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Abstract:

This paper is dedicated to study for the first time the concept of square 2 X 2 fuzzy and
anti-fuzzy two-fold matrix with real entries, where we present the two-fold algebraic
operations between the these matrices and obtain their special properties such as
associativity, commutative properties, and the existing of additive of multiplicative
inverses. Also, we provide many examples to explain the two-fold algebraic properties and

the two-fold algebraic structure.
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Introduction

The theory of matrices based on mathematical and algebraic logic has been studied by
different authors around the world. For example, we can see many important results about

the computations of plithogenic matrices in [5].
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Also, neutrosophic matrices and their extended types have been defined and handled in [1-
3], where many problems such as diagonalization, inverses, and algebraic representations
were studied and provided [4, 6].

The two-fold algebra and two-fold algebraic structures began in [7], and then these algebras
in fuzzy versions were used in many different contexts, such as mathematical analysis,
algebraic elements, and in other types of mathematical structures [8-23].

In this paper we to study for the first time the concept of square 2 X 2 fuzzy and anti-fuzzy
two-fold matrix with real entries, where we present the two-fold algebraic operations
between the these matrices and obtain their special properties such as associativity,
commutative properties, and the existing of additive of multiplicative inverses.

Two-Fold 2 x 2 -Fuzzy Real Matrices

Definition:

u(0) =0
u() =1

{xu(») : x,¥ € R}be the corresponding two-fold fuzzy real algebra, then we define:

Let R be the real field, u:R — [0,1] such that { be a fuzzy mapping. Let Ry =

(xlu(yl) X2 u(v,)

5 Xi, Vi € R.
*3u(y3) x4u(y4)> v

A iscalled a 2 X 2 fuzzy two-fold matrix.
Definition:

Let a; = (Xi)#(yi) 1<i<4 'bi = (Zi)ll(ti) ;1<i<4 and X, Vi, Zi, t; ER, al-,bl- € Rg.

_ (1 G _ (b1 by .
Let A= (a3 a4) ,B = (b3 b4>’ we define:

ay xby aj *b,

A+B=<a3*b3 ay * by

) ;a;* by = (x; + Zi)min(u(yi).u(tz))

—a; —a;
—A= (—ag —a4) P = (TX)p(-x)

(a1 ©by) * (az ©b3) (aq ©by) *(a, © by)
(az ©by) *(as ©b3) (az©by)*(as0b,)

Example:S

AXB = ( ), where a; 0 b; = (x;z))

max (u(x),u(t;))
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r 0 ;x=0
1 ;x=1
2oix>1
Take: u: R - [0,1]: u(x) = < 2 ’
- ;x<0
3
- ;0<x<1
And: a1=3u(2)=31,a2=4’ 1 =41,
2 ”(E) 2

a3 = 1#(_5) = 1%,0,4 = 0”(0) = 00 y

b, = (_Z)M(l) = (_2)1 by = (_1);1(7) = (_1)1,133 = (1)[1(0) =1,
2

_ _ _ (b
be= @,y = 2,8 =,

b

(=2)1

bi)=< 1o

(—1)%
21 )

We have:
. <(_3)M(—2) (—4)“(—?1)> _ (_3)§ (_4’)§
N\ Dy COyeoy) (=11 0

apxby=@B-21=1
2 2

a * by az*b2> — <1% (3)%> C)azxb,=(4—-11=3:
- ) 4 4

a3*b3 a4*b4 20 20 a3*b3=(1+1)0=20
a4*b4=(0+2)0=20

arn=

(a; ©by) *x (az ©b3) (aq©by)* (a0 b4))
(a3 0by) *(ag ©bs) (az©by)*(as©by)
ay ©b; =(=6)1,a,0b3 =4

