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Abstract. Neutrosophic sets are effectual logic represented to understand ambiguous and inconsistent infor-
mation. They are frequently used to explain many types of partial or incomplete information. Researchers
have given much attention to the decision-making theory and its associated methodologies based on uncertain
linguistic factors. This article emphasizes the novel neutrosophic number approximations to handle linguistic
variables and their application in multiple-attribute decision-making. Different approximation techniques are
introduced in neutrosophic sets, but substantial data loss may occur. Hence, a hexagonal neutrosophic number
was proposed to deal with information loss during approximation. Also, the comparison study with existing
techniques is explored to show the effectiveness of the proposed approximation. The expected interval criterion
was retained although an approximation was made to give more desirable features. An MCDM (Multi-Criteria

Decision Making) problem is presented to demonstrate efficiency and simplicity with uncertain parameters.
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1. Introduction

Fuzzy logic enables greater flexibility when dealing with imprecise or uncertain data. Zadeh
[1] initiated the fuzzy logic to deal with ambiguity and uncertainty in a flexible and enhanced
way of reasoning, which allows the truth value to range between 0 and 1, that helps to model
imprecise data in various fields like artificial intelligence, control systems, and decision-making.
Fuzzy numbers have been introduced to deal with imprecise numerical quantities in decision
analysis, risk assessment, finance, etc., In [2-4] various fuzzy numbers, such as triangular,

trapezoidal, pentagonal, and hexagonal, were discussed along with their arithmetic operators.
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A new concept of generalized 'n’ gonal linear fuzzy numbers, which encompasses triangular,
trapezoidal, hexagonal, octagonal, and decagonal fuzzy numbers was introduced in [5], and a
novel total ordering method was presented. Initially, interval approximations [6] were provided.
Later in [7], an interval approximation operator that preserves this nonspecificity measure is
provided, along with an uncertainty measure known as entropy-like nonspecificity. Various
forms of approximation of fuzzy numbers were extensively discussed in [8-19]. Later, using
the Karush Kuhn Tucker theorem [20H22], LR fuzzy representations and the L fuzzy rough set
were more thoroughly analyzed, and their approximations were described.

Compared to traditional fuzzy sets, Intuitionistic fuzzy sets (IFS) |23] provide a more com-
prehensive representation of uncertainty, which can be helpful in decision-making where a lack
of information or conflicting evidence is present. IFS captures not only an element’s degree
of membership but also its degree of non-membership. Similarly, various Intuitionistic Fuzzy
Numbers (IFN) were developed for MCDM, and their approximation operators [24,25] were
determined for multiple polygonal IFNs.

Neutrosophic sets [26,[27] are extensions of fuzzy sets and IFS to address even more com-
plex aspects of uncertainty. The importance of neutrosophic sets lies in their ability to handle
both the degrees of truth, falsehood, and indeterminacy. The added dimension allows for bet-
ter representation in areas where the boundary between membership and non-membership is
poorly defined. Similarly, different neutrosophic numbers [28440] were developed to approach
MCDM problems systematically. To systematically deal with decision-making problems, var-
ious arithmetic operations are required. The trapezoidal approximation [41] of neutrosophic
numbers is defined to deal with transportation problems. Since neutrosophic is an effective
tool to represent indeterminacy, and inspired by the numerous aspects of neutrosophic set,
in this paper, we describe the approximations of neutrosophic numbers using GNHNNA. In
many problem-solving scenarios, particularly those involving uncertainty and imprecision, it
can be challenging to find accurate arithmetic operations. Traditional approximation methods
frequently give rise to data loss and sometimes insufficient generalization of the («, 3, v)-cuts.
Due to these limitations, we investigated new approximation methods, and the hexagonal
neutrosophic approximation method can be a more suitable alternative. An example is given
to show the comparison with other existing approximations. We provided various theorems
pertaining to the approximation points and their values. The Karush Kuhn Tucker (KKT)
theorem and the expected interval criterion are applied in approximation. The result obtained
approximates efficiently any linear and nonlinear neutrosophic numbers to generalized hexag-

onal neutrosophic numbers.

Contributions
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e Using Lagrange’s method, a novel approach for the approximation of neutrosophic
numbers using hexagonal neutrosophic numbers is introduced.

e The paper significantly contributes by employing advanced distance measures and ex-
pected interval criteria in the approximation process. This enhances the accuracy and
reliability of the neutrosophic number approximation, addressing practical concerns in
real-world applications.

e Providing a solid theoretical foundation, the paper establishes and discusses theorems
related to the values, ambiguity, and approximation of neutrosophic numbers. This
contributes to the understanding of the mathematical principles underlying the pro-
posed approximation method.

e A numerical example is given to show the effectiveness of the proposed method in solv-
ing real-world problems. This application demonstrates the applicability and efficiency
of the hexagonal neutrosophic number approximation in addressing complex scenarios.

e The paper makes a noteworthy contribution by conducting a comparative analysis,
demonstrating that Hexagonal neutrosophic numbers yield the least error compared to

other neutrosophic numbers.

The systematic framework of this article is as follows: The preliminaries provide the basic
definitions relevant to this paper. In the next section, the distance measure and expected
interval are discussed in the case of neutrosophic sets. Then, by satisfying the Karush Kuhn
Tucker theorem and the expected interval criterion, the distance measure is minimized. In
section the approximation of any neutrosophic number to GNHNNA is explored along
with graphical interpretation. As one of the particular cases of the previous section, the
approximation of linear hexagonal neutrosophic numbers with symmetry is explored. The
comparison with an approximation of various neutrosophic numbers was given to show that
the proposed approximation has minimal data loss. In Quantitative Analysis of Decision-
Making Research, a theoretical framework was given to deal with MCDM problems effectively.
Finally, a decision-making problem was given in the stock market with vague criteria, and the

future scope is given in the conclusion.

2. Preliminaries

Definition 2.1. [36] Generalized Nonlinear Hexagonal Neutrosophic Numbers with Asym-

ni,n2,n3,n4)

metry (GNHNNA) is defined as, AgNgnNNA = {T(al,a27a37a4,a5,a6;r,s;w)(

I (b1, bo, b3, by, bs, bg; 11, S1; p)(ml,mg,mg,m4) ,F (Cla C2,C3,C4,Cs5,C6; 12, S2; 5)(p17p27p3,p4)} .

where the membership function is defined as,
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n1
r(M) ,ifa; <z <as
as—ai

n2
r+(w—r)<%) ,ifas <z <as

w ,ifag <x<ay
TAonrnna = o—as |73 .
S—i—(w—s)(ﬁ) ,ifas <z <as
T —ay 4 :
s(ﬁ) ,ifas <x<ag
0 , otherwise.
The indeterminacy function can be described as,
b\ .
1—T1<1)w2_b11) ,lfb1§$§b2
z—bo m2 :
1—r1+(r1—p)(b37b2) , ifbo < <3
1_p ,lfb3§$§b4
Tagnunna = z—bs \™3 .
1*51+(81*p)<b4_bs> ,if by < x < by
x—bg ma :
1—81 bs—bg ,1fb5§x§b6
1 , otherwise.
\
Non-membership function can be described as,
_ b1 .
1—7"2(75;_6011) yifey <a<e
_ P2 .
L=t (-0)(22)" fe<s<ag
1-96 ,ifeg<a<ey
Fagnunna = c—cr \P3 .
1*82+(8276)(ﬁ> ,if ey <z <cs
_ P4 .
1_32(2;—056) ,ifes <ax<cq
1 , otherwise.

\
where a1 < ag < agz < aq < as < ag, by < by < by < by < bs < bgand c; < g < 3 < g <
c5 < ¢V a;, by and ¢; (i =1,...,6) are real constants and 0 < r,s <w, 1 —p <ry,s1 <1 and

1—-0<re,sa<1,w, p, d €10,1].

Definition 2.2. [36] The (o, 3,7)-cut form of GNHNNA is as follows, A, 5,) = {7z € X/

TAGNHNNA > a, IAGNHNNA < B, FAGNHNNA < 7}' Let T,, = {:L‘ € X/ TAGNHNNA > O‘} where
a € (0,w].

