%Z?:lmax{mml (371) — Mk (w1)|7 |77€1 (xinu%l) - 7;2 (aci,,um)], ‘Im (wiv Mm)
Im(xihum)‘:‘fﬁl(xh/‘m) - ]:Hz(xiuuliz)’}
% Z?:lmax{“‘m (xl) — Hks ($1)|, |77€1 (xinu’m) - 7;3 (:Ei7:l"€3)’a |II€1 (xivﬂm)

Ilig(x’ia,ung)‘v |Ff€1(xiaufﬂ) - an(xh/j%g)’}

— dpnrs(k1, k2) < dunrs(ki1, k3) and

% Z?:lmaxﬂiuﬂz (xl) - Hks ($1)|> |77€2 (l‘inuliz) - 7;3 (xh:uﬁs)’v |II€2 ($i7/LI€2)
Iﬁs(xiaufﬂs)‘v|Ff€2(xivuﬁ2) - fﬁ3($inu’fis)’}
%Z?:lmax{mm (371) —  Hks (331)|, |77€1 (miaﬂm) - 7:”»3 (xinum)’v ‘Im (wiv Mm)

Iﬂs(xia Uﬂs)‘a ‘}—Hl (xiuum) - }—Hs(xi?ﬂlis)’}
— danrs(ke, k3) < danrs(k1, k3)
Case-3

IA

IN

‘MR1(xi) - /1%3('%')‘ < ’7;1(331';“%1) - 7:;3(56'1',,un3)| < “Fm(‘rivum) - fﬁs(xhﬂm” <

|Il€1 (xiv /Llﬂ) - Ili3 (xi, Nn3)|
Then, dHNFS(Kla '%3) = |IH1 (‘TD :U’m) - Ifis (xi’ /“Lﬁs)‘
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(a) For all z; € Xy (@) = fhry (@) | < |psy (05) = psg (¥3)| < Loy (@5 iy ) = Loy (i fliss)|
|77€1($ia/‘n1) - sz(xia,unz” < |77s1($i,,um) — 7743(3%,&;43” < |In1(1’iaﬂm) -
Lreg (i s )|
| Frey (Tis oy ) — Frog(@is frg) | < | Fy (s ftwy) — Fog (i pig)| < Loy (s firy) —
Lrcs (@i s )|

(b) For all z; € X
[ (4) = b (i) | < Nty (26) = o ()] < Ty (@5 pey) — Lo (i, s )|
[ Tra (@i py) — Tos(@is pirs)| < Ty (Tis frry) — T (Tis pwg) | < | Ty (@, ) —
Lrcg (i fass )|
| Froa (Tiy ba) — Frog (T g |
Loy (@i )|

(c) Forall z; € X

IN

|~Fﬁl(xinum) - fﬁ3($ia:uﬁ3)‘ < |Zﬁl($ivuf€1) -

|II€1 (xiv /Llﬂ) - Iliz (xi, Mﬁ2)| < |Il€1 (xi’ :ulﬂ) - Iﬁs ({L‘@', :uﬁs)’
and ’Iﬁz (xiv :ufw) - Ifi;a (xiv HR3)| < ‘Ifﬂ (wiv Nm) - IH:; (xh NH3)|
We can deduce from (1),(2) and (3) that, for all z; € X

o imax{ e (71) = g (@) Ty (i i) = T (@i, ) |5 | Ty (i py) - —
Loy (Tis b)) s | Fiay (s psy ) - Fiaa (@i pusy) |} <
wrmax{ e (21) = g (@) | Tay (i i) = Tog (i, beg) |5 | T (i, h1y)
Locg (@i g )|s [ Fy (s psy ) — Fiag (Tis b )| }

— dunrs(k1, k2) < dgnrps(k1, K3)

and

Ly max{ |, (1) = g ()| | Tos (s ) = T (i i) |5 | Ty (s piy) =
Lrcg (@i frsg ) |5 [ Fiao (i i) - Fios (Tis fhrsg) |} <
%Z?:lmax{mnl (i) = s (@) Ty iy pisy) = T (Tis fsy) | | Ty (@, py )

Lies (i phes )|, | Foer (@5 pe ) — Fies (T pics )|}

— duNnrs(ke2, k3) < dunrs(k, K3)

