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Abstract

This paper is dedicated to defining the concepts of two-fold neutrosophic continuous
functions, two-fold fuzzy continuous functions, and two-fold neutrosophic/fuzzy
differentiable functions for the first time.

The elementary properties of these novel concepts will be studied and handled through
many theorems, as well as many clear examples that clarify the validity of these analytical
concepts.
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Introduction

Two-fold neutrosophic algebras are new algebraic structures presented by Smarandache [1]
by combining neutrosophic values of truth, falsity, and indeterminacy with classical
algebraic sets. These ideas were used by many authors to generalize other famous algebraic
structures such as two-fold fuzzy number theoretical systems [2-3], two-fold modules and
spaces [4], and two-fold fuzzy rings [5]. Also, they were used in the study of some special
two-fold complex functions such as Gamma function [7], and in extending n-refined
neutrosophic rings [6].

Neutrosophic real functions and their applications were studied by many authors [8-25] in
many different ways.

This has motivated us to introduce the concept of two-fold neutrosophic continuous
functions, two-fold fuzzy continuous functions, and two-fold neutrosophic/fuzzy
differentiable functions for the first time. The elementary properties of these novel concepts
will be studied and handled through many theorems, as well as many clear examples that

clarify the validity of these analytical concepts.
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This study will be very important in the near future to generalize classical real analysis into
an extended version based on two-fold algebra of real numbers.

Main Discussion

Definition 1.

Let i,f,t: R — [0,1] be three real functions denote to the neutrosophic ordinary real values
of truth, indeterminacy and falsity. Let g:R — R be a real function in one variable g =
g(x); x € R. We define the corresponding two-fold neutrosophic real function as follows:

IN:R = Reipy + gn() = (90)) (00,007 (x))

Example 1.
Let
it,f:R-[0,1],
such that
( 1
i(x) =min<|xl,m> ;x#=0 i(0) = 1
Jtlx) = min(|x3|,|x—13|> ;x# 0 and t(0) = 2
1 f(0) = >
flx) = min(lle,m> ix#0
Consider
gR->R;gx) =x%+1,
then
IR = Ry,
such that:

) ( + Deicofey X *0
N B (1)(0,1%) x=0 .

For example if x = 2, then
t(x , LX ,f(x , g\ X [;,

gn() = (5)ars, .
Definition 2.
Let
IN:R=>Reigy,
be a two-fold neutrosophic real function, we say that:

1) gy is fully differential at x, € R if:
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g'(x) is existed
i"(x0), f'(x0), t" (x,) are existed ,
i'(x0), f'(x0), t"(xo) € [0,1]

2) gy is T-differential (differential with respect to truth component) at x, € R if:
g'(x) is existed
t'(xo) €[0,1]
t'(x,) is existed
3) gy is I-differential (differential with respect to the indeterminacy component) at x, € R
if:
g' (xp) is existed

i'(x,) is existed ,
i'(x0) € [0,1]

4) gy is F-differential (differential with respect to the falisty component) at x, € R if:

g'(xp) is existed
f'(x) is existed .

f'(x0) € [0,1]
Example 2.

Take: f(x) = min (xiz,xz) ,i(x) = min (x%,x‘*) Jt(x) = min(lxl,gll) ,t(0) =i(0) = f(0) =
1
2
gix)=x*>+x+1.
Hence,
INX):R > Reiry,

O* + 2+ Deeicore) 1% #0
gn(x) = (1 |

111) ;X = 0
2’2’2

It is easy to see that :

g'(xy) is existed for all x, # 0,

t'(xg), f'(x0),i'(xg) are existed for all x, # 0,

t'(xg), f'(x0),i'(x) are not existed for all x, = 0.

Hence, gy is not differential for x, = 0.

For xy = 2, we have:

1

@ =5f@=1@<0i@=1,/@ <02 =1

1 1 2-|x|
lim 2907 @) _ iy B2 gy 2 2L L

x—2 x—2 x—2 X—=2 x—2 X—2 x—2 2|x| - 4

Hence gy is not fully differentiable for x, = 2.
Example 3.
1

Let gix) =x3—x—1,i(x) = f(x) = t(x) =3
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then i'(x) = f'(x) =t'(x) =0 forall x € R.

Hence gy is fully differentiable for all x € R.

Remark1.

The set of all points x € R for which gy (x) is fully differentiable is denoted by FD(gy).

