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Abstract. This paper focuses on the concept of Sc-open sets as a generalization of classical c-open sets in
topology. The reason behind introducing Sc-open sets is to overcome the limitations of traditional open sets
in handling uncertainty and vagueness prevalent in decision-making processes. Moreover, the paper makes
significant contributions to the discussion of the concepts of soft topological spaces (STS) by utilizing Sc-open
sets that investigate the theoretical foundations and mathematical properties of Sc-open sets, exploring their
relationships with other soft open sets and soft topological concepts. Overall, the paper aims to provide a com-
prehensive understanding of STS and their properties and theorems utilizing the concept of Sc-open set and
explores the theoretical foundations, mathematical properties, and relationships of these sets while extending

their application to domains such as Sc-continuity, Sc-separation axiom and Sc¢ compactness.
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1. Introduction

In 1999, Molodtsov introduced soft sets as a mathematical tool for handling uncertainty.
Since then, soft set theory has found applications in diverse fields such as smoothness of
functions, game theory, operations research, integration theory, probability, and measurement
theory [1H14]. The properties and applications of soft set theory have been extensively studied
by researchers [4], [10], [12], [14], [18], |20], [23], [24], [25]. In recent years, the combination
of soft set theory with fuzzy set theory has led to interesting developments and applica-
tions 3], [5], [12], [13], [14], [15] , [17], [21]. This integration has involved redefining operations
on soft sets and constructing decision-making methods using these new concepts [6]. The study

of soft topological spaces was initiated by Shabir and Naz in 2011 |16]. They introduced soft
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topology < defined on the collection of soft sets over a set A. They established fundamental
concepts such as soft open sets, soft closed sets, soft subspaces, soft closures, soft neighbor-
hoods of a point, soft separation axioms, soft regular spaces, and soft normal spaces. They
also investigated the properties of these concepts. Hussain and Ahmad further expanded the
study of soft topological spaces in 2011 [7]. They focused on properties related to open soft
sets, closed soft sets, soft neighborhoods, and soft closures. Additionally, they introduced and
discussed the properties of soft interior, soft exterior, and soft boundary within the context of
soft topological spaces. The introduction of soft set theory and the subsequent development
of soft topological spaces have provided valuable tools for handling uncertainty and vagueness
in various mathematical and applied domains. These theories have been successfully applied
in numerous fields, and researchers continue to explore their properties and applications.

In 2023, [22] Algahtani and Saleh introduced a novel type of open sets known as c¢-open sets.
Their work focused on exploring the relationship between these sets and other types of open
sets existing in classical topology. Specifically, a set N in a classical topological space is defined
to be c-open if and only if ¢/(R) \ X is countable set. This concept generalizes the traditional
notion of open sets and offers a fresh perspective on openness in classical topology. This re-
search aims to expand the investigation of the concept introduced by Algahtani and Saleh by
incorporating soft sets and c-open. Fundamental properties and theories are discussed in soft
topological spaces via the c-open sets. This article is organized as follows: it begins by intro-
ducing a category of Sc-open sets and outlining their fundamental properties. It then proceeds
to explore various concepts such as Sc-regular, Sc-normal, and S¢- T;-spaces for ¢ € 0,1,2, 3,4,
as well as Sc-compact and Sc*-compact spaces, utilizing Sc-open sets. The article then delves
into the examination of concepts such as Sc-continuous, Sc¢*-continuous, Sc-homeomorphism,
and Sc*-homeomorphism functions through the perspective of Sc-open sets. Additionally,
it reviews essential properties related to Sc-compact and Sc*-compact spaces, supported by
numerous illustrative examples. Finally, the article concludes by providing insights and sug-

gesting potential future research directions.

2. Preliminaries

Throughout this paper, we revisit some concepts in soft sets and soft topological spaces and
soft topological spaces. Let A be an universe set and II be a set of parameters. Let I' C II
and P(A) denotes the collection of all subsets of A. The family of all soft sets over A with
set of parameters I' = {71,72, ..., 7} will be denoted by SS(A)p. A pair (R,T) is called a
soft set (SS) on A, where R is a mapping since I' into P(A) is defined by (R,T) = {(,R(y)) :
v € T,R(y) C A}. A relative null soft set (®,T) is a soft set (R, ') if R(y) = 0 for all v € T".
Similarly, a relative absolute soft set (A,T) is a soft set (R,I') if R(y) = A for all y € I".
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We include herein some definitions utilized in this study: [1,2,/4]
Let (Ry,T1) and (Rg,T'5) be SSs over A, we define

(1)

(4)

(Ry,T1) is a soft subset of (Ry,I'y) if: Iy C I'y and, Ry(7y) C Ry(y) for all v € T'. This
relationship is denoted by (R, ') £ (Ry,Ty). So, (Ry,T1) is a soft superset of (Rg, I'y),
denoted by (&1,F1) | (&2,1}), if (&Q,PQ) is a soft subset of (&1,1“1). Also, (&hfl) is
a soft equal of (?:22, Iy) if (?:21, I'1) it is a soft subset and a soft superset of (1:22, Iy).
The soft union of two soft sets (&1, I'1) and (&2, I'y) over the common universe A is
denoted by (Ry,T1) L1 (Ry,T) and is the soft set (R,T'), where I' = I'; U Ty for all
v € T defined as: R(y) = Ry(y), if y € ['1 \ [y, Ro(7), if v € Ty \ Ty, and Ry (7) URy(7)
if v € 'y NTy. The soft intersection of two soft sets (Ry,I'1) and (Rg,I'y) over the
common universe A is denoted by (Ry,T'1) 1 (Rg, T'y) and is the soft set (R,T), where
D =T,N0y # ¢ forall y € T, R(7) = Ry () N Ry(7).