Case-4

iy (i) — pes (T3)| < [Foy (@ pey) — Fiea (T pe)| < Doy (T pey) — Loy (T sy)| <

| Tir (@i fry) — Tiog (T s |

Then, dunrs(k1,£3) = |Tay (Tis ooy ) — Tros (T4, g |

(a) Forallw; € X, (i) = by (%) < [pey (@) = pes (@) | < [Ty (@55 by ) = Tios (Tis s )|
| Foor (s tisy ) — Foo (Tiy s )| < 1 F ooy (@i ftrsy) — Fosg (Tis )| < | Ty (@5 fy) —
Tres (i fs) |
Ty (Tis tsy) — Do (T fsy)| < | Tooy (@i poisy) — Loy (@ )| < [Ty (@i py) —
Tz (@5 s )|
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IN

(b) For all @i € X |puy(@i) — pws (i)l < |ty (w5) — iy (i)
Tz (i p)|
| Fro (Tis firg) — Freg(Tis b)) < [ Fay (@i posy) — Fog (@i, pg)| <
Tres (T L) |
Lo (i prss) — Do (Tis b)) | < | Doy (i i) — Lo (s g )| <
Tis (i pe)|

(c) For all z; € X
T (@i, i) = T (i e )| < Ty (@i ey ) — Toes (i i)
and [T, (i, firy) = Tra (@5 g )| < Ty (@5 pey) = T (25 s )|

We can deduce from (1),(2) and (3) that, for all z; € X

’77%1 (xzﬁ /J%l) -

|7;1 (ajiv H:‘il)

‘7741 (xinulﬂ)

%Z?:lmax{mm (371) —  Hka (.7:1)|, |7f-€1 (xinum) - 77%2 (CC,‘,/L,.;Q)’, ‘Im (wiv Mm)
IH2(xiaMH2)‘7“’rﬁl(xi:,um) - Fﬁz(xh:u'liz)’}
% Z?:lmaX{Lu’ﬁl (xl) — Hks ($2)|7 |77i1($i7:ul€1) - 7;3 (zhﬂﬁs)’a |II€1 (l'iaﬂm)

Iﬁs(xivuﬁs)‘v |Ff€1(xivuf€1) - ffis(xi’/j’fi:;)’}

— dunrs(k1, k2) < danrs(ki, K3)

and

%Z?:lmax{mnz(xi) = s (@) [ Tao (s ) = Tag (T4, g |5 [ Lo (2 )
Lres (@i by ) |5 | o (i ) - Fr (@i, fg) [}

w oimax{lie (w0 = b (@) [ Tey (i i) = Toa (% g s 1 Ty (255 1)

Iﬂs(xia/‘m)‘v |]:l€1($iuul€1) - ]:ﬂs(minulis)”

— danFs(ke, k3) < danrs(k1, k3)

IN

IN

Thus, in all possible cases, we have proved dynrps(ki,k2) < dgnrs(ki,k3) and

dunrs(ka, k3) < dunrs(k1,k3). Therefore, 1 — dgnps(k1,k2) > 1 — danrs(k1,k3) and
1 —dunrs(ke,k3) > 1 —danrs(ki, k3). = S(k1,k3) < S(k1,K2) and S(k1, k3) < S(k2, K3)

Therefore, the Hausdorff similarity measure, as defined above, is a measure of similarity be-

tween two neutrosophic fuzzy sets.

4.2. Membership Grade-based Similarity Measure for Neutrosophic Fuzzy Sets

We are trying to define the similarity measure between two neptrosophic fuzzy sets based

on the membership grades in this section.

Definition 4.3. Let X = {z,x9,....,2,} be the universe of discourse. Considers, ks €

Knrs(X), where Kyps(X) is the group that includes all neutrosophic fuzzy sets (NFSs) in
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X.

Let k1 = {($27 My (:El)’ 7;1 (xia :u'fl)’l'/fl (xi’ Nm)? fﬂl (xia /Lm))/xi € X}

k2 = {('Th Mo (xl)7 77%2 (xiv N@)vzﬁz (xi’ /J“HQ)’ Fra ($i7 :U’fiz))/xi S X}

The Similarity Measure based on the membership grades for k1 and x4 is denoted by Sas(k1, k2)

and is defined as follows.

_ Z?:l min(/‘ﬁ1 (331')7/1%2 (331))+m2n(7:€1 ($i)17—fig (xi))"’min(zﬁl (xi)azﬁg (xi))"’min(]:ﬂl ($i)v}-f€2 (4))
‘SM(Hl’ '1{2) T i max (g (T0) g (@) Fmax(Tey (€0), Trg (2:))tmaz(Tig (1), Lry (2:))+maz(Fiy (€1),F ey (1))

Theorem 4.4. The similarity measure based on membership grades between two neutrosophic

fuzzy sets k1 and ko has the following properties.

