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Abstract: As an extension of the both trapezoidal fuzzy numbers and neutrosophic trapezoidal
numbers, the N-valued neutrosophic trapezoidal numbers, which are special neutrosophic multi-sets
on subset of real numbers. Harmonic mean is a conservative average, which is widely used to
aggregate central tendency data. In the existing literature, the harmonic mean is generally considered
as a fusion technique of numerical data information. In this paper, we investigate a method for the
situations in which the input data are expressed in neutrosophic values. Therefore, we propose two
aggregations are called harmonic aggregation operators and weighted harmonic mean operators on
N-valued neutrosophic trapezoidal numbers. We also proved some desired properties such as
idempotency, monotoniticy, commutativity and boundedness of the developed operators. Moreover,
we developed an algorithm by defining a score function under N-valued neutrosophic trapezoidal
numbers to compare the N-valued neutrosophic trapezoidal numbers. Finally, we gave an
illustrative example, using the proposed aggregation operators to rank the alternatives with N-

valued neutrosophic trapezoidal numbers.

Keywords: Neutrosophic sets; neutrosophic multi-sets; N-valued neutrosophic trapezoidal
numbers; score degrees; accuracy degrees; multi-criteria decision-making.

1. Introduction

Many different theories put forward to deal with problems involving uncertainty such as are interval
mathematics, probability theory, fuzzy set theory, intuitionistic fuzzy set theory, neutrosophic set
theory in our daily lives. Among these theories, current and widely applied one is the fuzzy set
theory, developed by Zadeh [1], which is constructed with the help of a membership function in [0,1].
Then, Atanassov [2] proposed intuitionistic fuzzy set theory by adding a non-membership
membership function to the membership function such that the sum of the values of the membership
function and the non-membership function for each element of the universal set X always falls within
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the range [0,1]. This limitation of the membership function and non-membership function creates
modeling many difficulties for problems which contain uncertain informations. To overcome this
situation Smarandache [3] presented a new set theory called neutrosophic set theory, which
generalization of fuzzy set and intuitionistic fuzzy set theory which have independent truth
membership function, indeterminacy membership function and membership on the interval [0,1].
We can find more study examples given about the theory in Wang et al. [4], Karaaslan [5], Khatter
[6], Tamilarasi and Paulraj [7], Pramanik et al. [8].

Since multi-sets constructed by Yager [9] are an important theory in classical mathematics, Miyamoto
[10] defined with help of membership series to use in uncertain structures. In addition, intuitionistic
fuzzy multi-sets were defined by Rajarajeswari and Uma [11] to model some different problems by
using the non-membership degree series. Finally, for some situations that could not model with
multi-sets and intuitionistic fuzzy multi-sets, neutrosophic multi-sets were proposed by Ye and Ye
[12] and Smarandache [13] based on the indeterminacy degree series in addition to the membership
degree and non-membership degree series in intuitionistic fuzzy multi-sets. These theories have been
applied to various fields over time, for example, Rajarajeswari and Uma [14] intuitionistic fuzzy multi
similarity measure based on cotangent function, Rajarajeswari and Uma [15] correlation measure for
intuitionistic fuzzy multi sets, Shinoj and John [16-18] on intuitionistic fuzzy multisets , Ejegwa and
Awolola [19] some algebraic structures of intuitionistic fuzzy multisets, Ejegwa [20] on new
operations on intuitionistic fuzzy multisets, Sebastian and Ramakrishnan [21-23] on multi-fuzzy sets,
Syropoulos [24] on generalized fuzzy multisets, Broumi and Deli [25] correlation measure for
neutrosophic refined sets, Chatterjee et al. [26] son single valued neutrosophic multisets, Deli [27]
refined neutrosophic sets and refined neutrosophic soft sets, Deli et al. [28] on neutrosophic refined
sets, Mondal et al. [29] on linguistic refined neutrosophic strategy, Sahin et al. [30,31] on
neutrosophic multi-sets, Ye and Smarandache [32] on refined single-valued neutrosophic sets,
Ulucay [33] are some of the studies.

