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Abstract: The generalized neutrosophic differential equation is a differential equation with 

neutrosophic real variable x + yI instead of classical real variable x. This research is 

devoted to studying the oscillation of generalized neutrosophic half linear second order 

differential equation with the negative and delayed neutral term as follows: 

 

(𝑟(𝑘 + 𝑚𝐼)𝑧´(𝑘 + 𝑚𝐼))
´
+ c(𝑘 + 𝑚𝐼)𝑓 (𝑥(𝜃(𝑘 + 𝑚𝐼)) , 𝑟(𝑘 + 𝑚𝐼)𝑧´(𝑘 + 𝑚𝐼)) = 0 . 

 

Also, the generalized neutrosophic half–linear differential equation of the second order with 

max term featured by the following from: 

[𝑟(𝑘 + 𝑚𝐼)𝑧´(𝑘 + 𝑚𝐼)]
´

+ 𝑐(𝑘 + 𝑚𝐼)  𝑀𝐴𝑋𝑠∈[𝜃(𝑘+𝑚𝐼),𝑘+𝑚𝐼] 𝑓 (𝑥(𝑠), 𝑟(𝑘 + 𝑚𝐼)𝑧
´(𝑘 + 𝑚𝐼)) = 0 , 

mailto:Nrees@taibahu.edu.sa
mailto:abuhomos@asu.edu.jo
mailto:ashatarah@taibahu.edu.sa
mailto:dralhosban@inu.edu.jo


Neutrosophic Sets and Systems, Vol. 76, 2025 552  

 

 

Norah Mousa Alrayes, Mayada Abualhomos, Mutaz Mohamed Abbas Ali, Amani Shatarah, Mai Mousa Mahmoud Alhejoj, 

Abdallah Al-Husban, On Some Novel Results About the Behavior of Some Numerical Solutions of a Neutrosophic 

Generalized Half – Linear Second Order Differential Equation 

with 

𝑧(𝑘 + 𝑚𝐼) = 𝑥(𝑘 + 𝑚𝐼) − 𝑎(𝑘 + 𝑚𝐼)𝑥(𝜃(𝑘 + 𝑚𝐼)) , 

Where we illustrate a numerical approach for the oscillation with indeterminacy element 

that represents the neutrosophic approach. 

Keywords: Generalized Half, Linear, Riccati Transformation, neutrosophic generalized 

differential equation, neutrosophic variable. 

Introduction 

The importance of differential equations in our daily life is not limited to a specific 

application, phenomenon or example because they help us describe, present and explain the 

mechanism of these phenomena, including the spread of diseases, the mechanism of electrical 

work, climate change, nuclear explosions and many phenomena, all expressed in 

mathematical images. In particular, semi–linear differential equations with a negative neutral 

limit are a generalization of the linear Sturm-Liouville problem, which has been the subject 

of study for many researchers in the field of physics, as well as maximum-limit differential 

equations, as they are solved in the work of automatic control systems and in electronic 

networks. The second-order semi-linear differential equation is given in the following form: 

 

(𝑟(𝑡)𝜙 (𝑥´(𝑡)))
´

+ c(𝑡)𝜙(𝑥(𝑡)) = 0.                                                        (1) 

 

Since r(t) >0 no matter what 𝑡 ∈ ℝ  and 𝑐(𝑡)  are continuous dependencies, ϕ(𝑥) =

|𝑥|𝑝−1𝑠𝑔𝑛(𝑥) for 𝑝 > 1. Equation (1) is called the classical equation with dependent x and 

independent transform t, and is a linear differential equation with respect to the dependent 

ϕ(𝑥) that is nonlinear with respect to x, thus, it is nonlinear with respect to the dependent 𝑥. 

The researcher Bihari is the first to develop a second-order semi-linear differential equation 

in [1] in 1966, focusing on the space of solutions to this equation, so if 𝑥(𝑡) is a solution to 

Equation (2), 𝜆𝑥(𝑡) is also solved. In 1987, Elbert [2] came up with some criteria by which 



Neutrosophic Sets and Systems, Vol. 76, 2025 553  

 

 

Norah Mousa Alrayes, Mayada Abualhomos, Mutaz Mohamed Abbas Ali, Amani Shatarah, Mai Mousa Mahmoud Alhejoj, 

Abdallah Al-Husban, On Some Novel Results About the Behavior of Some Numerical Solutions of a Neutrosophic 

Generalized Half – Linear Second Order Differential Equation 

such an equation is subjected to become oscillatory [3]. The generalized equation is 

oscillatory if the following is true: 

𝑐(𝑡) > 0 ,∫ 𝑐(𝑡)

∞

0

= +∞ ,∫
1

𝑟(𝑡)
𝑑𝑡

∞

0

= +∞ . 

The generalized second-order semi-linear differential equation is given in the following 

Form: [5]  

[𝑟(𝑡)𝑥´(𝑡)]
´
+ 𝑐(𝑡)𝑓 (𝑥(𝑡) , 𝑟(𝑡)𝑥´(𝑡)) = 0 ,                                 (2) 

𝑓(𝑥 , 𝑟𝑥´) ≔ ∅(𝑥)|𝑟𝑥´|
2−𝑝

; 𝑟(𝑡) > 0 , ∀𝑡 ∈ ℝ. 

 

Researchers Doš𝑙ý and �̌�𝑒𝑧𝑛�́��̌�𝑘𝑜𝑣�́� studied the basic solutions of Equation (2) in [4] and 

then researchers Doš𝑙ý and Bogn�́�𝑟 set important parameters in [5] for the oscillation of 

Equation (2). 

 

Researchers Mar�́�𝑘 and Fi�̌�𝑛𝑎𝑟𝑜𝑣�́� studied in [7] the oscillation of the classical half-linear 

differential equation with a delayed limit and then with a neutral limit and developed criteria 

for the oscillation of this equation through the oscillation of the classical equation in 2013. 

 

The equation [Ø(�́�(𝑡))]
´
+ 𝜆𝑐(𝑡)Ø (𝑥(𝜏(𝑡))) = 0 oscillates when the equation: 

 

[𝜙(�́�(𝑡))]
´
+ 𝜆𝑐(𝑡) (

𝜏(𝑡)

𝑡
)

𝑝−1

𝜙(𝑥(𝑡)) = 0 . 

Thus, it is oscillation. 

