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Abstract: In this paper, an explicit finite difference method is developed and applied for the first
time to solve the neutrosophic fuzzy heat equation. For this purpose, the triangular neutrosophic
number is used in both the neutrosophic exact and numerical solution. In addition, solutions of
neutrosophic fuzzy heat equation were observed at the (a, 8, y)-cut with varied time scales. Also,
the error between the analytical and numerical solution obtained on the (a,f,y)-cut is evaluated
and illustrated. A good amount of agreement is seen using closed-form and numerical solutions.
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1. Introduction

Zadeh (1965) [1] first introduced the idea of fuzzy sets and fuzzy numbers. After that, different
extensions of fuzzy set theory have been developed. One of these important extensions is the fuzzy
intuitionistic set introduced by Atanassov (1983) [2]. The intuitionistic set introduced the concepts of
the degree of non-membership and falsehood, which led to the creation of intuitionistic fuzzy sets
(IFS). This new approach differed from classical fuzzy sets and provided a better way to describe
incomplete ideas. Neutrosophy is a new tool to handle problems with unclear, uncertain, and
inconsistent information. In 2005, Smarandache (2005) [3] introduced the Neutrosophic sets as a
generalization concept of IFS. Neutrosophy is a new tool to handle problems with unclear, uncertain,
and inconsistent information. In 2005, Smarandache introduced the Neutrosophic sets as a
generalization concept of Intuitionistic fuzzy sets. In the Neutrosophic set, the grade of membership
of Truth values (T), Indeterminate values (I) and False values (F) has been defined within the non-
standard interval -] 0, 1[+. Non-standard intervals of the neutrosophic set theory work well in the
concept of philosophy. But in reality, if we deal with real-life problems in science and engineering it
is not possible to put the data into the non-standard interval. To address these issues, Wang et al.
(2010) [4] developed single-valued Neutrosophic sets by utilizing the standard form of the unit
interval [0, 1]. In addition, some researchers have defined single-valued Neutrosophic numbers [5-
7]. Similarly, Ye (2015) [8] introduced Trapezoidal Neutrosophic numbers and discussed their
application in decision-making. This approach has since led to a lot of research on many real-world
problems.

The Fuzzy Neutrosophic Differential Equations (FNDEs) are one of the important tools to model
the uncertainty in particular quantities for certain real-world phenomena. They have fundamental
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applications in various areas, such as chemistry, engineering, physics, and biology. The exact solution
of the FNDEs is usually not obtainable or difficult to obtain. So, many mathematicians have resorted
to utilizing the approximation or numerical methods. Among the numerical methods, the finite
difference method (FDM) stands out as one of the most widely used methods because of its simplicity
and universal applicability. The FDM is used to solve the FNDE numerically. Parikh et al. (2022) [9]
solve the first-order non-homogeneous fuzzy differential equation with neutrosophic initial
conditions. The triangular neutrosophic numbers used in the solution process. After that, Kamal et
al. (2023) [10] used a modified FDM to solve second-order differential equation with neutrosophic
fuzzy boundary condition.

Fuzzy heat equation is utilized for modelling certain real-life problems in physics, and biology
[11-16]. When dealing with fuzzy heat equations and we are not entirely sure about certain factors,
neutrosophic fuzzy numbers (NFNs) can be helpful. They give a clearer way to handle uncertainty,
which makes it easier to decide on the best numerical methods and parameters for solving the
equations. Based on our literature review, there seems to have been no attempt to solve neutrosophic
fuzzy heat equations using FDM. Therefore, in this paper, an explicit FDM is developed and applied
to solve the neutrosophic fuzzy heat equations with neutrosophic initial conditions.