(1) SM(Hl,HQ) € [0,1}

(2) SM(Hl,/{g) =1 <— K1 = K2
(3) Sm k1, k2) = Sm (K2, K1)

(4)

4) K1 C kg C K3 — SM(/il,ng) < SM(/il,ng) and SM(K;l,/ig) < SM(KJQ,/ig)

Proof. Properties (1) and (3) hold directly from the definition itself. We have to prove prop-
erties (2) and (4)

2. If k1 = ko then by definition itself it is clear that Sys(k1,k2) =1

Conversely, let Sps(k1,k2) =1

iy min (s (24) sy (%)) A min(Toey (), Trog (23))min(Ley (24) Ly (i) Fmin(Fry (24),Fwy (23)) 4

- Z? 1 maac(u,gl (x4), Hro (a:l))—‘rmam(T,ﬂ (x4), Trig (a:l))—l—maa:(I,gl (x4) INQ (ac,))-i—maw(]'—,il (1), ]:rig (zs))

— Doy (e, (i) psy () + min( Ty (24), Tp () + - min(Z, (24), Ly (24)) - +
min(Fi, (25), Fiy(24)) =
> i max (b, (), piy (23))  + max(Tey (23), Tep () + maz(Te, (), Zey (23))  +
max(Fi, (z;), Fry(x:))

= imalmin(ue (20), by (20)) = mam (e, (20), iy (20))] + - [min(Te, (23), Tey (23)) - —
max(Tey (i), Tay ()] + [man(Ze, (20), Ly (20)) = maw(Le, (23), Loy (1)) +
[min(fm (xi)>fﬂz (xl)) - max(flﬂ (:El)a}—liz(xl))] =0

= [man (e, (i), pns (20)) — maw (g, (:), Mm(fcz))]

[min(Te, (i), Ty (6)) — max (T, (), Ty (24))] =

[min(Z, (%), L, (1)) — maz(Ly, (i), Liy (24))] =

[min(Fuy (24), Fry(x:)) — max(F,ﬂ(xi),F@(xi))} = 0, for each x.Therefore, u., (z) =
b (). Tay (&) = Tay(2) s (2) = Ty (1), Fcy () = Fop(a) for cach .
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— K1 = K3

4. Let k1 C kg C k3, Then

oy (Ti) < ey (T0) < ey (T0), Ty (T pey) <0 Toao (T fhy) < Toog (s bey) Loy (Tis phsy) <

Loy (Tis pry) < Loy (T4 iy )

Froa (Tis tsy ) = Fiag (i fiy) > Frog (Tiy frsy )

Therefore, we have

foy (i) + Ty (Tis bisy) + Doy (24) pa) + Froo (T i) = oy (T2) + Ty (Tis ey ) + Loy (T, fsy) +
Fiag (T, fsg)

ko (Ti) + Toeo (Tis b)) + Loy (T pisy) + Fiay (Tis py) < pisg (T0) + Ty (i psy) + Loy (T, fsg) +

Fra(

L, :ufﬂ)
2?71 l‘nl(w-)‘i'nl (xivﬂn1)+1~1 (l'iaﬂnl )+-7'—~2 (Iiaﬂng)
K1, K = = i
SM( 1, 2) Zi:l /“n2(wi)+77€2 (331'7,‘/%2)"‘1&2 ($i,M~2)+]:~1 (Z‘i’uﬁl)
Sy .L"nl(mi)+7—f‘”~1 (@i b1 )+ Ly (Tisting )+ F kg (Ti bz ) =S (I‘i K )
= 21 Hag(ay) T g (Tiskng )+ L (Tisting ) +Frey (Tihtey ) MARL, RS

Similarly, we have

Mo (l‘l) + 7762 (.Ti, H,‘iz) + IHQ (372)7 ,U%Q) + F/ig (‘riv N:‘i3) > My (I’l) + 7761 (fL‘i, ,U%l) + Ilﬂ (xiu /’Llﬂ) +

Fs (T, prs )

( ) + 77’»3 ('rlv /Ll’ug) + IHS (332) :u/is) =+ ]:Ful (-rla /J’l‘”ul) > Hrs (xl) + 77{3 (xia :Uﬁs) + Il-”us (-ria MHS) +

Frio(Tis fhry)