The complement of a soft set (R, T) is denoted by (R, I')¢ and defined by (R, [')*=(R¢,T),
where R¢ is a mapping given by &0(7) =A\ &(7) for all v € T". The soft difference
between the two soft sets (R, ') and (Ry,T'y) is the soft set (R,T') where I' = '} UTy
is defined as: (Rq,T1) \ (Rg,T2) = (Rq,T1) 11 (Ry, Ty)e.

A soft set (R,T) is said to be a soft countable set, denoted by S-countable if R(7) is

countable.

Definition 2.1. [22] Let (A, <) be a classical topological space. Below are some important

definitions used in the study:

(1)

(2)

(4)

An open subset RN of a topological space (A, <) is called c-open set if cI(N) \ N is a
countable set. That is, N is an open set. So, a closed subset N of a topological space
(A, Q) is called c-closed set if X\ int(R) is a countable set. That is, X is a closed set.
(A, ) is called a c-regular space if for each closed subset 2 C A and each point ¢ ¢ €2,
there exist disjoint c-open sets N; and Ny such that r € X; and Q C Ny, So, (A, Q) is
called a ¢-normal space if for each pair of closed disjoint subsets 27 and 29 of A, there
exist disjoint c—open sets N; and N such that €2; C Xy and Q5 C No.

Let (A, ) be a topology space, we say that A is ¢—Ty-space, if given p1,1, € A, 11 # 1,
then there is either a c-open set containing r; but not r, or a c-open set containing r,
but not r;. So, A is ¢—T;-space, if given py,r, € A, 11 # >, then there are two c-open
subsets N; and Ny of A, such that r; € Ry, r, ¢ Ny, and p; ¢ No, r, € Ry, Moreover, A
is ¢—T9-space, if given z,1, € A, r; # 1., then there are two disjoint c-open subsets Ny
and Ny of A, such that r, € ¥y and ¢, € No.

Let (A, <) be a topological space, then A is c-compact (resp., ¢*-compact) if for each

open (resp., c-open) cover of A has a finite subcover of c-open (resp., open) sets.
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(5) A function ¢ : (A, ) — (¢, Q) is said to be c¢-continuous (resp., ¢*-continuous) if
¢ Y(XN) is c-open (resp., open) in A for each open (resp., c-open) subset N in (. A
function ¢ is said to be c-open function if for each c-open subset X C A, we have
©(N) is an open subset in {. So, ¢ is said to be c-closed function if for each c-closed
subset © C A, we have cp((:)) is closed subset in (. Moreover A bijection function
v (AS) = (¢,9) is said to be c-homeomorphism (resp., ¢*-homeomorphism) if ¢

1

and ¢~ are c¢-continuous (resp., ¢*-continuous).

Definition 2.2. [2] Let S be a family of soft sets on A, then & is said to be soft topology
(ST) on A if null soft set and absolute soft set in S, the union of any members of soft sets in
S belongs to S and intersection of any two soft sets in S belongs to S. The triple (A, @,F)
is called a soft topological space (STS) on A. Every member of S is called a soft open set,

denoted by, S-open. The complement of an S-open set is a soft closed set, denoted by, S-closed.

Definition 2.3. [26], [9] Let (A,T") and (A’,I”) be two SSs, 0 : A — A and a : I’ — T”
be two mappings. Then Qg : (A,F) — (A’ , I} is called a soft mapping, S mapping. The
image of (R,T") £ (A,T) under @yaq, (ﬁm((&,r)) = ($a(R),I") is a SS in (A’,T") given as, for
all v/ € T, @YQ(N)(')//) = (U, ca-1()nr R(Y))s if a7H(Y) m [ # ¢ and ¢ for otherwise; For
v eT, ¢oa(R,T) = (6(R),(T")) is called a soft image of (R,T"). The inverse image of (©,I")
- N ~ ~=1(7E / [ a=1/A . . N .

C (AA, I') under cpngé, g%a((@,f‘ ) = (SO@a(@)?P) is a SS in (A,T') given as, for all v € T,
gb;é(@)(’y) =¢ ) (@(a(fy))), if a(y) eIV, ¢, if a(y) ¢ T'. The S mapping, Psq is called a

(1) S surjective mapping if o and « are surjective mappings.

(2) S injective mapping if o and « are injective mappings.
(

3) S bijective mapping if o and « are bijective mappings.

3. Sc-Open and Sc-Closed Sets in ST'Ss

In this section, we introduce the definitions of Sc-open and Sc¢-closed sets, and discuss

the theorems and properties derived from them, supported by relevant counterexamples.

Definition 3.1. A S-open subset (R,T') of a STS (A, S,T) is called soft c-open set, Sc-open
set if cl((R,T))\(R,T) is S-countable set. That is, (R,T) is a S-open set.

Definition 3.2. A S-closed subset (&, ') ofa STS (A, S, I") is called soft ¢-closed set, Sc-closed
set if (&,F)ﬂint(&,F) is S-countable set. That is, (R,T) is a S-closed set.