Then, in [6], the researchers worked on finding a standard for the oscillation of equations 

with a delayed limit using the Riccati transform. Neutrosophic logic as an important new tool 

was used by many authors to study many different areas of pure and applied mathematics, 

such as algebra [9-11], and mathematical analysis [12-13]. One of the most important 
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applications of neutrosophic logic was in the field of differential equations, were we can see 

many differential neutrosophic equations and their solutions [13-40]. 

The importance of this research comes from the fact that it gives an analytical study of the 

behavior of the solutions of the neutrosophic generalized version of Equation (2), which is a 

generalized neutrosophic second-order semi-linear differential equation with a neutral limit. 

This study plays an important role in knowing the behavior of the phenomena described by 

this equation and therefore the possibility of controlling the results of these phenomena, and 

therefore this research is of great importance for researchers in the theoretical and applied 

scientific fields. The aim of this research is to study the infinite behavior of solutions of a 

generalized second-order semi-linear differential equation with a negative and maximal 

neutral limit, in terms of oscillation. 

Results and discussion: 

1. The study of the oscillation of a generalized second-order semi-linear differential 

equation with a neutral and delayed limit 

The generalized neutrosophic second-order semi-linear differential equation with a delayed 

and neutral limit is given by the following relation:  

[𝑟(𝑘 + 𝑚𝐼)�́�(𝑘 + 𝑚𝐼)]´ + 𝑐(𝑘 + 𝑚𝐼)𝑓 (𝑥(𝜏(𝑘 +𝑚𝐼)) , 𝑟(𝑘 + 𝑚𝐼)�́�(𝑘 + 𝑚𝐼))               (3) 

 

with a negative neutral limit 𝑧(𝑘 + 𝑚𝐼) = 𝑥(𝑘 + 𝑚𝐼) − 𝑎(𝑘 + 𝑚𝐼)𝑥(𝜃(𝑘 + 𝑚𝐼)), where 

we will study the case 𝜏(𝑡 + 𝑚𝐼) = 𝜃(𝑘 + 𝑚𝐼), whatever𝑘 +𝑚𝐼 ≥ 𝑇 so that 𝑘 + 𝑚𝐼 ∈

[𝑘0 +𝑚0𝐼, +∞[ and 𝑇 starting point. 

Equation (3), satisfies the following conditions: 

1)  θ(𝑘+𝑚𝐼) ∈ �́�([𝑘0+𝑚0𝐼,+∞[ ,ℝ ),       

2)  θ(𝑘+𝑚𝐼) ≤ 𝑘+𝑚𝐼 ,  

3)  lim
𝑡→+∞

𝜃(𝑘 + 𝑚𝐼) = +∞ , 

4)  0 ≤ 𝑎(𝑘 +𝑚𝐼) < 1. 

2. Riccati's neutrosophic transform: 



Neutrosophic Sets and Systems, Vol. 76, 2025 555  

 

 

Norah Mousa Alrayes, Mayada Abualhomos, Mutaz Mohamed Abbas Ali, Amani Shatarah, Mai Mousa Mahmoud Alhejoj, 

Abdallah Al-Husban, On Some Novel Results About the Behavior of Some Numerical Solutions of a Neutrosophic 

Generalized Half – Linear Second Order Differential Equation 

Studying the oscillation of generalized equations using the Riccati transform is an effective 

method, since the equation transforms from the second to the first order. For 

𝑥(𝑘 + 𝑚𝐼) solution of Equation (2) the Riccati transform of Equation (2) is given in the 

following Form [5]: 

�́�(𝑘 + 𝑚𝐼) + 𝑐(𝑘 + 𝑚𝐼)    +
𝐻(𝑣)

𝑟(𝑘 + 𝑚𝐼)
                                                             (4) 

where 𝐻(𝑣) is defined by the relation 𝐻(𝑣) = �́�(𝑔−1(𝑣))(𝑔−1(𝑣))
2
, which is absolutely 

increasing for 𝑢 > 0, and also completely decreasing for 𝑢 < 0, and achieves 𝐻(0) = 0, so 

is a completely convex dependent, Since 

𝑢(𝑘 + 𝑚𝐼) =
𝑟(𝑘 + 𝑚𝐼) �́�(𝑘 + 𝑚𝐼)

𝑥(𝑘 +𝑚𝐼)
. 

The dependent is also given by the following relation: 

𝑔(𝑢) =

{
 
 
 
 

 
 
 
 
∫

𝑑𝑠

𝐹(𝑠)
          𝑖𝑓  𝑢 > 0

+∞

1

𝑢

∫
𝑑𝑠

𝐹(𝑠)
                𝑖𝑓 𝑢 < 0

1

𝑢

−∞

0                        𝑖𝑓 𝑢 = 0

                ,                                                                           (5) 

where 𝑔 is completely increasing, thus lim
𝑡→−∞

𝑔(𝑢) = −∞   𝑎𝑛𝑑 lim
𝑡→+∞

𝑔(𝑢) = +∞.    

 

Remark 1.1. 

If Equation (2) is non-oscillatory, then there exists 𝑣(𝑘 + 𝑚𝐼) a finite solution of Equation 

(4) on the domain [𝑇, +∞[ the following cases are equivalent:  

1- Equation (2) is non-oscillatory, 

2- There exists 𝑣(𝑘 + 𝑚𝐼) a finite solution of Equation (4) on the domain [𝑇, +∞[, 

3- There is a finite dependent 𝑣(𝑡) on the domain [𝑇 , +∞[ achieves the following:  

 

�́�(𝑘 + 𝑚𝐼) + 𝑐(𝑘 + 𝑚𝐼) +
𝐻(𝑣)

𝑟(𝑘 + 𝑚𝐼)
≤ 0. 
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Lemma 1.1.  

Let 𝑥(𝑘 + 𝑚𝐼) > 0be a solution of Equation (3), then 𝑧(𝑡 + 𝑚𝐼) fulfills one of the two 

cases:  

1) �́�(𝑘 + 𝑚𝐼) > 0 ; 𝑧(𝑘) > 0 and [𝑟(𝑘 + 𝑚𝐼)�́�(𝑘 + 𝑚𝐼)]´ ≤ 0, 

2) �́�(𝑘 + 𝑚𝐼) > 0; 𝑧(𝑘 + 𝑚𝐼) < 0 and [𝑟(𝑘 + 𝑚𝐼)�́�(𝑘 + 𝑚𝐼)]´ ≤ 0. 

Proof. 