Example 4.
Try to find FD(gy) for:
1
gx)=3x2+x-5,i(x) =42 X #= 0 )
0;x=0
1
X — x=1x<-1
=y 1 x<—1 SOy =452 ¥EREET
x - x? ;-1<x<1

x] —1<x<1
(3x2+x—5)111 x=>1
G2

gN(x) = (3X2 +x_5)(|x|%,x2) -1<x<1,x# 0

(3x2+x—5)(—_111 x< -1

x '2'%x2
We remark the following;:
The function (g) is differentiable on R, and g’'® = 6x + 1.
The function i(x) is differentiable an R* with i'(x) = 0 for all x # 0.

The function t(x) is differentiable on R* with:

-1
(—2 x=>1
X
' 1
t(x): —2 XS—l
X
1 0<x<1

-1 —-1<x<0
The function f(x) is differentiable an R with:

-2
f’(X)= F XZLXS—l.
2x -1<x<1

We can see that:

t'(x) €[0,1]] ®x€]0,1[U ]—o0,—1],
f'x) €01] & x € 0,2 u]-e,-¥2].

i'(x) €[0,1] & x € R".
Thus
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FD(gy) = [0,3] U]—o0,—32].
Definition 3.
Let gy be a differential two-fold neutrosophic function on I € R, we define

gn() = (gf(x))(t, Wi rw) E E L

In the previous example, we can see:

1
(6x + 1)(1,0,2X) X E ]0, EI:
3 .
2) X € ]—00, —\/E[

x3

gn(x) =
(6x + 1) 1
G20

Definition 4.
Let gy, hy: R = R(; sy be two-fold neutrosophic real functions, we define:

1) (gn +hy)(0) = (g0 + h(x))(t(x),i(x),f(x))’

where

t(x) = min(t; (x), £z (x))
f(x) = max(f;(x), f(x)) ,
i(x) = max(i; (x), i (%))

2) (~gn)x) = (_g (x))(tl(x),il(x).ﬁ(x)) ’

3) (gn-hy)(x) = (g(x)-h(x))(t(x),i(x),f(x))’

where,
t(x) = max(t;(x), t5(x))

f(x) = min(f; (x), f2(x)),
i(x) = min(i; (x), iz (x))

4) For hy(x) # 0, (i) () = (ﬁ)(t(x),i(x),f(ﬂ)/

where,
tx) =1—-t,(x)
f)=1-f(x) .
i(x) =1-i(x)

Result 1.

From the definition, we get directly:
1) (gn =m0 = (96 = A 1) 0010y

where,

t(x) = min(t; (x), tz(x))
f(x) = max(f; (x), f2(x)),
i(x) = max(iy (x), i (x))
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2 g_N X) = M 7
) (hN)( ) (h(x))(t(x),i(x),f(X))
where,

t(x) = max(t; (x), 1 — tz(x))
f() = min(f,(x), 1 - f(x)),
i(x) = min(i; (%), 1 — ip(x))

3) Lgn 1™ = (LgI™) (¢, 000,10 00,11 (3))

Theorem 1.

Let gy, hy: R = R ; sy be two-fold neutrosophic real functions, then
1) (gv +hw)' =gy +hy,
2)(gn —hw) =gy — hy,

3) (gn)' =m.gN"" (g1.1)9N -

Proof.

1) [(g+M )] =g'(x) +h'(x),t'(x) = min(t; (x), t5(x)), f' (x) =
max(f] (x), f5(x)), i’ (x) = max(i1(x), i5(x)),

so that:

(g +hy)' () = (9" ) + h’(x))( )= gn(x) + hy ().

¢ (0" G, (x)

2) it can be proved by a similar argument.
3) [g"()]' =n.g'(x).g"*(x),and

n ! — ! n—1 — ! n—1
(g8@) = (.9 (x))(t{<x).i{(x).f1’(x)) =nlg (x))(ﬂ(x)'ii(x)'fl'(x))'(g’v ®) 1

= n. gy(x). (gﬁ_l (x))(o,m)

Remark 2.
If gy, hyare fully differentiable on I € R, then

(gn hw () = (9"h(x), ' g () (¢ )i o), 1)y

where,

t'(x) = max(t; (x), t;(x))
i'(x) = min(i; (%), iz(x)) .

f'(x) = min(f{ (%), f7(x))
Definition 5.
We define

1y —h'(x)
(h_) ) = Jze0 '
N (1—t5 (x), 1~ (), 1~ 5 (x))
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Result 2.
The derivative (ZX , x) = (g'h-1g)tx) ,
(hN) ) ( h2(x) )(t(x).i(x).f(x))
where,
t(x) = max(t;(x), 1 — t;(x))
i(x) = min(i;(x), 1 —i3(x)) .
f(x) = min(f{ (x),1 = f (%))
Example 5.
Take: g(x) = 3x2 + 1, h(x) = x3as two real functions.
>
. (x)_{O;x>0,x<O () = %x_O
L 1;x=0 2 _E;x<0'
1
-1 x < —1 § ;X = 0
0G0 ={% =7 =13 ,
0;x>-1 - ;x<0
4
1 >1
g ¥
1
fix)={0 ;xeR fo(x) = 3 —1<x<1,
! < -1
2 *

gy hy:R - Retif) s

such that:

In ) = (GO tyins) = B + D000, A00),
hy () = (A (6,001 = C) 60020, fo20)) 5
g(x) is differentiable on R, and g¢'(x) = 6x,

t1(x) is differentiable on R*, and t;(x) = 0;x € R*,

1
i;(x) is differentiable on R|{—1}, and i;(x) = {F X< _1,
0 x>-1

f1(x) is differentiable on R, and f;(x) = 0.
So that gy(x) is differentiable on R|{0,—1}, and

(6x)(0;2’0) X € ]—OO, —1[

I =N 600 % € 1-10[U 0, col

On the other hand, we have:
h(x) is differentiable on R, and h'(x) = 3x2,
t,(x) is differentiable on R*with t5(x) =0;x # 0,
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ip(x) is differentiable on R* with i3(x) =0;x # 0,

f>(x) is differentiable on R|{—1,1}, and f;(x) = 0;x € R|{—1,1}.
Thus hy(x) is fully differentiable on R|{0,1, -1}, and

hy = (3x*)(0,0,0) ; ¥ € R|{0,1, -1},

(gn + hy)'(x) = (6x +3x%) (1 s x € RI{0,1, -1},
"2’

(gn — hy)' (x) = (6x — 3x2)(0i0) ;x € R|{0,1, -1},
nxz:

(gN.hN),(x) = (6x.x3 + (3x2 + 1). 3x2)(0’0’0) = (15x4 + 3x2)(0‘0‘0) ’
Y _(6x(x3)—(3x2)(3x2+1) _ [—3x*-3x2
(hN) (X) o ( )(1,0,0) - (

x6 x6 )(1,0,0)

;x € RI{0,1,—1}.

Definition 6.
Let u:R — [0,1] be a real fuzzy function, and g:R — R be a real function in one variable

g =9gx).
We define the corresponding two-fold fuzzy real function g,(x) = (g(x)),x) X € R.

Example 6.
Consider u:R — [0,1], g: R = R such that:
-1
(— x< -1
é x
_)Jx? —1<x<0
A R
1
l— x>1
x

and g(x) = 7x* + cosx, then: g,:R - R such that:

(7x? + cosx)-1 x < —1

X

(7x? +cosx),2 —1<x<0
(7x? 4+ cosx), 0<x<1
(7x? 4+ cosx)1 x>1

gu(x) =

For x =, we have
gﬂ(ﬂ) = (77-[2 - 1)11

For x = 0, we have
9,(0) = (1)o.
Definition 7.
Let gy:R — Rp be a two-fold fuzzy real function in one variable, we say that gy is
differentiable at x, € R if and only if:
g' (xg), ' (xy) are existed, and u'(x,) € [0,1].
Example 7.
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Take u(x): R - [0,1], g(x): R -» R such that:

1
E x<0
MOERE 9@ =1+x2,
- x>0
X

1+x%):1 ;x<0

2

=z )

gy is not differentiable on [0, o[, that is because g'(0) is not existed, u'(x) ¢ [0,1] ;x >0,
gy is differentiable on ]—oo, 0], that is because g'(x),u'(x) are existed for all x € ]—o0,0[
and u'(x) = 0.

Thus g'(x) = {(2x)y ;x<0.

Definition 8.

Let (u,a):R - [0,1],(g,h):R > R, (g, he): R = Rp such that: g, (x) = (g(x)) y(x) » ha(x) =
(h(x)) q(x), then:

1) (g + he) (@) = (@) + R min(u)ato) -

2) (gu = ha)®) = () = R(X)) min(ueo.a)) -

3) (9,)"®) = (0" uex)

4) (gu-ha)(x) = (g(x)- h(x))max(u(x),a(x)),
5) (=) ) = (= ,
) (gp.) X (gu>(1_#(x))
6) (5¢) o) = (=2 .
: <g“) g <gﬂ )max(a(x),l—u(x))
On the other hand, we define:
1) (g'CO) + R D min(u o0 ) = (G + )
2) (g'(x) - h,(x))min(u’(x),a'(x)) = (gu o ha),’
3) '(g,(x)'gn_l(x))u'(x) = (gﬁ)’ ’
4) (9'(0)-h(x) + B (0). 9 (D max(u’ e’ 1) ~
~g'(x) _ (Y
5) (gz(x))(l_u’(x)) - (gu> ’

6) (@) _ (h’(x)g(x)—g’(x)h(x))