Ulucay et al. [34] developed trapezoidal fuzzy multi-numbers on real numbers set R based on the
repeated occurrences of any element trapezoidal fuzzy multi-numbers have studied many authors in
Deli and Keles [35] on N-valued fuzzy numbers, Ulucay et al. [36] worked a new hybrid distance-
based similarity measure for refined neutrosophic sets, Ulucay et al. [37] MCDM based on
intuitionistic trapezoidal fuzzy multi-numbers, Kesen and Deli [38] developed trapezoidal fuzzy
multi aggregation operator based on archimedean norms, Deli and Kesen [39] defined bonferroni
geometric mean operator of trapezoidal fuzzy multi numbers. To generalization the concept of
neutrosophic multi-sets. Deli et al. [40] put forward the concept of N-valued neutrosophic trapezoidal
numbers (NVNT-numbers). Then, Kesen and Deli [41], developed a method for NVNT-numbers
under multi-criteria decision-making problems based on centroid point of NVNT-numbers. In
decision- making process, aggregation operators are the most effective way to make inferences by
obtaining a value from many values. Therefore, Harmonic aggregation operator studied different
structures which contain uncertain except for NVNT-numbers in Shit et al. [42], Zhao et al. [43], Xu
[44] Aydin et al. [45], Ulucay and Sahin [46] and Bakbak and Ulucay [47], Baser and Ulugcay [48]
developed energy of a neutrosophic soft set, Mohamed et al. [49] on neutrosophic approach for
evaluating possible industry 5.0 enablers in consumer electronics, Mohamed et al.[50] developed MCDM
approaches integrated with MEREC and RAM on single-valued neutrosophic, Ulugay and Sahin [51]
on intuitionistic fuzzy soft expert graphs, Kané et al. [52] developed a new algorithm for fuzzy
transportation problems with trapezoidal fuzzy numbers under fuzzy circumstances, Sezgin and
Yavuz [53] defined a new type of operation for soft sets, Ghaforiyan et al. [54] developed a method
on identifying and prioritizing antifragile tourism strategies in a neutrosophic environment, Adak et
al. [55] developed some new operations on pythagorean fuzzy sets.
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The originality of this paper is that it is the first study related to some harmonic aggregation operators
for N-valued neutrosophic trapezoidal numbers. Because of the ability of harmonic operators in
catching the average value of data and gives less importance to outliers we proposed harmonic mean
operators for N-valued neutrosophic trapezoidal numbers. Hence, integrating harmonic mean
operators with N-valued neutrosophic trapezoidal numbers provides many advantages to the
solutions of multi-criteria decision making (MCDM) problems. For this, in this study we give
harmonic aggregation operators and weighted harmonic mean operators on N-valued neutrosophic
trapezoidal numbers with some desired properties such as idempotency, monotonicity,
commutativity and boundedness of the developed operators. Finally, we gave an algorithm and
illustrative example, using the proposed aggregation operators in multi-criteria decision-making
problems.

2. Preliminaries
This section firstly introduces several the known definitions and propositions that would be helpful
for better study of this paper.

Definition 2.1 [48] A t-norm is a function t:[0,1] x [0,1] = [0,1] which satisfies the following
properties:

i t(0,0) =0 and t(ux, (x),1) = t(1,px, (X)) = px, (%), X€E

i If pg, (%) < pg, () and py, (%) < px, (%), then
i, (), i, () < i, (), b, ()

i, t(ux, (0, kx, () = t(ux, (%), ux, ())

V. t(hx, (%), tlix, (%), x, (%)) = (g, (%), bx, (), bx, (%))

Definition 2.2 [48] An s-norm is a function s:[0,1] X [0,1] — [0,1] which satisfies the following
properties:

i s(L1) =1 and s(ux, (x),0) = (0, iy, () = pix, (), x € E
i if py, (%) < px, (%) and py, (%) < px, (x), then
5 (itx, (), x, (99) < 5(itx, (), iy, ()
i, s(iux, (30, by, () = 5(x, () by, ()
V. (i, (%), 5, (%), iy (90)) = (5, (), b, ) (9, i, ()

Definition 2.3 [4] Assume that # is the universe. Then, a single-valued neutrosophic set (N-set) £
in H defined as

L={<xpu(), n(x), 9,(x) >:x € H} €Y)
where p;(x), N:(x), 9:(x) € [0,1] for each point x insuch that 0 < p,(x) + N (x) + 9,(x) <3.