( ) _ Z;‘n:1 HNQ(wi)+77€2 (xinu‘rig)'i_zﬁg (Iivuﬁg)+-rfi3 (Z‘ivuﬁg)
o Z?:1 lln3(a:i)+77€3 ($i7,U%3 )+Ifi3 (l'iaﬂng )+-7'-H2 (l'ivﬁLNQ)

Z'fl M (7‘)+7—F~ (xiuu% )+ZF~ (‘T’inufi )+]:F~ (‘T’L‘nuﬁ )
> 1= 1\%q 1 1 1 1 3 3 :8 P P
= X ”n3(mi)+7—f*~3 (@i sting ) Fleg (Tisting ) FFig (Tisting ) M( 1 3)

Therefore, the membership grade-based similarity measure, as defined above, is a measure

of similarity between two neutrosophic fuzzy sets.

5. Enhanced Cosine Similarity Measure for Single Valued Neutrosophic Fuzzy Sets
5.1. Cosine Similarity

Definition 5.1. Cosine similarity is a basic angle-based measure of similarity. Here, we
are comparing two n-dimensional vectors for the similarity between them, expressed as a co-
sine. Assesses how similar things are. The comparison between two vectors is based only on
their direction and omits the effect of their distance from each other. Consider the vectors

P = (p1,p2,....,pn) and Q = (q1,q2, ..., qn) , the cosine similarity [12] is defined as

Zz 1 %Y
\/Zz 1T 1\/2” lyz

cosf =

The measure of cosine similarity between two fuzzy sets k1 and ko |13 is defined as fol-

lows.
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SO by (T6) oo (T4)
C . — i=1 1 2
F(/{l KQ) \/Z?:1(#n1 (xi))2\/2?:1(l"<2(wi))2

The cosine similarity measure among two single valued neutrosophic sets k1 and kg [14] is

defined as follows

. Sory Trg (%4) Trg (€6) 4 Loy (24) Lo (@4) +Froy (1) Frog (24)
CSVNS(KL /<62) - \/Z;z:l Ty ($i)2+1m1 ($i)2+]:m1 (M)Q\/Z?:1 Try (xi)2+zm2(xi)2+]:m2 (z:)2

Based on the above definitions, we can define the measure of cosine similarity between two

single-valued neutrosophic fuzzy sets k1 and ko as follows.

Csvnrs(k1, k2) =
1 s Py (%) g (23)+ Ty (%0 58) Trog (i) + Ty (%) Log (i) +F g (Tio1t) Frog (%514
=1 S (20) 24 Ty (@i 1) 2+ Ty (21,00) 24 Fey (@io1)2 0 g (27) 24 Ty (6 10) 2+ Ly (3,10) 24 Fregy (4,11)2

But the above-defined similarity measure sometimes fails to satisfy the basic properties of

a similarity measure, that is,

If 1. 7741 (xh,u) - 27;2(1'1'7:“)71.51 (xiaﬂ) - 21',{2 (xivﬂ)aflﬂ (xinu) - 2.7,{2 (xiaU)

or

2‘77i1 (xiaﬂ) = 77$2(xi’/’l’)’21-51 ('Tinu) = Inz(ﬂfivﬂ)a2fm (xivﬂ) = ]:liz (xivﬂ)

That is, when k1 # k2, Csynrs(k1, k2) = 1, which means that the cosine similarity measure
defined above does not satisfy the necessary condition for a similarity measure. Therefore,
based on the improved cosine similarity measure proposed by [15] we are going to define the

Enhanced Cosine Similarity Measure for Neutrosophic Fuzzy Sets(ECgsynrs) as follows.

5.2. Enhanced Cosine Similarity Measure between Neutrosophic Fuzzy Sets

Definition 5.2. Let X = {x1,x9,....,2,} be the universe of discourse. Considersi, ks €
Knrs(X), where Kyps(X) is the group that includes all neutrosophic fuzzy sets (NFSs) in
X.

Lt k1 = {(, s (21): Ty (s ) Ty (s e s Ty (i 1)) /25 € X}

Ko = (@i, s (%), Tiea (T bz ) Lieo (T tes ), Fea (@i, 1)) [ i € X}

Then, ECsvnrps(k1, k2) = 2[Csvnrs(ki, k2) + 1 — dyanrs(k1, K2)]

Theorem 5.3. The Enhanced Cosine Similarity Measure between two Neutrosophic Fuzzy Sets

k1 and Ko has the following properties.
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(1) ECsynrs(k1,k2) € [0,1]
(2) ECsynFps(ki,k2) =1 <= K1 = ko

(3) ECsynFs(k1,k2) = ECsynNFs(ke, K1)

Proof. (1) Since dyunrs(A, B) is the normalized Hausdorff distance between (A4, B), we
have 0 < dyunrs(A,B) < 1 Also by [15] we have 0 < Cgnps(A,B) < 1, Therefore
0< %[CSNps(A,B) +1-— dNHNFS(A7 B)] <1, That is 0 < ECgnyrg < 1.

