TR
HNSS Neutrosophic Sets and Systems, Vol. 75, 2025

m University of New Mexico
.l'

N g7 — Irresolvable and Strongly A ¢” — Irresolvable Spaces in
Neutrosophic Topological Spaces

Martina Jency J!, *Babisha Julit R L? and Pious Missier S*

! Assistant Professor, PG and Research Department of Mathematics,

V. O.Chidambaram College, Thoothukudi-628008, Tamil Nadu, India.; martina.mat@voccollege.ac.in
2 Assistant Professor, Department of Mathematics,

St.Alphonsa College of Arts and Science,Karinkal, Kanyakumari-629157, Tamil Nadu, India.;
babishajulit@stalphonsa.edu.in

3 Head & Associate Professor, Department of Mathematics, Don Bosco College of Arts and Science,
KeelaEral, Thoothukudi-628 908, Tamil Nadu, India.; spmissier@gmail.com

*Correspondence: babishajulit@stalphonsa.edu.in

Abstract. The notion of breaking down a topological space into smaller, disjoint subsets is the basis for the
topological concepts of ‘resolvable space’ and ‘irresolvable space’. By synergizing topology and neutrosophy, we
have introduced a new paradigm in neutrosophic topological spaces, represented by Ng¢# — resolvable spaces,
N g# — irresolvable spaces and strongly A'g” — irresolvable spaces. This pioneering fusion enables the exploration

of novel mathematical structures and their characterizations.
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1. Introduction

In our day to day life we come across uncertainties while dealing with real life problems
in Science, Engineering, Business and Finance Management. Traditional mathematical meth-
ods failed to solve uncertainties. In order to overcome this difficulty, Zadeh [?] introduced
the concept of fuzzy sets in 1965. In 1986, a generalization of fuzzy set was introduced by
K.Atanassov [?] as intuitionistic fuzzy sets. The approaches such as fuzzy sets, intuitionistic
fuzzy sets, vague sets and rough sets can be treated as Mathematical tools to avert obsta-
cles dealing with ambiguous data. But all these approaches have their failures in solving the

problems involving indeterminate and inconsistent data due to inadequacy of parametrization.
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Neutrality the degree of indeterminacy as an independent concept was introduced by Flo-
rentine Smarandache [?].He defined the generalization of fuzzy sets and intuitionistic fuzzy sets
as a Neutrosophic set on the three components, namely Truth (membership), Indeterminacy,
Falsehood (non-membership). Neutrosophic sets found its place into contemporary research
since it helps to study indeterminacy in real life problems.

The concept of Neutrosophy has been developed into Neutrosophic topological spaces by
Salama and Alblowi [?] in 2012. Additionally, they studied Neutrosophic continuity which has
been shown to be quite significant in the realm of Neutrosophic topology.

Salama and Smarandache [?] initiated Neutrosophic closed sets and continuous functions.R.
Dhavaseelan et.al. [?] introduced Neutrosophic generalized closed sets. Pious Missier et.al. [?],
introduced the concept of Ng# — closed and open sets in Neutrosophic Topological Spaces.

A topological space X is called resolvable if it can be expressed as the union of two or more
disjoint, non-empty open subsets. In other words, there exist open sets A and B (with ANB =
¢) such that X = AU B. Otherwise, it is irresolvable. Resolvable spaces can be broken into
non-overlapping open sets, whereas irresolvable spaces cannot be partitioned in a meaningful
way within the given topology. Resolvable spaces and irresolvable spaces help topologists
to classify and characterize topological spaces based on their “splitting” properties.(i.e.,) To
distinguish between spaces that can be decomposed into disjoint open sets (resolvable) and
those that cannot (irresolvable).

In this article we introduce N ¢g# — resolvable spaces, and N g# — irresolvable spaces and

strongly N ¢g# — irresolvable spaces and analyse their characterizations.