Theorem 3.3. The complement of any Sc-open (resp., Sc-closed) subset of a STS (A,@,F)

is a Sc-closed (resp., Sc-open) set.
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Proof. Let (2:2,1“) be any Sc-open subset of a STS (A, @,I‘). Then its complement, (&, rye =
(Ne,T') is S-closed, and satisfy the following:
(R, 1)\ int(R, )¢ =(R,T)°\ (cI(R, T))°
= (R,D)0el(R,T)
= d(}, 1)\ (},T),
which is S-countable by Definition Consequently, (&, IDE i int(&, I')¢ is also S-countable.

Therefore, (R,I')¢ is a Sc-closed set. On the other hand, if (R,T) is any Sc-closed subset of a
STS (A, S, I'), following the same method, (&, I')¢ is a Sc-open set.

Corollary 3.4. Let (A, 3,T) be a STS and (R,T") € SS(A)r, then

(1) Ewvery S-clopen (S-closed and S-open) subset of a STS is Sc-clopen (Sc-open and Sc-
closed) set.
(2) Every S-countable S-closed set is Sc-closed.

Proof.
(1) Utilizing Definitions [3.1] and alongside the properties of S-open and S-closed sets,

incorporating their S-interior and S-closure, we can demonstrate it directly.
(2) Suppose (R,T) is S-countable and S-closed. Then, we have cl(R,T') = (R,T) = bd(R,T).
Consequently,

Since (R,T) is S-countable, it follows that (R,T)\ int(R,T) is also S-countable. There-
fore, (R, T) is Sc-closed.

Remark 3.5. Indeed, every S-countable S-open set may not necessarily be Sc-open.

Example 3.6. Let R be a set of real number and P be soft point (SP). The collection
S={RT)CAD):P e ®RD)}O{(& D)},

is the particular soft point topology on A and (/\7 ,I') be a S-countable S-open set but ¢l (/\7 ,T)

\ (W,T) = (R,T)\ (NV,T) is S-uncountable set.

Proposition 3.7. In STS, every Sc-open (resp. Sc-closed) set is a S-open (resp. S-closed)

set.

Hind Y. Saleh, Areen A. Salih, c-Continuity, c-Compact and c-Separation Axioms via Soft Sets



Neutrosophic Sets and Systems, Vol. 73, 2024 ﬂ

Proof. Obvious, by the Definitions B.1land B.2]

Remark 3.8. In general, every S-open (resp. S-closed) set is not necessarily a Sc-open (resp.

Sc-closed) set.

Example 3.9. Let (A,T') be a non-empty SS, and let (I,T) be a soft subset such that (I,T)
C ([\, I'). We define the soft subset §(1,p) of SSs as follows:

Sy = {(wT) £ (AT): (1) M1 (1,1) = (2,1)} U (A, 1).
All soft subsets of (A,T) that are soft disjoint from (I,T"), along with (A,T) itself, constitute
g(LF)' This S5 forms a STS called the excluded set ST on (A,T) with respect to (I,T).
Consequently, (Q,T) is S-open in (R, S;,T). However, cl(Q,T) \ (Q,T) = (R,T) \ (Q,T) =
(1Q, I') is a S-uncountable set. Thus, (@,F) is not Sc-open. Furthermore, (IQ, I') exemplifies

a S-closed set that is not Sc-closed.

Remark 3.10. An example exists where a Sc-open (resp., Sc-closed) set is not a S-open

(resp., S-closed) domain set.

Example 3.11. Consider (R,3y,T) as a STS on ® with I' = {y1,72}. Let (R,T') =
{(71,(2,5)), (72, (2,5))} 0 {(71,(5,9)), (72, (5,9))}, which is a Sc-open subset in (R, Sy, T).
However, (X,T) is not S-open domain. Furthermore, (R,T')¢ is a Sc-closed set, but (R,T)¢ is

not S-closed domain.

Definition 3.12. [27] In a STS, a SS (R,T") is considered soft regular open ( St-open) if it
int(cl(R,T)) = (R,T). Similarly, a S5 (R,T) is considered soft regular closed ( St-closed) if
cl(int(R,T)) = (R,T), or if its soft complement is an St-open.

Remark 3.13. In general, Sc-open (resp., Sc-closed) sets and St-open (resp., St-closed) sets
are not comparable, as illustrated by the following example.

Example 3.14. By Example let (R,T) = {(v1,{1,2,3}), (72,{2,3})}. Then int(cl(R,
= int(R,T) [ (I,T) = (R, T) is St-open. However, cl((], 1)) \ (], T) = (R,T) u(I,A) = (I

is S-uncountable set, hence (&, ') is not Sc-open.

1))
1)

Moreover, let (R;,T) = (R, T)\(R,T). Then

cl(int((R1,T))) = el(int((R, T) \ (},1)))

= cl((Q,1)\ (R, T))
=(I,T)0((Q, 1)\ (R,I))
— R,D)\R,T)

= (Ny,T),
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=

s St-closed. Also,

is S-uncountable set, then (R, T') is not Sc-closed set.

Remark 3.15. The definitions of S-open, S-closed, Sc-open, and Sc-closed sets lead to the

following diagram:
Sc-open set — S-open set
Sc-closed set — S-closed set
Diagram (i)

None of the above implications are reversible.
Proposition 3.16. A finite soft union of Sc-open sets remains Sc-open.