Since 𝑥(𝑘 + 𝑚𝐼) > 0, whatever𝑘 +𝑚𝐼 > 𝑇 is the solution of Equation (3) then, we have: 

[𝑟(𝑘 + 𝑚𝐼)�́�(𝑘 + 𝑚𝐼)]´ = −𝑐(𝑘 + 𝑚𝐼)𝑓 (𝑥(𝜃(𝑘 +𝑚𝐼)) , 𝑟(𝑘 + 𝑚𝐼)�́�(𝑘 + 𝑚𝐼)) ≤ 0. 

Suppose that   �́�(𝑘 + 𝑚𝐼) ≤ 0, and here we distinguish two cases:  

The first case: 𝑧(𝑘 + 𝑚𝐼) ≥ 0, and since [𝑟(𝑡)�́�(𝑡)]´ ≤ 0whatever𝑘 +𝑚𝐼 > 𝑇, then there 

is 𝑚 > 0. 

Check 𝑟(𝑘 + 𝑚𝐼)�́�(𝑘 + 𝑚𝐼)  < −𝑚  regardless of 𝑘 +𝑚𝐼 > 𝑇1 > 𝑇 , from which �́�(𝑘 +

𝑚𝐼) < −
𝑚

𝑟(𝑘+𝑚𝐼)
, and by integration, we find:  

𝑚∫
1

𝑟(𝑠)
𝑑𝑠 ≤ 𝑧(𝑘 + 𝑚𝐼) + 𝑚∫

1

𝑟(𝑠)
𝑑𝑠 < 𝑧(𝑇),

𝑡

𝑇

𝑡

𝑇

 

and when 𝑘 + 𝑚𝐼 strives towards +∞, we find that 𝑧(𝑇) = +∞, and this is a contradiction. 

The second case: 𝑧(𝑘) < 0, and since [𝑟(𝑘 + 𝑚𝐼)�́�(𝑘 + 𝑚𝐼)]´ ≤ 0, whatever 𝑘 + 𝑚𝐼 > 𝑇, 

there is a number 𝑘 > 0 such that for 𝑇1 > 𝑇, then, 𝑟(𝑘 + 𝑚𝐼)�́�(𝑘 + 𝑚𝐼) < −𝑘, that is, 

�́�(𝑘 + 𝑚𝐼) < −
𝑘

𝑟(𝑘+𝑚𝐼)
, and by complementing from T to t we find that: 

 

𝑧(𝑇) − 𝑘∫
1

𝑟(𝑠)
𝑑𝑠 > 𝑧(𝑘 + 𝑚𝐼) ,

𝑡+𝑚𝐼

𝑇

 

 

and when seeking 𝑡 towards +∞ we find lim
𝑡→+∞

𝑧(𝑘) = −∞. 

But we have 𝑥(𝜃(𝑘 + 𝑚𝐼)) =
𝑥(𝑘+𝑚𝐼)−𝑧(𝑡+𝑚𝐼)

𝑎(𝑘+𝑚𝐼)
>

−𝑧(𝑘+𝑚𝐼)

𝑎(𝑡+𝑚𝐼)
, and from it we find 

lim
𝑡→+∞

𝑥(𝜃(𝑘 +𝑚𝐼)) = +∞, 
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and since lim
𝑡→+∞

𝜃(𝑘 + 𝑚𝐼) = +∞, we find lim
𝑡→+∞

𝑥(𝑘 + 𝑚𝐼) = +∞. 

Now, we notice that: 𝑧(𝑘 + 𝑚𝐼) < 0, thus: 

𝑥(𝑘 + 𝑚𝐼) < 𝑎(𝑘 + 𝑚𝐼)𝑥(𝜃(𝑘 + 𝑚𝐼)) < 𝑥(𝜃(𝑘 +𝑚𝐼)), we form a sequence θ(𝑘𝑛) =

𝑘𝑛−1such that  𝑘0, 𝑘1, 𝑘2, … 

and 𝒌𝒏−𝟏 < 𝒌𝒏, now considering 𝑥(𝑘0) = 𝜂, and since 𝑥(𝑡 + 𝑚𝐼) < 𝑥(𝜃(𝑡 + 𝑚𝐼)), from 

which we find that:  

 𝑥(𝑘𝑛) < 𝑥(𝜃(𝑘𝑛)) , thus, 𝑥(𝑘𝑛) < 𝑥(𝑘𝑛−1) and from it we find that 𝑥(𝑡𝑛) < 𝜂  is 

whatever n is a natural number, and this means:  

lim
𝑡→+∞

𝑥(𝑘 + 𝑚𝐼) < 𝜂 and this is a contradiction. 

From it, �́�(𝑘 + 𝑚𝐼) > 0, and here we find that 𝑧(𝑘 + 𝑚𝐼) < 0 or that there exists 𝑇2 > 𝑇 

such that 𝑧(𝑘 + 𝑚𝐼) > 0. 

Lemma 1.2 

Let 𝑥(𝑘 + 𝑚𝐼) be a solution of Equation (3) achieves that 𝑥(𝑘 + 𝑚𝐼) > 0 for 0 < 𝑇 < 𝑘 +

𝑚𝐼 and let be 

∫
𝑑𝑘 +𝑚𝐼

𝑟(𝑘 + 𝑚𝐼)

∞

𝑇

 , 

then 𝑥(𝜃(𝑘 + 𝑚𝐼)) ≥ 𝑧(𝜃(𝑘 + 𝑚𝐼)) for every 𝑇 < 𝑘 +𝑚𝐼 in the case of 𝑧(𝑘 + 𝑚𝐼) > 0. 

Lemma 1.3 

Let 𝑥(𝑡 + 𝑚𝐼) be a solution of Equation (3) achieves that 𝑥(𝑘 + 𝑚𝐼) > 0 for 0 < 𝑇 < 𝑘 +

𝑚𝐼 and let 

∫
𝑑𝑘 +𝑚𝐼

𝑟(𝑘 + 𝑚𝐼)

∞

𝑇

 , 

and �́�(𝑘 + 𝑚𝐼) > 0, as well as 

∫ 𝑐(𝑘 +𝑚𝐼)𝜃(𝑘 + 𝑚𝐼)𝑝−1𝑑𝑡 + 𝑚𝐼 = ∞
∞

𝑇

. 

Then 

𝑧(𝜃(𝑡 + 𝑚𝐼))

𝑧(𝑡 + 𝑚𝐼)
≥
𝜃(𝑡 + 𝑚𝐼)

𝑡 + 𝑚𝐼
 ,  
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for each 𝑇 < 𝑘 +𝑚𝐼. In the case of 𝑧(𝑘 + 𝑚𝐼) > 0. 

Proof.  

