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Abstract: We explore the determinant theory for Quadri-Partitioned Neutrosophic Fuzzy Matrices

(QPNFMs), investigating their  properties. In this study, we establish that
det ( Pad] (P)) =det ( P) =det (adj (P) P). Additionally, we propose a refined method to

compute the determinant of matrices with a higher number of rows and columns. Furthermore, an
algorithm is developed to address decision-making problems based on QPNFMs. An illustrative
example is provided to demonstrate the effectiveness of the proposed method.
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1. Introduction

The introduction of fuzzy sets by Zadeh [1] provided a foundational framework to handle
uncertainty by representing degrees of membership. This framework has since evolved into a crucial
tool for managing imprecise information. Zadeh later advanced this concept by introducing linguistic
variables to facilitate approximate reasoning [3]. Pawlak [2] further contributed to the field with

rough set theory, offering an alternative approach for representing uncertainty through boundary
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regions. Atanassov [4] extended fuzzy set theory by proposing IFSs, incorporating an additional
parameter to capture the degree of hesitation, which is not present in traditional fuzzy sets. He
explored various theoretical aspects of IFS, including applications [5] and implications, such as fuzzy
modus ponens and types of negations [6, 10]. Anandhkumar,et al [7,8,9] have studied Pseudo
Similarity of NFM, On various Inverse of NFM, Reverse Sharp and Left-T Right-T Partial Ordering
on NFM. These advancements have paved the way for a deeper understanding of uncertainty in
decision-making contexts. Research has also applied fuzzy and intuitionistic fuzzy theories to
matrices. Kim and Roush [14] explored generalized fuzzy matrices, and Thomason [15] investigated
convergence properties in fuzzy matrices. Later, Xu and Yager [13] developed geometric operators
based on intuitionistic fuzzy sets, which have been useful in multi-criteria decision-making scenarios,
enhancing the applicability of IFS in complex systems.

In addition to foundational works on fuzzy sets and IFSs , significant advancements have been
made in fuzzy matrix theory. Kim [16] examined idempotents and inverses in fuzzy matrices, which
led to further exploration of matrix properties such as transitivity and sub-inverses in fuzzy matrices,
as studied by Mishref and Eman [17]. The determinant and adjoint concepts for square fuzzy matrices
were later developed by Ragab and Eman [18], adding depth to the algebraic study of fuzzy
matrices.Further research by Kim [19, 20] addressed T-type fuzzy idempotent matrices and
established a determinant theory specific to square fuzzy matrices. Punithavalli [21] has discussed
Kernel and K-Kernel Symmetric IFM. Anandhkumar et al [22, 23] have present Partial orderings,
Characterizations and Generalization of k-idempotent NFM, Reverse Tilde (T) and Minus Partial
Ordering on IFM. Lun [24] expanded this by exploring determinant theory for D01 lattice matrices,
adding a novel perspective within the fuzzy matrix domain.

For IFM, Atanassov [25, 26] proposed the concept of generalized index matrices and applied it to
represent intuitionistic fuzzy graphs. This was followed by work by Pal [27], who introduced an
intuitionistic fuzzy determinant, and by Im, Lee, and Park [28], who analyzed determinants in square
intuitionistic fuzzy matrices. Pal, Khan, and Shyamal [29] further contributed by exploring general
properties of intuitionistic fuzzy matrices, expanding the theoretical framework for applications in
multi-criteria decision-making.The body of work surrounding intuitionistic fuzzy matrices has
continued to grow, contributing to both theoretical foundations and practical applications. Pal, Khan,
and Shyamal [30] elaborated on the characteristics of intuitionistic fuzzy matrices, enhancing the
understanding of their structures in various mathematical contexts. Meenakshi and Gandhimathi [31]
investigated intuitionistic fuzzy relational equations, highlighting their applications in fuzzy logic
and decision-making. Sriram and Murugadas focused on the concept of sub-inverses of IFM [32],
expanding the algebraic framework, while also examining semi-rings associated with these matrices
[33]. Meenakshi's work on Fuzzy Matrix Theory and Applications [34] provided a comprehensive
resource for understanding both the theoretical and applied aspects of fuzzy matrices.

Research on distances between intuitionistic fuzzy matrices was conducted by Shyamal and Pal

[35], offering new metrics for comparison. Bhowmik and Pal [36, 37] explored various properties of
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intuitionistic fuzzy matrices, including generalized forms and circulant structures, which are
important for complex systems in fuzzy logic. Im [38] analyzed determinants of square intuitionistic
fuzzy matrices, which is crucial for many mathematical applications. Atanassov [39] provided
insights into index matrices and their relevance to augmented matrix calculus, further contributing
to the theoretical landscape. Anandhkumar et al [40] have present Secondary K-Range Symmetric
Neutrosophic Fuzzy Matrices. Punithavalli [41] has studied Reverse Sharp and Left-T Right-T
Partial Ordering On Intuitionistic Fuzzy Matrices. Adak and colleagues [42, 43] also focused on
generalized IFM, investigating their applications in multi-criteria decision-making and exploring
properties of generalized fuzzy nilpotent matrices, reinforcing the practical significance of these
concepts in real-world scenarios.

The research on intuitionistic fuzzy matrices continues to expand with various contributions,
focusing on their structures, properties, and applications.Lee and Jeong [44] examined the canonical
form of transitive intuitionistic fuzzy matrices, contributing to a deeper understanding of the
properties that define these matrices. Mondal and Pal's studies [45, 46] explored similarity relations,
invertibility, and eigenvalues of intuitionistic fuzzy matrices, along with their determinants,
providing essential insights for both theoretical exploration and practical implementation in fuzzy
systems. Radhika [47,48] et al have presented On Schur Complement in k-Kernel Symmetric Block
Quadri Partitioned Neutrosophic Fuzzy Matrices and Interval Valued Secondary k-Range Symmetric
Quadri Partitioned Neutrosophic Fuzzy Matrices with Decision Making. Prathab [49] et al have
studied Interval Valued Secondary k-Range Symmetric Fuzzy Matrices with Generalized Inverses.
Pradhan and Pal [50] contributed significantly to the understanding of intuitionistic fuzzy matrices
by exploring convergence properties of different arithmetic means of intuitionistic fuzzy matrices
[51], linear transformations [52]. The study by Im, Lee, and Park [53] on the determinant of square
IFMs is significant in understanding the mathematical properties and applications of intuitionistic
fuzzy sets. Smarandache [56] has studied Neutrosophic set, a generalization of the IFs. Murugadas
and Padder [54] and Uma [55] their research focuses on defining and calculating the determinants of
these matrices, which are essential for various applications in decision-making, optimization, and
fuzzy logic systems. The authors explore the characteristics of determinants in the context of
intuitionistic fuzzy matrices, examining how the unique features of intuitionistic fuzzy sets —such as
membership and non-membership degrees—affect the determinant's computation and
interpretation. Their findings contribute to the broader field of fuzzy mathematics by providing
foundational knowledge that can be applied in both theoretical research and practical applications
where uncertainty and vagueness are present.

In recent years, advancements in neutrosophic fuzzy matrices have facilitated deeper analysis in
fields involving uncertainty and indeterminate information. Symmetric NSMs, as explored by
Anandhkumar et al. [57], have proven valuable in complex decision-making and data classification.
Further work by Anandhkumar et al. [58] introduced secondary k-column symmetric NFM, while

Anandhkumar et al. [59] expanded this framework with interval-valued secondary k-range
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symmetric neutrosophic fuzzy matrices, enhancing models with interval-based evaluations.
Additionally, Anandhkumar et al. [60] extended these concepts to generalized symmetric Fermatean
neutrosophic fuzzy matrices, emphasizing their applicability in systems requiring nuanced
symmetrical handling. The development of quadripartitioned neutrosophic soft sets has enriched the
analysis of complex data sets under uncertainty. Mary [61] introduced foundational concepts in this
area, providing a framework that allows for a more nuanced approach to handling uncertain
information. Chatterjee, Majumdar, and Samanta [62] furthered this research by exploring similarity
measures and entropy within quadripartitioned single-valued neutrosophic sets, which facilitate
enhanced classification and decision-making. Subsequent analysis by Smith and Doe [63] examined
the properties and applications of quadri-partitioned neutrosophic soft sets, contributing to their

growing utility in handling intricate data structures.
1.1 Abbrivations

IFM: Intuitionistic Fuzzy Matrices

IFSs: Intuitionistic Fuzzy Sets

NFM: Neutrosophic fuzzy matrices.
QPNFM: Quadri Partitioned Neutrosophic fuzzy matrices.
MCDMP: Multi-Criteria Decision- Making Problem.

2. The structure of this article is arranged as follows: In Section 3 presents the objectives of the
present work, laying the foundation for the study. Section 4 delves into the motivation behind this
research, where a comparative analysis of the Quadri Partitioned Neutrosophic Fuzzy Matrix
(QPNFM) model with existing soft models is provided to showcase its advantages. Section 5
identifies the research gap, emphasizing the limitations of current approaches and the need for the
proposed model. Section 6 highlights the novelty of the QPNFM model, underscoring its unique
contributions to the field. Section 7 introduces the preliminaries necessary for understanding the
model, followed by Section 8, which formally defines Quadri Partitioned Neutrosophic Fuzzy
Matrices (QPNFMs) and their mathematical structure. In Section 9 present Properties of the Quadri-
Partitioned Neutrosophic Fuzzy Matrices In Section 10, relevant theorems and results are presented
to establish the theoretical foundations of the model. Section 11 describes an algorithm based on
QPNSS specifically designed for decision-making problems, while Section 12 demonstrates a
practical application of this algorithm through a detailed example. This structure facilitates a
systematic exploration of the model, providing insights into its theoretical background,
methodological rigor, and real-world applicability in complex decision-making scenarios.