Definition 2.4 [13] Let H be a universe. £ neutrosophic multi-set set L on H can be defined as
follows:

L={<x, (KA, B2 GO, e, HE GO, (72 GO, (0, s 12 (), (92, 82(X), ..., OE (X)) >:x € E},

where

HEGOL HE O, s 1 GO, 1RGO, MR, e, 1R (), DEC0, 93C0), ., D20 H 7 [0,1]

such that 0 <supul(x)+supnt(x)+sup9i(x) <3 (i=1,2,...,P) for any x€H is the truth-
membership sequence, indeterminacy-membership sequence and falsity-membership sequence of
the element x, respectively.
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Definition 2.5 [40] Let

A; = ((ay, by, ¢1,d1); (AN, - Ma, ) (94,93, 94, ), (B4, 04,,-..,0%,)) be a NVNT-number. If
A, is not normalized NVTN-number (a;,b;,c;,d; € [0,1]), the normalized NVTN-number of A,
denoted by A, is given by;

A, = <[ a; ’ by ’ Cq ’ d; ;
a;+b;+c¢;+d;'ay+by+cy+dy a;+b;+¢;+d;a; +by + ¢ +dy 2)
(& m2..onk ), (k0% ,...,08 ), (6% 62 ,...,6% ).
Definition 2.6 [40] Let
A, =([ay, by, ¢, dy s (A, MA, ok, ) (94,9, 98,), (B4, 0%,,...,05,)) , A, =

([az,bz,c2,d2];(n}\Z,niz,...,ngz),(8}\2,8%2,...,822),(6};2,62\2,...,6‘&2)) €A and y#0 be any real

number. Then,

i. Al +A,= ([a; + az,b; + by, c; +¢p,d; +dy]; (s(n}h,n}xz),, ...,s(nﬂl,nf\z))

(t({)}h,f)}\z), - t(spl,sgz)) , (t(8%,,64), .., t(85 , 6% )))

3)
([a1az,b1by, cicp,d;dy]; (t(nkl,niz). = t(nfil,nfxz))’
(s(sgl,akz), ...,s(af;l,a};z)),(s(e,gl,e}\Z), ., 5(8%,6% ))), (d; > 0,d; > 0)
ii. Al.A2=<
([aldz, b1C2, C]_bz, dlaz]; (t(nklﬁ nkz)l ey t(ngl; nf\z)).
(4)

(s(94,,9%,), -, s(0%,,9%,)). (5(8%,, 0%, .., 5(8%,, 0% D)), (d; < 0,d; > 0)
([dleJ C1C21 b1b21 alaz]; (t(nzlal' n}AZ)' LAl t(nzl' n§2)>'

(5(9}\1,8};2). 5(98,,9%,)), (s(64,,64,), .., 58}, 0%, ))), (d; < 0,d < 0)
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iii.  yA; = ([yauybyye,vdi; (1= (1 =na)Y ., 1= (1 =ni)Y), (5)
((93,)% - (95)D) (v 2 0).
v, AY= ([albl ., dlL (M4, MM, (1= (1 =95, ... 1= (1= 98 )Y)),
(y=0). (6)
v. Ay <A, e a;<agb; <byc Scpdy Sdpma, SMALNME, SNA, o Na, S Ny
Oh, = 04,94, =03,..,9%, =98 ,04 =04,0% =63,..,05 >06%. 7)

Definition 2.7 [44] Let x4, x,, x3, ..., x,, be n real numbers. Then, harmonic mean operator

n
Mharmonic(xl'xz'x3' 'xn) = 1 1 1 1 ®)
X Tt R,

n
Mweighted harmonic (xl' X2, %35 ) xn) = Wy W, + W3 + + Wy (9)
X1 X2 X3 Xn
= n
n Wi
i1
] xj

n

where w = (wy, wy, w3, ..., w,)7 is a weight vector of x; (j=123,..,n),w; € [0,1] andz wj = 1.
=

3. Some weight harmonic mean operators for NVNT-numbers

Definition 3.1 Let Lr=([ar,br,cr,dr];(u}r,uﬁr,...,ug), (n};r,nfr, ...,n}fr),(ﬁb,ﬁ%r,...,SLPT)) be a

collection of NVNT-numbers for (r = 1,2,3,...,n). A mapping fyyntnwum: £+ = £  is called N-
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valued neutrosophic trapezoidal numbers weighted harmonic mean (NVNTNWHM) operator if it

satisfies:
1

NVNTNWHM(L,, £,, L3, ..., L) = W
?:1 ‘C_r (10)