We impose 𝑥(𝑘 +𝑚𝐼) > 0 for each 𝑇 < 𝑘 +𝑚𝐼 solution of Equation (3), where �́�(𝑘 +

𝑚𝐼) > 0 and considering 𝑧(𝑘 + 𝑚𝐼) > 0, we find from the preliminary (3) that �́�(𝑘 +

𝑚𝐼) > 0, and now let's prove that (
𝑧(𝑘+𝑚𝐼)

𝑘+𝑚𝐼
)
´

thus, �́�(𝑘 + 𝑚𝐼)𝑘 − 𝑧(𝑘 + 𝑚𝐼) ≤ 0 and that in 

a way that the assumption.  

We assume by argument that (
𝑧(𝑘+𝑚𝐼)

𝑘+𝑚𝐼
)
´

≥ 0, that is, the dependent 
𝑧(𝑘+𝑚𝐼)

𝑘+𝑚𝐼
  is completely 

increasing, and therefore 𝑧(𝑘 + 𝑚𝐼) > (𝑘 +𝑚𝐼)𝑘, from which the following is achieved:  

[𝑟(𝑘 + 𝑚𝐼)�́�(𝑘 + 𝑚𝐼)]´ = −𝑐(𝑘 + 𝑚𝐼)
(𝑥(𝜃(𝑘 + 𝑚𝐼)))

𝑝−1

(𝑟(𝑘 + 𝑚𝐼)�́�(𝑘 + 𝑚𝐼))
𝑝−2 , 

and from it we get 

(𝑟(𝑘 + 𝑚𝐼)�́�(𝑘 + 𝑚𝐼))
𝑝−2

[𝑟(𝑘 + 𝑚𝐼)�́�(𝑘 + 𝑚𝐼)]´ = −𝑐(𝑘 + 𝑚𝐼) (𝑥(𝜃(𝑘 + 𝑚𝐼)))
𝑝−1

 , 

By integrating the two sides from T to 𝑘 + 𝑚𝐼, we get 

(𝑟(𝑘 + 𝑚𝐼)�́�(𝑘 + 𝑚𝐼))
𝑝−1

= (𝑟(𝑇)�́�(𝑇))
𝑝−1

− (𝑝 − 1) ∫ 𝑐(𝑠) (𝑥(𝜃(𝑠)))
𝑝−1

𝑑𝑠 .

𝑘+𝑚𝐼

𝑇

 

We have �́�(𝑘 + 𝑚𝐼) > 0 and 𝑝 − 1 are even, then we find that  (𝑟(𝑘 + 𝑚𝐼)�́�(𝑘 +

𝑚𝐼))
𝑝−1

≥ 0, therefore  

(𝑟(𝑇)�́�(𝑇))
𝑝−1

− (𝑝 − 1)∫ 𝑐(𝑠) (𝑥(𝜃(𝑠)))
𝑝−1

𝑑𝑠 ≥ 0 ,

𝑡

𝑇

 

and so, we find the following:  

(𝑟(𝑇)�́�(𝑇))
𝑝−1

≥ (𝑝 − 1) ∫ 𝑐(𝑠)𝑧(𝜃(𝑠))
𝑝−1

𝑑𝑠 ≥ 𝑘𝑝−1(𝑝 − 1) ∫ 𝑐(𝑠)𝜃(𝑠)𝑝−1𝑑𝑠 ,
𝑡

𝑇

𝑡

𝑇
  

and when t seeks toward ∞, then (𝑟(𝑇)�́�(𝑇))
𝑝−1

≥ ∞, and this is a contradiction because 

𝑟(𝑇) �́�(𝑇) is a neutrosophic real number that cannot be infinite, that is, �́�(𝑘 + 𝑚𝐼)(𝑘 +

𝑚𝐼) − 𝑧(𝑘 + 𝑚𝐼) ≤ 0for every 𝑇 < 𝑡 + 𝑚𝐼 and therefore, we find:  
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𝑧(𝜃(𝑘 + 𝑚𝐼))

𝜃(𝑘 + 𝑚𝐼)
≥
𝑧(𝑘 + 𝑚𝐼)

𝑘 + 𝑚𝐼
                                                                               (6) 

Lemma 1.4  

Let 𝑥(𝑘 + 𝑚𝐼) be a solution of Equation (3) achieves that 𝑥(𝑘 + 𝑚𝐼) > 0 for 0 < 𝑇 < 𝑘 +

𝑚𝐼 and let 

∫
𝑑𝑘 +𝑚𝐼

𝑟(𝑘 + 𝑚𝐼)

∞

𝑇

= +∞ . 

Then (
𝑥(𝜃(𝑘+𝑚𝐼))

𝑧(𝑘+𝑚𝐼)
)
𝑝−1

≥ 1. 

 

For every 𝑇 < 𝑘 +𝑚𝐼 in the case of 𝑧(𝑘 + 𝑚𝐼) < 0, 𝑝 > 1 is an odd number. 

Lemma 1.5.  

The Riccati transform of Equation (3) gives us the following form:  

�́�(𝑘 + 𝑚𝐼) + 𝑐(𝑘 + 𝑚𝐼) (
𝑥(𝜃(𝑘 + 𝑚𝐼))

𝑧(𝑘 + 𝑚𝐼)
)

𝑝−1

+
𝐻(𝑣)

𝑟(𝑘 + 𝑚𝐼)
= 0,                   (7) 

where 𝑝 > 1is an odd number. 

Proof. 

Suppose that 𝑥(𝑘 + 𝑚𝐼) ≠ 0  is a solution of Equation (2) for every 𝑇 ≤ 𝑡 + 𝑚𝐼  is a 

solution of Equation (3) and 𝑣(𝑡 + 𝑚𝐼) = 𝑔(𝑢(𝑘 +𝑚𝐼)), and the dependent  𝑢(𝑘 + 𝑚𝐼) =

𝑟(𝑘+𝑚𝐼)�́�(𝑘+𝑚𝐼)

𝑧(𝑘+𝑚𝐼)
 by deriving the dependent 𝑣(𝑘 + 𝑚𝐼), we get:  

�́�(𝑘 + 𝑚𝐼) = �́�(𝑢)�́�(𝑘 + 𝑚𝐼)

= �́�(𝑢) [
[𝑟(𝑘 + 𝑚𝐼)�́�(𝑘 + 𝑚𝐼)]´𝑧(𝑘 + 𝑚𝐼) − 𝑟(𝑘 + 𝑚𝐼)�́�2(𝑘 + 𝑚𝐼)

𝑧2(𝑘 + 𝑚𝐼)
], 

 