2. Heat Equation in Neutrosophic Fuzzy environment

We investigate the Neutrosophic fuzzy heat equation (NFHE) along with its corresponding

Neutrosophic initial and Neutrosophic boundary conditions [12]:

ot(x, t) 5 0%ti(x, t) 0 l 0
Fra (x,t)T+q(x,t), <x<lt>
i(x,0) = f(x),%(0,8) = g(t), a(l,t) = Z(t), (1)

where 7(x,t) is a fuzzy Neutrosophic fractional function and a is fractional arbitrary order,

au(x,t) 8%i(x,t)

is the fuzzy Neutrosophic time derivative, >
dx

is a fuzzy Neutrosophic Hukuhara

derivatives. §(x,t), and D(x,t) are fuzzy Neutrosophic functions. #(x,0), is the fuzzy Neutrosophic
initial conditions while i(0,t) and also (l,t) are fuzzy Neutrosophic boundary condition
with g(t), Z(t) are fuzzy Neutrosophic ¢ convex normalized numbers. Finally, the fuzzy
functions D(x,t), §(x,t), and f(x) in Eq. (1) are characterized as follows:

D(x,t) = 81b1(x, 1),

(7(36, t) = 9:2b2 (x,0), ()

f(x) = 03b5(x).

where by, b,,and b; represent the crisp functions of the independent variable x, while 8, ,8,, and
05 denote the fuzzy Neutrosophic convex number.
Now, the NFHE in Eq. (1) is defuzzified by using the single parametric form based on the «, §,y-cut
approach described in section 2 forall 0 < a + f +y < 3 as the following [21-25]:

[@(c Olagpy = {[ urCe b DT G [ Wt 6B BE D] | wE N BTE ]} 6)

Ati(x, t) _([Pur(xti@) 0ur(x, ;)] [0k B) 0up(x, t; B)] [Our(X6Y) 0uz(x, t;y) @)
[6t {[ ot ' ot ][ ot ' ot ][ ot ' ot ]}

aBy
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a.By
*uCx, )] _ ([9*urtnt @) 0%ur(x, ;)| [9°wm e 6 B) 02w (x5 )| [0*ur( t5Y) 0% (x, t;y) )
J0x? - 0x? ’ d0x? 0x? ’ 0x? 0x2 ’ 0x2

b0, ,, = {[Preet . Drx @), [0, 5D G 6 ], [De e ). Dr 5]} (©)

[GC6Olagy = {|ar t; ) a0 a6 T0 0] e enGEen])} O
[0, )]y = {[ 1, 05 @), 2, 0; @), | 2, Cx, 03 ), W, 03 B | e, 03, 2, 0}
(20, )]apy = {| (0,60, 70,6 )], | w (0,6 £), 50,6 /)], [ ur (0.5 T, 1]} )
[ Olapy = {{wr @670 )] [wC s @ sp] | wtenmesn])  qo)

F@, ., = {[ e . e [ 16 B0 B | feCs ) e} (11)

a,By

{[g(t)]a,ﬁ,y — {[ g_T(t; a)’%(t; a)] B [&(t; ﬁ),E(t; ,8)] ) [&(x; ]/), %(t; V)]} (12)

[2O]agy = {| 2260, 706 D] | 26 ). 70 B, | 26 ). Zr 51|}

where

(1560 0], 5, = {{[ 0207 @n] a0, [ 8161, B (@ | b . 0] || 6@ Br @ | i 0]}
J[q(x Olapy = {[[97‘(“)2 8@ ] by 0| |[ @2, 8@ b, O] | 86 (@ Br (@ Boxi0) |} (13)
LIF, 5, = ([ 02T @3] s 0] || 6@ Brads oo )] [ 8@ B o]}

The membership function is established by applying the Zadeh expansion principle described in [1]

ﬁ(x, t,a) = min{ﬁ(ﬁ(a))|ﬁ(a) € ii(x, t; a)} (14)
{u—r(x, t; @) = max{@(i()|aa) € at, x; )}
{ﬂ(x, t; B) = min{@(Z(B))IAB) € u(x, t; B)}} (15)
u (x, t; f) = max{@(Z(B)IAB) € U(x, t; 5)}
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{ﬁ(x, t;y) = min{a(@(y)Iay) € a(x, t; V)}} (16)
up(x, t;y) = max{@(@A(y)Iawy) € u(x, t;y)}