Proof. Let {(¥;,T)}je; be a finite collection of Sc-open sets. Then (X;,

and cl((&j,l“)) K(I‘Ej,F) is S-countable for all j. Now, consider D?ﬂ(&j,r) is S-open, then
to show the other condition of Sc-open set. Now, we have, cl(|_|jn:1 (R, 1)) \ |_|jn:1 (X}, T)
= U;L:l(cl((&j,f‘)) \ (Z\Ej,l“)), since the finite soft union of S-countable sets is S-countable.

Then, cl(urzl(ﬁj, M)\ U?:l(&ja I') is S-countable. Therefore, U?:l(&j,F) is Sc-open.

i,I') is an S-open set

A~

Example 3.17. Let (A;,T) = {{7531,7557:} : 7531 # 75[?;,1' € I} be a family of pairwise disjoint
soft spaces, where I is an uncountable index set. Let S, be a particular soft point topology
on (A;,T) at P]. Let the & = {(R,T") € Uics(A;, 1) : (R,T) 11 (A;, 1) £ (A, T) S-open for all
i} be a ST on the disjoint soft union (A,T') = Uier (As,T). We call (A, S, T) soft topological
sum of the (A;,T). for all i € I, pick (j1;,T) = {P3.} T (A,T), where (fi;,T) = {P2} for all i
and (13, ') = (®,T") for all ¢ # j in I. Then, (f;,I") is S-open and cl((f;,1")) i (f13,T) is finite.
Therefore, (fi;,T) is Sc-open in (A,T') for all + € I. However, cl(Uics (1, T)) i Uier (13, T) is
S-uncountable. Hence, U;cs (fi;, ') is not Sc-open in (A, ).

Corollary 3.18. A finite soft intersection of Sc-closed sets remains Sc-closed.
Proof. This is evident from the Theorems Theorem and by Morgan’s Laws.
Theorem 3.19. A finite soft union of Sc-closed sets remains Sc-closed.

Proof.
Let (I\ij,f‘) be a collection of Sc-closed sets for all {j = 1,2,...,n}, it follows that (8j,T) is
S-closed, and the soft difference (X;,T) \ int((%,T)) is S-countable. Considering the union
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U?zl(&j,F), which is also S-closed, demonstrating the other condition suffices to prove the
Sc-closed property.

Claim
L] 050 Vint (L] 08, 0) £ (08,1) Vit ((8%,1)).

Let Pi € Uy (8, T) \ int(l|_;(R,T)) be arbitrary.  Since []i_int((;,T))
int(ujzl(Nj,F)), then there exists j/ € {1,2,3,...,n} such that Pj € (Ry,I')y and Py
int((R,T)) for all j € {1,2,3,...,n}. Then P] & ((Xy,D)y) \ int((t\fl,l“)j/), then P
LI, ((&j, INAY int((l\%,ﬂ)). Claim is proved.

Since the finite soft union of S-countable sets is S-countable.  Then, |;|jn:1(1*5j,F)

n
=1

mt(|;|j_ (&j,F)) is S-countable set. Therefore, D;Lzl(&j, ') is Sc-closed.

m Ao M

—>

Corollary 3.20. a finite soft intersections of Sc-open sets remains Sc-open.

Proof. This is evident from the Theorems [3.3] Theorem and by Morgan’s Laws.

We suggest referring to soft infra-topological spaces using the term ” Sc-open sets,” empha-
sizing their notable characteristic. Furthermore, we can define soft generalized infra-topological

spaces as those that may not necessarily encompass the entire absolute soft set ([\, ).

Definition 3.21. Let Jg. be a collection of S c-open sets over A under a fixed set of parameters
I', then Jg. is said to be infra soft c-topological space (ISTS,) on A if it satisfies the following
axioms:

(1) (®,1), (A,T) & Jg,

(2) Closed under finite soft intersection.
Then, the triple (A, Tse, ') is called an ISTS.. Every member of Jg. is called an ISc-open set,

and its soft complement is called an ISc-closed set.

4. Separation Axioms and Compactness are Explored Through a Novel Category
of Soft Open Sets.

This section presents the definitions of regular, normal and T;-spaces for ¢« = 1,2, 3,4
utilizing Sc-open sets. Furthermore, we define compactness within this category of soft open

sets, namely c-compact space, and c¢*-compact space, and explores their principal properties.

Definition 4.1. A STS (A,3,T) on A is said to be
(1) Sc-Regular if for each S-closed (71,T); (4, T) E (A,T) and each SP PY é (i1, I'), there
exist soft disjoint Sc-open sets (R, ') and (Ry,T') such that P & (Ry,T') and (3,T) £
(Rg, ).
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B

(2) Sc-Normal if for each pair of S-closed disjoint soft subsets (fi,T') and (jig,T') of (A,T),
there exist soft disjoint Sc-open sets (Rq,T') and (Rg,T) such that (41, T) £ (R, ') and
(. T) £ (R, T).

(3) Se-Ty, if given P, 737 € (A1), P # 73 , then there is either a Sc-open set containing
P2 but not 77; or a Sc-open set containing 753 " but not 28

(4) Sc-Ty, if given 753,753, € (A,T), PY # 75[,7/, then there are two Sc-open soft subsets
(R1,T) and (Ry,T) of (A,T), such that PJ & (8;,T), P}’ ¢ (8;,T), and P§ ¢ (Rg,T),
PV & (Ry,T).

(5) Sc- Ty, if given 753,75,?, € (A,F), Pl £ 753/, then there are two soft disjoint Sc-open
subsets (R, ') and (Ry,T) of (A,T), such that PJ & (R;,T) and 7531 € (Ry,T).