2. Preliminaries

Definition 2.1. [?] A Neutrosophic set NSAy is an object having the form Ay =
{ Ay (AN), 045 (A), 745 (A)) A € Xar}. Here

(1) pa, (A)— degree of membership
(2) 0.4, (A)— degree of indeterminacy
(

(3) 74, (A)— degree of non-membership

A Neutrosophic set Ay = {(X, pa (A), 04, (A), 74, (A)) = A € Ay} can be identified as an
ordered triple (4, (), 04, (A), 74, (A)) in ]—0,1+] on Xy

Definition 2.2. [?] For any two Neutrosophic sets Ay = {(\, 14, (X), 04, (A), 74, (X)) A €
X} and By = {(\, 1By (A), 08, (A), 18, (A)) : A € A} we have

(1) Ay C By = pay(A) < sy (N), 04, (A) < gy (A) and 4, (A) > 78, ()

(2) A./\f N By = <)‘7 MAN()‘) A MBN’( ) UAN()‘) A UBN( ) and ’Y.AN()‘) \ ’YBN(A»

(3) AvUBN = (N, pay (N) V sy (N), 045 (A) V op, (A) and 74, (A) A s, (N))
S
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Definition 2.3. [?] Let Ax = (pa, (A), 04, (A), 74, (X)) be a N'S on X, then the comple-
ment Ax¢ defined as

L ANC = {<>‘77AN(>‘)3 1- O-AN()‘)7MAN()‘)> NS XN}

Note that for any two Neutrosophic sets Ax and By,

o (AynUBN)¢ = AN By~©
o (An NBy)¢ = An“UBy°.

Definition 2.4. [?] A Neutrosophic topology (N'T) on a non-empty set Xy is a family 7n

of Neutrosophic subsets in X satisfies the following axioms:
(1) 0/\/7 1/\/ € TN
(2) Rny NRu, € 7n for any Ry,, Ry, € TN
(3) URNi €etn V Ry, :telCr1y
Here the empty set 0 and the whole set 15 may be defined as follows:

(1) Op = {(1,0,0,1) : X € X}
(2) 1y ={(N\1,1,0): XA € Xn}

Definition 2.5. [?] Let Ay be a NS in NTS X)yr. Then

(1) Nint(Ax) = U{Gn : Gn is a NOS in Xy and Gy C An} is called a Neutrosophic
interior of Ay .

(2) Nel(Ay) = {Kn = Kais a NCS in Xy and Ay C Kpr} is called Neutrosophic
closure of Ay .

Definition 2.6. [?] A Neutrosophic set Axn of a NTS (Xpr,7n) is called a neutrosophic
NagCSs if Nacl(Ay) C Uy, whenever Ay C Uy and Uy is a NOS in X)r. The complement
of NagCS is NagOS.

Definition 2.7. [7]

A Neutrosophic set Aps of a N'TS (X, 7nv) is called a Neutrosophic g% — closed (N g#CS) if
Necl(Ay) € Qn whenever Ay € Qu and Qu is NagOS in Xy. The complement of N'g#C'S
is Ng7OS.

Definition 2.8. [?] Let Ay be a NS in NTS X)yr. Then

(1) Ng#int(An) = U{Gn : Gn is a Ng7OS in Xy and Gy C A} is called a Neutro-
sophic g7 — interior of Ay

(2) Ng7cl(Anx) = {Kn : Knis a Ng#CS in Xy and Ay C K} is called Neutrosophic
g% — closure of Ay
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Definition 2.9. [?] A function fx : (Xx,7n) — (Y, ) is said to be Ng# — continuous
function if f/\71 (V) is a N g7 — closed set of (X, 7n) for every neutrosophic closed set Vi of

Definition 2.10. [?] A function fx : (Xn,7n) — (Vn, () is said to be Neutrosophic g# —
irresolute function if f3' (V) is a Ng#CS of (X, 7n) for every Ng#CS Vi of (Y, ).

Definition 2.11. [?] A Neutrosophic Topological space (Xx,7y) is called a Thrg? — space if
every Ng” CS in (X, 7n) is NCS in (Xpr, 7n).

Definition 2.12. [?] A Neutrosophic set A in a Neutrosophic topological space (X, 7y) is
called Neutrosophic dense set if there exists no NCS By in (X,,, 73) such that Ay C By C 1u.

Definition 2.13. [?] A Neutrosophic set A in a Neutrosophic topological space (X, 7n) is
called Neutrosophic nowhere dense set if there exists no non- zero NOS By in (X,,, 7x) such
that Byr C Ncl(Ap). That is Nint(Ncl(Ap)) = O

Definition 2.14. [?] A Neutrosophic set Ay in a Neutrosophic topological space (X, 7n) is
called N'g# — dense set if there exists no Ng#C'S By in (X, 7n) such that Ay C By C Ly
That is Ng# cl(An) = 1u-.