�́�(𝑘 + 𝑚𝐼) = �́�(𝑢) [
−𝑐(𝑘 + 𝑚𝐼)𝑓 (𝑥(𝜃(𝑘 + 𝑚𝐼)), 𝑟(𝑘 + 𝑚𝐼)�́�(𝑘 + 𝑚𝐼))

𝑧(𝑘 +𝑚𝐼)

−
𝑟(𝑘 +𝑚𝐼)�́�2(𝑘 + 𝑚𝐼)

𝑧2(𝑘 + 𝑚𝐼)
], 
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�́�(𝑘 + 𝑚𝐼) = −�́�(𝑢)𝑐(𝑘 + 𝑚𝐼) (
𝑥(𝜃(𝑘 + 𝑚𝐼))

𝑧(𝑘 + 𝑚𝐼)
)

𝑝−1

(
𝑧(𝑘 + 𝑚𝐼)

𝑟(𝑘 + 𝑚𝐼)�́�(𝑘 + 𝑚𝐼)
)

𝑝−2

−
�́�(𝑢)

𝑟(𝑘 + 𝑚𝐼)
(
𝑟(𝑘 + 𝑚𝐼)�́�(𝑘 + 𝑚𝐼)

𝑧(𝑘 + 𝑚𝐼)
)

2

, 

�́�(𝑘 + 𝑚𝐼) = −�́�(𝑢)𝑐(𝑘 + 𝑚𝐼) (
𝑥(𝜃(𝑘 + 𝑚𝐼))

𝑧(𝑘 + 𝑚𝐼)
)

𝑝−1

𝑢2−𝑝(𝑘 + 𝑚𝐼)

−
�́�(𝑢)

𝑟(𝑘 +𝑚𝐼)
𝑢2(𝑘 + 𝑚𝐼) . 

By choosing the dependent g, so that �́�(𝑢)𝑢2−𝑝(𝑘 + 𝑚𝐼) = 1, the equation turns into the 

following form:  

�́�(𝑘 + 𝑚𝐼) + 𝑐(𝑘 + 𝑚𝐼) (
𝑥(𝜃(𝑘 + 𝑚𝐼))

𝑧(𝑘 + 𝑚𝐼)
)

𝑝−1

+
𝐻(𝑣)

𝑟(𝑘 + 𝑚𝐼)
= 0 , 

𝐻(𝑣) = 𝑢2�́�(𝑢) . 

Theorem 1.1 

Let's have the following equation:  

[𝑟(𝑡 + 𝑚𝐼)�́�(𝑡 + 𝑚𝐼)]´

+ 𝑐(𝑡 + 𝑚𝐼) (
𝜃(𝑡 + 𝑚𝐼)

𝑡 + 𝑚𝐼
)

𝑝−1

   𝑓(𝑥(𝑡 + 𝑚𝐼) , 𝑟(𝑡 + 𝑚𝐼)�́�(𝑡 + 𝑚𝐼))

= 0 ,               (8) 

where  �́�(𝑡 + 𝑚𝐼) ≥ 0 and 

∫
𝑑𝑡

𝑟(𝑡 + 𝑚𝐼)

∞

𝑇

= +∞ , 

 then if equation (8) is oscillatory, thus, equation (3) is oscillatory. 

Proof.  

To complete the required we have to prove that Equation (3) is oscillatory.We will use the 

method of reversing the assumption, suppose that equation (8) is oscillatory, and Equation 

(3) is non-oscillatory, then there is 𝑥(𝑡 + 𝑚𝐼) solution of Equation (3), so that 𝑥(𝑡 + 𝑚𝐼) >

0 for each 𝑇 < 𝑡 + 𝑚𝐼, and here, by lemma 1.1, we distinguish two cases: 
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The first case: in the case of 𝑧(𝑡) > 0where p is an odd number for each 𝑇 < 𝑡 + 𝑚𝐼,  

By Lemma1.5, we have a Riccati transform of Equation (3) is: 

�́�(𝑡 + 𝑚𝐼) + 𝑐(𝑡 + 𝑚𝐼) (
𝑥(𝜃(𝑡 + 𝑚𝐼))

𝑧(𝑡 + 𝑚𝐼)
)

𝑝−1

+
𝐻(𝑣)

𝑟(𝑡 + 𝑚𝐼)
= 0  

 

Since 𝑣(𝑡 + 𝑚𝐼) is a finite dependent because 𝑥(𝑡 + 𝑚𝐼) ≠ 0, therefore, taking advantage 

of the primality of 1.3 and the primality of 1.2, we find that: 

�́�(𝑡) + 𝑐(𝑡 + 𝑚𝐼) (
𝜃(𝑡 + 𝑚𝐼)

𝑡 + 𝑚𝐼
)

𝑝−1

+
𝐻(𝑣)

𝑟(𝑡 + 𝑚𝐼)

≤ �́�(𝑡 + 𝑚𝐼) + 𝑐(𝑡 + 𝑚𝐼) (
𝑧(𝜃(𝑡 + 𝑚𝐼))

𝑧(𝑡 + 𝑚𝐼)
)

𝑝−1

+
𝐻(𝑣)

𝑟(𝑡 + 𝑚𝐼)
  

≤ �́�(𝑡 +𝑚𝐼)+ 𝑐(𝑡 +𝑚𝐼) (
𝑥(𝜃(𝑡 +𝑚𝐼))
𝑧(𝑡 +𝑚𝐼)

)

𝑝−1

+
𝐻(𝑣)

𝑟(𝑡 +𝑚𝐼)
= 0 . 

Hence 

�́�(𝑡 + 𝑚𝐼) + 𝑐(𝑡 + 𝑚𝐼) (
𝜃(𝑡 + 𝑚𝐼)

𝑡 + 𝑚𝐼
)

𝑝−1

+
𝐻(𝑣)

𝑟(𝑡 + 𝑚𝐼)
≤ 0 . 

According to proposition 1.1, we find that equation (8) is non-oscillatory, which contradicts 

the assumption. 

The second case: in the case of 𝑧(𝑡 + 𝑚𝐼) < 0 for every𝑡 + 𝑚𝐼 > 𝑇,  

We will take the Riccati transform of Equation (3), where: 

𝑢(𝑡 + 𝑚𝐼) =
𝑟(𝑡 + 𝑚𝐼)�́�(𝑡 + 𝑚𝐼)

𝑧(𝑡 + 𝑚𝐼)
         and            𝑣(𝑡 + 𝑚𝐼) = 𝑔(𝑢(𝑡 + 𝑚𝐼)) . 