(T 1 1
a1+(%)"1 (a2 —a1), a6+(%)"4(a5—a6)} Jif0<a<r
e 1
a2+< )n as — az) “6+(§)"4(a5—a6)} ,ifr<a<s
If r < s then, T, = N N
a2+( )2 as — as) a5+<5_§>"3(a4—a5)} ifs<a<w
[a3, aa] , if o = w.
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a1 a1
al+(%)" (ag —aq), a6+(%)”4 (a5—a6)] ,if0<a<s
X N A
ar+ (§)™ (a2 —a1), a5+( )3(4—%)} yifs<a<r
If s<r,then, T, =< t B B
a2+<f§::>n2 (a3 — az) a5+( )n3 (a4—a5)] Jifr<ac<w
\[ag,a4] ,ifa:w.
Let Is ={z € X/ Tagnpunna < B}, where g € [1—p,1). If r; < sq,
[b37b4] 71fﬁ:1_l)
r 1 1
b2+(lﬂﬁﬁm)m2 b3 = bs) b5+<1;§;sl)m3 (54—55)] Jifl-p<B<1-s
Ig— i 1 1
b2+(1p6mm) "2 (bg — by) be+<1;15)"‘4 (175_1)6)] ,ifl—s51<B8<1—1r
BN BN
b1+(1 2) by — br) b + (52) ™ (55—1;6)} Jifl—m <8<
If s1 < rq, then,
[b3, ba] ,ifB=1—p
1
b2+< )m (b3 —b2), b5+(1 2 Sl>m3 (54—55)] yfl—p<p<1-—mr
Ig— L 1
b1+< )m (be — 1), b5+<1p55181)m3(b4—b5)] ,ifl—-r <p<1l—95
b1+< T (by — by), b6+<1 5)m4(b5—b6)] Jifl—s1 <B<1.
Let Fvé{xeX/FAGNHNNA <~} , where vy € [l —6,1). If ro < s9, then,
[e3, 4] ,ify=1-90
r 1
e+ (55522) ™ (e — 0) o+ (155522) ™ (c4—c5>} f1-8<y<1-s
FW_ 1—y—r2 \ P2 1—y i .
CQ+( s ) (63—02),66-1-(52) (c5 — ¢cg) il —s0 <y <1—r9
1 1
\ c1 + (1;;)171 (CQ—Cl),C6—|— (15_27)1)4 (05—06):| , ifl—T2§’7< 1.
If s9 < 79, then
[cs, c4] ,ify=1-94
r 1 1
c2+<151;;2>p2 (03—02),05+(1_537§;2>p3 (04—05)} Lifl—60<y <1 =19
F,=q7 1 1
Cl—|—<1777>171 (62—01),654—(1517;92)?3 (04—05)] , ifl—re <y <1—s9
1 1
c + (tﬁ)pl (ca —c1),c6+ ({;’)M (05—06)} yifl—s9 <y <1

Definition 2.3. [36] Let Agnunna = {T(al,ag,ag,a4,a5,a6;r,

I (b1,b2,b3,b4,b5,b6;71, 515 p)

(m1,m2,m3,my

«, B and v - cut respectively.

) 7F (Cla c2,C3,C4,C5,C6,T2, 525 5)

) w)(m,nz,nmm) )

(p1,p2,P3,p4) }
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(1) The values of the AgngnnAa corresponding to « - cut set, denoted by Vi (AgnunNA),
is defined as, Vr(Agnmanna) = [ [L(@)+ R(@)] fi(a)da. where fi(a) €
[0,1] (v € [0,w]), f1 (0) =0 and f; («) is increasing and monotonic in « € [0, w].
(2) The values of the Agnyrnna corresponding to 3 - cut set, denoted by Vi (AgnpnNA),
is defined as, Vi (Agvunna) = [i_,[L1(8) + Ri(B)] f2(B)dp. where fo(B) €
[0,1] (B € [p,1]), f2(1) = 0 and fa (/) is decreasing and monotonic in § € [p, 1].
(3) The values of the Agngnn 4 corresponding to v - cut set, denoted by Vi (AenanNA),
is defined as, Vp(AgNanna) = ff_(s [La (v) + R2 (7)] f3 () dy. where f3(y) €
[0,1] (v € [0,1]), f3 (1) = 0 and f3(7) is decreasing and monotonic in 7y € [J, 1].
Without loss of generality, we choose fi (o) = a (e € [0,w]), fo(8) =1—-5 (B€[l—p,1])
and f3(v) =1—v (y€[1—4,1]).
Theorem 2.4. [30] Let AGNHNNA = {T(al,ag,ag,a4,a5,a6;r, s;w)(nhm’n&m),
I(bl,bg,bg,b4,b5,b6;r1,sl;p)(mhmzm&m@ ,F(01,02,03,04,05,06;r2,82;5)(p17p2’p37p4)}. be the
GNHNNA. Then,
(1) The a-cut set of the Agnunna for the truth-membership is computed as T, =
[L(a),R(a)] where a € [0,w]. If fi(a) = «, we obtain the value and ambiguity
of the GNHNNA number AGNHNNA aS,

2
VT(AGNHNNA):B_l—f;nl] rla; + w2;r2 _nQ(fJ+_27;32 _Tn21w+_nr2 as
+ M+rn2w_rla3 M+sn3w_s a4
1+ 2no 1+ ng L+ 2n3 1+mng
+ WQ_SZ—n3<w_8)2—sn3w_8]a5+[1— i ]82616
2 1+ 2ns 14+ ns 2 142ny4

(2) The B-cut set of AgnuanNa for indeterminacy -membership is calculated as Ig =
[L1(B),R1(B)] where B € [1 —p,1]. When fo(8) = 1 — B, we obtain the value and

ambiguity of AGNHNNA, Tespectively as,

L om ] |t (p—m)? p—ri
Vi (A S e L S I YR s W Vi VA b
1{(Acvrnna) [2 1—|—2m1]rl CR T oy T g |
N m2(ﬂ—7“1)2+rm p—r1 m3(P—81)2+8m p— s1
1+ 2my YT . 1+ 2ms T s
2 2 2
P (p—s) o= s L ma
L R Vil VN bs 4 |= — — | g2
T T m, Sm31+m3] 5 [2 1+ 2mg) 10

(3) The vy-cut set of AgnrNN A for falsity-membership is computed as Fr, = [La () , R2 (7)]
where y € [1 — 6,1]. If f3 (v) = 1— 3, we obtain the value and ambiguity of AGNEHNNA,
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by the following steps,

1 D1 9 52—7“% (6 —12) 0 —1y
Ve (A === _ _
7 (AGNHNNA) [2 1+2p1]7“261+ 5 21%_21)2 2p21+p c2

p2 (6 —79)° ropy O p3 (0 — s2) » —% |
1+ 2ps 1 3 1+ 2p3 T+p

62 — s2 (6 — s9)° J — s2 1 D4 9

— _S —_— —

2 1+ 2 I e | T2 T 11 2pa | 26

Definition 2.5 ( [38]). The score function of a SVNS(./4") is defined as

S(5) =0(x) — u(z) — ¢(x).
3. Hexagonal Approximation of a Neutrosophic Number
The first two definitions will provide the structure to approximate any curve to a GNHNNA.

Definition 3.1. Let A and B be two neutrosophic numbers with («, 3, v)-cuts ([Ar—, Ary],
[A[_, A[+], [AF_, AF+]) and ([BT_, BT+], [B]_, B[+], [BF_7 BF+]), then the distance

measure between A and B is defined as,

d(A, B) = \/;(M+N+O) where, (1)

M = [(Ary—Bry)*do+ [ (Ar——Br_)*do, N = fll_p(AH—BI+)2d5+f11_p(AI——BI—)2d5
and O = fllié(AFJr — BF+)2d’y + fllﬂg(AFf - Bp,)de

Definition 3.2. Let A be a neutrosophic number with («, 3, v)-cut ([Ar—, Ary], [A1—, A14],
[Arp_, Ap]), then the expected interval of A is defined as,

EI(A) =[X,Y,Z] where, (2)

X = U‘SJ AT_da,wa AT+da], Y = U‘SJ A[_dﬁ,fow A[+dﬂ] and Z = [fow AF_d"}/, f(;u AF+d’y].

3.1. Approzimation of GNHNNA

In this subsection, we approximate any neutrosophic number by preserving expected inter-
vals, and the distance measure defined in definition to a GNHNNA by using an approx-
imation operator H: A (%#) — A (%) where 4 (%) represent the set of all neutrosophic
numbers defined on the real domain and .4 (%) is the set of all GNHNNA.