3. Ng”— Irresolvable Spaces

Definition 3.1. A Neutrosophic topological space (X, 7n) is called N g7 — resolvable space
if there exists a Ng#— dense set Ay in (X,,,7n) such that Ng# cl(An©) = 1y Otherwise
(X, Tn) is called N g7 — Irresolvable Space.

Example
3.2. Let X, = {p, ¢}. Consider the Neutrosophic sets, My, = ((0.4,0.5,0.4),(0.3,0.6,0.4)),
My, = ((0.4,0.5,0.4),(0.4,0.4,0.3)), My, = ((0.4,0.4,0.4),(0.5,0.5,0.4)), My, =

((0.4,0.6,0.4),(0.4,0.5,0.5)). Now (X,,,7n) = {On7, Mpr,, Mpry, Mary, M, 1} is Neutro-
sophic topological space. Then, 7n = {0, M, 1y} is N'T on X,,. Here, Ng#*CS(X,,) =
{On, Mpr,, 1N}, Ng#DS(X,) = {Mpny, Mur,, In}. Now My, is a Ng#— dense set in
(Xy,7n) and Ng# cl(My€) = 1y Hence, (X,,,7n) is Ng# — resolvable space.

Example 3.3. Let X, = {p,q}. Consider the Neu-
trosophic sets, My, = ((0.4,0.5,0.6),(0.4,0.3,0.5)), Mu, = ((0.6,0.5,0.4),(0.5,0.7,0.4)),
My, = ((0.6,0.5,0.3),(0.6,0.7,0.3)), My, = {(0.3,0.5,0.6),(0.3,0.3,0.6)), My, =
((0.7,0.5,0.4), (0.6,0.8,0.4)), My, - ((0.4,0.5,0.7), (0.4,0.2,0.6)).

Now, (X,7n) = {0n, My, Mpry, Mprg, Mar,, Mar,, My, Ix} is Neutrosophic topo-
logical space. Then, 75y = {On, Mp,,1x} is NT on X,. Here Ng#CS(X,) =
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{0n, Mpry, Mg, Marg, In}, J\/g#DS(XN) = {Mp,, My, 1n}. Now My, and M, both
are N'g# — dense sets in (X,,, 7v) but N g# cl(Mpn<) = My, # In, Ng#cl(Mp€) = My, #
1. Therefore, (X,,,7n) is not a Ng#— resolvable space and hence (X,,,7y) is Ng# — irre-

solvable space.

Theorem 3.4. A NTS (X,,,7n) is a N'g"— resolvable space if and only if (X,,,7n) has a
pair of Ng* — dense sets My and Ma such that My C Mo,

Proof. Let (X,,,7n) be a Ng# — resolvable space. Suppose that for all N'g# — dense sets M;
and M;, we have M; ¢ M;¢. Then M; D> M;¢. Then Ng#cl(M;) D Ng¥#cl(M;°). =
1y D Ng#el(M;€). Then Ng#cl(M;¢) # 1p. Also M; D M, then Ng#cl(M;) D
Ng#cl(M©). = 1x D Ng¥cl(M;€). Therfore, N'g#cl(M;¢) # 1x. Since M; is Ng# —
dense set and (X,,, 7v) is Ng# — resolvable, N'g# cl(M;) = 1, but we got, N'g# cl(M;€) # 1n
for all Neutrosophic set M; in (X, 7y) which is a contradiction. Hence (X,,,7n) has a pair
of N'g#— dense sets M; and My such that M; C M»°.

Conversly, Suppose that the N'TS (X, 7n) has a pair of Ng#— dense sets M; and M
such that M; C M. Now Assume that (X, 7n) is a N, g% — irresolvable space. Then for
all Ng#— dense sets M; and My, we have Ng#cl(M¢) # 1y and Ng#cl(M3®) # 1u.
Which implies that there exists a Ng#CS By in (X, 7n) such that My® C By C 1. Now
M C My C By C 1y = M; C By C 1y. That is M is not a Ng# — dense set. Which

is a contradiction. Therefore, (X, 7n) is a N g7 — resolvable space.