(2 51\ @ ob) @ 0by) = (-2
N ((—2)0 (—1)% ) a; 0b; = (—3)%: a; o b, = 8%

k (a1 ©by) *(az © by) = 5%

A><B=(

(az © by) * (as © b3) = (=2),
obz—( 1)1a40b4—01

k (az ©by) *(ag 0 by) = (— 1)1

CZ _ 11 0
c4) = (10 00) then:

az 0 by = (—=2)1,a4 © b3 = (0),
And:

c
Take C = (c;
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_ bl bz) Cl CZ _ (blcl + b2C3 b1C2 + b2C4)
BxC= (b3 b4, X (C3 C4) N b3Cl + b4_C3 b3C2 + b4C4 ’
bic; = (=2)1 0 (1)1 = (=2)1,byc3 = (=1)10 (19) = (=11, bicy + bycz = (=2)1 * (=11 =
2 2 2
(_3)11
2
bic, = (=2)1 ©(0); = (0)1,byc4 = (=1)10 (0)g = (0)1, bycy + bycy = (0)1 * (0)2 = (0)1,
2 2 2 2

bsc; = (1p) © (11) = (11), bycs = (2%) °(1y) = (2%); bscy + bycs = (1) * (2%) = (3%)1

bsc, = (19) © (01) = (04), bacy = (2%) ©(0p) = (0%) , bzcy + bycy = (0q) * (0%) = (O%)'

—-3:1 01
_ 2 2
Thus Bx C = ( 3 01).

4 4

31 4\ /=31 O1
Ax(Bxc):(ﬁ 0;>X<32 0s
3 2

(3)(

(3) 2 (02) = () o (02) = (02) « (02) = 00
(13)° (-3) = @0 (31) = (=31) = (02) = =30
(1) (0) 002 (02) = (01) = (02) =02

(2o (3) o 00- 20 (5) -3
(2)et00- (5)° 0= 00-(0) -0
(20 (1) * (L) o (1) = (=20 (-11) = -3,
(=30 0+ (~12) 0 09) = @) = (0:) = 0n.
Thus (AXB) XC =AX (B xC).

-2, -1 31 41 7 m
- 2 2 3 I | 1
BXA_<10 21>X(11 00>_<m2 m3)’
3

4
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200 (31)+ (1) o (1) = o< (1) =

Itis clear that B X A # A X B.

The Algebra Properties of two-fold Matrix Operations:

Property (1):
Let A = ((11 az) _ (b1 bz) . a; = (xi)y(yi) ;X Yi ER
az Qau ’ b3 b4, ’ bi = (Zi)ﬂ(ti) ;Zi'ti ER

We have: a; xb; = (i + Z)min(u(ypucen) = @ + X min(upucep) = bi* @i, then A+B =
B + A.
Property (2):
L C

Let C = (c3 c4,) 5 ¢ = (M) y(ny), then:

_ by * ¢4 bz*Cz) _(al*bl*cl a, * by * c, _
B+C_(b3*C3 by * ¢4 A+ (B +0) = as * bz * c3 a4*b4*C4)_(A+B)+C'
Property (3):

A—A=A+(-4) = <(x1)u(y1) (xZ)u(yz)> + <(_x1)u(—y1) (_xz)u(—yz)> _ (8? g?) ,

(3us  *due (=%3)p(-ys) (X p(-yy)
l; = min(u(y;), u(=y;)).
Property (4):

a a (by0ocy)*(b20¢c3) (b1Ocy)*x(by00c,)) _ (1 @
ax@x0= (0 )X (roeGrom Grom-bioe) = (@ o)

(31 Zz) _ ((a1 0dy)*(az0dz) (a;0dy)=*(az© d4)).
3 dg

(a3 0dy) *(ay0d;z) (az©dy)*(as©dy)
We have:
a;0d; =a;0[(by0cy)*(b20¢3)] =(a;09b10¢1)*(ag 0b; 0¢3),a,0d3 =ay0[(bz0
c1) * (bg © c3)] = (az © b3 © 1) * (az © by © c3),
Put

