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Introduction

The algebraic extensions of real number field have attracted the attention of many different researchers from all
over the world. In [9], Weak Fuzzy Complex numbers appeared for the first time, where they have been defined
as a new generalization of classical real numbers through fuzzy operators. In [3, 5] authors studied weak fuzzy
complex vector spaces and matrices. The weak fuzzy complex number theoretical concepts such as Diophantine
equations and congruencies [2,7-8]. Also, in [1], authors have studied weak fuzzy complex linear Diophantine
equations in two variables and presented an easy algorithm to solve them. In [10], the foundations of functions
in weak fuzzy complex variables were studied. Actually, one of the important results of using this type of
numbers, modeling the solutions of some vectorial equations defined by norms in 3-dimensional Euclidean

space A-Curves [4]. However, Python introduced Weak Fuzzy Complex numbers in [11-20].
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This has motivated us for the study of topological spaces based on the intervals defined over weak fuzzy
complex numbers, where we study for the first time a novel topological space generated by weak fuzzy complex
intervals based on the partial ordered ring structure of weak fuzzy complex numbers, where we build a topology
structure over these intervals. Also, we present many novel results as mathematical theorems, mathematical
proofs, and many related examples. On the other hand, we use the AH-isometry to determine the relationship
between the weak fuzzy complex intervals, and neutrosophic intervals.

Main Discussion
Definition 1. ([9])
The set of Weak Fuzzy Complex numbers was defined as follows, where ¢/’ is the Weak Fuzzy
Complex operator
(J&€R):
Fp={xo+x1]; x0,%, €ER,J*=¢t€]0,1[ }.

Properties of the Weak Fuzzy Complex numbers: ([9])
Let X =x0+x1J, Y =yo +y1J€ F), where x,x1,¥0,y1 €R

¢ Addition: X +Y = (xg +yo) + (x4 +y1)J .

¢ Multiplication X XY = (xgyo + x1y1t) + (xoy1 + x1V0)] -

¢ The conjugate of X is: X = x, + x4 /.
Definition 2. ([9])
Let @ be the transformation function from F; to R X R, which we define as follows:

@:Fp» R X R.
P(xg +x1)) = (X0 + x1 (—V), %o + 21 (FV1)) = (%9 — %1 VE, %0 + 21V1) .
Definition 3.
Let ¢:F; » R X R suchthat: ¢(X) = (a,b), the inverse function of ¢ is defined as follows:
R X R F
97 (a,b) =3 la+bl+57J[b—al.
Definition 4.
The ring of weak fuzzy complex numbers is defined as follows:
Cy=f{a+b];J>?=t€]0,1] ;a,b € R}.

Remark 1.
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C,, is partially ordered set with (<), with:

a—bVt<c—dVt

a+b/<c+d <=>{ .
/ J a+bVt<cH+dJt

The relation (<) can be defined as follows:

a—bvt <c—dvt

a+bj<c+d @{ .
J J a+ bVt <cH+dt

Definition 5.
We define the following types of weak fuzzy complex intervals:
L =[a+b],c+d]]
={x+y/€C, ;a—bVt<x—yJt<c—dVt,a+ bVt <x+yVt
Sc+d\/a
I, =la+b],c+d|
={x+y/€C, ;a—bVt<x—yVt<c—dVt,a+ bVt <x+yVt
<c+d\/f}
I;=[a+b],c+d]
={x+y/€C, ;a—-bVt<x—yJt<c—dVt,a+ bVt <x+yVt
< ¢+ dVt}
I, =]a+b],c+dj]
={x+y/€C, ;a—bVt<x—yJVt<c—dVt,a+ bVt <x+yVt
Sc+d\/ﬂ.
Remark 2.
1) The previous types of (WFC) intervals are defined under the condition a + b < ¢ +dJ in c,,.
2) (WFC) intervals with oo in any side can be recognized as:
]—o,a+b/1={x+y/€C, ;-0 <x—yJt <a—-bVt,—o <x+yJt <a+bVt}.

[a+b],0[={x+y] €C, ;a—bVE<x— YVt <0,a+bVt <x+yJt <o}

Example 1.