Theorem 3.5. A Neutrosophic topological space (X, Tn) is a g% — resolvable space if 1y —
U?:l AZ where Ng#int(Ai) _ ON'

Proof. Assume that 1x = |JI_; A; where Ng#int(A;) = Op. Which implies that (|JA;)¢ =
0n. Then () ,(AS) = On. Then there exists atleast two non- zero disjoint Neutrosophic
sets Af and A§ in (Xy,7~). Hence A§ U AS C 1y Therefore, A7 C A; which implies that
Ng#cl(AS) € Ng¥cl(A;). But Ng#int(A;) = Op implies that N g# cl(AS) = 1. Hence
1x € Ng#cl(A;) which implies that N g# cl(A;) = 1. Also Ng#int(A;) = Op imples that
./\/g#cl(.Aj) = 1. Therefore, (X,,, 7y) has a Ng# — dense set A; such that ./\/'g#cl(Aj) = 1u.
Hence (X, 7n) is a Ng# — resolvable space.

Theorem 3.6. A Neutrosophic topological space (X,,,Tn) is a Ng¥ — irresolvable space if and
only if N'g#int(An) # On for all Ng# — dense set in (X,,, 7).

Proof. Since (X,,,7n) is a Ng#— irresolvable space, for all Ng#— dense set Ay in
(X, ™), N g cl(An©) # Ly Then (N g#int(An))¢ # 1 which implies N g% int(Axr) # O
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Conversely, N g7 int(Apr) # Oy, for all N'g# — dense set in (X,,, 7). Suppose that (X,,, 7n)
is Vg — resolvable space. Then there exists a N¢g” — dense set Ay in (X v TN) such that
Ng#cl(An®) = 1n. This implies that (Mg#int(An))¢ = 1y = Ng¥int(Ay) = Oy

Which is a contradiction. Therefore, (X,,,7y) is Ng# — irresolvable space.

4. Strongly N¢#— Irresolvable Spaces

Definition 4.1. A Neutrosophic topological space (X,,, 7n) is called strongly A g% — irresolv-
able space if for any Ng# — dense set Ay in (X,,,7n), Ng¥ cl(N g7 int(An)) = Ly

Example
4.2. Let X,, = {p,q}. Consider the Neutrosophic sets My, = ((0.6,0.6,0.3),(0.6,0.6,0.3)),
My, = ((0.3,0.4,0.6),(0.3,0.4,06)), My, = ((0.3,0.3,0.7),(0.3,0.3,0.7)), My, =

((0.7,0.7,0.3),(0.7,0.7,0.3)). Now (X, 7n) = {On, Mpr,, Mury, Mary, Mar,, 1n} is Neu-
trosophic topological space. Then, 7y = {0x, My,,1a} is Neutrosophic topology on
X,. Here, Ng#CS(X,,) = {0y, My, In},Ng#DS(X,,) = {Mp,,My,,1x}. Now
Ng# cl(Ng#int(My,)) = 1y and Ng# cl(Ng#int(My,)) = 1n Therefore, (X,,,7y) is a
strongly N ¢# — irresolvable space.

Theorem 4.3. If N g7 cl(Ng”int(Ax)) # 1y, for every Neutrosophic set An in a strongly
Ng#— irresolvable space (X,,,7n), then Ng# cl(Ay) # 1n in (X, 7n).

Proof. Let Ay be a NS in (X,,7n) such that Ng#cl(Ng#int(Ax)) # 1n. Suppose
that Ng#cl(Ay) = 1y in (X, 7n). Since (X,,,7n) is strongly Ng#— irresolvable space,
Ng#cl(Ay) = 1, implies that N g# cl(N g7 int(Ax)) = 1. This is a contradiction. Then it
must be that N'g# cl(Ax) # 1y in (X, 7n). O

Theorem 4.4. Let (Ay) be a NS in a strongly Ng#— irresolvable space (X,,,7n). If
Ng#int(An) = On then Ay is Ng” — nowhere dense set.

Proof. Let Ay be a N'S in (X, 7n) such that N g7 int(Ax) = Op. Then, (N g#int(Ax))¢ =
1y which implies that Ng#cl(An©) = 1u. Since (X,,,7n) is a strongly Ng#— irre-
solvable space, Ng7cl(Ng7int(An®)) = 1y. = NgTcd(Ng7cl(An))¢ = 1. —
(N g7 int(Ng” cl(An)))¢ = 1n. Which implies that, N g#int(N g7 cl(Ax)) = Op. Hence
proved.