Theorem 3.2 Let LT=([ar,br,cr,dr];(u}r,u%r,...,yET),(n}r,nﬁr,...,nLPr),(S}gr,B%r,...,GLPT)) be a

collection of NVNT-numbers for r = 1,2,3, ...,n,k = 1,2.3, ... p and the associated weight vector of L,

is w = (wy,wy,ws, ..., w, )T for ¥, w, =1 then

1
NVNTNWHM(L,, £,, L3, ..., L) = Wy n W, P Wy
Ly "L, Ly
_ 1 1 1 1 [Ty (T + w2 )" = TTR=a (X = p )™
[z Wetyn Wetsn Wrlwe W lPA\TTRL (14 g )"+ TTReg (1 — p )%

r=1; r=1b_r T:IE Tzld_r
[IF=1 (1 + ﬂ%r)wr — =21 - #%T)Wr r=1(1+ .ULpr)wr —[Mr=1(1 - .ULpr)wr
[T (1 + ﬂ%r)Wr + [ (1 = ﬂ%T)Wr T r= (1 + MZ)WF + [ (1 = #Lpr)wr>
2[Trea ()" 2[TPes (2 )™
( r=1(2 — nb)wr + l_[Kr1=1(77,1cr)Wr Tl (2 - Uzz:r)wr + H?:l(r/zz:r)wr o
2 [T, (93, )™
)’< r=1(2 — SET)WT + H¥=1(‘9,1cr)wr’

21T, (v
r=1(2 — U%r)wr + HE=1(77%r)Wr
2T (92 )"
2 =92 v T (92 v

2 [T (97 )"

Proof When n=2, then NVNTNWHM(L,, £,) is calculated as follows:

1 1
NVNTNWHM(Ly, £,) = —; = Wy W,
Yz, LI
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1
= e
<[al,b1,C1, dl]; (#}1, :u%l' ""#51)' (77}1: 7712;1: ---'77};)1), (19}1: 8%1, ,851))
Wa
+
(laz, bz, ¢, do1; (1t 7, oo iif)), (Lm0 ot ) (9,92, -, 9F)))

_ 1
- 1
1 111
[ ] ittty b ). Gty ) (0 2 OE)
1
1111
[d_ C_ b_ a_] ; ('Ll}:z’#lz:z’ '"’”Ez)’ (n}«z’rliz’ ""TIEZ)’ (8%2’812:2’ ’{)Ez)>

+w, <

1

= 1
(e 2t ;((uuz,):‘—(1—;41):‘_(1%):’—(1—%)3)_( )" )" ) 20" ()" )>
direr b al\ (@ ) () )+ (- a2)" )\ =) ()T -2 () (2= 0n) T+ (01,) T (2 - 02,) " + (02,)

1
+ 2 1 1 1 2
(e, m]((lwzj)”’ -(-w)” (+ed)" - —uil)w> ( 2(nt)" 2(n2)"” ) ( 2(01)" 2(02 )" >
A7 ea by P\ (1 g )™ + (1= )™ (1 +42)" + (=2 )"\ =nt)™ + (1) (2= n2)" + (n2)7 ) \(2—01)" + (01)™ (2 - 02)" + (62 )"

2 2 2 2
_ 1/ Z& Z& w, Z_ _<Hr (1 +pz )" =TT (@ — g )™
d;’ Cr br ’ a1+ .“Lr)wr +I1E,(1 - .“}r)wr

r=1 r=1 r=
(L4 pg )Y — TR (1 — M%T)Wr) < 2112 ()™
1(1 +ug )W+ [Rea (X = pg )W ) \ITF=1(2 =z )W + [TE=i (g, )W
2Tz )" ) ( 2[12 (O )"
212 = mE )W + [T (g )W) " \ITEoa (2 = 92 ) + T2 (O )W