Suppose A be any neutrosophic number with («, 3, v)-cut ([Ar—, Ary], [Ar—, Ary], [Ar—,
Ap4]). Now we will try to find the nearest GNHNNA H(A), the closest to A that satisfies the
distance measure defined in definition Let (o, 8, v)-cut of H(A) be ([Hr—, Hr4], [Hr—,
Hr.), [Hr—, Hp4]), then the distance measure between A and B = H(A) is defined as,

d(A, B) = \/ %(M +N+0) where, (3)
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M = [{(Ary — Hry)?do + [ (Ap- — Hp )*da, N = [ (Ary — Hp)2dB + [ (Ar- -
Hy-)?dB and O = [} s(Apy — Hpy)2dy + [} s(Ap— — Hp_)2dy
By using definition equation [3| reduces to,

d(A, B) = \/ é(M +N+0) where, (4)

R (2)7 (a5 - ag)?da + |t~ G+ (“ - ) " (an — as)) e

s w—Ss

+A%AT<_@1+(fyimg—m»fmw+lﬂAT«—mm+<a‘r>é«m—aﬂ»%a

w—r

1

= S5 Ar= s (H552) ™ (b = b)) [, (Ars = ot (552 ™ (b5 = o))+
l”uh, wT+G#?ﬂ)“(@—w»»%ﬁ+ﬁihuhf—wr+0—)E*wQ—m»wamd
= [ (Apy— C5+< 575252)1'3 (ca — ) 2dy+ [, (Ap—(c ( )E (5 —c6)))dy+

”2<AF* (c2+ (5522) " (e — )2y + fi, (Ar— - <cl+( 1) (ep — 1)))Pdy

For GNHNNA, [[(Ar_) =

ai1tazni :
T , if0<ng

(5)

1
ani(ar —az)(%)™
ni+1

a1r — limg_0 a1o0 — , ifng <0

In a similar way we can compute the other integrals, [J” Apide, [)7A7—dB, [) Ar4ds,
Iy Ap—dy, [y Apidy given in Deﬁnition
MlnlleIHg D((ll, az,as, a4, as, aﬁabla b25 b3a b47 b57 b6,C1, C2,C3,C4, C5, 66): d2(A7 H(A)) in con-

sidering the following constraints is sufficient for finding the approximation.

/ HT_ do — / AT_ da =0 / HT+ do — / AT+ da=0 (6)

0 0 0 0

| ds - ["aras=o | Hids - ["ards—o (7)
0 0 0 0

/ Hp_dy— / Ap_dy=0 / Hpydy— / Apydy=0 (8)
0 0 0 0

Using the Lagrangian multiplier method, we can find the value of real numbers

al,ag,...,a(;,bl,bg,...,b6,cl,02,...,c6 such that aj S as < ... < a6,bl < bg < .. S b6 and
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c1 < ¢o < ... < ¢g that minimize the function,
L(al,ag, wyag,b1,b9,....bg,c1,Ca, ..., Cﬁ) = dZ(A, H(A)) + )\1(/ Hp_da — / AT,dOé)
0 0
eal [ Hrida— [ oyl [ #rods— ["ardsyen [ mreds— ["arap
0 0 0 0 0 0

+)\5(/ HFd’Y—/ AFd’Y)+)\6(/ HF+d’Y—/ Apydy) (9)
0 0 0 0

where A1, Aa,..., A\g are Lagrangian multipliers.
Now we have to find the partial derivatives. The minimization problem is rewritten as follows
using the KKT theorem.

8L(CL1, az, ..., ag, b17 b27 ey b67 C1,C2, -y 66)

=0 10
9a, (10)
aL(CL]_,CLQ,...,CL(;,b]_,bQ,...,b6,Cl,CQ7...,C6) -0 (11)
das
OL(a1,az, ..., ag, b1, b2, .., bg, 1, €2, .., C6) 0 (12)
8(13
OL(a1, ay, ..., ag, b1, by, ..., bg, €1, €2, .., C6) 0 (13)
8&4
8L(a17a27“'7a6ab17b27"‘7b6761a627“'766) -0 (14)
8@5
aL(al,GQ,...,aﬁ,bl,bQ,...,bﬁ,Cl,CQ,...,Cﬁ) -0 (15)
8&6
6L(a1,a2,...,ag,bl,bg,...,b6,cl,02,...,c6)
=0 16
b, (16)
0L(ay,az, ...,a¢,b1,b2, ..., bg, c1, Ca, ..., Cg)
=0 17
353 (17)
d0L(ay,as, ...,a6,b1, b2, ..., bg, c1, C2, ..., Cg)
=0 18
b (18)
8L(a1,a2,...,aﬁ,bl,bg,...,bﬁ,cl,(:g,...,c(;)
=0 19
bs (19)
8[/(@1,0/2,-.-,0/6,()1,[)2,..-,bﬁ,Cl,CQ,...,C(;)
=0 20
b (20)
6L(a1,a2,...,a6,b1,b2,...,bﬁ,cl,CQ,...,%)
=0 21
b (21)
aL(al,ag,...,a6,b1,b2,...,b6,cl,02,...,c6) _ O (22)
801
0L(ay,az, ...,a¢,b1,b2,...,bg, c1, Ca, ..., Cg) _0 (23)
Jdca
OL(a1,az, ..., ag, b1, b2, ., bs, 1, €2, ., C6) 0 (24)
863
OL(a1, ay, ..., ag, b1, by, ..., bg, €1, €2, .., c6) 0 (25)
864
6[/(@1,@2,---,@6,[)1,()2,---,bﬁ,C1,C2,--.,C6) -0 (26)
005
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aL(ala az, ..., ag, bla b27 ey b6, C1,C2, .-y 66)
806

=0 (27)

By solving and [12) we get

— (22X w—2X"r+5X nw —4X " mr =Y nr+ Z nr +4X nlw+ X ndw—2X " nir — Y nir+
an%T 4+ 2X " ninor — 2Y niner + Z ninor + X*nln%r + 4X*n%n27" + 2X*n:1)’n27“ — Y*nlngr—

2Y " n3ngr + Z ningr + 2X " nindr + X nindr — Y nin3r)

al = 2
2r(nyrng + 2n1rng + 2w — 2r + 2njw — nyr)

277 —2Y  + X ng —2Y ng —4Y ng+2Z ny 4+ 22 ng + X 0t —2Y n3 4+ X nind+
2X " ning —4Y ning + 27 ning + X*nlng + 2X*n%n2 — 2Y*n1n§

Qa =

2 2n1rn§ +4nirng + 4w — 4r + dnqw — 2nqr

—(4Z w—4Z"r =2Y now +4Z njw + 4Z now + 2Y nor — 2Z" nyr — 4Z nar — 2Y_n§w + 2Y_n§r+
X ninow — 2Y ninow +4Z ningw — X ningr +2Y niner + Z ningr + X_nlngw + X_n%ngw—
2Y "niniw — X ninir — X n2ngr + 2Y nyndr +4Z ninir + Z ninar + X niniw — X ninir)

az —

2ns(w — r)(n1rn3 + 2n1rng + 2w — 2r + 2njw — nyr)
By solving and [15] we get
— (472 w —4Z%s —2Y Tngw + 472 ngw + 4Z n3w + 2Y Tngs — 272 nys — 42 ngs — 2Y+n§w + 2Y+n§s+

X Tngnsw — 2Y Tnansw + 4Z  nansw — X Tnanss + 2Y Tnyngs + Z nyngs + X+n4n§w + X+nin3w—

2Y Tnyndw — X Tnynis — X nings 4+ 2Y Tnynis + 42 ngn2s + ZTngnds + X Tn2ndw — X Tninls)

as = B}
2n3(w — s)(nasng + 2n4sn3 + 2w — 25 + 2n4w — Nys)

27T —2Y T + XTny — 2V Ty —4Y g + 22 ny 4+ 22 ng + X Tn? — 2Y 02 + X n2ni+

2X Tnang — 4Y Tnans + 22 nyns + X+n4n§ + 2X+n?1n3 — 2Y+n4n§

ar =
> 2n45n§ + dnysng + 4w — 4s + dngw — 2nys
—(2XTw —2X T s+ 5X Tngw — 4X Tnys — Y ngs + ZTngs +4X Tnjw + X Tnjw — 2X Tnds—
Y+ni5 + Z+nis +2X Tnynss — 2Y Tnynss + Z T nynss + X+n4n§s + 4X+n421n35 + 2X+nin38—
Y+n4n§s —2Y " n2n3s + Z n3nzs + 2X+nin§8 + Xﬂzings — Yﬂzin%s)
ag = )

2s(n4sn3 + 2ngsng + 2w — 2s + 2n4w — Nys)
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X = /{(‘;‘)"1 1} Ar_ da,

Yzz/rwkw )"1 AT_da—Q/OT((;)"IlAT_da,

Z——2/w <O‘ >”1AT da,)ﬁ—z/s [(0‘)"14—1]AT+da,
ro\W— 0 LYS

m”( >”1

1
w -
o — S n3
Zt =— (

By solving and [1§ . we get

—2X p—2X"r; —4X " myr1 +5X mip—-Y miri + Z myr — 2X_m%7“1 + 4X_m%p + X_m:;’p)

where

Q

1

1| Apy do — 2/0S (%)E Apy da,

Q

E

T+ da.