Theorem 4.5. If Ay is a NS in a strongly Ng#— irresolvable space (X,,,7n) such that
Ng#int(N g cl(Anr)) # Opn then Ng#int(An) # On in (X, Tn)-
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Proof. Let Ay be a NS in a strongly Ng#— irresolvable space (X s TN) such that
Ng#int(Ng#cl(Ay)) # Op. Suppose that Ng#int(Ay) = Oy in (X,,7n). Now,
Ng# cl(Ax©) = (Ng# int(Ay))° = 1y

= Ng7cl(An®) = 1y (since (X,,,7n) is strongly Ng# — irresolvable space)

— Ng# (N g7 int(Av©)) = 1y

— Ng" (N g cl(An))¢ = 1n

— (Ng7int(N g™ cl(An)))¢ = 1n

= Ng7int(N g cl(Ay)) = Op

Which is contradiction to the hypothesis. Then it must be that N g#int(Ay) # Op in
(X, 7~). Hence proved.

Theorem 4.6. If (X,.,7y) is a strongly N'g* — irresolvable space then (X,,,Tn) is a Ng# —

irresolvable space.

Proof. Let Ay be a NS in (X,,7y) such that Ng#cl(Ay) = 1n. We claim that
Ng#int(Ap) # Op. Suppose that N g7 int(Ax) = Op. Then (N g7 int(An))¢ = Ly

— Ng7cl(An©) = 1x

— NgTint(Ng? cl(An©)) = Ng¥int(1y) = 1y

= NgTint(Ng"int(Anx))°) = Ly

— (Ng7cl(NgTint(An)))¢ = 1n

— Ng¥c(Ng¥int(Ax)) = Op
This is contradiction to (X,,,7y) being a strongly N g% — irresolvable space. Hence our as-

sumption that N g#int(Ax) = 0y is wrong. Hence we must have N g#int(Ax) # Op for all
Ng#— dense sets Ay in (X,,, 7n). Therefore, (X,,,7n) is Ng# — irresolvable space.

Remark 4.7. The reverse implication of the above theorem is not true that is shown in the

following example.

Example 4.8. Let X, = {p,q}. Consider the Neu-
trosophic sets My, = ((0.4,0.5,0.6),(0.4,0.3,0.5)), My, = ((0.6,0.5,0.4),(0.5,0.7,0.4)),
My, = ((0.6,0.5,0.3),(0.6,0.7,0.3)), My, = ((0.3,0.5,0.6),(0.3,0.3,0.6)), My, =
((0.7,0.5,0.4), (0.6, 0.8,0.4)), My, = ((0.4,0.5,0.7), (0.4,0.2,0.6)).
Now, (X,7n) = {0n, My, Mpry, Mprg, Mar, s Mar,, Mg, Ix} is Neutrosophic topo-
logical space. Then, 75y = {On, Mp,,1x} is NT on X,. Here Ng#CS(X,) =
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{08, Murys My, Mg, Iny, Ng#OS(X) = {On, My, My, Mg, I}, Ng# DS(X,,) =
{Mpn,, Mpr,, La}. Here (X, Tv) is Ng# — irresolvable space. But N g7 cl(N g% int(Myr,)) #
1 and N g# cl(N g#int(Myr,)) # 1n. Therefore, (X,,, 7n) is not strongly A'g# — irresolvable

space.

Definition 4.9. A Neutrosophic topological space (X,,, 7n) is called maximal A g7 — irresolv-

able if (X,,,7n) is Ng# — irresolvable and every N'g# — dense set of (X,,,7y) is N'g# — open

set.