3. The objectives of the present work are given:
e To develop determinant theory for Quadri-Partitioned Neutrosophic Fuzzy Matrices
(QPNFMs): Establish fundamental principles and properties of determinants specific to

QPNFMs, focusing on unique characteristics within the neutrosophic fuzzy domain.
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e Toinvestigate determinant relationships in QPNFMs: Prove key determinant relationships,
such as det ( Padj ( P)) =det ( P) =det (adj (P) P). thereby expanding mathematical

understanding within QPNFM:s.

e To propose an efficient method for computing determinants in larger QPNFMs: Introduce
a novel technique for calculating determinants of QPNFMs with high dimensionality, aimed
at simplifying computation for matrices with more rows and columns.

e  To construct an algorithm for solving decision-making problems: Develop a systematic
approach leveraging QPNFM properties to address complex decision-making scenarios,
enhancing practical applications of QPNFMs.

e To validate the proposed methods with an illustrative example: Demonstrate the
effectiveness and applicability of the determinant theory, methods, and algorithm through a

practical example, solidifying the proposed study’s relevance.

4. Motivation ( Comparative of QPNFM model with the existing soft models).

In earlier research works, the concept of Fuzzy soft sets, Intuitioniasic Fuzzy soft sets, Interval
valued Fuzzy soft sets, Interval valued Intuitioniasic Fuzzy soft sets, Neutrosophic Fuzzy soft sets
Interval valued Neutrosophic Fuzzy soft sets , Quadri partitions Neutrosophic Fuzzy soft sets, etc.
are used successfully to solve decision-making problems that contain parametric uncertain,
incomplete, inconsistent, hesitant or indeterminate data. There is no such work that has been done so
far where the indeterminacy can be handled parametrically under the neutrosophic environment by
keeping T, F, C, and U as dependent quadripartitioned neutrosophic components. So, the present
work is devoted to developing a new methodology to handle indeterminacy parametrically by
introducing the quadripartitioned neutrosophic Fuzzy Matrices . This study surely provides a more
flexible framework for the decision-makers to explore new decision-making approaches to address
the issues under the quadripartitioned neutrosophic soft environment with the inherent restrictions.
To make the proposed model more visible in the real-life scenario, we give a comparative analysis in
the following Table 1 and 2:

Table 1. Comparative of IVQPNFM model with the existing soft models
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v v
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x v
X v
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Table 2. Validation and Comparison of QPNFM with Existing Models

Easy to implement
and interpret;
suitable for basic
uncertainty
problems.

Limited to systems
where

indeterminacy and
dynamics are
minimal.

Suitable for
straightforward
uncertainty
handling and

decision problems.

5. Research Gap

Lacks
indeterminacy
handling.

Suitable
moderate
uncertainty but
limited in layered
decision analysis.

for

Useful in moderate
uncertainty; limited
for high
indeterminacy tasks.

Basic indeterminate
handling; limited for
complex data
structures.

Adequate in simpler

datasets but
inconsistent in
highly uncertain
scenarios.

Best for low-
complexity
decisions.

Handles high
indeterminacy with
quadri-partitioned
structure;  suitable
for complex
decision-making.

Improved accuracy
in uncertain
environments.

Ideal for complex,
uncertain scenarios.
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The research gap identified in these references centers on the need for a comprehensive
framework that extends determinant theory to more complex structures such as Quadri Partitioned
Neutrosophic Fuzzy Matrices (QPNEMs) for applications in uncertain and multi-dimensional
decision-making environments. While foundational studies by Zadeh [1, 3] and Atanassov [4-6] laid
the groundwork for fuzzy and intuitionistic fuzzy set theories, these frameworks do not fully address
the complexity introduced in quadri-partitioned systems where neutrosophic uncertainty plays a
significant role. Furthermore, Kim and Roush [14] and Lun [24] explored determinant theory in basic
fuzzy matrices, and Pal [27] and Im, Lee, and Park [28] extended this to intuitionistic fuzzy matrices,

but none of these studies account for the additional partitioning in neutrosophic matrices.

The work of Padder and Murugadas [54] and Uma, Murugadas, and Sriram [55] introduced
determinant theories in intuitionistic fuzzy and fuzzy neutrosophic matrices, yet there remains a gap
in addressing QPNFMs, where multiple layers of truth, indeterminacy, and falsity in quadri-
partitioned setups impact both the matrix structure and the determinant calculation methods.
Additionally, existing algorithms for multi-criteria decision-making (e.g., Adak, Bhowmik, and Pal
[43]) utilize simpler fuzzy matrix approaches, lacking algorithms tailored for QPNFMs that could
leverage their unique partitioning to provide more nuanced decision-support solutions. Addressing
this gap could yield a robust determinant theory for QPNFMs, alongside efficient algorithms for

high-dimensional decision-making problems involving complex, uncertain data.

Table:1 Review of the Extension of QPNFM.

Ref Journal Name Authors Name Extension of NFM. Year
[20] Fuzzy Sets Systems | Kim Determinant theory for square | 1989
FMs

[55] Progress in | Uma et al. Determinant Theory for NFMs 2016
Nonlinear Dynamics
and Chaos

[54] Afrika Matematika | Riyaz Ahmad | Determinant theory for IFMs 2019

Padder et al

Proposed | Neutrosophic Sets | Anandhkumar et | Determinant Theory of QPNFM | 2024

and Systems al. and its Application to MCDMP
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Determinant theory for square FMs

Determinant theory for IFMs

Determinant Theory for FNMs

Determinant Theory of QPNFM and its Application
to MCDMP

6. Novelty

The referenced works collectively contribute to the advancement of fuzzy and intuitionistic fuzzy
matrix theory, supporting a range of applications in uncertainty modeling and multi-criteria
decision-making. Zadeh [1, 3] laid the foundation of fuzzy set theory by introducing partial
membership, which became the basis for further developments in fuzzy systems, and later extended
this with linguistic variables for approximate reasoning. Atanassov [4-6] extended fuzzy theory with
IFSs, which incorporate both membership and non-membership degrees, creating a richer framework
for handling uncertainty. Researchers like Kim and Roush [14], Thomason [15], Kim [16, 19, 20],
Ragab and Eman [17], and Lun [24] contributed to the mathematical structure of fuzzy matrices by
investigating properties such as idempotence, inverses, determinants, and convergence, which are

crucial for stability and transformations in fuzzy systems.

Further developments came from Pal, Bhowmik, and their collaborators [27, 29, 30, 35, 36, 37],
who explored operations and properties specific to intuitionistic fuzzy matrices, such as
determinants, eigenvalues, and similarity relations. Their work added depth to the theoretical
understanding and practical application of these matrices in complex decision-making. Adak,
Bhowmik, and Pal [42, 37] applied IFMs to multi-criteria decision-making, highlighting their
relevance in real-world applications. Studies by Lee and Jeong [36], Murugadas and Padder [48-49],
and Pradhan and Pal [50-52] introduced forms, reductions, and convergence criteria for intuitionistic
fuzzy matrices, aiding in simplification and predictability. Collectively, these works by Zadeh,

Atanassov, Pal, and others have enriched the mathematical framework and utility of fuzzy and
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intuitionistic fuzzy matrices, making them valuable tools in areas requiring nuanced handling of

uncertainty and complex decision parameters.

7. Preliminaries

Definition 7.1[53] Let Xis an initial universe set and E is a set of parameters. Consider a non-empty
set A where A C E. Let P(X) denote the set of all QPNSS of X. The collection (F, A) is termed the
(QPNSS) over X, where F is a mapping given by F : A— P(X). Here,
A={<x, Ta(x), Ca(x), Ua(x), FA(x) > x € Uy with Ta, Fa, Ca,Us: X — [0,1] and 0 < Ta (x) + Ca (x) + Ua(
x) + Fa(x) < 4. In this context

o Tu(x) is the truth membership (TM),

e (C4(x)is contradiction membership (CM),

e Ua(x) is ignorance membership (IM),

e Fa(x) is the false membership (FM).

8. Quadri-Partitioned Neutrosophic Fuzzy Matrices
Definition 8.1 LetP=<p';, p%;, p";, P ; >Q=<q";,0%,09";,0"; > (QPNFM),
Component-wise addition and multiplication are defined as follows
(i) P®Q= (sup{ P, A" },sup{ PSS } ,inf { pY;a’ } inf { P 0 })
@ PUQ= (inf {pTya"y fuinf {p%;.a% f.sup{p";,a" } sup{ p%y.07, })

Definition 8.2. Let P =< p';,, p%, p%, P >.Q=<0";,,9%.,0";,0"; >=(QPNFM),

the composition of P and Q is well-defined as
n n n n

P-Q :(Z( pTij /\qTij)’Z( pCij /\qcij)’H( pUij VqUij ). (pFij Vquj )j

k=L k=L k=1 k=1
consistently we can write the same as
n n c c n n
T T u u U u
POQ:(U(p i AN ij)vU(p i N ij)’ﬂ(p i Vda ij)’ﬂ(p i Vda ij)j
k=L k=1 k=1 k=1
The product PoQ is defined only when the number of columns in P equals the number of rows in

Q. When this condition is met, matrices P and Q are considered conformable for multiplication. For

simplicity, we denote the productas PoQ.
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Definition 8.3 The determinant |P| of nxn QPNFM P =< pTij, pcij, puij, pFij >e (QPNFM),

is defined as follows

Pl=< U P ooy[ V)P oty U PCrowl VAP oy [) PV ioy - P oy

oeS, o€, oes,

ﬂ pFlo-(l)U"'U pFnG(n) >

oeS,
Here, Snrepresents the symmetric group consisting of all possible permutations of the indices (1,2,...
n).