Take

L=11+23+][; )P =t=,Vi=3

1
4
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1+2Vt=2<3++t=
1-2/t=0<3—-+i=

2

NN

so that,
11:{x+y]ECW ;0<x—%y<§,2<x+%y<%}:{(x,y)ER2; 0<x—%y<§,2<x+

2V <3
Take

Is=]-c0, =143 [; J2=s=1tVt=3
15={x+y]ECW ;—00<x—§y<—2,—oo<x+§y<0}={(x,y)ERZ; —00<x—§y<
—2,—00<x+§y<0}.
Definition 6.
Let a+bJ,c+dj € C,,
we define:
1) max(a + bJ,c + dJ) = f~t[(max(a — bvt,c — dv't), max(a + bV/t, c + dVt))].
2) min(a + bjJ,c + dJ) = f~[(min(a — bV, c — dVt), min(a + bvt, ¢ + dVt))].
Where (f) is the isomorphism defined in [6] as follows:
f:Cy > RXR : f(a+b])=(a—bVta+bVt),
fLRXR>C,,

such that,

b+a

fHab) =22+ 2y (57) /2 =teloal.
Theorem 1.
In C,,, we have:
1) min(a + bJ,c+dJ) <a+bJ,c+dj,
2) max(a + bJ,c+dJ) =a+b],c+d],
3)If a+ b] < c+dJ, then min(a + bJ,c + dJ]) = a+ bJ, and max(a + bJ,c+d]) =c+dJ,
4) min(a + bJ,c + dJ) < max(a + b/, c + dJ).

Theorem 2.
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In C,,, we have:
DIf x+y] <a+bJ],x+y] <c+dJ,then

x +y] <min(a + b/, c + dJ).
Dlfx+y/=a+b],x+y] =c+dJ,then

x +yJ] = max(a + b/, c + dj).

Proof of theorem 1.
1) min(a + bJ,c +dJ) = %[min(a — byt,c — dv/t) + min(a + bVt c + dvt)| + 2%/? J [min(a +

bVt,c + dvt) —min(a — bVt c — dVt)| = kg + ky.

ki + kovVt = min(a + bVt ¢ + dvt) < a+ bVt ¢ + dvt.
ky — koVt = min(a — bVt, ¢ — dvE) < a — bVt ¢ — dve,
Hence,

min(a + bJ,c +dJ) <a+bJ,c+dj.

2) max(a + bj,c + dj) = %[max(a + bvt, ¢ + dvt) + max(a — bvt,c — dvt)| +

2%/; J [max(a + bVt c + d\/f) — max(a — bt c — d\/f)] = ky +kyJ.

ki + kovVt = max(a + bVt, c + dvt) = a + bVt c + dvt,
ky — koVt = max(a — bVt c — dvt) = a — bVt c — dvt.
Hence,
max(a + bJ,c+dJ) =a+bJ,c+dJ.
3) Assume that a + bJ < ¢ + dJ,then

{a—b\/ESc—d\/?
a+bVt<cH+dvt

Hence,
{min(a —bVt,c—dvt) =a— bt
min(a + bvt,c + dvt) = a + by/t’
and
{max(a — bVt c —dvt) = c — dVt
max(a + bvt,c + dVt) = c + dVt
So that,
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min(a+b],c+d])=%(a—b\/f+a+b\/f)+2Lﬁ](a+b\/f—a+b\/f)=a+b],

max(a + bJ, c + dJ) :%(c—d\/f+c+d\/f)+2Lﬁ](c+d\/f—c+d\/f) =c+dj.
4) Since,
min(a — bt c— d\/f) < max(a — bt c — d\/f),
min(a + bVt c + d\/f) < max(a + byt c + d\/f),
thus,
min(a + bJ,c + dJ) < max(a + b/, c + dJ).

Proof of theorem 2.

1) Assume that,
{x+y] <a+bJ
x+y/<c+d]”’
then,
{x—y\/fga—b\/fand {x—y\/fSc—d\/f
x+yVt<a+ bt x+yVt<c+dVt’
Hence,
{x — yvt < min(a — bVt,c — dV/t)
x 4+ yVt < min(a + bvt, ¢ + dvt)’
and
x +y] < min(a + b/, c + dj).
2) Assume that:
{x+y]2 a+bJ
x+yl=c+d]’
then,
{x—y\/fZa—b\/f ond {x—y\/fZC—d\/?
x+yJt=a+ bt x+yvt=c+dvt’
Hence,
{x—y\/f > max(a — bvt, ¢ — dV/t)
x+yﬁ2max(a+bﬁ,c+dﬁ)'
and
x +y] = max(a + bJ,c + dj).
Theorem 3.
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In C,,, we have:
If a+b] <c+dJ,x+y] <m+nJ, then

D la+b],c+d/[n]x +y]/,m+nJ[ =]max(a + bJ,x + yJ), min(c + dJ,m + nJ)|,
2) [a+bJ,c+dj]1n[x+y/,m+nJ] = [max(a+ bJ,x +y]),min(c + dJ, m + nJ)].
Theorem 4.