According to lemma1.5, we have 

�́�(𝑡 + 𝑚𝐼) + 𝑐(𝑡 + 𝑚𝐼) (
𝑥(𝜃(𝑡 + 𝑚𝐼))

𝑍(𝑡 + 𝑚𝐼)
)

𝑝−1

+
𝐻(𝑣)

𝑟(𝑡 + 𝑚𝐼)
= 0 . 

Since 𝑣(𝑡 + 𝑚𝐼) is a finite dependent, therefore, taking advantage of the lemma1.4, we have:  
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�́�(𝑡 + 𝑚𝐼) + 𝑐(𝑡 + 𝑚𝐼) (
𝜃(𝑡 + 𝑚𝐼)

𝑡 + 𝑚𝐼
)

𝑝−1

+
𝐻(𝑣)

𝑟(𝑡 + 𝑚𝐼)

≤ �́�(𝑡 + 𝑚𝐼) + 𝑐(𝑡 + 𝑚𝐼) +
𝐻(𝑣)

𝑟(𝑡 + 𝑚𝐼)
 

≤ �́�(𝑡 +𝑚𝐼)+ 𝑐(𝑡 +𝑚𝐼) (
𝑥(𝜃(𝑡 +𝑚𝐼))
𝑧(𝑡 +𝑚𝐼)

)

𝑝−1

+
𝐻(𝑣)

𝑟(𝑡 +𝑚𝐼)
= 0 . 

Therefore  

�́�(𝑡 + 𝑚𝐼) + 𝑐(𝑡 + 𝑚𝐼) (
𝜃(𝑡 + 𝑚𝐼)

𝑡 + 𝑚𝐼
)

𝑝−1

+
𝐻(𝑣)

𝑟(𝑡 + 𝑚𝐼)
≤ 0 . 

According to lemma1.1, equation (8) is non-oscillatory, which contradicts the assumption. 

2. The study of the oscillation of a generalized neutrosophic second-order semi-linear 

differential equation with a maximal limit  

In this paragraph, we study the oscillation of a generalized neutrosophic semi-linear 

differential equation that contains a neutral and a maximal limit, and this equation has the 

following form:  

 

[𝑟(𝑡 + 𝑚𝐼)�́�(𝑡 + 𝑚𝐼)]´ + 𝑐(𝑡 + 𝑚𝐼)  𝑴𝒂𝒙s∈[𝜃(𝑡+𝑚𝐼),𝑡+𝑚𝐼]𝑓(𝑥(𝑠) , 𝑟(𝑡 + 𝑚𝐼)�́�(𝑡 + 𝑚𝐼))

= 0 ,                                                                                                              (9) 

 

where 𝑓(𝑥, 𝑦) is defined as in Equation (2) provided p is an odd natural number, thus, 𝑝 ≥

1, then: 𝑟(𝑡 + 𝑚𝐼)   ، 𝑐(𝑡 + 𝑚𝐼) are absolutely positive dependents and the dependent 𝑧(𝑡) 

given by the relation 𝑧(𝑡) = 𝑥(𝑡 + 𝑚𝐼) − 𝑎(𝑡 + 𝑚𝐼)𝑥(𝜃(𝑡 + 𝑚𝐼)) fulfills the following 

conditions:  

1) 𝑎(𝑡 + 𝑚𝐼) ≤ 𝑎0 ≤ 1, 

2) θ(𝑡 +𝑚𝐼) ≤ 𝑡+𝑚, , 

3) ]∞+, 𝐿𝑖𝑚𝑡 +𝑚𝐼 → +∞ 𝜃(𝑡 + 𝑚𝐼) = +∞[  

Lemma 1.2: The Riccati transform of equation (9) gives us the following form: 

�́�(𝑡 + 𝑚𝐼) + 𝑐(𝑡 + 𝑚𝐼)𝑚𝑎𝑥𝑠∈[𝜃(𝑡+𝑚𝐼),𝑡+𝑚𝐼] (
𝑥(𝑠)

𝑧(𝑡 + 𝑚𝐼)
)

𝑝−1

+
𝐻(𝑣)

𝑟(𝑡 + 𝑚𝐼)
= 0    (10)          
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where 𝑝 ≥ 1 is an odd number. 

Proof.  

We assume that 𝑥(𝑡 + 𝑚𝐼) ≠ 0 for every 𝑇 < 𝑡 + 𝑚𝐼  solution of equation (9) and that 

𝑣(𝑡 + 𝑚𝐼) = 𝑔(𝑢(𝑡 + 𝑚𝐼𝑡 + 𝑚𝐼)), 

And the dependent 𝑢(𝑡) =
𝑟(𝑡+𝑚𝐼)�́�(𝑡+𝑚𝐼)

𝑧(𝑡+𝑚𝐼)
 by deriving 𝑣(𝑡 + 𝑚𝐼), we get: 

�́�(𝑡) = �́�(𝑢)�́�(𝑡) = �́�(𝑢) [
[𝑟(𝑡)�́�(𝑡)]´𝑧(𝑡) − 𝑟(𝑡)�́�2(𝑡)

𝑧2(𝑡)
] , 

�́�(𝑡) = �́�(𝑢) [
−𝑐(𝑡)𝑚𝑎𝑥𝑠∈[𝜃(𝑡),𝑡]𝑓(𝑥(𝑠), 𝑟(𝑡)�́�(𝑡))

𝑧(𝑡)
−
𝑟(𝑡)�́�2(𝑡)

𝑧2(𝑡)
] , 

�́�(𝑡) = −�́�(𝑢)𝑐(𝑡) [
𝑚𝑎𝑥𝑠∈[𝜃(𝑡),𝑡]𝑥(𝑠)

𝑧(𝑡)
]

𝑝−1

[
𝑧(𝑡)

𝑟(𝑡)�́�(𝑡)
]

𝑝−2

−
�́�(𝑢)

𝑟(𝑡)
[
𝑟(𝑡)�́�(𝑡)

𝑧(𝑡)
]

2

, 

�́�(𝑡) = −�́�(𝑢)𝑐(𝑡) [
𝑚𝑎𝑥𝑠∈[𝜃(𝑡),𝑡]𝑥(𝑠)

𝑧(𝑡)
]

𝑝−1

[𝑢(𝑡)]2−𝑝 −
�́�(𝑢)

𝑟(𝑡)
[𝑢(𝑡)]2 . 