Ty =(a;0dy) x(az ©d3) = (a; ©by ©¢;) x(ay ©by 0c3) * (az © b3 0¢y) x(az © by ©c3).
a;0d; =a; 0 [(by0¢z) *(b20¢,)] =(a;9b;9¢;) % (a3 ©by;0¢4),a,0dy =0, 0 [(b30°
C2) * (bg © c4)] = (az © b3 © c3) * (a2 © by © cy),

T, =(a,0dy) *(ay0dy) = (a; ©by ©c3) * (a3 O by 0 cy) * (A O b3 0¢y) *(az O by Ocy),
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az 0dy =az0[(byOcy)*(b20c3)]=(az0by0cy)*(az©by0¢3),a,0d3 =a,0[(b30
c1) * (by © c3)] = (a4 © b3 © 1) * (a4 O by O c3),

Put

T3 =(az0dy)*(as0ds) =(az 0b; 0¢;) x(az ©by ©c3)* (ag ©bz0cy)*(as©by0c3),
az ©0dy; =az O [(by0cy)*(by0cy)] =(az0by0cy)*(az0by0cy),a40dy =0ay0[(b30
C2) ¥ (bg © cy)] = (aq © b3 © c3) * (a4 © by O cy),

Ty = (a3 ©0dy) * (ay 0 dy) = (a3 © by ©¢3) * (a3 © by 0 ¢y) * (ag © b3 © ¢3) * (A4 O by O cy).

T, T
Thus A X (B xC) = (Tl TZ).
3 14

On the other hand, we have:

_((ag ©9by) *x(az ©b3) (a; ©by)=*(az©by) 1 C\ _ (ky Kk
(AXB)XC‘((aiobi)*(aiob_f,) <aiob2>*<aiobi>)x(c3 64)‘(@ ks

ky =[(a; © by) = (az © b3)] © ¢y *[(ag © by) * (az © by)] ©c3 = (a; © by ©¢y) * (az © b3 0 cy) *

), where

(a1 0b;0¢c3) % (az ©by 0 c3) =Ti.
By a similar argument, we can see clearly that:
kz = Tz,kg = T3,k4 = T4, thus A X (B X C) = (A X B) X C.

Property (5):

_ (1 ap by * ¢4 bz*Cz)_<F1 Fz) .
A><(B+C)—(a3 a4)x<b3*c3 b, % c,) = \F, F4,where.

Fy = ay 0 (by * ¢1) * az © (b3 * c3) = (ay © by) * (ay © c1) * (az © b3) * (az © c3),
Fy = a; 0 (by x c3) x az © (by * c4) = (ay © by) * (ay © c3) * (az O by) * (a3 O cy),
F3 =a30 (by *¢;)*a, 0 (bs*c3) = (az©by)x(az 0cy)*(ay ©bs)x(as0cs3),
Fy = a3 0 (by * c3) % aq © (by * cy) = (a3 0 by) * (a3 © c3) * (ag © by) * (ay © cy),
On the other hand, we have:

(a1 ©by) x(az ©b3) (ay0by)*(a,0 b4))
(az ©by) *(as ©b3) (az©by)*(as°by)

((a1 O0c)*(az0c3) (ap©cy)*(az© C4)) _ <F1 Fz)_

(az0cy)*(ag0c3) (az0cy)*(as0cy) F; F,

Which implies that A X (B + C) = (4 x B) + (4 x C).

(AxB)+(A><C)=<

Result:

If TF, is the set of all (2 X 2) two-fold fuzzy matrices with two-fold real entries, then:
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1] (+) is a commutative and associative.

2] (X) is associative.

3] (x) is a distributive with respect to (+).
Definition:

A (2 x 2) two-fold zero fuzzy matrix is defined as:
o=(o: 0,)

Remark:

Forany A € TF, wehave A+0=0+A=A.

Itis clear that A X O = O.