2[17a (92 )" )
12— S%r)wr + Hle({)%r)Wr

_, / 1 1 1 1 .<H%:1(1 +up )V = 7= (1 = pp O™
gzlj—:’ ;;g_;' gzlf—:’ 3=1‘g—: \ITEoy (1 + g )W + Ty (1 = g v
(1 + pf )Y =TT (1 - H,zcr)wr) ( 2T (g )Yr
re (U g )Wr + IR (U = p )W )\ 2 = mp )W + [Ti (g, )W
2Tz v ) ( 2T (O )
1@ =z )wr 1o ) \ITe2a (2 = 9 )W + [T, (9 )W

2 H3=1(19%T)WT )
(2 - {)Er)wr + Hle(ﬁfr)wr

Suppose that Equation 12 holds for n =k, i.e,,
1

W, W
Yo, v +Lk

NVNTNWHM(Ly, L4, L3, ..., Li) =
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1 1 1 1 _(H‘r‘zl(l +u )" = e (X — )™
5:12/_:, Ir‘:l‘g_:, ’ﬁ:l‘gj_:’ 1;21‘(’1"_: T (@ + g )+ Tl (= g )™

T (1 + pZ )" =TT (1 — )™ (U4 ug )Y =TIy (1 — ™
fe (L pf )W + TS (U — pf )W T (4 )% + Ty (1 — g ¥
( 2 H?:l(ﬂ%r)wr 2 H]r(=1(77,%r)wr
212 = np )+ I (g )Y T (2 = 2 )Y + T,z )"
2 Hle:1(772r)wr ) ( 2 le(=1(‘911:r)wr
Ir(=1(2 - nfr)wf + l_[lr(=1(77i)wr ’ lr(=1(2 - %)WT + le(=1(‘9b)wr’
2 [TEoa (92 )" 2[Tea (97 )%
=12 = 9 )W + T (B2 )W T TIy (2 = 9 )Wr + Ty (97 )Wr

For n = k + 1, using above expression and operational laws, we have

NVNTNWHM (L, L3, L3, ovr) Ly Licar) =

1 1 1 1 _(H‘§=1(1+u%r)wr— (1= pp )"

= r Wr'ok Wrlok Wr'wek Wrl|’\TIk 1w K — 1w
T':la_ r=1b_ r=1C_ Tzld_ r=1(1 + 'qu) T+ Hr:l(l HLT) r
T T T T

I (1 + @ )™ = Ty (1 — pf )™ foa(L+ g )Y = Thea (1 — g )™
lr(=1(1 + #%T)Wr + le(=1(1 - H%r)wr Y ]r(=1(1 + HET)Wr + l_[]r(=1(1 - #Lpr)wr
( 2[TEa (g, )™ 2[5 (mE )™
=12 = mp )+ T ()W Ty (2 = n ) + Ths (g )
2[T (v ) ( 2TT, (91 )"
t=1(2 = nE )W + T F )%e )\ (2 = O, )™ + TTEea (OF, )™
2TTRea (92 )" 2[TRea (97 )"
K2 = 02 )" + I, (02 )™ T, (2 — 0 )™r + [TE-, (90 )™

)

1 1 1 1 . (1 + Mik+1)wk+1 — (1 — #}k+1)Wk+1
Wit1 ' Wit1 '’ Wia1 ’ Wit 1+ M}:k+1)wk+1 +(1- #}:k+1)wk+1

A1 brar Crr Ay

1+ M%kﬂ)w"“ -(1- M%k+1)wk+1 1+ #Ek+1)wk+1 -(1- Mgk+1)wk+1

a+ ‘u%kﬂ)WkH +(1- ‘u%kﬂ)WkH Y (1 + #£pk+1)Wk+1 +(1- 'ugkﬂ)WkH

( 2(Nky, ) Vet 2(nf,, )Wk

(2 =g, DV + (g, Ve (2 = nF, Wt + (F, W
2(n2k+1)wk+1 ) ( 2(8%k+1)wk+1

(2- ank+1)wk+1 + (Ufkﬂ)wk“ N@ =9, Wi + (87, JWiert!
2(1912:k+1)wk+1 Z(BLPRH)WkH

(2 =97, DWkr 4+ (97, JWkrt (2 - ﬂgkﬂ)w““ + (32k+1)wk+1
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_[] ot 1 1 1 (Hk”(l + g ) — T2 (1 — pz )™
] A O O
I+ pE )Y =TI = pg )™ S+ pp )Y =TI — g )™
I+ pf )W + T2 A = pg )" TR+ pf )W + T2 (L — pp )™
( HkH(ULT)Wr Hk“(n.cr)wr
T2 = np )W + [ g )W T2 @2 = nZ )W + [T (mE v
2Tty )™ ) ( 210 )™
T3 @2 = nZ )W + T2 2 v ) \ITEEE (2 = O )W + TR (O )W
Hk+1(8L )WT Hk+1(‘9p )wr
l‘[k+1(2 {)L )Wr + Hk+1({)£r)wr l‘[k+1(2 ﬁp )Wr + Hk+1(‘9p )Wr>>