Definition 8.4 The adjoint of ann xn QPFNSM P denoted by adj P, is defined as follows

g; = ‘ F’ji ‘ is the determinant of the (n-1)x(n-1) QPFNSM formed by removing row j and column i

from P and Q = adjP

Definition:8.5 Let P =< pTij, pcij, pV i p':ij >e (QPNFM), and let Q be a matrix from P by

striking out e;, row ez... row ek and column ri;, column r..., column r«. we define

P(el o ekj:det(H).

n rn .. I

Remark:8.1 We can write the element gj of adjP = Q = (q3j) as follows:
qij = Z H< me(t), pcm(t), pum(t), me(t) > where nj = {1,2,3,...n}\ {j} and Snj n is the set of all

”Esnjni ten;
permutation of set nj over the set nu.

9.Properties of the Quadri-Partitioned Neutrosophic Fuzzy Matrices

(i) The determinant's value remains unchanged if any two rows or any two columns are

swapped.

(ii) For a Quadri-Partitioned Neutrosophic Fuzzy Matrix (QPNFM), the determinant value

is preserved when rows and columns are interchanged.
(iif) For two QPNFMs, P and Q, the property det(PQ)#det(P)-det(Q) holds.

(iv) If the elements of one row (or column) are added to the corresponding elements of

another row (or column), the determinant’s value remains the same as the original.

10. Theorems and Results
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Theorem:10.1 P € (QPNFM)_ then
i det(P)=|P|=> < p", P P i BT >Pie{L,2,..,n}.
t=1

(ii) det(P) = Z <P P P e P > <Py P Py Py > P(l ZJ

T C U F T C U F
e<f<p28’p2e'p28'p2e> <p2f’p2f’p2f’p2f> € f

where the summation is taken over all e and f in {1,2,...,n} such that e < f.
Theorem: 10.2

T Cc u F T C U F
<SPy P Py Prag > e <P Py P P >
T C u F T C U F
< : : : > .. < : : , > 1 ..k
det(P) _ p 2 p 2r p 2r, p 2 p 2r, p 2r, p 2n p 2r, P
rl I
T C u F T C U F
< p krl’ p krl’ p krl’ p kr1 > < p krk ' p krk ' p kn ? p krk >

where the summation is taken over all I;,1,,...,r, €{1,2,...,n},such that I, <T, <...<T,.

Proof: Let S(rl, . rk): {0'2{1,2,..., K} —>{r.r,,..., rk}/O' is a bijection}. Then

T C V] F T C V] F
dEt(P) = Z <P 1wy P e P e Pwsw > <P em P rem P ey P o) =

oeS,

_ T C U F T C U F
- Z Z < p 1lo(1)? p 1o(1)? p 1lo(1) p 1lo(1) > < p no(n)? p no(n)? p no(n)? p no(n) >

r<n<.<n \ o{l2,.,k}S(r,b,..,5)

>

1 <h<..<I [a’{l,z ..... k}eS(r,5,....5)

(1 kj
P
ro..

T C U F T C U F
< p 1o'(1)? p 1o'(1)? p 1o'(1)? p 10'(1) > < p no'(n)? p no'(n)? p no'(n)? p no'(n) >J

T C u F T C U F
<P P P P > e <P PSP P >
T C U F T C U F
et Y|P PPl e > e <P P Pl P > 1 ..k
B r r
<6 <.<I 1 k
T C u F T C U F
< p krl’ p kr11 p krl’ p kr1 > < p krk’ p krk ’ p kn p krk >

Hence the theorem.
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<pT,pC,pU1pF> <qT,qC1qU,qF>
F

Lemma 10.1 Let P =
( <rtrer?rf > <sTs¢,sY s >

j be a QPNFM.

T AC AU AF T AC U ~F T .C U F T «C U oF
Thendet[<p ,p7,p P > <0,97,9 .9 >jdet(<r eV rf s <s™,s¢ sV s >]

<pTpr,pU|pF> <quqC|quqF> <rT'rC,rU'I,.F> <ST,SC,SU,SF>

<pT’pC'pU,pF> <qT’qC,qU,qF><I,T’I,C,rU,rF> <ST,SC,SU,SF>
<pT’pC,pU’pF> <qT,qC’qU,qF>

Proof: We see that

< det(P)

<rmrérY rfF > <s",s%sY s>

<ri oY rf > <s’ 5%, s sF >

<pT,pC,pU'pF> <qT,qC’qU,qF> <rT'rC,rU’rF> <ST'SC’SU’SF>
det T C U ~F T .C U ~F det T C
<p,p.,p.,p > <0.,9.9.9 >

=< pTpr,pU,pF ><qT’qC’qU1qF ><r.T’rC,rU1rF ><ST,SC,SU,SF >

§(< p,p%, pY,p" ><s",s%,sY,sF >+<q",9%q9”,9" ><r",r¢r¥,rf >)

< det(P)

Hence the theorem.

Theorem:10.3 Let P e (QPN FM )n,then

() det(P(2=1))det(P(1=>2))<det(P).

(i) det(P(2=1))det(P(3=>2))<det(P).

i) det(P(p=>q))det(P(q=k))<det(P).

Proof: To prove (i) det(P(2=1))det(P(1=>2))<det(P).
<Pi P P PR > <P PO P P > P(l 2]
<P P Pl P > <P P P P> (L2

<P e P P P e > <Py POy P P > P[1 2)
< pT1e’ pc1e’ pUle’ pF1e > < pTlf’ pclf! pU1f’ pFlf > \e f
p
n-1 n

=|+...+

T c U F T c U F
<P o PP P g <Py PP P>

T c U F T c U F
<P PP P na> <Py Py PP >
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(s 3

T c U F T c U F
<P P P o P> <P PPy P>
T c U F T c U F
<P P PP > <P P 0Py P>

T c U F T c U F

<P erP e Poer P oe™> <P o P i Prors P os > (1 2

T c U F T U F P f
<P e P 2er P aer Pae™> <P o P Poe P os > €
T c U F T c U F

<P oo P o Ponas P ona ™ <P ot Pons Pons Pon >

T c U F T c U F
<P o P o Ponas Pona ™ <P ot Pons Pons Pron >

+ot c

[P P P Pl > <P PR P Py > P[l 2]
<P e P P e P > <P PO P Py > f
< pTZQ’ pCZg’ pUZQ’ pFZQ > < pTZhi pCZhl pUZhi pFZh > P(l ZJJ

T c u F T c u F
<p2g’p29’p29'p29> <p2h’p2h’p2h’p2h>

b

g<h

T c U F T c U F

<P P e P P ae> <P yss Poss Prags P >
T c U F T c U F

<p29’p Zg'p 2g’p 2g> <p2h’p 2h'p 2h’p 2h>

2

e<f
g<h

p

We now introduce symbols €2, Q,, Q(
r

()

o 5ol Yl )

(e )=o) \F S) & I S

CI] and Q. Define
S

T C .U F T c u F
<P PP s P> <Py Py Prag P >
T c u F T c u F
<SP g Pragi Progs Pog > <P ons P o Prons Pron >

(i

Q,= > Q(p q} and Q=0 +Q,
efxgn \T S

Then we see that

o 3)-

O, =det(P)

T c U F T c U F
<P PP P > <P PP P>

T c U F T c u F
<P PP P > <P P PP >

(s 3

det(P(2=1))det(P(1=2))<Q=det(P)+Q,.

We show that (), < det ( P)
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We consider two separate cases.

1 2
Case 1. We consider p = Q(l 3} , atermof Q,.

1 2) (1 2
Let Py =< Py, Py, P10 Py >< png,p%g,p“zs,szﬁP(l ZJP(l 3)

1 2 1 2
e’ pC pY pF o<’ pC pY. pF P P
P, PP 2P 2P po o Pran Pran Py (1 ZJ (1 3]
Then p=p,+P,,

T C U F T C U F
<pll’pll’p11’pll> <p13’p13’p13’p13>

U T c U F T c U F
<P P s PP > <P g PggProg P g™

h =

PG Qsdet(P)

T Cc U F T C U F
<pll’pll7pll’pll> <p12’p12’p12’p12>

p< T C U F T C U F
<p21'p21’p21'p21> <p22'p22’p22’p22>

h =

PG ijsdet(P)
and QG gjsdet(P).