— (Y_m%rl — Z_m%rl +2X "mimary — 2Y " mimary + Z mimary + X_mlmgrl) - (4X_m%m21"1+

2X " mimory — Y " myimiry — 2Y " mimory + Z-mimary + 2X " m2mir + X " mim3ry — Y " mim3r))

b= 2r1(marim3 + 2myrimg — 2r1 + 2p — myry + 2map)
277 —2Y " + X "my —2Y " my —4Y “mg +2Z " my +2Z mg + X " m3 — 2Y " m3
+ X*m%mg +2X " mimg —4Y mime + 22" mimy + X*mlmg + 2X*m%m2 — 2Y’m1m%
b2 = 2m1r1m% + dmirimeg — 4r1 +4p — 2mary + 4dmap
A7 p —4Z7r1 +2Y " mor1 — 2Y " map — 272" mary — 42 mery + 47" map + 47 mep
+ 2Y‘m%r1 — 2Y‘m%p — X "mimory + X mimep + 2Y mimar; — 2Y  mimap
+ Z " mimeory + 42 mimap — X*mlmgrl — X*m%mgn + Xfmlm%p + Xfm%mgp
; +2Y "mymiary — 2Y  mimip + 4Z " mimiry + Z - mimiry — X mimir + X mim3p
g =

2ma(r1 — p)(m1r1m§ + 2myrima — 2r1 + 2p — mary + 2myp)

By solving and 21] we get
4Z+,0 —4Z%s1 +2Y Tmgs; — 2Y+m3p — 27 mus; —4Z " mas; + 4Z+m4p + 4Z+m3p
+ 2Y+m§sl - 2Y+m§p — X mymss; + X+m4m3p +2Y Tmymss; — 2Y+m4m3p
+ ZTmamss; + 4Z+m4m3p — X+m4m§51 — X+m421m381 + X+m4m§p + X+mim3p

+ 2Y+m4m§sl — 2Y+m4m§p + 4Z+m4m§sl + Z+m4m§31 — X+mim§sl + X+mim§p

by = 5
2m3(s1 — p)(masims + 2masimg — 251 + 2p — mysy + 2myp)
277 —2Y T + XTmy — 2Y Tmy — 4Y Tmg + 22 my + 22 ms + X Tmi — 2Y Tm
; + X+m?1m§ + 2X Pmgms — AY Tmams + 2Z T mams + X+m4m§ + 2X+m?1m3 — 2Y+m4m§
5 =

2m451m§ + dmysims — 4s1 + 4p — 2mys; + dmyp
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—(2XTp —2XTs) —4X Tmysy +5X Tmap — Y T mysy + ZTmys) — 2X Tmis) +4X Tmip + X Tmip)

— (Y‘Wnﬁsl — Z+m§51 +2X Tmymss; — 2Y Tmamss, + ZTmamss, + X+m4m§sl) — (4X+m?1m331+

2

2X Tmimssy — Y mym3is) — 2Y Tmimas, + ZTmimas; + 2X Tmimis; + X Tmim3s; — Y mim3s;)

281(m451m§ + 2mysims — 281 + 2p — mys1 + 2myp)

o =y
X _2/1—r1 [( 1 ) !

1 = 1-r _a_ ey

Y= 2/ !(1 B) 1 A1d5—2/ [(1 b “) P 1| A_dp,
1-r 1—p p—n
1-r _ %2 1 _ %4

7" = 2/ <1 p ’”1) A; dﬁ,X+:2/ [(1 5) 1| Apy dg,
1—p p—r 1—s1 S1
1 %4 1-s1 Y~ %

Yyt = 2/ [(1 5) AHd,B—Q/ [(1531> P 1] A, dp,
1—s1 1-p pP—S1

2

1-s1 -
Zt = _2/ <1531> Ar, dB.
1—p p— S

By solving and 22| we get

— (2X 76 —2X 1y —4X pary + 5X pad — Y pure + Z pary — 2X " pire + 4X pid + X pid)
— (Y pire — Z piry + 2X papars — 2Y " papars + Z 7 papars + X papsre) — (4X " pipara+

2X " pipars — Y T papsre — 2Y T pipors + Z 7 pipors + 2X T pipire + X pipare — Y T pip3ra)

Ccl =
2ro(parap3 + 2paraps — 2ra + 28 — para + 2p4d)

277 —2Y 4+ X py—2Y pa—AY pp+2Z py+2Z pa+ X pi—2Y ph

+ X p2p3 4+ 2X " paps — AY “papa + 22 pape + X " papi + 2X " paps — 2Y " pap3

“- 2paraps + Aparopy — 4ry 4+ 46 — 2pyro + 4psd
47760 —4Z ro + 2Y " poro — 2Y T pod — 22 paro — AZ  pare + 42 pad + 427 pod
+2Y " p3ry — 2V p36 — X papara + X papad 4+ 2Y  papary — 2 papad
+ Z 7 papara + 42 papad — X pap3ry — X pipara + X paps6 + X pipad

o — +2Y " papyry — 2Y T pup3d + 42 pap3ra + Z papira — X pipsra + X pip3o

2po(ra — 0)(parap3 + 2paraps — 2ra + 28 — paro + 2p4d)
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By solving and [25] we get
475 —AZ 59 4+ 2Y Tp3sg — 2Y T p3d — 22 puso — 472 T p3sy + 42 pyd + 472 psé

+2Y T p3sy — 2V Tpi6 — X Tpapssa + X T papsd + 2Y Tpapssa — 2Y Tpapsd
+ Zpapssa +4Z pap3d — X Tpap3sa — X Tpipssa + X Tpap3d + X Tpipsd

+2Y T pypase — 2Y Tpup3s + 4Z T papisa + Z T papse — X Tpipass + X Tpipad

cy =
2p3(s2 — 0)(pasap3 + 2pasaps — 252 + 26 — pasa + 2pad)
27T —2Y T 4 XTpy — 2V Tpy — AV T p3 + 272 py + 27 pg + X pi — 2Y T3
+ X Tp2p3 4+ 2X T paps — AY Tpaps + 22 paps + X Tpap3 + 2X T pips — 2Y Tpap?
s =

2p482p§ + 4pysops — 480 + 40 — 2pgso + 4pyad
— (2 2XT8 —2X T 59 —AX T paso +5X T pad — Y puso + Z pase — 2X+p432 + 4X+p 0+ X+p 0)

— (Y'tpiso — ZTpiso +2X T papsss — 2Y Tpapsss + Z papsss + X T pap3se) — (4X Tpipsso+
2X Tpipsss — Y Tpapise — 2Y Tpipssa + Z T pipsss + 2X Tpipise + X Tpipsse — Y T pipisa)
259 (pasap3 + 2pasaps — 252 + 28 — pasa + 2pad)
1
= ()7
1—72

Cg =

AF— dﬁ)’a

1 1—r 1
1-— 2 1—~—
v=-2 ( ) Ap-dy—2 [ (7) " 1| Ay,
1 -7 1—p p—Tr2
1—7r2 1— 1 1— L
7" = 2 7= ) Apd%X+—2/ ( VYM— Apy d,
1 —p p—T2 1—s2 52
! 1—~ I=s2 1 /11—y — 59 v
Yyt = 2 ( ) Apydy— 2/1 (> — 1| Apy dy,
1 S2 1—p p— 82

1—s2 1— _
7t _ o / 1-v-—% AH iy,
1-p P — S2

Suppose A be a neutrosophic number defined as given below.

(z—1)z ,ifl<z<?2

1 Lif2<2<3
Where the membership function is defined as, Ty = L

(4—2z)2 ,3<z<4

0 , otherwise.