In C,,, we have:

1) la+bJ,[N]x +y], o] = Imax(a + b, x + y]) , *l.

2) [a+bJ,o[ N [x +y],00[ = [max(a + bJ,x + y]),ool.

3) Ja+bJ,00[ U ]x + yJ, 0] = Jmin(a + bJ,x + yJ), oo[.

4) [a+bJ,o[ U [x +y/, 0] = [min(a + b, x + y]), ol

Theorem 5.

In C,,, we have:

1) ]—o0,a+ bJ [N ]—0,x + yJ[ = ]—o0, min(a + bJ,x + y])[.

2) ]-o0,a+ bJ ] N]—00,x + yJ]] = ]—oo,min(a + bJ,x + y])].

3) ]-0,a+ bJ [U]—00,x + yJ[ = ]—00,max(a + bJ, x + y))[.

4) ]-,a+bjJU]-,x +y]] = |-, max(a + b, x + y))].

Proof of theorem 3.

I)Let k+hJ €la+b],c+dJ][Nn]x+y],m+nJ[.Then
{k+h]>a+b] {k+h]<c+d]

k+h]>x+y] "lk+h<m+n]’
Hence,
{k + hJ > max(a + bJ,x + yJ)
k+hJ] <min(c +dJ,m+nJ)
so that
k + hJ € lmax(a + bJ,x + yJ),min(c + dJ,m + nj)|[.
Now, let
k + hJ € lmax(a + bJ,x + yJ) ,min(c + dJ,m + nJ)[.
Then,
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{k+h]>max(a+b],x+y]):{k+h]>a+b],x+y]

k + hJ < min(c + dJ,m + nJ) k+h]<c+d],m+n]:k+h]€]a+bf'0+d][ﬂ

Ix+y/,m+nj[.
2) The proof is exactly similar to 1 by replacing (<) with (<) and (>) with ().
Proof of theorem 4.
1) la+b],0[n]x +yJ,[ = Imax(a + bJ, x + yJ) ,min(eo, ®)[ = Jmax(a + b/, x + yJ), |,
2) [a+bJ, [N [x +y], o0 = [max(a + bJ, x + /), min(e, )| = [max(a + b/, x + yJ), |,
3)Let +hJ € la+ bJ, o[ U |x + yJ, o[ . Then

or = k + h/ > min(a + bJ,x + y]) = k + hJ € lmin(a + bJ,x + y]), =|.

k+h]>a+b]
{k+hj>x+y]

Conversely, suppose that k + hJ € Jmin(a + bJ, x + yJ), o[, then

or = k+h/€la+b],o[U]x+y], o
k+h >x+y]

r+w>a+w

4) 1t is similar to 3.

Proof of theorem 5.

1) ]-o0,a + bJ [ N ]—, x + yJ[ = Jmax(—, —), min(a + b/, x + yJ)[ = ]—o0, min(a +
bj,x +yDl,

2) ]=o0,a + bj ] N ]—o0,x + y/] = Imax(—oo, —0),min(a + bJ,x + yJ)] = ]—co0, min(a +

bJ,x +yD],

3)Let k+ h] € ]—0,a + bJ[ U ]—o0,x + yJ[ .Then

or = k+ hJ] <max(a+bJ,x +yJ]) = k+ hJ € ]|—o,max(a + bJ,x + y))I.

{k+h]<a+b]
k+hl<x+y]

Conversely, assume that k + hJ € ]—oo, max(a + bJ,x + yJ)[, then

or = k+h/ €]-c0,a+bJ[N]—o0,x+ y][.
k+h<x+y]

{k +h/j<a+b]
4) It is similar to 3.
Definition7.

We define t = {@,C,,, S;}; S; = Uiella; + biJ, ¢c; + diJ[.

Theorem 6.
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(Cy, 1) is a topological space.
Proof.

We have:

@, C,, € T by a definition.

Let S;,S; € 7. Then

{Si = Uierla; + biJ, c; + dijl
Sj = Ujela + biJ, ¢ + djJ[’

Si N S; = Upkemlmax(ay + byJ, a; + byJ) ,min(cy + di), ¢, +d)[ €7
Also, Uj2,S; is a union of open intervals in C,,, hence Uj2; S; € 7, and 7 is a topology on C,,, thus
(Cy, T)is a topological space.
Remark 3.
1) Open sets in (C,,, T) are the union of open intervals in C,,.
2) Closed sets in (C,,, T) are the complements of open sets, i.e.