Cc)uyny D)

The additive inverse of 4 = (
(3)uy) ) uy

> is not existed.
Definition:
A (2 x 2) two-fold unitary matrix is:
_ (1o 04
I= (01 1, )
Remark:

a2 py)
() uis  aduey

AX] = <(x1)ﬂ(Y1) OCZ)#(}’z)) v (10 01) _ (L1 Lz)}
(3urs  Edue 0; 1o Ly Ly

For A = < ), we have:

Ly = ((xl)u(yl) © 10) * ((xz)u(yz) © (01)) = (D * (01) = G ey

Ly = () uiyy) © 01) * ((22)ury) © Lo) = (00) * (¥ ucyy) = (i)
Ly = (XS)/,L(y3) Ly = (x4)ll(J’4)’
thus AXI =1xA=A.

Finding the multiplicative inverse:

ODuy 2 peyy)

Let A = <
() uiys  Kaduey

)ETPI"‘;X1X4_x2x3¢O

(x4) (—x2)
Put B = ( +u(z4) 2/1(z2) , and compute:
(=%3)p@z) )@y
(M1 K2 .
AXB = (#3 H4) such that:

= [(xl)ﬂ(_’yl) o (x4)u(z4)] * [(xz)y,(yz) % (_x3)y(z3)] = (x124 — x2x3)11;
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l; = min[max(u(y), u(zy)), max(u(v,), u(z3))] = 1,
Thus: we can put: u(z,) = u(z3) = 1.
Also, if we put u(z;) = u(z,) = 1, then:

(x1%4 — X2X3)1 0, )

AXB = (
04 (X124 — X2X3)1

Define:

detA = (x;x4 — x3x3)4, then:

1 x ((x1x4, - xe3)1 01 ) _ (11 01) +]
(x1%4—%2%3)1 01 (xl.X4_ - x2x3)1 01 11 ’

On the other hand, if we put [; = 0, then we can not choose u(z,), u(z3)to obtain this result,
which means that A is not invertible.

Result:

The set of all two-fold fuzzy matrices is not a ring, that is because there are no additive
inverses.

Two-Fold 2 x 2 anti-Fuzzy Real Matrices:

Definition:

u(0) =0
p() =1

{xu(») : x,¥ € R}be the corresponding two-fold fuzzy real algebra, then we define:

Let R be the real field, u:R — [0,1] such that { be a fuzzy mapping. Let Rp =

A= (xlu(yl) X2 u(y,)

; XYV € R
*31(v3) x4u(y4)> vt

A is called a 2 X 2 anti-fuzzy two-fold matrix.
Definition:
Let a; = (Xi)#(yi) 1<i<4 ,bi = (Zi)ﬂ(ti) ;1 <i<4 and Xi, Vi, Zi, ti € ]R, al-,bl- S ]Rp.

aq az) B—(bl b,

Let A = (a3 a, y - b3 b4_

), we define:
a; by a; x b,

A+B=<a3*b3 ay * by

) 3a; * by = (X + Z) max(u(y).ut)

—a; —a;
A= (—a3 —a4) $ =0 = (XD p(-xy)

(a; ©by) * (az ©b3) (aq ©by)*(az ©by)

AXEB = ((ag Oby)* (as ©bs3) (az©by)*(as° b4))’ where a; © by = (i) min(uCe.u(ty)
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Example:
( 0 ;x=0
1 ;=1
2ox>1
Take: u:R - [0,1]: u(x) = $ 2 ’
- ;x<0
3
2 ;0<x<1
4

And: al = 3“(2) = 3%,0,2 = 4‘#(1) = 4%,

3

a3 = 1#(_5) = 1%,0,4 = 0”(0) = 00 y

by = (_2)[1,(1) =(=2)1,by = (_1)u(7) =(=Da,b3 = (1)#(0) =1,
2

b, b, (=2)4 (—1)%
by = (Z)u%) - 23 B = (b3 b4) | 1, 2. )
4
We have:

L <(—3)u(—2) (_4);1(%1)) ~ (_3)§ (_4)3
N\ EDue g/ \ED2 00
apxby=0B-2);=1,

ay,*b, =(4—1)1 =31
a; * by az*b2> 1, (3)% . 2702 2 1
az*by ayxb,) \2: 21 |’ )asxbz=(1+1D1=2

3 P 3 3

ay*by=(0+4+2)1=21
4

4

a+B=(

The Algebraic Properties of two-fold anti-fuzzy Matrix Operations:

Property (1):
_ a, a; _ b1 bz) . aiz(xi)u(yi) ;xiryiER
tet 4= (a3 0) B= (0 b2) (b= Gapry s c

Wehave: a; by = (% + Zd) max(uyouee) = i ¥ ¥ max(uooucen) = bi* @

then A+ B=B + A.

Property (2):

€1 &
Let C = (63 64) 5 € = (M) u(ny, then:
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by xcy by*c,
by xc3 by *xcy

ay*byxcy azxby*cy

B+C:< az*by*xc3 ay*xby*xcy

),A+(B+C)=< )=(A+B)+C.

Property (3):

A—A=A+(<A) = <(x1)u(y1) (xZ)M(yz)> n <(_x1)u(—yl) (_xZ)M(—yz)> _ <011 Olz> :

() uys)  adugyy (=x3)u-yy (X p-yy) 0, 0,
l; = max(u(yy), u(=y:)).
Property (4):

a a (b oc)*(b oc) (b oc)*(b oc) a a
Ax@Bx0=(ar a)*((roere iy Grocrethrom)=lan a)*

<d1 dz) _ ((al o0dy)*(az°dz) (ag0dy)*(a,© d4))
d; dy (az0dy)*(ay 0dz) (az0dy)*(as0dy))

We have:

a;0d; =a; 0[(by0cy)*(by0¢3)] =(a;09by0¢1)*(ag 0by 0¢3),a,0d3 = ay 0 [(bz 0
c1) * (bg © c3)] = (a2 © b3 © c1) * (az © by O c3),

Put

Ty =(a;0dy) *(az 0d3) = (a; ©by ©¢;) x(ay ©by 0c3) * (az ©b3 0¢y) *(az ©by ©cy).
a1 0d; =a;0[(by0cy)*(b20cs)] =(a;0b;0¢z)* (a3 0by0¢4),a,0d, =0a;0[(bz0
C2) * (by ©cq)] = (a2 © b3 0 ¢3) ¥ (az O by O cy),

T, =(a;0d;) *(az 0dy) = (a1 by 0¢3) * (a3 O by ©cy) * (a2 © b3 ©¢3) % (az © by ©cy),
az ©0dy =az 0 [(by0¢y)*(b20c3)] =(az©byOcy)*(az0by0c3),a,0d3 =040 [(b30
c1) * (by © c3)] = (a4 © b3 © 1) * (a4 O by O c3),

Put

T3 = (az©dy) * (a, 0d3) = (az 0 by ©cy) *(az ©by 0c3) * (A ©b30cy)*(ay©byOcy),
azO0d; =az 0 [(by0¢cy)* (b0¢y)] =(az0by0cy)*(az30by0¢y),a,0dy=0a40[(b30
€2) * (by © c4)] = (ag © b3 © ¢3) * (a4 © by © cy),

Ty = (a3 0d;) *(ay 0dy) = (a3 0 by ©cy) * (a3 © by ©cy) * (ag © b3 0 cy) * (ag O by ©cy).

Thus AX (B xC) = (;1 ;2)
3 g
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On the other hand, we have:

(@@ ob)+(az0by) (a10by)*(az0b)\_ c1 (ki Kk
AxBYxC= (0 0 ony (ot eony) (e a)=(r &) wher

ki = [(a1 © by) * (az © b3)] © ¢1 * [(ay © by) * (a2 © by)] © c3 = (a3 O by ©¢1) * (az © b3 O ¢q) *
(a1 0b;0¢c3) % (az©by ©c3) =Ti.