(2) Let ECsnps(A,B) =1

— COsnrs(A,B)+1—dygnrs(A,B) =2

— Csnrs(A,B) =2 —1+4+dnunrs(A,B) =1+ dvunrs(A, B)

According to [15] 0 < Csnps(A,B) < 1. Since dyvgnrs(A, B) is the normalized Hausdorff
distance between A, B we have 0 < dygnrs(A, B) < 1 Therefore, Csnyps(A,B) =0+1=1
and dygnrs(A,B) =0

When Csnrg(A,B) =1

— pa(zi) = Kpp(x:)

— Ta(wi, p) = KTp(zi, p)

= La(wi, p) = KIp(zi, p)

— Fy(x;, p) = KFp(x;, 1), where K is any constant.

Also dygnrs(A,B)=0— A=1DB

In contrast, let A = B then dygnrs(A, B) =0 and Csyps(A,B) =1

— ECsnrs(A,B) =1

(3) ECsnrps(A,B) = i[Csnrs(A,B) + 1 — dyvunrs(A,B)] = 3[Csnps(B,A) + 1 —
dvunrs(B,A)] = ECsyrs(B, A) g

6. Clinical Diagnosis using Similarity-Based Pattern Recognition

An individual afflicted by an illness will exhibit a range of symptoms, including fever,
cough, weariness, sore throat, headache, and sneezing. Furthermore, each viral infection will
exhibit various symptoms. Dengue, typhoid, and chikungunya might induce illness, chronic
weariness, pharyngitis, coughing, and more symptoms. The symptoms of coronavirus infection
encompass fever, cough, nasal congestion, and chronic weariness, among others. The primary
symptoms of each disease can be identified by similarity-based pattern recognition involving
neutrosophic fuzzy sets, and from the maximum similarity measure or core symptoms, we can
ascertain the patient’s disease kind. A medical diagnosis is generally established primarily on

enduring symptoms, while fleeting symptoms do not yield conclusive insights. The ambiguity
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Temperature Headache Sore Throat Diarrhoea Shortness of Breath
Dengue Fever (0.4,0.6,0.2,0.1) (0.8,0.9,0.1,0.1) (0.2,0.6.0.3,0.1) (0.7,0.8,0.0,0.1) (0.2,0.8,0.3,0.2)
Covid-19 (0.7,0.6,0.2,0.2) (0.5,0.6,0.2,0.2) (0.8,0.7.0.1,0.1) (0.5,0.3,0.4,0.2) (0.8,0.6,0.3,0.2)
Viral Fever (0.8,0.7,0.2,0.2) (0.6,0.6,0.1,0.1) (0.7,0.5.0.3,0.3)  (0.4,0.2,0.3,0.4) (0.2,0.3,0.4,0.3)
Rat Fever  (0.8,0.6,0.2,0.2) (0.7,0.8,0.2,0.1) (0.2,0.7.0.1,0.2) (0.3,0.2,0.4,0.5) (0.2,0.3,0.4,0.4)
Chikungunya  (0.9,0.6,0.5,0.1)  (0.6,0.9,0.1,0.0) (0.2,0.6.0.1,0.3) (0.3,0.3,0.5,0.4) (0.3,0.6,0.2,0.2)

TABLE 1. Ideal values for symptoms of each disease

and uncertainties in the available medical data must be considered when addressing persistent
symptoms; however, employing Neutrosophic Fuzzy Sets (NFS) to characterize this data might
significantly mitigate these distractions. The similarity metric among neutrosophic fuzzy sets
enables the identification of the principal symptoms of each ailment and the deduction of the
patient’s condition.