(6) Sc-Tys if it is a Se-T; and Sc-regular space.

(7) Se-Ty if it is a Sc-T; and Sc-normal space.

Proposition 4.2. Let (A, %, T') be a STS on A, then any Sc-regular (resp. Sc-normal) space

is a S-regular (resp. S-normal) space.
Proof. Obvious from the definitions and

Remark 4.3. In general, the converse of Proposition does not hold as illustrated by the

following examples.

Example 4.4. Consider (?f% X 5)51‘,, §u><l/{7 I') represents the usual soft topology on R x 5)23, and
I' = {71,772} is a set of parameters. Then, (3} x R, @uXu,F) is a S-normal. However, if we

select (p1,1") and (42, I") as two disjoint S-closed sets defined by:

(41, 1) = {(71,[2, 3] x [2,3]), (72, [-2, =3] x [2,3])},
(:Uj%r) - {(717 [_27 _3] X [273})7 (’727 [2a3] X [273])}

A

Can not be separated by two disjoint Sc-open sets. Consequently, (Q?Ex R, Svuxtrs I') is S-normal

space, which is not Sc-normal space.

Example 4.5. The Niemytzki Plane. Let L = {(a,b) € : b > 0}, be the upper half-plane
with the X-axis. Define a soft set (&,F) over L, where I' is a set of parameters and RN is a
mapping from I' into the set of subsets of L. Let L; = {(a,0) : a € R}, i.e., the X-axis, and
Lo = L\ L;. Define the SS (R,T') such that for every (a,0) € L; and r € R,r > 0, the S
(R, I')((a,0),r) is the set of all SP of L inside the circle of radius r tangent to L; at (a,0).
Furthermore, let (R, D)i((a,0)) = (R, ') ((a,0), }){(a,0)} for i € N. For every (a,b) € Ly
and r > 0, let (R, I)((a,b)
t (a,b), and define (R, I)i((a, b)) = (N,F)((a b),1) for i € N. The Niemytzki Plane over
) =

= cl(( )((2,2), 2)) be a S-closed set. Since (—5,2) ¢ (,I), it

,7“) be the set of all SPs of L inside the circle of radius r centered

SS is S-regular. Let (f,
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cannot be separated by two disjoint Sc-open sets because the smallest Sc-open set containing

(i1,T") is Ly. Hence, the Niemytzki Plane is not a Sc-regular space.

Remark 4.6. It is evident from the definitions that every Sc- T ;-space is an S-T;-space for

1 € 0,1,2. However, the converse may not hold, as the following examples demonstrate.

Example 4.7. From Example The Niemytzki Plane in soft set theory is S- T 9-space, but

is not Sc-Ty-space.
Proposition 4.8. Let (A, S, I') be a STS on A, then any SC-T4 -space is a Sc-Ts-space.

Proof. Let (A, S, I') be a Sc- T4—space. Then, it is Sc-normal and Sc-T;-space. Let (r,T') be
any S-closed subset of (A,T) and PJ be a SP in (A,T) with PJ §A§ (f1,T). Since Sc-T;-space
is S-T;-space. Hence, {75;’} is S-closed. Thus, (4,T') and {753} are disjoint S-closed, by
Sc-normality of (A, S, T), there exists two disjoint Sc-open sets (Ry,I') and (Rg,T") containing
(i1, T) and {752}, respectively. Therefore, (A, S, I')isa Sc- T's-space

Remark 4.9. In general, the converse of Proposition [4.8 does not hold.

Example 4.10. Let (R2,$,T) be a STS over ®2 and (6, 1) be a S, where (6,T) = {(7,0(7)):
(:)(’y) = (z,y),y > 0,y € I'}, the upper half soft plane with the X-axis. Let (@1, r) =
{(,61(9)): ©1(7) = (z,0),7 € T'}, ie., the X-axis. Let (P/,T) = (0,') \ (61,T) is S-T»-
space, but is not Sc- Tg—space. There exist two SPs Pl = 75(7_1’2) # 75g = 75(71:2) such that there
is not Sc-open set containing either P but not 753 "or containing 75;’ " but not PY, because the

smallest Sc-open set containing either PJ or 75[;7/ is (13’ , ).

Based on the previous theorems and examples, we can derive the following diagram:
STy — Se-T5 — Se=Ty — Se=Ty — Sc—To.
3 3 3 3 3
S-Ty — S-T3 — S-Ty — S-T7 — S-Tp.
Diagram (ii)
None of the above implications is reversible.
Definition 4.11. Let (A, $,T) be a STS, then a SS (R,T) is a Sc-compact (resp., Sc*-
compact) set if for any S-open (resp., Sc-open) soft cover of (2:2, I') has a finite soft subcover

of Sc-open (resp., S-open) sets. In particular, a STS is said to be a Sc-compact (resp., Sc*-

compact) space if (A,F) is a Sc-compact (resp., Sc¢*-compact) set.

Theorem 4.12. Let (A, %,F) be a STS, every Sc-compact set (space) is S-compact.
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Proof. Let (&,F) be a Sc-compact set in STS (A,@,F), then (&,F) is S-open, by definition

(R,T) is S-compact.

Remark 4.13. The converse does not always hold. In general, every S-compact space which

is not Sc-compact.