Iu g% (x) max(a ()14 ()
Example 8.
Take (u,a):R - [0,1],(g9,h): R - R, (g#,ha): R - R,
such that:
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1
-1 f§ x< -2
g =x+1L,h(x) =22,u(x) ={% *=71 a@x={0 -2<x<o0,
_ 1
1 x>-1 5 x>0

x?):1 ;x<-—
x+1D-1 ;x<-1 3
gux={ : () =4 (%) i—2<x<0,
(x+1); ;x>-1 (XZ)1 x>0

2
h(x), g(x) are differentiable on R, with g'(x) = 1,h'(x) = 2x.
a(x) is differentiable on R|{—2,0}with a'(x) = 0 for all x € R|{—2,0}.
For u(x) at x = —1, we have:

UG = p(-1) _ p() -1

x+1 Tox+1
. ou(x) = u(=1) . 1-1
lim —————— == lim =0,
x—>—1% x+1 x--1t x+1
() — u(~1) —-1 = 1
x — — -_— —
lim 22 BT gim 2 = lim —% = lim — =1,
x--1" x+1 x->-1" x+1 x->-1"x+1 x--1" x

hence u(x) is differentiable at x = —1,

u(x) is differentiable on R|{—1}, and

1
#,(x) — {x—z x < —1’
0 sx > —1

(g +he) ) =+ 142 nin e = @x+ 1), ;x € R{=2,0,-1},

(gﬂ — ha)(x) = (1= 2X)min (w'@y0) = (1 —2X) ;x € R|{—2,0,—1},

, nx+1D7 x<-1
(gR) () =n.(x+ DL = Xz )
s w(x) n—1
n.(x + 1)y ;x> —1

, 2 (Bx*+2x)1 ;x<-1,x# -2
(gu-ha) (x) = (3x* + 2X) pax W'@a'(x) = XZ ’
Bx?+2x)y ;x>-1,x#0

and so on.
Definition 9.
Let gy:R = R(;; sy be a two-fold neutrosophic real function, we say that:

1) gy is fully continuous at x4 € R if:

i, f are continuous at x; ,

{g is continuous at x,
t is continuous at x,

2) gy is T- continuous at x, (continuous at x, with respect to truth component) at x, € R if:

g is continuous at x,
t is continuous at x,

)
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3) gy is I- continuous (continuous with respect to the indeterminacy component) at x, €
R if:

g is continuous at x,
i is continuous at x

)

4) gy is F- continuous (continuous with respect to the falisty component) at x, € R if:

g is continuous at x
f is continuous at xy

Definition 10.

Let gy:R = Rp be a two-fold fuzzy real function in one variable, we say that gy is
continuous at xy € Rif and only if:

g, u are continuous at, (xy) € R.

Theorem 2.

Let gy:R - R sy be a two-fold neutrosophic real function.If gy is fully differentiable,
then it is fully continuous.

Proof.

Assume that gy is fully differentiable, then we have:

g'(xp) is existed
i'(x0), f'(x), t'(x0) are existed
i'(xo), f'(x0), t'(x0) € [0,1] ,

Thus

g is continuous at x
i, f are continuous at x; , ,
t is continuous at x

so that it is fully continuous.

Theorem 3.

Let gy:R = R ;) be a two-fold neutrosophic real function.If gy is T- differentiable, then
it is T- continuous.

Proof:

Assume that gy is T- differentiable, then we have:

g'(xo) is existed,
t'(xy) is existed,
t'(xo) € [0,1]

Thus, gis continuous at x,, and the function ¢ is continuous at x, , so thatitis T- continuous
Theorem 4.

Let gy:R = R sy be a two-fold neutrosophic real function.If gy is F-differentiable, then
it is F-continuous.

Proof.

Assume that gy is F- differentiable, then we have:
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g’ (xo) is existed,
f'(x) is existed,

f'(xo) € [01] .
Thus, gis continuous at x,, and the function fis continuous at x, , so thatit is F- continuous.
Theorem 5.
Let gy:R = R ;) be a two-fold neutrosophic real function.If gy is I- differentiable, then
it is I- continuous.
Proof.
Assume that gy is I- differentiable, then we have:
g'(xo) is existed,
i'(xp) is existed,
i'(xo) € [0,1].
Thus, g is continuous at x,, and the function i is continuous at x, , so that it is I-
continuous
Conclusion
In this paper, we defined the concepts of two-fold neutrosophic continuous functions, two-
fold fuzzy continuous functions, and two-fold neutrosophic/fuzzy differentiable functions
for the first time.
The elementary properties of these novel concepts are studied and handled through many
theorems, as well as many clear examples that clarify the validity of these analytical
concepts.
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