For our case study, let us select five patients P = {Py, P2, Ps, P4, Ps}, each patient having
multiple symptoms such as
S={Si (Prolonged Temperature),Ss (ProlongedHeadache),S3(Prolonged
SoreThroat),S4(ProlongedDiarrhoea),Ss (Prolonged Shortness of Breath)}.
Now employing the medical data represented by neutrsophic fuzzy sets, we have to deduce the
type of disease that affects the person such as
D={D;(Dengue), D2(Covid-19), D3(Viral Fever),Ds(Rat Fever), Ds(Chikungunya)}

Consider the following NFS to be the patient’s
P1={(S1,0.8,0.7,0.2,0.1),
(S2,0.7,0.6,0.2,0.2),(S3,0.5,0.6.0.1,0.1),(S4, 0.2,0.2,0.0,0.1),(S5,0.7,0.3,0.6,0.4) }

representation of all symptoms:

We can establish an ideal value for each symptom associated with a given disease when we
analyze the medical records of numerous patients who have that disease.Table 1 provides an
ideal value for each symptom associated with each disease.

It is our intention to place patternP; in one of the classes Dy, Do, D3, Dy, orDs.Accurate di-
agnosis Dy, for patient P; is derived according to k = argMaxi<i<5S.M(P1,D;) where S.M
stands for similarity measure. The similarity measures between patient P; and disease D; are
given in Table 2.

The maximum similarity measure obtained by employing three different similarity measures
according to the given neutrophic fuzzy data is shown in bold in Table2. From Table 2 and

FIGURE-1 we can conclude that patient P; is affected by viral fever.
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Patient P1

Patients

Dengue Fever Viral Fever Rat Fever Chikungunya

Diseases
FiGURE 1. Heat map showing patient-disease mapping

(P1,D1) (P1,D2) (P1,Ds) (P1,Ds) (P1,Ds)

S (P1, D) 0.58 0.74 0.76 0.70 0.64
S (Pr, D) 0.56 0.69 0.70 0.68 0.58
ECsynps(P1,D;) 054 0.70 0.72 0.68 0.56
Sg(P1, D) 0.8648  0.9168 0.9250 09121  0.8833

TABLE 2. Similarity measures between patient P; and disease D;

7. Comparative Evaluations with Existing Similarity Measures

The initial similarity measure established for the Neutrosophic Fuzzy Set was the Euclidean
similarity measure (Sg), devised by S.Das et al. .In this section, we compare and evaluate
recent definitions of similarity measures with the traditional Euclidean similarity measure. In
TABLE-2, we have compiled a summary of various similarity measures between the patient
P, and each disease D;. The heat map displayed in FIGURE-3 will enable us to assess the
efficacy of each similarity measure in the given modeling problem.

The recently introduced Hausdorff similarity measure for Neutrosophic Fuzzy Sets (NFS)
presents notable benefits in managing the intricacy and multidimensional characteristics of
Neutrosophic Fuzzy Sets (NFS), offering a more resilient and all-encompassing evaluation of
similarity. However, the Euclidean similarity measure is favored because of its simplicity,
computing efficiency, and ability to directly assess similarity between individual points. The
selection among the four commonalities is based on the particular demands and limitations of
the application. The comparative diagram presented in FIGURE-2 will provide a compre-

hensive understanding of the benefits and constraints associated with each similarity.
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Handling Complex Shapes Topological Sensitivity
st Hausdorff Similarity Measure
s=#= Euclidean Similaricy Measure

m#= Enhanced Cosine Similarity Measure

Simplicity and Efficiency,_ Comprehensive Set Comparison s=#== Membership Grade bssed Similarity Messure

Direct Point-to-Peint Distance wRubustrvess to Outliers

Least-Squares Optimization Membership Grade Comparisen

Angle-Based Similarity Normalization

FIGURE 2. Comparison diagram for various similarity measures

Euclidean Similarity,

Enhanced cosine similarity
05

Membership grade based similariy]

Hausderff similarity
#1,01) (P1,02) (P1,03) (P1,04) (P1,05)

Diseases

Ficure 3. Comparison Map

8. Conclusion

In Neutrosophic Fuzzy Set theory, the measurement of distance and similarity is a key
research area since these concepts are useful tools for handling incomplete and ambiguous
information. In the present study, we derive Hausdorff Similarity Measures, Membership-
Grade-Based Similarity Measure, and Trigonometric Similarity Measure in a single-valued
neutrosophic environment. the use of these similarity measures in pattern recognition repre-
sents a significant advancement in the field of medical data analysis.Future work will focus on
extending the application of Neutrosophic Fuzzy Sets to more complex medical datasets and
exploring their integration with advanced machine learning techniques, such as deep learning,
to further enhance the precision and efficiency of symptom extraction and disease characteriza-
tion. Additionally, incorporating these models into real-time clinical decision support systems
can provide substantial benefits to healthcare practitioners by improving diagnostic accuracy

and patient outcomes.
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