1 2
Case 2. We take Q2
n-1 n

1 2 1 2
Let g =<p' .., p%.,p ., P ><p', p%, . p°, ., p", >P P d
et PP P 1P oy P 2t P ons Pons P2y (1 2] [n—l nj an

1 2 1 2
Oy =< P10 P 120 P 120 P12 >< P ot Pt P s P 20 > P(l ij(n_l nj-

( 1 2
Then Q
n-1 n

j=q1+q2'

To show that @ < det ( P) and (], = det ( P)we observe all coordinates of the elements pj

1 2 1 2 1 2
involved in P and P and P
1 2 1 2 n-1 n
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The coordinates of the elements pj involved in these determinants are all coordinates of the elements

of the k th — row Px of P, forK > 3. Therefore, if we let 0= P3n_1Pan2-Pisoni--Ponp, then we see
that

0y <(< P"iy PO PV PTiy >< P75 P20 P00 Py >)C < et (P).
For qz, let C= P5, Pyn_s P53+ Prsz Pony» then we see that

0, <(< P12 P PYios P 1o >< P sy Ponss PYonss Py >)C < det(P).

f

e
For any Q(
g h

J , we apply either the case 1 or the case 2 and we can deduce
(e.f)=(g.n)

e f
that Q) ( g h j < det(P). Thus (i) holds. (ii).
First we consider

T C U F T C U F
<q 21'q 217q 21'q 21> <q 22'q 22’q 227q 22>

T AC AU oF T AC AU F
<O 5007200 2000 21> <0 20720 5,0 »>

T C U F T C U F
<q 11’q 11’q ll'q ll> <q lZ'q 12’q lZ'q 12>

T c .U F T c U F
<P PP s P> <P giP g Pog P>

T C U F T C U F
<q Zl’q Zl’q 21’q 21> <q 32’q 32’q 32’q 32>

T C U F T C ] F
<p317p31’p317p31> <p327p327p23’p32>

<2

det(P(2=1))det(P(3=2))

<

T c U F T c U F
<SP P o PP > <P g P Pgp P s>
T c U F T c U F
<P P s PP s> <P P g PosP s>

o o )

:z < pTlef pcle’ pulef pFle > < pTlf’ pclf’ pulf’ pFlf g P(Z 3]
| P 3 P P e P ae > <P5 P P s Par > e f
g<

< pTZQ' pCZQ’ pU2g’ pFZg > < pT2h7 pCZh’ pUZh’ pFZh > 2 3
T c u F T @ u F P
<p29’p 29’p 2g1p 2g> <p2h’p Zh’p 2h1p 2h> g h

SZ< pTTZQ’pCCZQ’pZZQ’p:Zg > <p:2h'p§2h’pzzh’pi2h>P(2 3jp(2 3]
g<P<p361p3e1p3e1p3e> <P PP s P s>\ h e f
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Next we prove that

h
K(g fj < det(P)
€ Tamsen

.We consider two separate cases.

1 2
Case 1. We take K (1 3j.We see that

1 2 2 3 2 3
K(l 3j=(< P ot P P an Py >< png,p%a,p“gs,pF33>)P[l 2})[1 3J

2 3 2 3
+(< P o2 P 200 P 200 P 20 >< PTats P a1 Pty Py >)P(1 ZJP(l 3)

IN

<P PP P > <P P P P > (2 3
T C V] F T C U F P
<p 317p 311p Sl’p 31> <p 33’p 33’p 33’p 33>

<P o P P P > <P P P P > (2 3
T c U F T c U F P
<P PP P> <P giP g PgPgp>

<det(P)+det(P)=det(P)

n-1

n
Case 2. We take K [ L 2) We see that

n-1 n 2 3 2 3
K( . 2J=(< P on s P onas P onas Prons >< Plaps Posgs PUos P s >)P[1 2]P(n—1 nj

2 3 2 3
+(< qTZn’qCZn’qUZn’qFZn >< pTSl’ pc31’ pU31' pF31 >)P[l sz(n—l nJ.

2 3 2 3
Considering the coordinates of the elements pij involved in P (1 2} P( 1 J, we claim that
n— n
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2 3\ (2 3
(< 07200 P 2ns P ot P ans < PT500 P s PV BT >)P( jp[n_l njédet(F’)

=N
N W
—
U
VR
>

N
[ERN

>

N—
IA
Q.
D
—
—_
Y
~

and (< qTZn’qCZn’qUZn’qFZn >< pT311 pcsv puslv stl >)P[

Similarly we can prove (iii).
Hence the theorem.

T c AU F T AC U F T ,C U F
Theorem 10.4. Let P:(p i PPy P i,-),Q:(q i a0 5.9 ij),R:(l’ TARNTLA TS ij)

€ (QPNFM),,. Then

@ 1 (P PSP P ) 2 (P P PV PR ) (k=123 n)forall 1<i<n,
then

det(P) =< p';;, P10 P 1 P 1 >< P 00 P 220 P 200 P 22 > e <P 1 P P s P o >
P R
(i) det(o deet(P)det(Q)where (<0,0,1,1>), € (QPNFM),.

(i)  det(PP")>det(P)

Proof: (i). We have
T c u F T c U F T c U F
(< PP Pans P ><P o2 Poas P P> <P s Py Py P >)2

=

T c u F T c u F T c u
(< P 1oy P ey P icay P 1oy <P 2621 P 262 P 2621 P 2602) = < P o)t P no(nyr P no(nyr P nen) >)

forevery o €S,.

Since (an’ P P ua pFll)Z(pTik’ P P i pFik) (k =1,2,3,...,I”I)for all 1<i<n.

Hence

T C U F T C
det(P)=> <P w Pom Pl Prog > < P om Plaom: P

o€,

U F

no(n)’ p no(n) >

T c U F T c U F T c U F
_<p ll'p 11’p 11’p 11><p 22’p 22’p 22’p 22>"'<p nn’p nn'p nn’p nn>'

This proves (i)
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P R
(ii) det(O QJ:(< S80S S g >)2n.

P R
T c u F T C U F
det(0 0 = Z <S 1o @)1S 101 S 101 S 10 <S 2n0(2n)1S 2n0(2n)1S 2n0(2n)rS 2no(2n)

oeS,,

C U F

T c U
2ncr(2n)’s 2na(2n)1s 2no(2n) >

F T
- <s lo(1)? S lo(1)? S lo(1)? S 1o(1) >...<S 2no(2n)? S

C U C U

T F T
= <S 1115 16 S 15 S 10@) ~ <5 2n6(2n)1S 2n0(2n)1 S 2n0(2n)7 >+<0,0,11>

F
S 2no(2n)

C V] F

c U
2ncr(2n)’S 2ncr(2n)1S 2no(2n) >

T F T
+ Z <s lo(1)? S 1lo(1)? S 10(1)? S 1lo(1) >...<S 2no(2n)? S

oeS,,,3k>n, if o’(k)sn

T C V] F T
= Z <S 1018 1S 10 S 1@~ <S nernyr S

]
o'eS,

C U F
no’'(n)? S no'(n)? S no'(n) > dEt (Q)

_ T C U F T C u F
- Z<S lo‘(l)’s 10‘(1)’s 1(7(1)'S 1o(1) >...<3S na(n)’s na(n)'s n¢7(n)’S no(n) > det(Q)

oes,

=det(P)det(Q).

This proves (ii)

g N 5,0 >)n’

(iii) PP" = (< h'
We have, forevery o €3S,.

<h' hcij’huij'hFij >:Z< pTik! pcik! pUik’ pFik >< kaj’ kaj’ pUkj’ kaj >
)

ij

T C u F T C u F T C U F
<h ll'h ll’h ll’h ll><h 22’h 22’h 22’h 22>"'<h nn’h nn’h nn’h nn>

:(Z< P i P P i P >j(2< P s P P P >j
k=1 k=1

C F

u
no(n)? p no(n)? p no(n) >)

T C U F T
> (< P iy Py Plaoyr P oy > o< P ooy P
Hence

det(PP" )2 (<h',;,h%;,h", ) ><hT ), he, Y, > <t he LR R s
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U F

no(n)’ p no(n) >

T C U F T C
> < L Pl PUoms Priew = < Plaom s Paom: P

=N
=det(P).

This proves (iii)
Hence the Theorem
Theorem 10.5 Let P = (ps) be a QPNFM. Then we have the following

det (Padj(P))=det(P)=det(adj(P)P).
Proof: We prove that det ( Padj (P)) = det ( P).

We first consider n = 2.

T c U F T c U F
LtP_<p11’p11:p11’p11> <P P PP >

€ - T c U F T c U F
<P P PP > <P PP P>

adj(P)=(< pT22’ pczz’ pU227 szz > < plev pclz’ pU12' pF12 >]
< pTzll pc21’ puzll pF21 > < anr pcnl pU11’ pF11 >

det (Padj(P))=

det(P) <P P P Py >< P PO P Py >
<P P P P >< P 0 P P P > det(P)

=det(P) +(< Py P PYaa PP >< DTy PO PV Py >)

(< P ot P o1 P o1 P ot >< P50 P2 P o P >)

< det(P)
Next consider N > 2. We can see that
Padj(P)=

D<P P P P >R < PO P P > P <P PO P P > By

D <P P P P > P D <P o P P P > Py D <P P P P > Py
D < e P P P >R D < P P P e > Py D <P P P P > Py

:(Z< pTit’ pCit' puil’ pFit > Pjt)'
det(Padj(P))=>" (< P"y: P PVss P i > Py ) (< P20 P20 50 DT 2 > Pry,)

7es,
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(z< me, pcnt: pUnt! pFnt > Pﬂ(n)t)'

It is evident that each diagonal entry of the matrix Padj(P) equals det(P). We demonstrate this result
as follows.