Example

4.10. Let X, = {p,q}. Consider the Neutrosophic sets M, = ((0.4,0.4,0.5),(0.4,0.5,0.5)),
My, = ((0.5,0.6,0.4),(0.5,0.5,04)), My, = ((0.7,0.7,0.3),(0.8,0.8,0.2)), My, =

((0.3,0.3,0.7),(0.2,0.2,0.8)). Now (X, 7n) = {On, My, Mpn,, My, Mpr,, 1} is Neu-
trosophic topological space. Then 7n = {On, Mar,, Mar,,1x} is NT on X,.. Here,
Ng#CS(X,,) = {0n7, Mpry, My, 1), Ng#OS(X,,) =
{0, Mpr,, My, In}, Ng#DS(X,) = {My,, Mur,, 1n}. Here, Ng# cl(Mn¢) # 1y and
Ng#cl(Mp¢€) # 1x. Therefore, (X,,,7n) is Ng#— irresolvable space. Also, every Ng#—

dense set in (X, 7n) is N'g#OS. Therefore, (X,,, 7n) is a maximal N g# — irresolvable space.

Theorem 4.11. If (X,,, 7v) is a mazimal N g% — irresolvable space then (X,,, Tn) is a strongly

Ng#— irresolvable space.

Proof. Let Ay be a Ng# — dense set in (X,,,7n). Then Ng#cl(Ay) = 1u. Since (X,,,7n)
is a maximal N¢#— irresolvable space, (X, 7n) is g% — irresolvable space and every
Ng#— dense set of (X, TN) is g% — open set. Then Ax is Ng#OS which implies that
Ng#int(Ayx) = Ax. Now Ng# cl(Ng#int(An)) = Ng#cl(Ay) = 1y Hence (X, 7n) is a
strongly N g# — irresolvable space.

Remark 4.12. Converse of the above theorem need not be true.

Example
4.13. Let X, = {p,q}. Consider the Neutrosophic sets M, = ((0.6,0.6,0.3),(0.6,0.6,0.3)),
My, = ((0.3,0.4,0.6),(0.3,0.4,06)), My, = ((0.3,0.3,0.7),(0.3,0.3,0.7)), My, =

((0.7,0.7,0.3),(0.7,0.7,0.3)). Now (X, 7n) = {On7, M, Mpry, Mary, M, 17} is Neutro-
sophic topological space. Then 7 = {Ox, Mar,,1n} is NT on X,,. Here Ng#OS(XN) =
{On, Mpr,, In}, Ng#DS(X,) = {My,, Mpr,,1x}. Then (X, 7n) is a strongly Ng# — ir-
resolvable space. Here, My, is aNg#DS in (X, 7n) but not a Ng#OS. Therefore, (Xy,7n)

is not a maximal N ¢g# —irresolvable space.

Martina Jency J, Babisha Julit R L and Pious Missier S, N'¢g# — Irresolvable and Strongly A'g* — Irresolvable

Spaces in Neutrosophic Topological Spaces



Neutrosophic Sets and Systems, Vol. 75, 2025 317

Theorem 4.14. Let (X,,,7n) be a strongly N'g# — irresolvable space. Then N g¥int(Ax) C
(Ng#int(By))¢ for any two Ng# — dense sets Ay, By in (X, Tn).

Proof. Let Ay and By be any two Ng#— dense sets in (X,,,7ny). Then Ng#cl(Ay) =
1y and Ng”cl(By) = 1n which implies that Ng#int(Ng#cl(Ay)) = 1y # On and
Ng#int(Ng#cl(By)) = 1y # Opr. Since (X,,,7n) is a strongly Ng#— irresolvable space,
by Theorem ??, we have Ng#int(Axn) # On and Ng7int(By) # On. We know that every
strongly N g7 — irresolvable space is N g7 — irresolvable space. Therefore, (X, Tn) isa N g7 —
irresolvable space. Then by Theorem ??, we get Ay C By, Now Ng7int(Ayx) C Ay C
By C (Ng#int(By))¢. Therefore, N g#int(An) C (N g#int(By))¢ for any two N g# — dense
sets Ay, By in (X, 7n). O

Conclusion:

Our work combines the concepts of topology and neutrosophy, resulting in the development
of N'g# — resolvable and irresolvable spaces. We derived the maximal A g# — irresolvable space
, a stronger form of N¢# — irresolvable space which is also A g# — irresolvable space with the
property that every N¢g# — dense set is N'g# — open.Further, we proved that a Strongly N ¢# —
irresolvable space is open heriditarily irresolvable.This article allows researchers to probe the
decomposability of topological spaces and uncover their underlying structure,which promises
to reveal new insights and theoretical applications in Neutrosophic topological spaces.
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