Example 4.14. Let (R,T) = {(v,[-1,1])} be a S5, and let (R, Sy, T') be a STS over N and
parameterize I' = {~} generated by (Ry,T) and (Ry, "), where

(&171—‘) = {('Y, (CL, 1]) -l<a< 0}7

(Ro,T) = {(3, [-1,B))) : 0 < b < 1}.

Then all $Ss of the form {(v, (a,b)) : a < 0 < b}) are S-open sets in (R, Sy, I'). Clearly, (R, T)
is a S-compact space because any S-open covering of the two $Ss (Ry,T') and (Ro,I') which
include 7531} and 753_1} will finite S-open cover (&, '), but it is not Sc-compact because if we

take

(Rs,T) = {(7,[~1,0.5))},
(&47F) = {(7a (_0'57 1])}7

is an S-open cover for (R,T) which no finite S-subcover of Sc-open due to (N3, T') and (Ry, ')

are not Sc-open sets such that

cl(R, T)\(Rs, T) = cl(7,[~1,0.5)\(v, [1,0.5))
= (7, [-1,1)\(7,[-1,0.5))
= (7,10.5,1]),
cl(Rg, T)\(Ry, T) = cl(y, (=05, 1))\ (v, (=05, 1])
= (7, [=1, 1)\ (3, (0.5,1])
= (v, [-1,-0.5]).
are not S-countable sets.

Theorem 4.15. Let (A, @,I‘) be a STS, every S-compact set (space) is Sc¢*-compact.
Proof. By Definition @ any S-compact set(space) is Sc*-compact.
Remark 4.16. In general, every Sc*-compact which is not S-compact.

Example 4.17. Consider (R, %T:,F), where S; is the right order ST on R. Then, (3}, ST

~—

is not S-compact space. Alternatively, the collection of Sc-open set in (R, %g,f‘) is
{(®,T),(R,T)}. Hence, (R, S;,T) is Sc*-compact.
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Remark 4.18. From Theorems and Examples the following diagram is

acquired:

Sc-compact — S-compact — Sc¢*-compact.

Diagram (iii)
Remark 4.19. None of these relationships can be reversed.
Remark 4.20. In a STS (A, 3, I'), the Sc*-compactness is not hereditary.

Example 4.21. Let (R, §(%{2}),F) be the included soft point topological space on R by
(7,{2}). Then (R, §(%{2}),F) is Sc*-compact space, because (®,T') is Sc-open finite subcover
for any S-open cover of (R,T). However, (%, F)i(’y, {2}) is a soft infinite discrete subspace.
Hence, (R, T)\(7, {2}) with soft discrete topology is not Sc*-compact.

Remark 4.22. The Sc*-compactness is hereditary with respect to Sc-closed subspace.

Theorem 4.23. Every Sc-closed subset of Sc-compact (resp. Sc*-compact) space is Sc-

compact (resp. Sc*-compact).

Proof. Let (6,T) be a S-closed subset in a STS (A,S,T) and ¥ = {(&,F)C :( € A} be a
S-open (resp., Sc-open) cover of (@,F), where (&,F)C C (A,F) is S-open (resp., Sc-open) in
(A,T), for each ¢ € W. Since (6,T) is Se-closed in (A,T), then (A,T)\(6,T) is Sc-open in
(A,T). However, any Sc-open set is S-open, then (6,T)¢ = (A, F)i((:), I) is S-open in (A, T).
Thus {(&,F)C ¢ €O} (6,1 is a S-open (resp., Sc-open) cover for (A,T). Since (A,T) is
Sc-compact (resp., Sc*-compact), then there exist (1, (s, ..., ¢, such that (A, INC (Iil?zl(&, I’),)
) (6,T)¢. Thus (6,T) C L, (R,T');. Therefore, (©,T) is Sc-compact (resp., Sc¢*-compact).

Corollary 4.24. If (A,T') is Sc-compact and (©,T) € (A,T) is S-closed, then (©,T) is S-

compact.
Proof. Obviously by since any Sc-compact space is S-compact
Theorem 4.25. A Sc-compact (resp., Sc*-compact) subset of Sc-Ty-space is Sc-closed.

Proof.

Let (&, I') be a Sc-compact (resp., Sc*-compact) subset of Sc- Ty-space over A. If (&,F) =
(A,T), then (A,T) is S-closed and (A,F)iint([\,f‘) = (®,T) is S-countable set. Hence (A,T)
is Sc-closed. If (2:2,1“) # (A, I'). Suppose P, 75[,7/ € SP(A)r, PY £ 753, such that P; & (&,F)C
and 75[,7/ € (R, T). Then there are two disjoint Sc-open sets (ﬁl,I‘)ﬁ’?/ and (Rg, I') 5 such that
Py € (R, D)y, P7 € (Ry,T) 0 with (R, T)py 11 (Rq,T) 0 = (@,T). Let ¥ = (AT 5y

Py P

i € I}, then U is S-open (resp., Sc-open) cover of (?:I,F). Since (&,F) is Sc-compact (resp.,
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Sc*-compact), then there are Pgl,PEL, .

Pg , such that (R,T") £ [ (,u,F) = (,T). Let

(0,T) = 1;—1(#,T) v , by Corollary [3.20, (#,T') is a Sc-open set containing 733, clearly (7,T)
M (4,T) = (®,T), so that (#,T) £ (A,T) \ (R,T), hence PJ, is a Se-interior point of (A,T) \
(R,T), Therefore (A,T) \ (R,T) is Sc-open. Hence, (R,T) is Sc-closed.