(i) Let us define

T, :(Z< P i P s P s Py > Pzr(l)t)(z< P o0 P o P o P o > P,,(z)t)
(Z< me, pcma pUntv pFnt > Pﬁ(n)t)'

for 7 €S, . Let e be the identity of the group Sn. If 7 =¢€,then T_=det(P).
Suppose that there exists K € {1, 2,..., n} such that 7(K) = K.Then we see that
=2 < Pl P P P > Prgor = 22< P P P PP > R
=det(P)

Q, :(Z< pT1t’ pclt’ pult’ pFlt > Pzz(l)t)(z< pTZt’ pczt’ pUZt’ pFZt > Pﬂ(z)t)"'dEt(P)'"
(Z< ant’ pcnt’ pUnt’ pFnt > Pﬁ(n)t)gdet(P)'

(ii) Let 7t be a permutationin S . Assume that 7(K) =K. forall K {1, 2,..., n} . We know that
every permutation 7t can be written as a product of disjoint cycles miand let 7 = 7,7,...77,

We further assume that 7;=(1 2) transposition. Then Q) has two factors

T c .U F T c U F
z< P PPy Py > P/r(l)t and Z< PP o P o P o> Pﬂ(Z)t ,and from these we see

that

(22 P e P P P > Py ) (< Pt P P2t Pt > Py )

= (<P P P P > P ) (< P Pt PV P > R
det(P(2=1))det(P (1= 2))<det(P)

(iii) If 77 =7,7,..7%, and 7,(S,t),then we can prove that Q < det(P)by an argument used in

(ii). Consider Q for 7 =mm,.. 7. If = (k, e, f ,) , then we see that

Q,=(2 <P P P P e > P ) (o< e PO PV P ot > Prgeye ) -
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:(Z< kat’ kat’ pUkt’ kat > Pet)(z< pTet' pcet’ puetv pFet > Pﬁ)"'
=det(P(e=>k))det(P(f =e))..
we obtain that det(P(e:k))det(P(f :>e))£det(P)and so that QnSdet(P).This proves

that det(Padj(P))=det(P).Equally, we can prove that det (adj (P) P) =det(P).
Hence the theorem.
Theorem 10.6 Let P,Q € (QPNFM), .Then

() det(PQ)> det(P)det(Q)

)  det(PQ)<det(P+Q),

Where det(PQ) = det(z pTik /\quj’z pcik /\qckj’H pUik qukj!H pFik Vqujj
k=1 k=1 k=1 k=1
Proof: P+Q = (Sup{ pijT ’ qijT }’sup{ pijC ’ qijc} .inf { pijU !qUU } ,inf { piijqijF })

n n n n
T T c c U U F F
= Z(Zp x NG kcr(l)’zp w NQ ko-(l)’Hp ITRA kcr(l)’Hp xVAa ka(l)j""’
k=1 k=1 k=1 k=1

oeS,

n n n n
T T c c u u F F
(Z P wAQ ka(n)’z P A ka(n)’H P VI ka(n)'H P VA ka(n)j
k=1 k=L k=1 k=1

T T T T T T
= Z( Z P, AP 2k AP i, A ko) AN ko) N kno-(n)J

oS, \ KKy Ky

c c c c c c
Z P u, AP 2, AP i, A ko) AN o2y AN kno-(n)J
Ky Kok,

u u u U U u
H Py VP 2,V P o, VA oy VU o)V A kna(n)J

Kk ki

F F F F F F
H P VP o2, VP e VA ko VA 1oV A kno-(n)J

K K oy

T c u F T c u F
2 Z <P P P s Prag > <P s P s P, s P, >
(i p e )5,
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T C AU F T c U F
Z<q o e g @ g =<0 A Ak, >

oe$,

={ z < plel' pclkll pulkli pFlkl >..< ankn' pcnkn, pU nk, ! pFnkn >]det(Q)
(

Ky K ok €S,

— det(P) det(Q)
(iii) We know that

det(PQ) = det[Z pTik /\qupZ pcik /\qckj :H pUik unkj'H pFik v qujj
k=1 k=1 k=1 k=1

n n n n
T T c c U U F F
Z(Zp ik NG ko-(l)’zp ik NG ko-(l)’Hp ik V4 ka(l)'Hp ik VA ko@
) k=1 k=1 k=1

oeS, k
n n n n
T T c c U U F F
Z P wAd ko-(n)’z P A ka(n)’H P VA ka(n)’H P VA ko-(n))
k=1 k=L k=1 k=L

= Z ( ﬂ ( pTls Vv tha(l) )’ ﬂ ( pcls Vv qcta(l))’ U (puls A quta(l) )’ U ( pl:ls A qFta(l) )

oeS,, t<s,t<n t<s,t<n t<s,t<n t<s,t<n
T T C C U U F F
ﬂ (p ns V0 to-(n))’ ﬂ (p ns V0 ta(n))’ U (p ns NG to-(n))’ U (p ns N0 to—(n)))
t<s,t<n t<s,t<n t<s,t<n t<s,t<n

n
T T c c U u F F
< Z(p 1o vV a 10(1))/\(p 1o Va 15(1))/\(p ORAY 10(1))/\(p IORAY 10(1))----

€S,
t<s t<n( P oo A o ) A( P o) A8t ) /\( P” noey A quna(n))/\( P o A ancr(n))
:det((( pTij’ pcij' puij’ pFij)‘i‘(qTij’injaquij,quj )>n)
=det(P+Q)

Hence the theorem.

Corollary 10.1. Let A be a QPNFM, P, =(p; ) € (QPNFM), (r=1,23,...,m).Then

m m

(i) det(ﬂ)det(Pl)...det(Pm)sdet(z P,] whrere Zm:Pr :LZarijj € (QPNFM), .

r=1 r=1
i)  det(P")=det(P), where P=(p;)e(QPNFM), and reN.

Example 10.1. Consider the 4x4 QPNFM
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T C u F T c U F T C U F
<pll’p 1l’p ll'p 1l> <p 12'p 12’p 12’p 12> <pl4’p 14’p 14’p l4>
T c U F T c U F T c u F
P:<p21,p21,|021,p21> <SP 2P i P oo P> o <P o Poss Pross Py >

T c u F T c U F T c u F
<P P3P P s> <PaP P anPa> o <P 3PP anP s>

T c u F T c U F T C u F
<SP P s PP o> <P P a2 PP s> o <Py Pags P g Pag >

We compute the determinant of the matrix above using the following QPNFM.

T C U F T C U F
_<pll7pll’pll1pll> <p12’p12’p12’p12>

T c U F T c U F
<P PP P > <P 2P P P>,

T c u F T c u F
<P P g P g P> <Py PapPas P>

T C U F T C V] F
<p431p43’p43’p43> <p441p44’p447p44>

T C V) F T C ] F
+<p11’p117p11'p11> <pl3’pl3’p13’pl3>

T c U F T c u F
<SP P20 P o P o> <P g Pigs Prog P >,

T C u F T C U F
<p32’p32’p32'p32> <p34’p34’p34'p34>

T c U F T c U F
<SP P P s P> <P s Py Py P s>

T C U F T C ] F
+<pll’pll1pll7pll> <pl4’p14’p14’p14>

T C U F T C ] F
<p21’p21’p Zl'p 21> <p24’p24'p 24’p 24>1<4

T c u F T c u F
<P P3P g P > <PggiPiagPas P g™

T C U F T C U F
<p42’p42’p421p42> <p43’p43’p431p43>

C U

T c U F T F
+<p12’p 2P 0P > <P P PP s>

T c U F T c U F
<SP 2P i P oo P> <P g Pogi Prog Prog >,

T C U F T C U F
<p31’p3l’p31’p31> <p347p34’p34’p34>

T c U F T c U F
<P P g P P> <P s Py P s P sy >

T C U F T C U F
+<p121p12’p121p12> <pl4’p14’pl4’pl4>

T C U F T C U F
<p22’p22'p22’p22> <p24’p24'p24’p24>2<4

T c U F T c U F
<P PP P> <PgziPasPgg P s>

T C U F T C U F
<p417p411p4l’p41> <p43’p43’p43’p43>

T C U F T C U F
+<p13’p13’p13’p13> <p14’p14’p14’p14>

T c U F T c U F
<P PP o P s> <P o Poss Poas Pros >y,
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T C U F T C U F
<p3l’p3l’p3l’p31> <p321p32’p32’p32>

T C U F T C ] F
<p41’p417p4l’p41> <p421p42’p42’p42>

By applying this method, we can determine the determinant of the given QPNFM.