 

By choosing the dependent g so that �́�(𝑢)𝑢2−𝑝(𝑡) = 1, we get the equation:  

�́�(𝑡 + 𝑚𝐼) + 𝑐(𝑡 + 𝑚𝐼) [
𝑚𝑎𝑥𝑠∈[𝜃(𝑡+𝑚𝐼) ,𝑡+𝑚𝐼]𝑥(𝑠)

𝑧(𝑡 + 𝑚𝐼)
]

𝑝−1

+
𝐻(𝑣)

𝑟(𝑡 + 𝑚𝐼)
= 0, 

Theorem 2.2 Let's have the following equation: 

 

[𝑟(𝑡 + 𝑚𝐼)�́�(𝑡 + 𝑚𝐼)]´ + 𝑐(𝑡 + 𝑚𝐼) (
𝜃(𝑡 + 𝑚𝐼)

𝑡 + 𝑚𝐼
)

𝑝−1

𝑓(𝑥(𝑡 + 𝑚𝐼), 𝑟(𝑡 + 𝑚𝐼)�́�(𝑡 + 𝑚𝐼))

= 0 ,                                                                                                       (11) 

 

where �́�(𝑡 + 𝑚𝐼) ≥ 0 and ∫
∞ 𝑑𝑡

𝑟(𝑡+𝑚𝐼)
= +∞, then if equation (11) is oscillatory, equation 

(9) is oscillatory. 

Proof.  
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We will use the method of reversing the assumption, suppose that equation (11) is oscillatory, 

and equation (9) is non-oscillatory, then there is 𝑥(𝑡 + 𝑚𝐼) solution to equation (9), so that 

it achieves that 𝑥(𝑡 + 𝑚𝐼) > 0 for each 𝑇 < 𝑡 + 𝑚𝐼, and here we distinguish two cases:  

The first case: in the case of 𝑧(𝑡 + 𝑚𝐼) > 0 by introductory 1.1 where 𝑝 is an odd number 

for every 𝑇 < 𝑡 + 𝑚𝐼. 

Taking the Riccati transform of the given equation (9), where 𝑣(𝑡 + 𝑚𝐼) = 𝑔(𝑢(𝑡 + 𝑚𝐼)) is 

a finite solution and 𝑢(𝑡 + 𝑚𝐼) =
𝑟(𝑡+𝑚𝐼)�́�(𝑡+𝑚𝐼)

𝑧(𝑡+𝑚𝐼)
 . 

Defined over the entire domain ]𝑇, +∞[ where 𝑇 < 𝑡 + 𝑚𝐼, and by introductory 1.2 and 

introductory 1.3 where 𝑝 is an odd number for each 𝑇 < 𝑡, and by introductory 1.5, we find 

that: 

�́�(𝑡 + 𝑚𝐼) + 𝑐(𝑡 + 𝑚𝐼) (
𝜃(𝑡 + 𝑚𝐼)

𝑡 + 𝑚𝐼
)

𝑝−1

+
𝐻(𝑣)

𝑟(𝑡 + 𝑚𝐼)

≤ �́�(𝑡 + 𝑚𝐼) + 𝑐(𝑡 + 𝑚𝐼) (
𝑧(𝜃(𝑡 + 𝑚𝐼))

𝑧(𝑡 + 𝑚𝐼)
)

𝑝−1

+
𝐻(𝑣)

𝑟(𝑡 + 𝑚𝐼)
 

≤ �́�(𝑡 +𝑚𝐼)+ 𝑐(𝑡 +𝑚𝐼) (
𝑥(𝜃(𝑡 +𝑚𝐼))
𝑧(𝑡 +𝑚𝐼)

)

𝑝−1

+
𝐻(𝑣)

𝑟(𝑡 +𝑚𝐼)
 

≤ �́�(𝑡 +𝑚𝐼)+ 𝑐(𝑡 +𝑚𝐼) (
𝑚𝑎𝑥𝑠∈[𝜃(𝑡),𝑡]𝑥(𝑠)
𝑧(𝑡 +𝑚𝐼)

)

𝑝−1

+
𝐻(𝑣)

𝑟(𝑡 +𝑚𝐼)
≤ 0 , 

thus  

�́�(𝑡 + 𝑚𝐼) + 𝑐(𝑡 + 𝑚𝐼) (
𝜃(𝑡 + 𝑚𝐼)

𝑡 + 𝑚𝐼
)

𝑝−1

+
𝐻(𝑣)

𝑟(𝑡 + 𝑚𝐼)
≤ 0 . 

According to lemma1.1, equation (11) is non-oscillatory, which contradicts the assumption. 

The second case: in the case of 𝑧(𝑡 + 𝑚𝐼) < 0 and 𝑥(𝑡 + 𝑚𝐼) > 0 by introductory 1.4 

where 𝑝 is an odd number for each 𝑇 < 𝑡 + 𝑚𝐼. 

Taking the Riccati transform of equation (9) where 𝑣(𝑡 + 𝑚𝐼) = 𝑔(𝑢(𝑡 + 𝑚𝐼)) is a finite 

solution of equation (10) and 𝑢(𝑡 + 𝑚𝐼) =
𝑟(𝑡+𝑚𝐼)�́�𝑡+𝑚𝐼

𝑧(𝑡+𝑚𝐼)
  is defined over the entire domain 

]𝑇, +∞[ and using the lemma 1.4 we have the following relation: 
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(
𝑥(𝜃(𝑡 + 𝑚𝐼))

𝑧(𝑡 + 𝑚𝐼)
)

𝑝−1

≥ 1, 

and according to the lemma 1.5, we have:  

�́�(𝑡 + 𝑚𝐼) + 𝑐(𝑡 + 𝑚𝐼) (
𝜃(𝑡 + 𝑚𝐼)

𝑡 + 𝑚𝐼
)

𝑝−1

+
𝐻(𝑣)

𝑟(𝑡 + 𝑚𝐼)

≤ �́�(𝑡 + 𝑚𝐼) + 𝑐(𝑡 + 𝑚𝐼) +
𝐻(𝑣)

𝑟(𝑡 + 𝑚𝐼)
 

≤ �́�(𝑡 +𝑚𝐼)+ 𝑐(𝑡 +𝑚𝐼) (
𝑥(𝜃(𝑡 +𝑚𝐼))
𝑧(𝑡 +𝑚𝐼)

)

𝑝−1

+
𝐻(𝑣)

𝑟(𝑡 +𝑚𝐼)
 

≤ �́�(𝑡 +𝑚𝐼)+ 𝑐(𝑡 +𝑚𝐼) [
𝑚𝑎𝑥𝑠∈[𝜃(𝑡+𝑚𝐼),𝑡+𝑚𝐼]𝑥(𝑠)

𝑧(𝑡 +𝑚𝐼)
]

𝑝−1

+
𝐻(𝑣)

𝑟(𝑡 +𝑚𝐼)
 . 