1—(z—1)2 ,ifl<z<?2

0 ,if2<2<3
Indeterminacy function is described as, I4 = )
l1-(4-2z)2 3<z<4

1 , otherwise.
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1—(z—1)2 ,ifl<z<?2

0 ,if2<x <3
The non-membership function is described as, F)y =

1-(4—2)2 ,3<z<4

1 , otherwise.
The comparison of the Membership,Indeterminacy and falsity function with GNHNNA, Trape-

zoidal and triangular neutrosophic numbers is given in FIGURE and

(a) Membership function (b) Indeterminacy function (C) Non-membership function

Figure 1. Approximation of Neutrosophic Numbers

4. Approximation of Linear Hexagonal Neutrosophic Numbers with Symmetry

In this section, the approximation of Linear Hexagonal Neutrosophic Numbers with Sym-
metry (LHNNS) is given by putting r = s,n1 =na =ng =nyg = 1,71 = s1,m; = ma = m3 =
myg = 1,79 = S9,p1 = po = p3 = p4 = 1. The LHNNS is defined as, Argnng =
{T (a1, a2, as,aq,as,ag;r,7; 1)(1717171) , I (b1, ba, b3, b4, bs,b6;71,71; 1)(171’171) ,

F (c1,c2,c3,¢4,C5,C65T2,T2; 1)(1’17171)} = {T (a1,a2,as,aq4,as,a6;r), I (b1,ba,bs, by, bs,bg;7r1),

F (c1,¢2,¢3,c4,05,¢6572)}

Lemma 4.1. Let {T (a1, a2, a3, aq4,as,a6;7) ,

I (by,ba,bs,by,bs,bg;71), F (c1,c2,c3,c4,C5,¢6;72)} be a Linear Hexagonal Neutrosophic Num-
ber with Symmetry then approximation of the truth function of any curve A which preserves
the expected interval criterion is given by,

64— 6B +6Ar — 2Br — 60T + 4Dr

0 = - (28)
ag =6A — 2B — 6C +4D and (29)
6A—2B —12C 4+ 4D — 6Ar 4+ 2Br + 6Cr — 4Dr
4= 20r — 1) ’ (30)
4y = 641 — 2By — 12C1 + 4D;(— 6/111)7“ + 2Byr 4+ 6C1r — 4D1T,
r—
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6A1 — 6B1 +6Ar — 2B1r — 6Cyr +4D1r

a5 = 6A1 - 231 - 601 + 4D1 and ag = — o

where

_ 1
A= /[( VAp_]do, B = / ArJda, C = / (S=0)Ar o, andD:/ [Ar]da

r o — 1
Ay = /O (%) Apilda, By = /O Ap]da, Ct = / (“=T)Ar,Jda, and Dy = / [Ar.]da

Proof. By using equation [3.2] the lower limit of expected interval for truth value is given by

/ Hy_d r(a; + ag) — (;2 +a3)(r—1) (31)

By equation [3] we get,

d(A, H(A)) = \/é(M N +0)

where

M :/OT(AT+ — (as + (%) (a5 — ag))*da + /1(AT+ — (a5 + (? — T) (ag — as)))?do

r —

" o 1 oa—r
b [ () @ aptaa s [ s ($20) @ - w)Pe
0 T . 1—r
N = N(b1,ba,b3,b4,b5,b6) and O = O(c1, c2, €3, ¢4, C5, Cg)
By Equation [J] we get,

L(al,ag, ey 06,01, b9, ..., bg,c1,Ca, ..., Cﬁ) = dQ(A, H(A)) + Pl(a4, as, a6)+

)\l(r(al +as) — (;LQ +asz)(r—1)

1
- / AT_dOZ) + K(b17 b27 b37 b47 b5a b6a C1, C2, C3, C4, Cs, CG)
0

Using Equations and KKT theorem we form the partial derivatives corresponding
to the Lagrangian multipliers

A7 (2&1 + GQ)

24— 2B + 1T - 2
+ o 0 (32)
2 2 -1
20— 24— 2p 4 20y Mt 2e) Qo tea)rol) (33)
2 3 3
2as)(r — 1 1
oc a2t a?f)(r )A1T2 —0 (34)

By solving equations 31} [32] and [34] we will get
6A — 6B + 6Ar — 2Br — 6Cr + 4Dr

a] = — 5 ,a9 = 6A—2B —6C +4D and
r
6A—2B —12C 4+ 4D — 6Ar + 2Br + 6Cr — 4Dr
as =
2(r—1)
By using equation the lower limit of expected interval for truth value is given by
-1
/ HT+d a6 + (15) (;5 + a4)(T ) (35)
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By equation [3] we get,

d(A,H(A)) = \/;(M + N+ O) where,

o —T

o = [ = ot () s ot [ e = o (7)o e

+ [ =@+ (%) - a)Pdas [ (A= (a+ (‘f:jj) (a3 — a2))’da,

?
N = N(b1, b, bs, b, b5, bs) and O = O(c1, c2, ¢3, ¢4, ¢5, ¢6). By Equation [J] we get,

L(al,ag, vy 06,b1,b9,...,bg,c1,Ca, ..., Cﬁ) = dQ(A, H(A)) + Pg(al, as, a3)+

a6+a5) — (CL5+CL4
2

Using Equations and KKT theorem we form the partial derivatives corresponding

T r—1 1
)\2( ( )( ) _/ AT+da)+K(b17b27b37b47b57b61017627c3764705766)
0

to the Lagrangian multipliers

Xor 1(2a6 + as)

9C, — 2A, — 2F, + % 4 las _;: 205) _ (205 + ag)(r Y _y (37)
9 -1 -1
—90, — (a5 + ag)(r ) _ AL s =0 (38)

By solving equations and [38 we will get
6A; — 2By — 12C1 +4D1 — 6A1r + 2Byr +6Cir — 4Dqr
- 2(r — 1) ’
6A; — 681 + 6Ar — 2Byr — 6Cyr + 4Dqr)
2r

a4

as = 6A1 - 231 - 601 +4D1 and ag = —

Lemma 4.2. Let {T (al, as, as, a4, as, g, ’I“) y I (bl, bQ, bg, b4, b5, b6; Tl) y
F (c1,c9,c3,¢4,C5,¢6;72)} be a Linear Hexagonal Neutrosophic Number with Symmetry then
approximation of the indeterminacy function of any curve A which preserves the expected

interval criterion is given by,
6CI —6DI +4AlIry —6BIr; +6CIry —2DIrq

by = 5 by = 4AI — 6BI +6CT —2DI (39)
™

- 4AI —12BI + 6CI — 2DI — 4AIry + 6BIry — 6CIry + 2DIr (40)
5T 2(r — 1)

by — 4A —12BI; + 6CI — 2DI; — 4ALr1 + 6BIiry — 6CIiry +2D11r (41)

4 2(r1 — 1) ’
6C I, — 6DI, + 4AILr; — 6BI 6C I, — 2DI
bs = 4AI,—6BI,+6CT,—2DI; and bg = — -t 1+ 2Ahn . 171+ 00 1
1
(42)
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where Al= [} """ [A;_]dB, BI= [;7"[(E) A, CI= [ [(52)A- ]dﬁ and DI=

1—r1 1

i, AI—]dﬁ- Al= [~ m[AH]dﬁ; BL= [y (A1) ArydB, Cflf S CF) A as
and DI = [} [AI+]dB

Proof. By using equation the upper limit of the expected interval for indeterminacy value

/OlHI—dﬁz 7“1(171—1—52)—(;2—1—53)(7"1—1) (43)

is given by

By equation [3] we get,

d(A, H(A)) = \/é(M N+ 0)

where M = M(aq, ag, a3, a4, as, ag),

v-f T s — (b + <1‘/B‘> a—b)Pas+ [ (Ary — (b + (1 i ) (bs — bo)))d8

1—81 ™

" /OHI(AI (e <1_1§;1ﬁ> (bs — b2)))*df + /jm (A7— — (b1 + (1 — 5) (by — b1)))2dB

™

and O = O(ey, c2, ¢3,¢4,¢5,¢6). By Equation@we get,

L(al,ag, ...,ag,b1,ba,...,bg,C1,Ca, ..., 66) = dQ(A, H(A)) + P3(b4, bs, b@)-i-

r1(b1 + b2) — (b2 + b3) (11 — 1)
2

Using Equations and KKT theorem we form the partial derivatives corresponding

A3( _/ A[_dOé)+K(al,ag,a3,a4,a5,CL6,Cl,C2,03,C4,C5,CG)
0

to the Lagrangian multipliers
A3ry n 71(2b1 + b2)

201 —2B1 + =3 ; =0 (44)

9BI — 2AI — 20T + % L il ; 2by) _ (22 + bi;)(” - _, (45)
b2 + 2b3)(r1 — 1 1

_opr— 2+ ?(T )—)\3(;—2):0 (46)

By solving equations and [46] we will get
6CI —6DI +4AIry —6BIr; +6CIry —2DIr

by = —
1 27"1 5

by =4AI — 6BI +6CI —2DI and

bs = (414[ —12BI +6CI —2DI — 4AlIry +6BIry —6CIry + 2DI7“1)/(2(7"1 — 1))

By using equation the upper limit of the expected interval for indeterminacy value is given
by

/1 HyodB = r1(be + b5) — (bs + ba)(r1 — 1) o

2
By equation [3] we get,

d(A,H(A)) = \/;(M + N+ O) where,

Augus Kurian, Sumathi I R and Omaima Al-Shanqiti, The Theoretical Framework on
Approximation of Neutrosophic Numbers and Their Application