<0.8,0.7,0.3,0.5>
<0.5,0.9,04,0.3>
<0.4,0.6,0.8,0.7 >
<0.5,0.3,0.4,0.8>

<0.7,0.5,0.4,0.2 >
<0.1,0.3,0.5,0.9 >
<0.2,0.3,0.4,0.5>
<0.4,0.8,0.5,0.2>

<0.7,0.8,0.3,0.2 >
<0.4,0.7,0.8,0.2 >
<0.6,0.3,0.5,0.7 >
<0.1,0.3,0.6,0.8 >

<0.3,0.6,0.3,0.1>
<0.1,0.3,0.5,0.9 >
<0.9,0.8,0.5,0.4 >
<0.7,0.3,0.2,0.1>

|<0.8,0.7,0.3,0.5>
1<0.5,0.9,0.4,0.3>

+<Q&QKQ&05>
<0.5,0.9,0.4,0.3>

+<Q&QZQ&QS>
<05,0.9,0.4,0.3>

+<010504Q2>
<0.1,0.3,0.5,09 >

+<0105Q402>
<0.1,0.3,0.5,0.9 >

+<QZQ&O&O2>
<0.4,0.7,0.8,0.2 >

<0.7,0.5,0.4,0.2 >
<0.1,0.3,0.5,0.9 >

<0.7,0.8,0.3,0.2 >
<0.3,0.3,0.5,0.9>

<0.3,0.6,0.3,0.1>
<0.1,0.3,0.5,0.9>

<0.7,0.8,0.3,0.2>
<0.4,0.7,0.8,0.2 >

<0.3,0.6,0.3,0.1>
<0.1,0.3,0.5,0.9 >

<0.3,0.6,0.3,0.1>
<0.1,0.3,0.5,0.9>

<0.6,0.3,0.5,0.7 >
<0.4,0.3,0.6,0.8 >

<0.2,0.3,0.4,05>
<0.4,0.8,0.5,0.2>

<0.2,0.3,04,0.5>
<0.4,0.8,05,0.2>

<0.4,0.6,0.8,0.7 >
<05,0.3,0.4,0.8 >

<0.4,0.6,0.8,0.7 >
<0.5,0.3,0.4,0.8>

<0.4,0.6,0.8,0.7 >
<0.5,0.3,0.4,0.8>

<0.9,0.8,0.5,0.4 >
<0.7,0.3,0.2,0.1>

<0.9,0.8,0.5,0.4 >
<0.7,0.3,0.2,0.1>

<0.6,0.3,0.5,0.7>
<0.1,0.3,0.6,0.8>

<0.9,0.8,0.5,0.4>
<0.7,0.3,0.2,0.1>

<0.6,0.3,0.5,0.7 >
<0.4,0.3,0.6,0.8 >

<0.2,0.3,0.4,0.5>
<0.2,0.3,0.4,0.5>

:k0l030509>+<05050403>H<0&0&Q5Q7>+<QLQ&0&OB>P

[<0.1,0.3,0.5,0.9>+<05,08,0.4,0.3>][<0.2,0.3,04,0.8 > + <0.1,0.3,0.6,0.8>] +

[<QL030509>+<Q&Q&OAD3>H<QLQ&Q&QS>+<Q4Q&Q&OJ>h

[<04050&02>+<0LQ&0509>H<Q¢Q&Q&Q?>+<Q&Q&O&OJ>P

[<0.1,0.3,05,0.9>+<0.1,0.3,05,09>][<0.1,03,0.8,0.8>+<05,030.5,08>]+

[<QLQ&Q&Q9>+<Q&Q&O&02>H<QZQ&Q&Q7>+<QZQ&Q¢QSﬂ

=<0.5,0.5,0.4,0.3><0.6,0.3,0.5,0.7>+<0.5,0.8,0.4,0.3><0.2,0.3,0.4,0.8 > +
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<0.3,0.6,0.4,0.3><0.4,0.3,0.5,0.7 > +<0.4,0.5,0.5,0.2 ><0.5,0.3,0.8,0.7 >+
<0.1,0.3,0.5,0.9><0.5,0.3,0.5,0.8>+<0.3,0.6,0.5,0.2 >< 0.2,0.3,0.4,0.7 >
=<0.5,0.3,0.5,0.7> + <0.2,0.3,0.4,08> + <0.3,0.3,0.5,0.7> + <0.4,0.3,0.8,0.7> +
<0.1,0.3,0.5,0.9>+<0.2,0.3,0.5,0.7 >

=<0.5,0.3,0.4,0.7 >

11. An Algorithm Based on QPNFM in a Decision-Making Problem

Definition 11.1. Let Y = {y1,y2,.....,yx} be an initial universe and E = {e1,ez,......em} be a set of parameters.
Then, for an QPNSS (77,E) over Y the degree of TM and the degree of - CM of an element y: to 77 (e))

denoted by T)7 (e )(yi) and C7 (e )(yi )respectively. Then, their corresponding score functions are
i 7Ei

denoted and defined by the following;:

N

STW(EJ_) (vi)= Z[T ,,(ej)( y,)-T ,,(ej)( Y )}

k=1

e, (1= 2,0 ()€ . ()]

1

Definition 11.2. Let Y = {y1,y>,.....,yx} be an initial universe and E = {ey,ez,.....,em} be a set of parameters.
Then, for an QPNSS (77,E) over Y the degree of UM and the degree of — FM of an element xi to 7

(ej) denoted by U (yi ) and F (yi )respectively. Then, their corresponding score functions
n(e;) n(e;)

are denoted and defined by the following;:

S0y (1) =2 Y 0 )V 1)
S 0= 2 F) 00 F i )]

Definition 11.3. Let Y = {y1,y2,.....,yn} be an initial universe and E = {eyez,......em} be a set of

parameters. For an QPNSS (77,E) over Y, the scores of the TM, CM, UM, and FM of y: for each e;

be denoted by S; ” (v:),Sc » (v;). Sy ” (y;) and S; " (y; ) respectively. Then, the total score
of xi for each e;is denoted by [] . )(yi)=ST( )(yi)+SC( )(yi)+SU( )(yi)+SF( )(yi)
n(ej n(ej n(ej n(ej n(ej

Based on the above definitions, we give the steps of the proposed algorithm as follows:
Algorithm:
Step 1. For the universal set Y = {y1,y2,....,yn} and the parameter set E = {e1,ez,......em} input the matrix

representation of an QPNSS (77 ,E) in tabular form, according to a decision-maker.
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Step 2. Reference to the input matrix obtained in step 1 and using the Definitions 11.1 and 11.2, we

compute STzz(e,-) (v), SC,,(EJ-) (v;), SU,;(EJ-) (y;) and SF,,(ej) (y;) for xi for each ej where i=1ton; j =1

tom.

Step 3. Taking the results obtained in step 2 and using the Definition 11.3, compute the score

0 T )(Xi) of xi for each ejwhere i=1ton; j=1tom.
n(ej

Step 4. Compute the overall score ui for xiin such a way that

Vi :D Tv(el)(yi)+D Cn(ez)(yi)-i_D Ur](es)(yi)+...+D F(Em)(yi)

n

Step 5. Find k, for which vk = maxxiex{vi}. Then, xx € X is the optimal choice.

Step 6. In case of a tie, either we take both as an optimal choice or we reassess all the values with the
expert’s advice and repeat all the previous steps.

12. To demonstrate the practical application of the algorithm, we present the following example.
To implement the proposed algorithm successfully in a real-life context, we consider the following
problem:

An agricultural planner wants to select the most suitable crop for cultivation in a specific region.
However, limited expertise in agronomy complicates the decision-making process due to various
conflicting factors involved in crop selection. To address this challenge, the planner consults a group
of experts and decision makers (DMs) who specialize in agricultural sciences. The DMs evaluate five
alternative crops according to a set of defined parameters.

Define Parameters

First, the five critical parameters for evaluating the crop options are identified as follows:

1. Soil Fertility: Measures the nutrient content and suitability of the soil for crop growth.

2. Water Requirements: Assesses the water needs of each crop relative to available irrigation

and rainfall.

3. Climate Suitability: Evaluates how well the local climate matches the optimal growing

conditions for each crop.

4. Pest Resistance: Indicates the crop's resilience against local pests and diseases, impacting

yield stability.

5. Economic Viability: Considers market price, demand, and yield potential to determine the

profitability of each crop.

Evaluation Procedure
To select the best crop alternative, the assessment procedure is executed as follows:

Step 1: Consider a set of five crops represented as C={ c1,c2,¢3,c4,05}, where:
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c1 = Rice, c2= Wheat, cs= Maize, cs= Millet and ¢s = Barley

And define the set of parameters as P={p1, p2, ps, p4, ps}, where:

p1= Soil Fertility, p>= Water Requirements, ps = Climate Suitability, ps = Pest Resistance

ps = Economic Viability

Based on the evaluations from the DMs, the decision matrix reflecting the five crops and five

evaluation criteria under the Multi-Criteria Decision-Making framework is presented in Table 2.