From it, we find that: 

�́�(𝑡 + 𝑚𝐼) + 𝑐(𝑡 + 𝑚𝐼) (
𝜃(𝑡 + 𝑚𝐼)

𝑡 + 𝑚𝐼
)

𝑝−1

+
𝐻(𝑣)

𝑟(𝑡 + 𝑚𝐼)
 

≤ �́�(𝑡 + 𝑚𝐼) + 𝑐(𝑡 + 𝑚𝐼) [
𝑚𝑎𝑥𝑠∈[𝜃(𝑡+𝑚𝐼)𝑡+𝑚𝐼]𝑥(𝑠)

𝑧(𝑡 + 𝑚𝐼)
]

𝑝−1

+
𝐻(𝑣)

𝑟(𝑡 + 𝑚𝐼)
= 0. 

thus, 

�́�(𝑡 + 𝑚𝐼) + 𝑐(𝑡 + 𝑚𝐼) (
𝜃(𝑡 + 𝑚𝐼)

𝑡 + 𝑚𝐼
)

𝑝−1

+
𝐻(𝑣)

𝑟(𝑡 + 𝑚𝐼)
≤ 0 . 

According to lemma 1.1, the condition is equivalent to the fact that equation (11) is non-

oscillatory, and this is a contradiction. 

Numerical Results: 

In the following tables, we show how the improved method gives better numerical results 

than the classical approaches. 

 

Variables 

values for 

classical 

equation 

M1 E1 M2 E2 M3 E3 

1.00000 2.68𝑒−002 2.46𝑒−002 1.32𝑒−002 1.20𝑒−002 1.01806 1.03393 

0.39811 2.68𝑒−002 2.66𝑒−002 1.32𝑒−002 1.01𝑒−002 1.02214 1.03627 
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0.12589 1.93𝑒−002 1.70𝑒−002 9.57𝑒−003 8.29𝑒−003 1.00972 1.03642 

0.03981 1.56𝑒−002 1.59𝑒−002 7.72𝑒−003 7.83𝑒−003 0.99062 1.01896 

0.01585 1.53𝑒−002 1.62𝑒−002 7.75𝑒−003 8.05𝑒−003 0.98424 1.00995 

0.00631 1.54𝑒−002 1.66𝑒−002 7.77𝑒−003 8.24𝑒−003 0.98034 1.00599 

0.00251 1.54𝑒−002 1.68𝑒−002 7.79𝑒−003 8.35𝑒−003 0.97986 1.00662 

0.00100 1.54𝑒−002 1.69𝑒−002 7.80𝑒−003 8.40𝑒−003 0.97965 1.00664 

0.00040 1.54𝑒−002 1.70𝑒−002 7.80𝑒−003 8.43𝑒−003 0.97957 1.00662 

0.00016 1.54𝑒−002 1.70𝑒−002 7.80𝑒−003 8.44𝑒−003 0.97956 1.00661 

0.00006 1.54𝑒−002 1.70𝑒−002 7.80𝑒−003 8.44𝑒−003 0.97954 1.00660 

0.00001 1.54𝑒−002 1.70𝑒−002 7.78𝑒−003 8.45𝑒−003 0.97954 1.00660 

 

The values of the 

variables with 

indeterminacy 

   

M1 E1 M2 E2 M3 E3 

1.00000+I 5.96𝑒−004+I 2.10𝑒−003+I 2.20𝑒−004+I 1.28𝑒−002+I 1.43755+I 0.71812+I 

0.39811+0.6765I 6.98𝑒−004+I 2.41𝑒−003+I 4.05𝑒−004+I 1.68𝑒−002+I 1.28634+I 0.70181+I 

0.12589+0,11234I 7.56𝑒−004+I 1.23𝑒−003+I 3.10𝑒−004+I 1.11𝑒−003+I 1.47698+I 1.00965+I 

0.03981+0.765I 9.12𝑒−004+I 4.22𝑒−003+I 5.06𝑒−004+I 1.10𝑒−003+I 1.80228+I 1.94442+I 

0.01585+0.00876I 1.15𝑒−003+I 5.76𝑒−003+I 6.27𝑒−004+I 2.46𝑒−003+I 1.10448+I  

1.15208+I 

0.00631+0.6543I 1.26𝑒−003+I 6.28𝑒−003+I 6.61𝑒−004 +

I 

3.08𝑒−003+I 0.97539+I 1.02933+I 

0.00251+0.7205I 1.26𝑒−003+I 6.41𝑒−003+I 6.68𝑒−004 +

I 

3.25𝑒−003+I 0.92225+I 0.97894+I 

0.00100+I 1.26𝑒−003+I 6.44𝑒−003+I 6.70𝑒−004 +

I 

3.30𝑒−003+I 0.91116+I 0.96771+I 

0.00040+0.15094I 1.26𝑒−003+I 6.45𝑒−003+I 6.70𝑒−004 +

I 

3.30𝑒−003+I 0.90910+I 0.96551+I 

0.00016+0,00013I 1.26𝑒−003+I 6.45𝑒−003+I 6.70𝑒−004+I 3.30𝑒−003+I 0.90872+I 0.96508+I 

0.00006+0.876093409I 1.26𝑒−003+I 6.45𝑒−003+I 6.70𝑒−004+I 3.31𝑒−003+I 0.90863+I 0.96503+I 

0.00001+0.000012I 1.26𝑒−003+I 6.45𝑒−003 +

I 

6.70𝑒−004+I 3.31𝑒−003+I 0.90862+I 0.96502+I 

Conclusion and future applications: 

In this research, we studied the oscillation of Equation (3), which is a generalized 

neutrosophic second-order semi-linear differential equation with a negative and delayed 

limit, as it was compared with equation (8), which is a generalized neutrosophic second-order 

semi-linear differential equation; we used the Riccati transform technique to reach our 

results. And then, in the second section, we studied the oscillation of the neutrosophic second-
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order semi-linear differential equation, which contains a negative neutral limit and another 

maximum, and we came to condition (11) is useful in proving whether equation (9) is 

oscillatory or non-oscillatory. We recommend that our novel approach to be used for the 

same equation generalized in terms of refined neutrosophic real numbers, where it can be 

defined by using a refinement of the indeterminacy element. 
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