D;={C,/S;;i€l,S; et}

3) open intervals in C,, are open sets.

Example 2.

Take 51=]1+2]’3+5]['52=]2+]'3+][‘]2=t=f

$5:=5U0S,=5,U0Q ,thusS;,S, are open sets.
SN S, =]max(1+2/,2+)),min(3+5/,3+))[;

where,

max(1+2],2+])=%[max(1+2( ,2+ (1) ;))+max<1—2(%),2—(1)(%) |+

ot (142() 2+ 0 () -mex (12 2~ ) ()] =3 2
max(0)] [ (22) = mex (0] =1+ 12 =21

min(3+5],3+])=%[min(3+§,3+%)+min(3—5,3——)]+2—1][min(3+§,3+%)—

2 2 3
min (3 ~,3 = 3)] = 3[min (.3) + min 5. 3)] +1 [min (3.5) - min G.3)| =3G+3) +
I3l =2+3
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SSNS,=12+],2+3][€.

SiUS,=11+2],3+5J/[u]2+],3+][€T.

S, =C,/11+2],3+5][,is a closed set.

S, =C,/12+],3+][,is a closed set.

5108 =(5U $),5US,=5NnS,€r.

Weak Fuzzy complex intervals representation as neutrosophic intervals:

Definition 8. [17]

Let R(I) = {a + bl ;a,b € R,I? = I} be the neutrosophic ring of real numbers, then it is partially

ordered with:

a+b<c+d

a+b1£c+d1<:>{ a<c

Remark. [17]

h:R(I) > R X R:h(a + bl) = (a,a + b) isaring isomorphism, and it is called the AH- isometry.
The inverse isometry is defined as:

h™%:RxR->R():h"(a,b) =a+ (b—a)l.

Definition 9.

The neutrosophic interval [a + bJ,c + dJ] is defined under the condition a + bl < ¢ + dl.

as<x<c
a+b<x+y<c+d’

x+yl € [a+b],c+d]]<=>{
Remark 4.
The ring of weak fuzzy complex numbers is isomorphic to R x R with f:C,, = R X R such that:
fla+b))=(a—bVt,a+bVt) ;J*=t.
Theorem 7.
Every weak fuzzy complex number can be represented with one neutrosophic real number.
Proof.
Let h:R(I) » R X R be the neutrosophic AH- isometry and f:W. - R xR be the (WFC)

isomorphism, then we can define:

@:C, > R(); @=h"tof.
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Itis clear that (¢) is a ring isomorphism, with:
pla+b))=h"tof(a+b])=h"(a—-bVta+bVt)=a—bVt+|[(a+bVt) -
(a — bVt)|I = (a — bVt) + 2bv/tI

Hence, the proof is complete.

Result 1.

Every open interval in C,, la + b/, ¢ + dJ[ can be represented with exactly one open interval in R(I)

as follows:

la+bj,c+dj[ < lpa+ b)), o(c+dD[=](a—bVt)+2bVtl,c — dVt + 2dVl|.
Remark 5.

We call ¢:C,, » R(I) the weak fuzzy neutrosophic AH- isometry.

Theorem 8.

Let ¢:C, — R(I) be the weak fuzzy neutrosophic AH- isometry, then:

If a+b] <c+d], p(a+ b)) < p(c+ dj).

Proof: Assume that a + bJ < ¢ + dJ, then:

{a—b\/f<c—d\/f=>{ a— bVt <c—dvyt
a+bvt<c+dyt  |(a—bvE)+2bVt < (c—dvt) +2dvt

= a — bVt + 2bVtI < c — dt + 2dtI = @(a + b)) < p(c +dJ).
Result 2.
The weak fuzzy complex interval topological space is isomorphic to the neutrosophic interval
topology.
Proof.
Since every (WFC) interval can be linked with only one neutrosophic interval, then it is isomorphic to
the neutrosophic topological space of intervals.
Result 3.
Every open setin C,,, A = U;exla; + b;J, c; + d;J[ can be linked with exactly one open set in R(I)

as follows:
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o) = Jlo@ +bipotci+ il

i€k

Conclusion

In this work we studied for the first time a novel topological space generated by weak fuzzy complex

intervals based on the partial ordered ring structure of weak fuzzy complex numbers, where we built a

topology structure over these intervals. Also, we presented many novel results as mathematical

theorems, mathematical proofs, and many related examples. On the other hand, we use the

AH-isometry to determine the relationship between the weak fuzzy complex intervals, and

neutrosophic intervals. For future studies, these mathematical tools can be used effectively with other

tools and techniques that can be observed through [21-45].
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