Table 2. Tabular illustration of QPNFM to describe the set of five crops

<0.8,0.8,0.9,0.6>

<0.8,0.4,0.3,0.2>

<0.9,0.8,0.9,0.6>

<0.7,0.1,0.2,0.3>

<0.6,0.3,0.5,0.1>

<0.9,0.5,0.4,0.1>

<0.6,0.1,0.2,0.3>

<0.4,0.8,0.9,0.1>

<0.5,0.7,0.1,0.6>

<0.5,0.4,0.3,0.2>

<0.6,0.4,0.5,0.2>

<0.8,0.3,0.7,0.6>

<0.3,0.8,0.1,0.6>

<0.9,0.8,0.2,0.3>

<0.9,0.2,0.3,0.4>

<0.9,0.7,0.2,0.3>

<0.4,0.1,0.3,0.2>

<0.5,0.2,0.3,0.6>

<0.4,0.1,0.3,0.5>

<0.8,0.5,0.2,0.6>

<0.6,0.2,0.1,0.3>

<0.5,0.4,0.3,0.1>

<0.5,0.8,0.1,0.3>

<0.7,0.3,0.2,0.1>

<0.2,0.4,0.1,0.2>

Step 2. The score of the truth-membership degrees S; ) (yi ) for (77,E) is exposed in Table 3.
n(ej

om0 16 05 15 05
e 0 01 05 1 0
w07 09 2 05 0
w3 0.4 1 1 1
. y» 08 04 1 1 15

The score of the contradiction-membership degrees S. o) (yi ) for (77,E) is exposed in Table 4.
7(ej

Table 4. Tabular illustration of the score of contradiction-membership degree

w16 0 05 1.9 11
e o4 2 I 11 01
e 1e 15 15 06 1.9
T 1 15 11 06
oy 09 05 15 09 01
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The score of the unknown-membership degrees S ) (yi )for (77 ,E) is exposed in Table 5.
7(ej

Table 5. Tabular illustration of the score of unknown-membership degree

Y, 01 07 03 03
e a3 09 17 02 07
Y 26 13 02 03
oy as 1.4 038 02 02
oy s 04 03 03 03

The score of the false-membership degrees S; o) (yi ) for (77,E) is exposed in Table 6.
n(ej

Table 6. Tabular illustration of the score of false-membership degree

w12 038 11 08 05
e 08 02 09 13 05
e 12 038 09 07 05
TR 17 06 02 05
Ly a3 03 01 07 0

Step 3. By using Table 3 to Table 6, the score [ 77 ¢ (x) for (77,E) is exhibited in Table 7.
Table 7. Tabular illustration of the score | 77« (x1).

L m 47 09 05 23 0.4
oy 23 26 21 32 01
w52 34 09 02 21
o a3 0.9 1.1 17 01
oy 33 16 09 23 19

Step 4. Now, we calculate the overall score given as:
vi=7,v2=-59,v3=9.6, v4=-3.9, vs=-54.
Step 5. Thus, vi = maxyiey { V1, v2, v3, v4, vs} = vs. Therefore, vsis the optimal choice object for the

decision maker.

13. Conclusion and Future Work

In this study, we investigated determinant theory for Quadri-Partitioned Neutrosophic
Fuzzy Matrices (QPNFMs), establishing foundational properties and proofs for key determinant
relationships, such as det(Padj(P)) = det(P) = det(adj(P)P). Additionally, we proposed an efficient
method to calculate determinants for large QPNFMs, addressing computational challenges posed by
matrices with higher dimensions. The introduction of a structured algorithm for decision-making

problems further enhances the applicability of QPNFMs in complex decision scenarios. Our
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illustrative example demonstrates the practical relevance of our approach, verifying the effectiveness
and robustness of our methodology in real-world applications.

Future research could expand on this work by exploring determinant properties in other
classes of neutrosophic fuzzy matrices, including different partitioning schemes beyond quadri-
partitioned structures. Investigating QPNFMs under various types of operations, such as matrix
inversions and generalized matrix functions, could also deepen understanding of their theoretical
and practical utility. Additionally, developing more sophisticated algorithms for multi-criteria
decision-making using QPNFMs could broaden the scope of applications across different domains,
such as engineering, economics, and artificial intelligence. Finally, computational optimizations
leveraging parallel processing could make determinant calculation methods for QPNFMs more
efficient, especially for high-dimensional matrices, further enhancing their viability in large-scale

applications.

References

[1]. Zadeh, L.A.: Fuzzy sets. Inf. Control 8, 338-353 (1965).

[2]. Pawlak, Z.: Rough sets. Int. J. Comput. Inf. Sci. 11, 341-356 (1982).

[3]. Zadeh, L.A.: The concept of a linguistic variable and its application to approximate
reasoning —I. Inf. Sci. 8, 199-249 (1975).

[4]. Atanassov, K.: Intuitionistic fuzzy sets. In: VII ITKR’s Session, Sofia (1983).

[5]. Atanassov, K.: Intuitionistic Fuzzy Sets, Theory and Applications. Physica Verlag,
Heidelberg (1999).

[6]. Atanassov, K.: Intuitionistic fuzzy implications and modus ponens. In: Notes on Intuitionistic
Fuzzy Sets, vol. 11, no. 1, pp. 1-5, (2005).

[7]. Anandhkumar, M., Kamalakannan, V., Chithra, S.M., Said, B., “Pseudo Similarity of
Neutrosophic Fuzzy matrices”, International Journal of Neutrosophic Science, Vol. 20, No.
04, PP. 191-196, 2023.

[8]. Anandhkumar, M., Kanimozhi, B., Chithra, S.M., Kamalakannan, V., Said, B., “On various
Inverse of Neutrosophic Fuzzy Matrices”, International Journal of Neutrosophic Science, Vol.
21, No. 02, PP. 20-31, 2023.

[9]. Anandhkumar, M., Harikrishnan, T., Chithra, S.M., ... Kanimozhi, B., Said, B. “Reverse Sharp
and Left-T Right-T Partial Ordering on Neutrosophic Fuzzy Matrices” International Journal
of Neutrosophic Science, 2023, 21(4), pp. 135-145.

[10]. Atanassov, K.: On some types of fuzzy negations. In: Notes on Intuitionistic Fuzzy Sets,
vol. 11, no. 4, pp. 170-172 (2005).

[11]. Atanassov, K.: A new intuitionistic fuzzy implication from a modal type. Adv. Stud.
Contemp. Math. 12(1), 117-122, (2005).

[12]. Atanassov,K. Gargov,G.:Elementsofintuitionisticfuzzylogic.Partl.FuzzySetsSyst.95,39—
52(1998).

M.Anandhkumar, S. Prathap, R. Ambrose Prabhu, P.Tharaniya, K. Thirumalai, B. Kanimozhi, Determinant Theory of

Quadri-Partitioned Neutrosophic Fuzzy Matrices and its Application to Multi-Criteria Decision-Making Problems


https://www.scopus.com/authid/detail.uri?authorId=58220200200
https://www.scopus.com/authid/detail.uri?authorId=58220200300
https://www.scopus.com/authid/detail.uri?authorId=57215184099
https://www.scopus.com/authid/detail.uri?authorId=55919041000
https://www.scopus.com/authid/detail.uri?authorId=58220200200
https://www.scopus.com/authid/detail.uri?authorId=58605820200
https://www.scopus.com/authid/detail.uri?authorId=57215184099
https://www.scopus.com/authid/detail.uri?authorId=58220200300
https://www.scopus.com/authid/detail.uri?authorId=55919041000
https://www.scopus.com/authid/detail.uri?authorId=58220200200
https://www.scopus.com/authid/detail.uri?authorId=58602942600
https://www.scopus.com/authid/detail.uri?authorId=57215184099
https://www.scopus.com/authid/detail.uri?authorId=58605820200
https://www.scopus.com/authid/detail.uri?authorId=55919041000

Neutrosophic Sets and Systems, Vol. 79, 2025 263

[13]. Xu, Z., Yager, R.R.: Some geometric operators based on intuitionistic fuzzy sets. Int. J. Gen.
Syst. 35, 417-433, (2006).

[14]. Kim, R.H., Roush, F.W.: Generalized fuzzy matrices. Fuzzy Sets Syst. 4, 293-315 (1980).

[15]. Thomason, M.G.: Convergence of powers of a fuzzy matrix. . Math. Anal. Appl. 57, 476—
480 (1977).

[16]. Kim, J.B.: Idempotents and inverse in fuzzy matrices. Malays. Math. 6(2), 57-61 (1983).

[17]. Mishref,M.A.,Eman,E.G.:Transitivity andsub-inverses in fuzzy matrices. Fuzzy Sets Syst.
52,337-343 (1992).

[18]. Ragab,M.Z., Eman,E.B.:The determinant and adjoin to f a square fuzzy matrices. Fuzzy Sets
Syst.84(3), 209-220 (1995).

[19]. Kim, J.B.: On fuzzy idempotent matrices of T-type. Fuzzy Sets Syst. 80, 311-318 (1994).

[20]. Kim, ].B.: Determinant theory for square fuzzy matrices. Fuzzy Sets Syst. 29, 349-356 (1989).

[21]. G. Punithavalli, M. Anandhkumar, Kernel and K-Kernel Symmetric Intuitionistic Fuzzy
Matrices, TWMS J. App. and Eng. Math. V.14, N.3, 2024, pp. 1231-1240.

[22]. M. Anandhkumar, T. Harikrishnan, S. M. Chithra, V. Kamalakannan, B. Kanimozhi, Partial
orderings, Characterizations and Generalization of k-idempotent Neutrosophic fuzzy
matrices, International Journal of Neutrosophic Science, Vol. 23, no. 2, 2024, pp. 286-295.

[23]. M.Anandhkumar, B.Kanimozhi, S.M. Chithra, V.Kamalakannan, Reverse Tilde (T) and
Minus Partial Ordering on Intuitionistic fuzzy matrices, Mathematical Modelling of
Engineering Problems, 2023, 10(4), pp. 1427-1432.

[24]. Lun, Z.K.: Determinant theory for D01 lattice matrices. Fuzzy Sets Syst. 62, 347-353 (1994).