So, the proof is complete.
Theorem 3.3 (Idempotency)
Let £, = ([a,, by, ¢, d,]; (u}r,ufr, ...,,ugr), (n}r, NZ. s nLPr), (Bfr,ﬁﬁr, ...,SLPT)) be a collection of NVNT-

numbers for r = 1,2,3,...,n. If £, = L for all r thatis all are identical then,

NVNTNWHM(L,, £,, L, .., £,) = L. (12)
Proof We know that
1
NVNTNWHM(L;, £, L3, .., £n) = 57
LAY R
., 7T, Yo
|1 1 1 1| (MR + g ) — TR (1 — g )™
- n Wrisn Wrisn Wrlsano Wel\TTR (1 4 pf )W + 102, (1 — pg )Wr

=15 =17F =1 =1
r=1g_  &r=1p &r=lc  4r=sid.

ITR=a (1 + pZ )7 — IR (1 — )™ r=1(1+ lh;pr)wr —[r=2(1 - ligpr)wr>
[IF=, (1 + .“L Wr + [1r-,(1 — P‘Lr)wr Y r=1(1+ ﬂEr)Wr + 1. (1 - lh;pr)Wr
( 2[17es (g )™ 2[Tf=a (2 )™
=12 =z )™ + TRea Oz, )™ " TRea 2 =z )V + [Tz )
2[I7 1(77Lr)wr ) ( 2T (9 )™
=12 = mE )W + [ ()W r=1(2 =9z )Wr + [IRea (92, )™
2 [10, (92, )% 2 [Ta (97 )"
=12 = 92 )" + [T OZ )Y TR (2 = 9 )W + TT7= 4 (87 )WT>>
1 1 1 1| (4 ppE=rvr — (1 = pp)Zr=r
v T S, Ty | <(1 DT (1= ghyTr

a b [

1+ M%)Zhlwr -(1- M%)Z?qwr (1+ #E)Zilqwr -(1- #E)Zilqwr
(1 + HIZ;)Z;LlWr + (1 — H%)Z?=1WT S (1 + ”2)211:1% + (1 — ”§)Z¥=1WT
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2(np)Tr=rr 2T

((2 —np)Zr=r + (np)Er=avr’ (2 = nP)Er=wr + () I
2(np) T ) ( G i

(2 = n)Zr=awr + ()2r=r) T \(2 = D17 + (9] XF-1w”

2(92)2r=1wr 2(32’)2?:1 wy
2- '912;)22=1Wr + (‘912;)2;;1 wp 't (2- 192))Z?=1WT + (‘82)2;{‘[:1‘”7"

1111 _((1+u},)—(1—u},) A+p)-QA-pp) A+p) -0 -u))
1'%'1'% NA+up)+ A —pp) A +p)+A—p)" 7 (A+pD)+ Q- )
a C

( 2(nb) 2(n2) 2(n})
R-1D+m)' C-nH+@D -1+ D)
( 2(9) 2(9) 2(97) )>=
2-9D+OH' -9 +®)"""2-)+ )

Theorem 3.4 (Monotoniticy property):

Let Ly =(lapbycdil; (ut, 0, o 0L,), (22,0 oz, ), (9,092, 0 0L,)) - and Ly =
<[a;’ b;’ CT’”’ d;]’ ( (#21‘)1’ (”21’)2’ e (#Zr)p) ’ ( (nzr)l’ (T’,Lr)z’ e (n"ﬁr)p) ’ ( (821")1’ (827‘)2’ e (ﬂzr)p)>

be two collections of NVNT-numbers. If a, < a;, b, <b;, ¢, <c,, d. <dj, u}r < (u'Lr)l,
2 Y p 1 \P 1 1\ 2 ’\2 p ;1 \P