Theorem 4.26. Let (A, @,I‘) be a Sc-compact Sc-To-space. Then (A, S, ') is Sc-regular.

Proof. Let P7 & SP(A)p and (R,T') be a Sec-closed set not containing P7. Since Sc-Ts, for
each 753, € (R,T) and PJ & (R,T) there are two disjoint Sc-open sets (2, F) o and (i, )P”
(N,F)b} is a Sc-open
cover of (I:I,I‘). By Theorem (&,F ) is Sc-compact, and therefore there is a Sc-open
finite subcover {(7,T") (ﬁ,F)ﬁJQ, ey (ﬁ,F)ﬁgn} € ¥. Thus, (#,T) = ' (?,T).. and (i, T)

containing 7557/ and PJ, respectively. Suppose ¥ = {(z,T) P& 73[?
b

75;‘/1 9 fP’Y

= ILIZ»L(,u,I‘)mi are disjoint Sc-open sets containing 75[7 " and P2, hence (A, S, T I') is Sc-regular.
Corollary 4.27. Let (A, C\A‘S,F) be a Sc-compact Sc-To-space. Then (A, @,F) is Sc-Tz-space.
Proof. Obviously.

Theorem 4.28. Let (A, @,I‘) be a Sc*-compact Sc-Ts-space. Then (A, @,F) is S-regqular.
Proof. The same of Theorem [4.26]

Corollary 4.29. Let (A,§,F) be a Sc*-compact Sc-Ts-space. Then (A, S, I') is S-Ts-space.

Theorem 4.30. Let (A, @,F) be a Sc-compact (resp., Sc*-compact) Sc-Ty-space. Then

(A, S, T) is Sc-normal (resp., S-normal).
Proof. The same of Theorem

5. Sc-Continuous and Sc¢*-Continuous Functions

This section introduces two definitions of continuity utilizing Sc-open set namely,
Sc-continuous, Sc*-continuous. Moreover, the concept of Sc-homeomorphism and Sc*-
homeomorphism via the concept of Sc-open sets are studied. In addition, some of their

properties with Sc-compact and Sc*-compact spaces are discussed.

Definition 5.1. A S-function @ga : (A, S, T) — (A, S, T7) is said to be Sc-continuous (resp.,
Sc*-continuous) if $;1(6,T) is Sc-open (resp., S-open) in (A,T) for any S-open (resp., Sc-
open) subset (©,T) in (A, T7).

Theorem 5.2. Every Sc-continuous function is S-continuous, and every S-continuous func-

tion is Sc¢*-continuous.
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Proof. Obviously, from the definition [5.1]
Remark 5.3. The converse may not be true as shown by the following two examples.

Example 5.4. Let (R, 9;[,F) be the excluded soft set topological space on R by I. Then
the identity S-function Z,q : (R, S7,T) — (R,S7,T) is S-continuous function, which is not
Sc-continuous, because (Q,F) € S is S-open and fgj(@,r) = (Q,F) is not Sc-open, because
d(Q,T)\ (Q,T) = (R,T) i (Q,T) = (I,T) is S-uncountable set.

Example 5.5. In Example (R, S, I ) is the right order soft topology on the set of all
soft real numbers (R, T”). The family of all Sc-open set in (R, S, I”) is {(®,T"), (R,I")} only.
Consider (?fﬁ, §Cof,f‘), where gcof is the finite complement soft topology on the soft set of
all soft real numbers (R,I"). Then the identity S-function Z,q : (R, @cof,f‘) — RS, IY) is

Sc*-continuous function, which is not S-continuous,

Remark 5.6. It is clear, from the definitions of S-continuous, , and Examples the

following diagram is obtained:

Sc-continuity — S-continuity — S¢’-continuity. Diagram (iv)

None of the above implications is reversible.

Definition 5.7. Let ¢uq : (A, S,T) — (A, S,TY) be a S-continuous function. Then, @uq is
a Sc-open function if for any Sc-open subset (©,T) £ (A,T), we have ¢ (©,T) is a S-open
subset in (A, T”). Moreover, ¢uq is said to be Sc-closed function if any Sc-closed subset (3, T')
C (A, T), we have $gq (2,T) is S-closed subset in (A, T7).

Theorem 5.8. Let oo : (A, S,T) — (A, S, 1Y) be Sc-continuous (resp., Sc*-continuous),

onto S-function and (A, @,F) 18 Sc*-compact, then (A,F’) is Sc*-compact.

Proof. Let {(6,1")4 : a € Q} be a Sc-open cover of (A,I”). Since $yq is Sc-continuous
(resp., Sc*-continuous) and any Sc-open set is S-open, then @$5'((©,I7),) is Sc-open
(resp., S-open) in (A,T) for each a € Q. Since (A, I") C Daeﬂ(@,f”)a, then (A,T)
= AT EGUnca(0:T)0) = Laca?a (6,1M),), that is means {¢51((6,1"),) -
a € Q} is Sc-open cover of (A,I'). Then, by the Sc*-compactness of (A,T'), there exist
ar,ag, oy, € Q such that ¢, ((@ [)ay) U 927;1((@ [M)a,) U A;é((éar/)an) = (]\,F),
then Goa B7((0,T)ay) U ¢ ((6,)a) 0 oo U G52((6,T)a)] = foalAiT), thus By
(@;1((@’?)&1)) iy @oa(@a @ I)a, ) 0 QOUa(SDaa((@ Ma )) = (A’l—v)’ then (é?F,)al
0 (6,1, [ ... (6,14, = (A, T"). Hence, {(6,1)q, [ (0,1)a, U ... [1(0,1")4,} is a
finite S-subcover of S-open sets for (A,T”). Therefore, (A, S/, ") is a Sc*-compact space.