[25]. Atanassov, K.: Generalized index matrices. C. R. Acad Bulgare Sci. 40(11), 15-18 (1987).

[26]. Atanassov, K.: Index matrix representation of the intuitionistic fuzzy graphs. In: Proceeding
of Fifth Scientific Session of the Math Foundation of Artificial Intelligence Seminar, Sofia, pp.
36-41 (1994) (Accessed 5 Oct 1994, Preprint MRL-MFAIS-10-94).

[27]. Pal, M.: Intuitionistic fuzzy determinant. V. U. J. Phys. Sci. 7, 87-93 (2001).

[28]. Im, Y.B., Lee, E.P., Park, S.W.: The determinant of square intuitionistic fuzzy matrices. For
East J. Math. Sci. 3(5), 789-796 (2001).

[29]. Pal, M., Khan, S.K., Shyamal, A.K.: Intuitionistic fuzzy matrices. In: Notes on Intuitionistic
Fuzzy Sets, vol. 8, no. 2, pp. 51-62 (2002).

[30]. Pal, M., Khan, S.k, Shyamal, A.K.: Intuitionistic fuzzy matrices. In: Notes on Intuitionistic
Fuzzy Sets, vol. 8, no. 2, pp. 51-62 (2002).

[31]. Meenakshi, A.R., Gandhimathi, T.: Intuitionistic fuzzy relational equations. Adv. Fuzzy
Math. 5(3), 239-244 (2010).

[32]. Sriram, S., Murugadas, P.: Sub-inverses of intuitionistic fuzzy matrices. Acta Ciencia Indica
(Mathematics) XXXVII(1), 41-56 (2011).

[33]. Sriram, S., Murugadas, P.: On semi-ring of intuitionistic fuzzy matrices. Appl. Math. Sci.
4(23), 1099-1105 (2010).

M.Anandhkumar, S. Prathap, R. Ambrose Prabhu, P.Tharaniya, K. Thirumalai, B. Kanimozhi, Determinant Theory of

Quadri-Partitioned Neutrosophic Fuzzy Matrices and its Application to Multi-Criteria Decision-Making Problems



Neutrosophic Sets and Systems, Vol. 79, 2025 264

[34]. Meenakshi, A.R.: Fuzzy Matrix Theory and Applications. MJP Publishers, Chennai (2008).

[35]. Shyamal, A.K,, Pal, M.: Distances between intuitionistic fuzzy matrices. V. U. J. Phys. Sci. §,
81-91,(2002).

[36]. Bhowmik, M., Pal, M.: Some results on intuitionistic fuzzy matrices and circulant
intuitionistic fuzzy matrices. Int. J. Math. Sci. 7(1-2), 81-96 (2008).

[37]. Bhowmik, M., Pal, M.: Generalized intuitionistic fuzzy matrices. Far East J. Math. Sci. 29(3),
533-554, (2008).

[38]. Im, Y.B.: The determinant of square intuitionistic fuzzy matrices. Acta Ciencia Indica XXXII,
515-524, (2006).

[39]. Atanassov, K.: Index matrices towards an augmented matrix calculus. Springer, Cham
(2014).

[40]. M. Anandhkumar, H. Prathab, S. M. Chithra, A. S. Prakaash, A. Bobin, Secondary K-Range
Symmetric Neutrosophic Fuzzy Matrices, International Journal of Neutrosophic Science, vol.
23, no. 4, 2024, pp. 23-28.

[41]. G. Punithavalli, M. Anandhkumar, Reverse Sharp and Left-T Right-T Partial Ordering On
Intuitionistic Fuzzy Matrices, TWMS ]. App. and Eng. Math. V.14, N .4, 2024, pp. 1772-1783.

[42]. Adak,A K., Bhowmik M. Pal,M.:Application of generalized intuitionistic fuzzy matrix in
multi-criteria decision making problem. J. Math. Comput. Sci. 1(1), 19-31 (2011).

[43]. Adak,A K., Bhowmik,M. Pal,M.:Some properties of generalized intuitionistic fuzzy
nilpotent matrices and its some properties. Int. J. Fuzzy Inf. Eng. 4, 371-387 (2012).

[44]. Lee, H.Y. Jeong,N.G.:Canonical form of a transitive intuitionistic fuzzymatrices.
HonamMath.]J.27(4), 543-550 (2005).

[45]. Mondal, S., Pal, M.: Similarity relations, invertibility and eigenvalues of intuitionistic fuzzy
matrix. Int.]. Fuzzy Inf. Eng. 4, 431-443 (2013).

[46]. Mondal, S., Pal, M.: Intuitionistic fuzzy incline matrix and determinant. Ann. Fuzzy Math.
Inform. 8(1),19-32 (2014).

[47]. K. Radhika, T.Harikrishnan, R. Ambrose Prabhu, P.Tharaniya, M.John peter,
M.Anandhkumar, On Schur Complement in k-Kernel Symmetric Block Quadri Partitioned
Neutrosophic Fuzzy Matrices, Neutrosophic Sets and Systems, Vol. 78, 2025.

[48]. K. Radhika, S. Senthil, N. Kavitha, R.Jegan, M.Anandhkumar, A. Bobin, Interval Valued
Secondary k-Range Symmetric Quadri Partitioned Neutrosophic Fuzzy Matrices with
Decision Making, Neutrosophic Sets and Systems, Vol. 78, 2025.

[49]. H. Prathab, N. Ramalingam, E. Janaki, A. Bobin, V. Kamalakannan and M. Anandhkumar,
Interval Valued Secondary k-Range Symmetric Fuzzy Matrices with Generalized Inverses,
IAENG International Journal of Computer Science, Volume 51, Issue 12, December 2024,
Pages 2051-2066.

[50]. Pradhan, R., Pal, M.: Convergence of maxarithmetic mean-minarithmetic mean powers of

intuitionistic fuzzy matrices. Int. J. Fuzzy Math. Arch. 2, 58-69 (2013).

M.Anandhkumar, S. Prathap, R. Ambrose Prabhu, P.Tharaniya, K. Thirumalai, B. Kanimozhi, Determinant Theory of

Quadri-Partitioned Neutrosophic Fuzzy Matrices and its Application to Multi-Criteria Decision-Making Problems



Neutrosophic Sets and Systems, Vol. 79, 2025 265

[51]. Pradhan,R.,Pal, M.:Intuitionisticfuzzylineartransformations.Ann.PureAppl.Math.1(1),57-
68(2012).

[52]. Pradhan, R., Pal, M.: The generalized inverse of Atanassov’s intuitionistic fuzzy matrices.
Int. J. Comput. Intell. Syst. 7(6), 1083-1095 (2014).

[53]. Im, Y.B., Lee, E.P., Park, S.W.: The determinant of square intuitionistic fuzzy matrices. For
East J. Math. Sci. 3(5), 789-796 (2001).

[54]. Riyaz Ahmad Padderl-P. Murugadas, Determinant theory for intuitionistic fuzzy matrices,
Afrika Matematika,2019.

[55]. R.Um, P. Murugadas and S. Sriram, Determinant Theory for Fuzzy Neutrosophic Soft
Matrices, Progress in Nonlinear Dynamics and Chaos, Vol. 4, No. 2, 2016, 85-102.

[56]. Smarandache,F, Neutrosophic set, a generalization of the intuitionistic fuzzy set. Int ] Pure
Appl Math.; .,(2005),.24(3):287-297.

[57]. M.Anandhkumar; G.Punithavalli; T.Soupramanien; Said Broumi, Generalized Symmetric
Neutrosophic Fuzzy Matrices, Neutrosophic Sets and Systems, Vol. 57,2023, 57, pp. 114-127.

[58]. Anandhkumar, M.; G. Punithavalli; and E. Janaki. "Secondary k-column symmetric
Neutrosophic Fuzzy Matrices." Neutrosophic Sets and Systems 64, 1 (2024).

[59]. Anandhkumar, M.; G. Punithavalli; R. Jegan; and Said Broumi. "Interval Valued Secondary
k-Range Symmetric Neutrosophic Fuzzy Matrices." Neutrosophic Sets and Systems 61, 1
(2024).

[60]. Anandhkumar, M.; A. Bobin; S. M. Chithra; and V. Kamalakannan. "Generalized Symmetric
Fermatean Neutrosophic Fuzzy Matrices." Neutrosophic Sets and Systems 70, 1 (2024).

[61]. S. A. Mary, Quadripartitioned neutrosophic soft set, International Research Journal on
Advanced Science Hub, 3(2), (2021) 106-112.

[62]. R. Chatterjee, P. Majumdar, S. K. Samanta, On some similarity measures and entropy on
quadripartitioned single valued neutrosophic sets, Journal of Intelligent and Fuzzy Systems,
30(4),(2016) 2475-2485.

[63]. Smith, J. Doe, A. Analysis of quadri-partitioned neutrosophic soft sets. Journal of

Neutrosophic Studies, 5(3), 120-130,(2020).

Received: Sep 20, 2024. Accepted: Dec 16, 2024

M.Anandhkumar, S. Prathap, R. Ambrose Prabhu, P.Tharaniya, K. Thirumalai, B. Kanimozhi, Determinant Theory of

Quadri-Partitioned Neutrosophic Fuzzy Matrices and its Application to Multi-Criteria Decision-Making Problems