ML.,- = (MLT) 4 ""‘qu = (‘qu) 'nLT . (nLT) ’nﬁr 2 (nﬁr) 4 ""T]LT = (T]Lr) and

ot > (9;,)",02, > (9,,)", ., 92 > (8%, ) then

NVNTNWHM® (£, Ly, L3, .., £,) < NVNTNWHM® (£}, £y, L4, .., L1). (13)

Proof. Since a, < a;, and ¢, = 0 for all r.

n n
1 1 1 1
a,  ay ar a ar a,. n Pr n Pr
r=1 r= r=1 ar r=1 a;
the other calculations are calculated as follows:
1 < 1 1 < 1 1 < 1
n P “yn P'vn @ T vn Or’syn Pr " yvn Or
r=1 br r=1 b; r=1 Cr r=1 C} r=1 dr r=1 d;

r , Pr
o< () = - 2 —(u) = (-uh) = (1- (1)) = (L -wd)” = (1- (1))
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n

= ﬁ@ — )z ﬁ(l —(uz,)' (,, —=1- 1_[(1 ) <1 H(1 - (yzr)l)%,

r=1

similarly
nk, = (nz,) = (k)" = ((n2,)) = H(rur)‘”r 1_[ ()"
and
9f = ({)’LT)1 = (19}; > (aLT N 1_[(1% or S n((szr)l)wr
therefore

NVNTNWHM® (L, L3, L3, ..., L) < NUNTNWHM® (£}, £}, L}, ..., L1).
Theorem 3.5 (Commutativity Property):
Let £, = ([ar, by, ¢, dil; (pt, 7,0 o 17, ), (0E012, o, ), (O, 0, -, 9E,))
be a collection of positive NVNT-numbers and w = (w;, w,, ws, ...,w,,)T be an associated weight
vector where w, € [0,1], X7, w, = 1.
NVNTNWHM® (L, L4, L3, ..., L) = NVNTNWHM® (£}, £}, LY, ..., L1). (14)
where L;, is any permutation of £, for r =1,2,3,...,n

Proof. We get from Equation (11). Since £; is any permutation of £,,. Therefore

1
NVNTNWHM® (L, £y, L3, ) L) = 555
L L R
Ly "L, Ln
~ 1 1 1 1 J ORI Mgl | BT
- n Wrlsn Wrlvn Wr'lvn Wi |’ nzl(l + ,ull: Wr + H?zl(l - ﬂ,lc )Wr

r=1 ar r=1 br r=1 Cr r=1 dr

TPy (14 2 ) — Ty — 2 )™ TIg(1 4+ )™ — [Ty (1 — uz)wf)

r=1(1+ .UL W+ I, (1 — ML vt r=1(1+ #ET)Wf + =, (1 - #Lpr)wr
PR 1(77Lr)wr 21 1(77,%T)Wr
( r=1(2— UL,)Wr + 17 1(77L,)Wr r=1(2 — ULT)Wr + 1% 1(771; e
2[TRea (g )™ 2 [T (O™
(2 = nZ v + 1 1(77LT)Wr> ( (2 =9z v + T, (9 )™
21 1(‘9LT)WT 211¢ 1(‘9 )Wr
r=1(2 = SLT)WT + Hr=1(‘9%r)wr T2 ﬁp )WT + 117 1(‘9p )WT>>
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N 1 1 1| TR+ @)Y = T (1 = W)z )™
n Wrisn Wr'sn Wr'yn Wr|’ ?=1(1+(,U’)}T)wr+H?=1(1_(H’)11;r)wr

r=1 a’r r=1 b; r=1 C,C r=1 d;

B (14 D2 )Y =TI (1 = W)Z )" (T + @)Y =TT (1 = 7)™
L+ R + T (= G2 )™ T (@ + @R )™ + [T, (1 — (u’)ﬁ)Wr)
21T (DY 2T (MDY
( =12 = )Y + IRo (D)W ' TR=1(2 = D2 )W + T (D)W
2T, ()2 )¥r 21T, (82 )™
112 = (M + Hi‘:l((n’)fr)‘”’) ( 1212 = O + e (O )W
210, (812, )™ 2[TRea (9 )W
=12 = 2 ) + T (O™ T (2 = (D7 )™ + H?:l((ﬂ’)ﬁr)wr»
_ 1
- .