Neutrosophic Sets and Systems, Vol. 75, 2025 @

M = M(a1, a2, as, as, as, as),

- T A= s (T2 ) - tmras+ | (A ot (*27) s - a2as

1—s51 —r r1

+ AlTl(AI— — (ba + (1_5_“> (bs — bo)))2d5 + /11 (A — (b4 (1 - 5) s — 110020

1—r i 71

By Equation [ we get,

L(al,ag, vy g, b1,bs,...,bg,c1,Ca, ..., CG) = dQ(A, H(A)) + P(bl, ba, b3)+

1 (b6 + b5) — (b5 + b4)(7“1 —
2

Using Equations and KKT theorem we form the partial derivatives corresponding

to the Lagrangian multipliers

1 1
Aa( ) —/ Arpdp) + K(ai, a2, a3, a4, as, ag, ¢1, €2, €3, C4, C5, Cp)
0

A4r1 n 71(2bg + bs)
2 3

A b 2b 2b b —1
OBI, - 241 — 20T, + 24 4 Mo t2bs) (265 £ ba)(r — 1)
2 3 3
(b5 + 2[)4)(7’1 — 1) r 1 .
) ML —5) =0 (50)
By solving equations [47] and [50] we will get
. 4A1 —12BI; +6CI, — 2DI; — 4Al1r1 + 6BIiry — 6CIiry +2D11rm
B 2(r1 — 1) ’
6CI; —6DIy +4AIiry — 6BIir1 + 6CIiry — 2D
27“1

205 —2FEI +

=0 (48)

=0 (49)

—2BI —

by

b5 = 4A11—6Bll+6011—2D.[1 and b6 = —

0

Lemma 4.3. Let {T (a1, as,a3,aq,as,a6;7), I (b1, ba, b, by, bs, be;71) ,

F (c1,c2,c3,¢4,C5,c6;72)} be a Linear Hexagonal Neutrosophic Number with Symmetry then
approximation of the falsity function of any curve A which preserves the expected interval
criterion s given by,

_GCF —6DF +4AFry — 6BFryg +6CFry —2DFry

¢y = 4AF — 6BF + 6CF — 2DF

C1 —

2’1“2
(51)
4AF — 12BF +6CF — 2DF — 4AFry + 6BFry — 6CFEFrog + 2D Fry (52)
Ca =
s 2(ry — 1)
4AF; — 12BF, + 6CFy — 2DF; — 4AF\ry + 6BFry — 6CFyry +2DFr9 (53)
Cyp =
: 2(ry — 1) ’
C5:4AF1—GBF1+6CF1—2DF1 and (54)
6CF, — 6DF| +4AF\ry — 6BFr9 + 6CFir1 — 2DFyry (55)
Ce = —
27“2

Augus Kurian, Sumathi I R and Omaima Al-Shanqiti, The Theoretical Framework on
Approximation of Neutrosophic Numbers and Their Application



Neutrosophic Sets and Systems, Vol. 75, 2025 @

where AF= fl "[Ap_]dy, BF= fl " 117T2T2 VAp_]dvy,CF= fl v lr;)AF ]d'y and DF=

fl —r9 AF ]d7 AFl fO 7"2 AF+]d7’ BFl - T2[(1117T2T2)AF+]d’Y’ CFl* fl—rz
and DFy = fl_rz

o) Ars]dy

Proof. By using equation the upper limit of expected interval for falsity value is given by

/1 He dy— o1 4 ¢) — (;2 +c3)(re — 1) (56)

By equation [3] we get,

d(A,H(A)) = \/;(M—i— N 4 O) where,

M = M(a17a27a37a47a57a6)a N = N(b17b2ab3ab4>b5ab6) and

0= [tr— e+ () wmatar [ (e (ot (20 - cntin

1—7‘2 T9

+ /Dw(AF— (et (1_11;;2) (3 = c2)))%dy + /1:2(AF_ (o + (1 - 7) (2 — 1))y

2

By Equation [J] we get,

L(QI’QQ, vy @g,b1,b9,...,bg,c1,Ca, ..., 66) = dz(A, H(A)) + P(C4, cs, 06>+

ra(c1 +c2) — (ca +¢3)(r2 — 1)

As( 5

1
- / Ap_dy) + K(a1,a2,as, a4, as, ag, b1, ba, b3, ba, bs, be)
0

Using Equations and KKT theorem we form the partial derivatives corresponding

to the Lagrangian multipliers

Mry 12(2¢1 + ¢2)

20F —2B1 + =32 T =0 (57)

9BF — 2AF — 2CF + ﬁ rz(a ;r 20) _ (2ot C?g(m Ny (58)
2¢3)(rl — 1 1

_opr- te 633)(r ) _ M(% ~5)=0 (59)

By solving equations and [59 we will get
6CF — 6DF +4AFry — 6BFrg + 6CFry —2DFry

1 =— 5 ,co =4AF —6BF + 6CF — 2DF
T2
4AF — 12BF + 6CF —2DF — 4AFro+ 6BFro — 6CFEro +2DFre

Cq =

’ 2(ry — 1)
. By using equation the upper limit of expected interval for falsity value is given by

1
— -1
/ Hp do = r2(c6 + c5) (;5 +ca)(ra — 1) (60)

By equation [3] we get,

d(A,H(A)) = \/;(M + N+ O) where,
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M = M(a1,a2,a3,a4,as,a6), N = N (b1, b2, b3, bs, b5, bs) and

o= [ tar -+ (FF) -t [ (re (ot (S0 - e

1— 1y 1-ro
o[ e () e+ /;fAF ~ta+ (7)€

By Equation [ we get,

L(al,ag, vy 06, b1,b9,...,bg,c1,Ca, ..., Cﬁ) = dz(A, H(A)) + P(Cl, co, 03)+

7“2(66 + 65) — (05 + ¢4
2

Using Equations and KKT theorem we form the partial derivatives corresponding

r9g — 1 1
)\6( )< 2 ) _/ AF-‘rd’Y) +K(a17a27a37a47a51a6ab1>b27b37b47b57b6)
0

to the Lagrangian multipliers

)\67‘2 + 7"2(266 + 65)

20F, —2DF + =3 . =0 (61)
2 2 1
2Bm—aAm_acmﬂJ§+ﬁﬂ%;'%)_(%+f§“2 ) _ o (62)
2¢4)(r1 — 1 1
—QBH—«%+(§& )—Adg—2y—o (63)

By solving equations [47] and [63] we will get
. 4AF, — 12BF, + 6CFy — 2DF; — 4AFry + 6 BFry — 6CFyrg + 2D Firo

4
“ 2(ry — 1) o (64)
cs = 4AF; — 6BF; +6CF; —2DF; and (65)
c 6CF) —6DF| +4AF\ry — 6BFr9 + 6CFir; — 2D Fyry (66)
6= —
27"2

Note 4.4. The solution of the equations in Lemmal[4.1 to Lemmal[].5 are solved using Matlab.

Example 4.5. Suppose A be a neutrosophic number defined as given below.

(z—1)z ,ifl<z<?2

1 Lif2<2<3
Where the membership function is defined as, Ty = L

(4—2z)2 ,3<z<4

0 , otherwise.

1—(z—1)2 ,ifl<z<?2

0 ,if2<2<3
Indeterminacy function is described as, I4 = )
l1-(4-2z)2 3<z<4

1 , otherwise.
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1—(z—1)2
0

The non-membership function is described as, F)y = )
1—(4—2x)2
1

,ifl<ax <2
,if2<x <3
,3<x <4

, otherwise.

The Hexagonal approximation of this curve H(A) is given by, (here r = r; = ry = .5)

By using Lemma—Lemmawe get a1 = 1, ag = %, as =2, a4 = 3, a5 = %, ag = 4,
b1:1762:%7b3:27b4:3ab5:%7b6:4a01:1702:%703:2704:3765:%06:47

where the membership function is defined as,

—1 : 5
z—32 .r 5

.5+.5(2_§> Jif2<z<2

T 1 ,if2<x<3
H(A) — _15

5+5(5k) L if3<a<y
4

.5(;’%*_44) JifLR <p<4

0 , otherwise.

\
The comparison of membership function with LHNNS, Trapezoidal (TI) and triangular (Tr)

neutrosophic numbers is given in FIGURE Indeterminacy function can be described as,

1—.5(%%) Jifl<z<?
x§ . 5
1-(5+5(54) iff<e<2
I 0 ,if2<x<3
H(A) = 15
1 (5+ 5(§_&)) if3<z<
4
1—(5 %i) JifL <z <4
1 , otherwise.