By a similar argument, we can see clearly that:

ky =Ty ks =Tz, ky =Ty, thus AX(BXC)=(AXB)XxC.

Property (5):

_ (1 Q2 by * ¢ bz*Cz)_<F1 FZ) )
A><(B+C)—(a3 a4)x<b3*c3 by *cy) = \F, F4,where.

Fy =ay 0 (by *¢q) *az © (b3 * c3) = (ay © by) * (ag © c1) x (az © b3) * (az © c3),
Fy = a3 0 (by xc3) * az © (by * c4) = (a1 © by) * (ag 0 ¢3) * (@z O by) * (az © cy),
F3 = a3 0 (by x¢;) xay © (b3 * c3) = (az © by) x (az © c1) * (ag © bg) * (a4 © c3),
Fy = a3 0 (by x¢3) * aq © (by * c4) = (a3 0 by) * (a3 © c3) * (ag © by) * (a4 O cy),
On the other hand, we have:

(a1 ©by) x(az ©b3) (ay0by)*(a, 0 b4))
(az ©by) *(as ©b3) (az©by)*(as°by)

((a1 O0c)*(az0c3) (ap°cy)*(az© C4)) _ <F1 Fz)_

(a30c1)*(as0c3) (az30c)*(as©cy)) \F3 Fy

Which implies that A X (B + C) = (A X B) + (4 x C).

(AxB)+(A><C)=<

Result:

If TF, isthesetofall (2 X 2) two-fold anti- fuzzy matrices with two-fold real entries, then:
1] (4) is a commutative and associative.

2] (X) is associative.

3] (x) is a distributive with respect to (+).

Definition:

A (2 x 2) two-fold zero anti- fuzzy matrix is defined as:

o= (op o)

Remark:

Forany A € TF,, wehave A+0=0+A=A.
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Itis clear that A X O = O.

cDuey (2 uer)

The additive inverse of 4 = (
(3ue ) uey

> is not existed.

Definition:

A (2 x 2) two-fold anti-fuzzy unitary matrix is:

1= (o 1))
~\o, 1,

Remark:

CDuyy 2y
(x3)u(y3) (x4)ll(Y4)

AXI = <(x1)ﬂ(J/1) OCZ)#(}’Z)) % (11 00) _ <L1 L2>,
(x3)#(Y3) (x4)u(y4) 0 14 Ly L)

For A = < ), we have:

Ly = ((xl)u(yl) 01y) ((xz)u(yz) © (00)) = () uy) * (00) = (1) ey

Ly = (D)) © 00) * (2D iy © 11) = (00) * (2D uiyy) = (2D
Ly = (%3)p@ys) +La = (Kad iy,
thus AXI=1xXA=A.

Finding the multiplicative inverse:

ODuy 2 peyy)

Let A = <
(xS)u(y3) (x4)ll(J’4)

>ETP;1;X1X4—x2x3¢0

(x4) (—x2)
Put B = ( +u(z4) 2/u(z2) , and compute:
(=% )p@z)  ()pzy)
(M1 K2 .
AXB = (H3 /14) such that:

U = [(x1)u(y1) o (x4)/,¢(z4)] * [(XZ)u(yz) o (_XS)[.L(Z3)] = (x124 — x2x3)11;
ly = maX[min(H(}ﬁ):H(%));min(#(J’z):#(z3))] =1,
We can not get a similar result by choosing p(z3), u(z,)

which means that A is not invertible.

Conclusion
In this paper we have studied for the first time the concept of square 2 x 2 fuzzy and anti-
fuzzy two-fold matrix with real entries, where we presented the two-fold algebraic

operations between the these matrices and obtain their special properties such as
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associativity, commutative properties, and the existing of additive of multiplicative
inverses. Also, we provided many examples to explain the two-fold algebraic properties and

the two-fold algebraic structure.
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