Now Eq. (1) for 0 <x < [,t >0 and r € [0,1] is rewritten to obtain the general equation of NFHE as

follows:

a a
M [QT(‘X) ] by (x, t)M + [QT(Q)z] by(x, 1)
(e, 0;) = | @(a»] by (x, 1) 47
ur(0,t;a) = g(t, @), ur(l, t; @) = z(t, @)
B D) (@i 0 et D | [ @) bae
ur(x,0;a) = [GT(a)3]b3(x' t) (18)
ur(0,t; ) =g(t, ), ur(l, t; @) = z(t, @)
d ;
M = 0.8)] s, t)ﬂ+ | 0:8)2] b2, 1)
u(x O'ﬁ)=[9(ﬁ)]b(x ) (19)
WX, U 1P )z | Dslx,
w (0,6 8) = g, B),w(lt; B) = z(t, B)
IM = [0:(8)s] b1 (x t)#+ [0:(8):]b2Cx. ) -
u(x,0; 8) = [9,(,8)3]b3(x, t)
L w06 8) = gt £), w1 t; ) = Z(t, )
0 0 ,t;
(2 e P12 PN P
(21)

up(x, 0;) = | g(y)g] bs(x,t)
L up(0,6;7) = g(t,y), up (L t;y) = z(t,y)

at = [QF(Y) ]b1( t)M‘*‘ [QF(V) ]bz(x t)

us(x,0;y) = [ 6; (V)3]b3 (x,1) (22)
L up(0,t;v) =gt v), ur(Lt;y) = z(t,y)

J 0ur(x,t,v)

The Eq. (17) and Eq. (18) present the Neutrosophic lower and upper bounds of membership of
Truth values (T) for the general form of NFHE. Also, Eq. (19) and Eq. (20) present the Neutrosophic
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lower and upper bounds of membership of Indeterminate values (I), while Eq. (21) and Eq. (22)
present the Neutrosophic lower and upper bounds of membership of False values (F) for the general

form of NFHE.

3. Solution of NFHE by FTCS scheme

In this section, the FTCS scheme is reformatted and applied in Neutrosophic single parametric

representation with forward difference approximation for time derivatives and central difference

approximation for spatial derivatives to solve the NFHE.

dur(x,t;a) Jur(xt;a) OUp(xt;x)
at ’ooat ! at

The time derivatives are discretizes as follows:

uT?“ (x, t;a@) —up™(x, t; @)
e — 1

dur(x, t; a) At
= —n+1 —n
ot (x, t; @) = ur; (x, t; @)
At

0T (x, t; B) _

At
Jt n+1

w; (ot B) =g (66 8)
At

[ﬁ?“(x, 6B —wl (%t B)

PG Y) = upt(x, 6 y)
L 1

auF(x t;y) { At
tuF?“(x, 6Y) = Up; (5,57)

At

*ar(xta) 9*Ui(x5B) B*Ur(xt;y)

ox? T are discretizes as follows:

The spatial derivatives

ur™ (x,ta) — ZuT”(x t;a) +uT" (x t; )
—i+1

%7 (x, t; ) _ sz
dx2 lﬁ?ﬂ(x, t;a) — ZE?(x, t;a) + u_T?_l(x, t;a)
Ax?

(w! otB)—2ut () +w? (x65)

u,(x t; ) { Ax2
Uy, (ot B) = 2y, (6 B) + U, (%, 65 B)
L Ax?

62uF(x t;y)
0x?

sz
Ury,, (6, 6Y) = 2Up, (0, 6Y) + Uy, (%, 67)
Ax?

I_Fn (x, t; y)—ZuF"(x t; V)+an (x t;y)

(23)

(24)

(25

(26)

27)

(28)
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where i represents a point on a spatial grid, while n signifies a point in time.
Now substitute Eq. (23- 28) into Eq.(17 - 22) respectively to get:

ﬂ?“(x, t;a) — ﬂ?(x, ta) u_T:lH(x, ta)— 2&?(3@ t;a) + ﬂ? 1(x, t; )
= Dy(x,t, —
At Dt @) Ax?