Hind Y. Saleh, Areen A. Salih, c-Continuity, c-Compact and c-Separation Axioms via Soft Sets



Neutrosophic Sets and Systems, Vol. 73, 2024

Corollary 5.9. Sc*-compactness is a topological property.
From the previous theorem and the Diagram (iii), we have the following corollary:

Corollary 5.10.
i) Sc-continuous image of S-compact (resp.,Sc-compact, Sc*-compact) is S-compact
(resp.,Sc-compact, Sc*-compact);
ii) Sc*-continuous image of S-compact (resp.,Sc-compact, Sc*-compact) is S-compact
(resp.,Sc-compact, Sc*-compact);

iii) S-continuous image of Sc-compact is Sc-compact.

Theorem 5.11. Let $ga : (A, S, T) — (A, S, 1) is onto Sc-continuous function and (A, S,T)

is Sc*-compact, then (A,T) is S-compact.
Proof. Same the proof of Theorem

Theorem 5.12. Let Qgq : (A,%,F) — (A, %’,F’) be Sc-continuous, (A, @,F) s Sc*-compact,

and (A, &, I) is Sc-Ty-space, then ¢uq is Sc-closed function.

Proof. Let (R,T') be a Sc-closed subset in (A,T). Since (A,T) is Sc*-compact, then from
Theorem [5.9 (&, I') is Sc*-compact. Since the image of a Sc*-compact space is Sc*-compact
under a Sc-continuous function (see Corollary . Hence, gém(&,F) is Sc*-compact. Since
every Sc*-compact subspace of a Sc- Tg—space is Sc-closed (see Theorem this implies
that g&aa(&,F) is Sc-closed. But any Sc-closed set is S-closed. Therefore, @54 is a Sc-closed

function.

From Theorem and Diagram (iv), we have the following corollaries:

~

Corollary 5.13. Let ¢pq @ (A, @,F) — (A,@’,F’) is Sc-continuous, (A, 3, I") is Sc-compact

(resp., S-compact), and (A, %’,F') is Sc-Ta-space, then @uq is Sc-closed function.

Corollary 5.14. Let ¢ue : (A, S, T) = (A, S, 1) is S-continuous, (A, S,T) is Sc-compact,

and (A, S, 1) is Sc-Ts-space, then Pgo is Sc-closed function.

Definition 5.15. A bijection S-function P : (A, S, T) — (A, S, TV) is said to be Sc-
homeomorphism (resp., Sc*-homeomorphism) if and By, and ¢! are Sc-continuous (resp.,

Sc¢*-continuous).

Sc-homeomorphism — S-homeomorphism — Sc¢*-homeomorphism.

Diagram (v)
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Proposition 5.16. FEvery Sc-homeomorphism function is S-homeomorphism, and every S-

homeomorphism function is Sc*-homeomorphism.
Proof. 1t is clear, from the definition [5.15

Remark 5.17. The converse of Proposition may not be hold in general as shown by the

following two examples.
Example 5.18. See Example

Example 5.19. Consider (8?%, @r, ') is the right order soft topology on the soft set of all soft
real numbers (?f%, I'), and (R, Sip, I'), where Syp is the indiscrete soft topology on the soft set
of all soft real numbers (R, ). Then the identity S-function Zyq : (R, Sp,I) = (R, S, V)
is Sc*-homeomorphism function, which is not S-continuous because The family of all Sc-open
sets in (R, S, I7) and (R, Sp,T) are {(®,T), (R, )} only.

Theorem 5.20. Let (A, %,F) be a Sc-compact soft topological space and let (A, @’,F’) be a
Sc-Ty-space. Then any Sc*-continuous S-bijection ¢ : (A, S, T) = (A, Y, TY) is a Sc*-

homeomorphism.

Proof. Let (R,T) C (A,T) be a Sc-closed set. By Theorem (R,T) is Sc-compact, and
therefore, o (R, T) is Sc-compact by Corollary|5.10, By Theorem we have that Gyq(R,T)

is Sc-closed, as required.

6. Conclusions

This article contributes to expanding the literature on new soft topological properties
with a new class of soft open sets. The results show that some soft topological properties,
such as compactness, continuity and others, can be generalized, leading to new examples and
properties that enhance the understanding of soft topological spaces. On the other hand,
the paper introduces the definitions of novel types of soft sets namely, Sc-open and Sc-closed
sets and discusses their fundamental properties. So, it presents a study about soft separa-
tion axioms defined by these new soft sets. Additionally, the paper defines Sc-compact and
Sc*-compact in STS accompanied by properties and counterexamples related to these def-
initions. Furthermore, it introduces the concept of Sc¢-continuous, Sc¢-homeomorphism and
Sc*-homeomorphism. Moreover, it investigate new kinds of regularity and normality inSTSs
using Sc-open(closed) sets. According to the obtained results, many properties of these con-
cepts in T'Ss are still valid for soft topological structures. The aim is to further develop the soft
topological concepts utilizing Sc-open and Sc-closed sets, including Sc-paracompact spaces,
Sc-connected spaces, as well as hyper Sc-open and hyper Sc-closed sets.
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