The comparison of Indeterminacy function with LHNNS, Trapezoidal and triangular neutro-

sophic numbers is given in FIGURE Non-membership function can be described as,

1f.5(§%§> Jifl<z<?
I*é . 5

1—(5+.5(27§)) Jif 2 <2<

0 ,if2<x<3
Fray = p 15 ' .

1—(.5+.5(3 g)) Jif3<ao <

4
17(.5(%144)) Jif B <z<4
1 , otherwise.

The comparison of non-membership function with LHNNS, Trapezoidal (ay = a3, a4 = a5, 7 =
s = 1,bg = b3, by = bs,711 = s1 = l,co = c3,¢4 = c5,72 = s3 = 1) and triangular

(ag=a3=as=as,r=s=1by=bg=by=bs,r1 =s1=1,co =cg=c4 = 5,72 = 52 = 1)
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neutrosophic numbers is given in the FIGURE
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Figure 2. Approximation of Neutrosophic Numbers

d(A,H(A)) = \/;(M + N + O) where,

M = [§(Ary — (a6 + (£) (a5 —

(a1 +(2) (az — a)))2do+ [H(Ar_ — (az + (
1-8-m

fl "(Ary - b5+(

1—s1

f1 T = (b (15T (b — b2)))PdB+ [ (Ar = (b +

1—y—1r2

fl " (Apy — 05+(

f01 "(Ap_ — (co + <1_117;;2
d(A, H(A))=

1—7ro

0.0645; d(A, TI(A))=

ag)dor+ [ (Ars — (a5 + (42

) (es = e2)?dy + i, (Ar- — (e +
0.6831.

0.3651; d(A, Tr(A))=

1—r

1) (a3 — a2)))?da
) (e = bs))2dB + [, (Ars = (b + (52

) (es = ey + [, (Ary = (eo + (5

) (as — ag)))?da + [T (Ap_ —

) (bs — b))% +
152 (b2 = b1)))%dp and

12 (o5 — c0)))%dy +
1) (e — 1))y

/~/
3

Example 4.6. Suppose A be a neutrosophic number defined as given below.

(z—1)2 |if1<z<2
Where the membership function is defined as, T4 = (4 —2)? ,2<2 <3

0 , otherwise.

(1—(95—1)2 Lif 1<z <2
The indeterminacy function is be described as, I4 = {1 — (4 —z)?2 ,2<z2<3

1 , otherwise.

'1—(33—1)2 ,if1<2 <2
The non-membership function is described as, Fa =<¢1 - (4 —2)? 2<2<3

{ 1 , otherwise.
The Hexagonal approximation of this curve H(A) is given by, (here r = r1 = ro = .5)
By using Lemma [£.1] - Lemma [£.3] we get
a; =1, a2—1+\/§,a3—2 a4 =2,a5 =3 — f,a6—3b1—1 b2—1+\/§,b3:2,b4:2,
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b5=3—%,56:3,61:1,02:14-%,63:2,04:2,05:3—

membership function is defined as,

%, cg = 3, where the

(1 . 1
ﬁ(mx—l)Q ,1f1§x§1+ﬁ
1+ —— Jifl+ L <a<2
%—wi V2 =T
7 ‘ .
3_1' . 1

\/i ,1f3—ﬁ§x§3

0 , otherwise.

The comparison of membership function with LHNNS, Trapezoidal and triangular neutro-

sophic numbers is given in the FIGURE The indeterminacy function can be described as,

1-J5(z—1) ,ifl<z<l+
2 —
x Jif 1+ L <2<
2-/2 V2
z =2 f2<z< 1
IH(A): 2_§/§ , 1 ST 3_ﬁ
1—\@ if3— 5 <w<3
1 , otherwise.

The comparison of the Indeterminacy function with LHNNS, Trapezoidal and triangular neu-

trosophic numbers is given in FIGURE Non-membership function can be described as,

1—§ax—D ,ﬁ1gx§1+§§
2_
m i1+ L <z<2
2 -2 2
z =2 ifo<z<3— -
Fray = 2_35 ,if2<e <325
R — Jif3- L <z<3
V2 V2
1 , otherwise.

The comparison of non-membership function with LHNNS, Trapezoidal and triangular neu-
trosophic numbers is given in FIGURE d(A, H(A))= 0.1294; d(A, T1(A))= 0.2582; d(A,
Tr(A))= 0.2582.

From the above two examples, we can conclude that the distance in the hexagonal case is

minimal.

Theorem 4.7. Let {T (a1, a2, as,a4,as,a6;7),1 (b1,b2,bs, by, bs,bg;71),

F (c1,c9,¢3,c4,C5,¢6;72)} be a Linear Hexagonal Neutrosophic Number with Symmetry and
T(A) denotes the approzimation with LHNNS then, Vo (T(A)) = ((0.3333(r —1)% —0.5000r(r —
1))(6A1 —2B; — 12C1 +4D1 — 6 A1r + 2B1r + 6C1r — 4Eq7)) /(2% r — 2) — 0.0833r(6A — 6B +
6Ar — 2Br — 6Cr + 4rD) — 0.0833r(6A; — 6B + 6A1r — 2B1r — 6Cr + 4E1r) — (6A — 2B —
6C + 4F)(0.3333(r — 1)% — 0.50007(r — 1) 4 0.500072 — 0.5000) — (0.3333(r — 1)? — 0.50007 (1 —
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Figure 3. Functions for Neutrosophic Numbers
1) 4 0.500072 — 0.5000)(6 A1 — 2B; — 6Cy +4E1) + ((0.3333(r — 1)2 — 0.50007(r — 1)) (6A — 2B —
12C +4E — 6Ar 4+ 2Br 4+ 6Cr — 4rE)) /(2r — 2)

Proof. We know,
_6A—6B+6Ar —2Br — 6Cr +4Dr

a] = 5 ;a2 =6A —2B —6C + 4D,
r
6A —2B —12C +4D — 6Ar +2Br + Cr — 4Dr
a3 = )
2(r—1)
6A; — 2By — 12C1 +4D1 — 6A1r + 2Byr +6Cir — 4Dr
a)s =
* 2(r —1) ’
6A; — 6By + 6Ar — 2Br — 6C 4D
a5:6A1—231—601+4D1 and ag = — L 1+ d B 1" 17“+ 1T,
r
from definition [2.3| we get
2 2
V) = e+ [0 ee]e 1 [ e

2 2
7(1_3” + rl%} as + [71_2”2 — (1_3” - rl—g’”} as + [3 — 5] r?ag

Substituting the values of a; — ag and simplifying we get, Vi (T(A)) = ((0.3333(r — 1)? —
0.50007(r—1))(6A; —2B; — 120, +4D1 —6A17+2B17+6C r—4F1 1)) /(2%r—2) —0.0833r (6 A —
6B+ 6Ar —2Br —6Cr+4rD) —0.0833r(6A; —6B; +6A1r —2B1r —6C 7 +4FE 1) — (6A—2B —
6C + 4F)(0.3333(r — 1)% — 0.50007(r — 1) 4+ 0.500072 — 0.5000) — (0.3333(r — 1)? — 0.50007 (1 —
1) +0.500072 — 0.5000) (6 A1 — 2B; — 6C1 +4E1) + ((0.3333(r — 1)2 — 0.50007(r — 1)) (6A — 2B —
12C +4E — 6Ar +2Br 4+ 6Cr —4rE))/(2r — 2) g

Theorem 4.8. Let {T (a1, az,as,aq,as,a¢;7), I (b1, ba, b3, by, bs, bs;71) ,

F (c1,c9,c3,c4,C5,06;7m2)} be a Linear Hexagonal Neutrosophic Number with Symmetry and
T(A) denotes the approzimation with LHNNS then,

Vi(T(A)) = ((0.3333(r — 1)2 — 0.5000r(r — 1))(2AI — 6BI + 3CI — DI — 2AIry + 3BIry —
3CIry+ DIry))/(r1 — 1) —(0.3333(r — 1)2 — 0.50007 (r — 1) 4+ 0.50007% — 0.5000) (4AI; — 6 BI; +
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6CI; — 2DI1) — (0.3333(r — 1) — 0.5000r(r — 1) + 0.5000r% — 0.5000)(4AI — 6BI + 6CI —
2DI) + ((0.3333(r — 1)2 — 0.5000r(r — 1))(2AI, — 6BI, + 3CI; — DI, — 2ALry + 3BIry —
3CIiry + DIry))/(r1 — 1) — (0.1667r2(3CI — 3DI + 2AIr, — 3BIry + 3CIr, — DIry))/ri —
(0.1667r2(3C I, — 3DI; + Alyry — 3BIyry + 3CIiry — DIyry))/r