+qr(xt, @) (29)

u_T?H(x, t;a) — u_T?(x, t; ) (x, t;a) — Zu_T?(x, t;a) + u_T?_l(x, t; )

—n
_ Ur.
= Dy(x,t, ) —Ltt +qr(x, t, @) (30)

At Ax?
w6 ) — w (%, 65 B) w! GEE) = 2wt ER) + T (66 B)
v = Di(x.t,f) = +aetp) 6D
—n+1 —n —n —n —n
u;, (ot p)—u;. (x,t; _ u, (ot B) = 2u;, (x, t8) +u;. . (x,t;
o otB)—uy (x6p) Dot p) i B 1i B 1,06 B) L amep)  (G2)
At Ax?
U 6 Y) — upl (6 6 Y) ul (6 6Y) = 2u(n6Y) +up! (6 57) -
=D — , t,
At _F(xl t;]/) sz +q_F(x t ]/) ( )
—n+1 —n —n —n —n
Uup. (x,t;7) —ug: (x,t; _ ur. (x,t;v) —2up. (x,t;y) + ug. . (x,t;
Fi ( V)At Fi ( Y) = Dilxty) F1+1( ) FLA(xz Y) Fiq( Y) LT 6y) (34)

~  D(x,t)At
S =

Now let ez and from Eq. (29 - 34) we obtain for all a, 8,y € [0,1]

ﬂ’;“(x, ta)=s E?H(x, t;a)+(1- 25)&?(3(, t;a)+s ﬂ?_l(x, ta) +Atqr(xta)

(35)
Ury ot @) = supp,, (o ta) + (1= 28)ur, (v ta) +sury (ot a) +Atgr(at,a)
wr et B) = swt (0t + (1 =29)u M G B) +swt (x5 8) +Atgq(xt,B)
—i —i+1 —i —i-1 - (36)
B = sty G0t B) + (- 280 (ot ) + sty () + At gi(x, ¢, B)
up" G B) = supt (ot ) + (1= 28)up" (x5 8) +sus” (x5 8) + At qe(x,t, )
_;.1+1 i+1 1 -1 (37)

Uy (0t B) = sUpy, (068 + (1= 280U (0, 6 8) + s Uy, (6 65 B) + At Gr(x,t, )

4. Numerical Experiment

Consider NFHE along with its corresponding neutrosophic fuzzy initial and boundary conditions
[17].
oti(x,t)  9%i(x,t)
ot oxz '

t>0, 0<x<1 (38)
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Conditional on the fuzzy intuitionistic boundary condition #(1,t) = #@(0,t) =0 and fuzzy
neutrosophic initial
(x,0) = gsin(mx), 0 < x < 1. (39)
In a, B, y-cut of the neutrosophic fuzzy number will be same as follow:
. B,v) ={ [u@), 7@, [u®). 5B, [ut). 7] }
={[a,2-a],[1-0.58,1+0.58],[1—0.25y,1+0.25y] }
The neutrosophic analytical solution of Eq. (38) was obtained in [17]:
Vix,t;a) = E(a)e‘"zt sin(mx)
Vix t;a) = fi(a) e ™ ¢ sin(mx)
VGt 8) = p(B)e™™ sin(mx)
Vx,t; ) = () e * sin(mx) (40)

Vi ty) = ply)e ™ sin(mx)
V(x,t;y) = i(y) e sin(mx)

At Ax = 0.1 and At = 0.01, we obtained the results as the follows:

FTCS & exact
—_—_————
1.0F x Truth (T) ——
* Exact i
values (I} —
08 values (F) ]
% 06 =
i)
L
< \
¥ pnal {\ -
, i
N
. i
02f * \ .
# i
&
L ’ i
rd
_— \
0.0# L | A~

D.00 0.03 0.10 013 0.20 D25 0.30 0.35

{(0.9,0.05)& 11(0.9.0.05,0.5)

Figure 1: Exact and Neutrosophic fuzzy solution of Eq. (38) by explicit FDM at x = 0.9,¢ = 0.05 and

foralla,B,y € [0,1].

The results obtained shows that the proposed explicit FDM methods and exact solution at x = 0.9,t =

0.05, and for all a,B,y € [0,1] attaining the triangular fuzzy number shape and thus satisfies the

Neutrosophic fuzzy number properties.
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Conclusions

In this study, the neutrosophic fuzzy heat equation is examined, incorporating uncertain variables
and parameters, where the variables and parameters are considered as neutrosophic fuzzy numbers.
An explicit scheme is reformulated and implemented to solve the neutrosophic fuzzy heat equation.
The triangular neutrosophic number is used in both the neutrosophic exact and numerical solution
on the (a,f,y)-cut. A numerical example is presented to illustrate the approach. It was found that
the results obtained show good agreement with both the exact solution.
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