Proof. The proof is similar to theorem 0

Theorem 4.9. Let {T (a1, a2, as,aq,as,as;r),

I(by1,bg,b3,bg,b5,b6;71), F (c1,c2,c3,c4,C5,¢6;72)} be a Linear Hexagonal Neutrosophic Num-
ber with Symmetry and T(A) denotes the approzimation with LHNNS then,

Vi(T(A)) = ((0.3333(r — 1) — 0.5000r (r — 1))(2AF — 6BF + 3CF — DF — 2AFr, +3BFr, —
3CFry + DFry))/(r1 — 1) — (0.3333(r — 1)? — 0.50007(r — 1) + 0.500072 — 0.5000)(4AF; —
6BF, +6CF, —2DF) — (0.3333(r — 1)? — 0.50007(r — 1) + 0.500072 — 0.5000)(4AF — 6 BF +
6CF — 2DF) + ((0.3333(r — 1)2 — 0.5000r(r — 1))(2AF, — 6BF; + 3CF, — DFy — 2AFr; +
3BFry —3CFiry + DFyr1))/(r1 — 1) — (0.1667r2(3CF — 3DF + 2AFr) — 3BFry +3CFry —
DFry))/r1 — (0.1667r2(3CFy — 3DFy + AFyry — 3BFyr1 + 3CFyry — DFyr1))/r

Proof. The proof is similar to theorem 0

5. Quantitative Analysis of Decision-Making Research

This section discusses a decision-making problem to show the effectiveness of approximation
in LHNNS. Here decision-makers can use any linear or non-linear neutrosophic number as pa-
rameters. The Neutrosophic numbers, which are employed to express linguistic variables, are
approximated to LHNNS. Then we will find an LHNNS for each characteristic using weighted
arithmetic addition and use the values of LHNNS to accomplish single-valued neutrosophic
numbers. By using the score function, deneutrosophication is done. Finally, we will compare
the score corresponding to each available alternative and choose the best one. This approach
can compare any decision-making issue using any neutrosophic number. This hexagonal ap-
proximation will get a better outcome if two separate data sets need to be analyzed. The

following is an algorithm for determining the ideal result.

(1) Approximate each linguistic variable to LHNNS.

(2) Calculate the LHNNS corresponding to each attribute using scalar multiplication and
addition operations.

(3) Find the values corresponding to each attribute which converts them into a single-
valued neutrosophic number.

(4) Find the score function.

(5) Ranking is given according to score, and the best outcome is selected.
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5.1. Numerical Example

Consider a problem for investing in a stock market that will give excellent yield. The stock
markets were shortlisted into five z;(1 < i < 5) categories by considering the feasibility. Now,
the investor has to choose the best stock market by evaluating the criteria of ¢; - Earnings
Growth, co - Revenue Growth, c3 - Profit Margins, ¢4 - Dividend Yield, and c5 - Valuation
Metrics.

Step:1 Let table [1] denote the decision-making matrix with linguistic variables given below.
SU-Subdued; RE-Reasonable; EX-Exceptional; SUB-Substantial; SC-Scant.

Step:2 Corresponding to each criterion, the linguistic variables are given in terms of non-linear
trapezoidal numbers in table

Step:3 The weights wy = 0.4, we = 0.2, wg = 0.15, wy = 0.17 and w5 = 0.08 are assigned for
each criteria c; to cs respectively.

Step:4 The approximation is applied to each linguistic variable and is given in Table
Step:5 Table [ gives hexagonal values corresponding to each z; using addition and scalar
multiplication.

Step:6 Table [5{shows the single-valued neutrosophic number obtained using Values (Definition
23).

Step:7 The score function is evaluated and shown in Table [ Also, we get z9 > x5 > x4 >

x5 > x1. Therefore x5 is the best possible outcome.

Table 1. Decision making Matrix

c1 &) cs3 cq | cs
1| SU |RE| SU | EX | RE
xo | EX | EX | EX | RE | RE
x3 | SUB | SU | RE | EX | SC
x4 | SUB | SC | EX | SU | RE
x5 | SU | EX | SUB | RE | SC
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Table 2. Linguistic Variable (LV) and the corresponding Nonlinear Trapezoidal
Number (NLTN)

LV NLTN

Scant [T(0,0,0,0:0.5,0.5),1(3,5,6,8:0.5,0.5), F(3,5,6,80.5,0.5)]
Subdued | [T(0,2,3,5;0.5,0.5), 1(2,4,5,7;0.5,0.5),F(2,4,5,7:0.5,0.5)]

Reasonable | [T(1,3,4,6:0.5,0.5), 1(1,3,4,6;0.5,0.5), F(1,3,4,6;0.5,0.5)]

( ), I ), F( )
Substantial | [T(2,4,5,7:0.5,0.5), 1(0,2,3,5:0.5,0.5), F(0,2,3,5:0.5,0.5)]
Exceptional | [T(3,5,6,8;0.5,0.5), 1(0,0,0,0;0.5,0.5), ¥(0,0,0,0;0.5,0.5)]

Table 3. Approximation of NLTN to LHNNS

LvV

LHNNS

Scant

Subdued | [T(0,0.5,2,3,4.5,5:0.5,0.5),1(2,2.5,4,5,6.5,7:0.5,0.5), F(2,2.5,4,5,6.5,7:0.5,0.5)]

[T(0,0,0,0,0,0:0.5,0.5), 1(3,3.5,5,6,7.5,8:0.5,0.5),F(3,3.5,5,6,7.5,8:0.5,0.5)]
I

Reasonable | [T(1,1.5,3,4,5.5,6;0.5,0.5), 1(1,1.5,3,4,5.5,6;0.5,0.5), F(1,1.5,3,4,5.5,6;0.5,0.5)]

Substantial | [T(2,2.5,4,5,6.5,7;0.5,0.5),1(0,0.5,2,3,4.5,5;0.5,0.5), F(0,0.5,2,3,4.5,5:0.5,0.5)]

Exceptional [T(3,3.5,5,6,7.5,8:0.5,0.5), 1(0,0,0,0,0,0;0.5,0.5), F(0,0,0,0,0,0:0.5,0.5)]

Table 4. Hexagonal Neutrosophic number corresponding to each z;

Attribute LHNNS

- [T(0.79,1.29,2.79,3.79,5.29,5.79), 1(1.38,1.79,3.04,3.87,5.11,5.53), F(1.38,1.79,3.04,3.87,5.11,5.53)]
o [T(2.50,3.00,4.50,5.50,7.00,7.50), 1(0.25,0.37,0.75,1.00,1.37,1.50), F(0.25,0.37,0.75,1.00,1.37,1.50)]
s [T(1.46,1.92,3.30,4.22,5.60,6.06), 1(0.79,1.20,2.45,3.28,4.52,4.94), F(0.79,1.20,2.45,3.28,4.52,4.94)]
T4 [T(1.33,1.73,2.93,3.73,4.93,5.33), 1(1.02,1.44,2.72,3.57,4.84,5.27), F(1.02,1.44,2.72.3.57,4.84,5.27)]
T5 [T(1.07,1.53,2.91,3.83,5.21,5.67), 1(1.21,1.61,2.81,3.61,4.81,5.21), F(1.21,1.61,2.81,3.61,4.81,5.21)]

Table 5. Value of LHNNS Table 6. Score of table
Attribute | Neutrosophic Number Attribute | Score

x1 (2.7417,0.8797,0.8797) x1 -3.0167

Zo (4.167, 0.7292, 0.7292) T2 2.7083

x3 (3.1333, 2.3875, 2.3875) xs3 -1.6417

x4 (2.775, 2.6208, 2.6208) x4 -2.4667

x5 (2.8083,2.675,2.675) x5 -2.542

6. Conclusion

In this study, we explored the approximation of generalized neutrosophic numbers with

asymmetry and provided a comparison with other well-known approaches for approximating
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neutrosophic numbers. The results emphasize the significance of taking uneven membership
degrees into account within the neutrosophic context since it more precisely captures the
complexities of actual uncertainty. The complexity and subjectivity associated with depict-
ing uncertainty using neutrosophic numbers have come to light due to research of numerous
theories relating to value assignment and approximation points.

We have illustrated the benefits and limitations of several approximation strategies us-
ing numerical examples. When nonlinearity in membership degrees is typical, the suggested
method for approximating generalized neutrosophic numbers with asymmetry shows accuracy
and broad application.

The neutrosophic theory offers a versatile framework for modelling uncertainty in various
domains. Future research may focus on hybrid strategies that combine neutrosophic numbers
with alternative uncertainty representations and broaden the application of these models to

more challenging decision-making scenarios.
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