= NVNTNWHM® (L}, £}, LS, ..., L}).

Hence the proof completed.

Theorem 3.6 (Boundedness Property):

Let £, = ([ar, by, ¢, del; (pt, 7,0 o 17, ), (0E012, o, ), (O, 0%, -, 9E,))

be a collection of positive NVNT-numbers and let,
L= <[mrax{ar} ymax{b,}, max{c,}, mgx{dr}] ; ( mraX{u};r} ) mrax{#fr}' oy mf‘x{ﬂzpr})'
(minfnt, }, minfi2,}, .. minfu? }), (min{o, }, min{92,}, .., min(o} }))
£; = ([minfa,}, minfb,}, min{c,}, min{d}]; (minfut, }, minfu2,}, . min{u }),
(max{nt,}, max(nz,}. .., max{n?, }), ( max{o,}, max{s2,}, ., max{s? }))

Then,

L7 < NVNTNWHM® (£, £,, L, ..., L) < L. (15)

Proof. Since min{a,} < a, < max{a,},Vvr
T r

n n n
P B O N N P
min{a,} ~ a,  max{a,} min{a,} a, max{a,}
r r r=1 r r=1 r=1 r
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1 < 1 < 1
= n Pr “yn Pr~ vn Pr
"tminfa ) “77tar ST maxa)
In the same way,
1 1 1
= n Pr —yn 1@"'271 Pr
=1 min{b,} T=1h, =Imax{b,}
T r
1 < 1 - 1
= n Dr “yn Pr~ yn Pr
=1 min{c,} r=1c, =1 max{c,}
T T
1 1 1
=

n Pr —\yn Z&fs Eyl Pr
"=1min{d,} r=1d, =Imax{d,}
T r

and,

min{u} < pr < max(u} = (1 - min{u}) = (1 - ) = (1~ max{u))

> (1 - mrin{yr}ypr >(1—p)?r = (1 - m;?lx{ur})(pr,(pr >0,Vr.

= 1_[ (1 - mrin{,ur})(pr > 1_[(1 ol L 1_[ (1 - mrax{,ur})(pr
—1- - 1—min{g}) <1- n(1— Der<1— - 1 — max{u,))’”
[T0=mea)” 21-[Jasom 1 -

Again,

. . Pr @r
min{n,} < 7, < max{n,} = (minfn,}) " < ()¢ < (max{n,})r = 0,vr
T T T T

[l <o <[ i

r=1 =1

In the same way,

Pr Pr
min{9,} < 9, < max{9,} = (min{ﬂr}) < (9)fr < (max{ﬁr}) ,¢r = 0,Vr
r T T T
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n

= 1_[ (mrin{{)r})qpr < ﬁ(ﬂr)‘/’r < 11[ (mrax{ﬁr})(pr.
=1 =1

r=1

Definition 3.2 Let £, = ([a,, by, ¢, del; (uf 02, s ih ), (LM%, ok, ), (92,92, ..., 98 )

be a collection of positive NVNT-number, then

p p P
1
S(L)=-—[a+b+c+d]x 2p+ZuET—ZnEr—ZSZ
4p r=1 r=1 r=1

and

P P P
1
AL)=—[a+b+c+d]x <2p+2ug —an +Z{9LP )
4p T T T
r=1 r=1 r=1
is called the score and accuracy degrees of L,, respectively.

Example 3.2: Let £ =([2,3,5,7]; (0.2,0.5,0.6,0.8), (0.3,0.4,0.5,0.1), (0.2,0.3,0.4,0.8)) be NVNT-number

then,

S(L) = ﬁ [24+3+5+7]x(8+ (0.2+0.5+0.6+0.8) — (1.3) — (1.7)) = 7.54

AL) = ﬁ [2+3+5+7]%(8+(0.2+0.5+0.6+0.8) — (1.3) + (1.7)) = 11.16.

Definition 3.4 Let £ and £? be two NVNT-numbers;
a. If S(L}) < S(LZ), then L} issmaller than L2, denoted by L} < LZ.
b. If S(£1) =S(L2);
i. If A(L}) <A(L%), then L} issmaller than £Z, denoted by £} < L2

ii. If A(L})=A(L%) then L} and L are the same, denoted by £} = L2.

4. An algorithm for proposed work
In this section, we shall present a multi-criteria decision-making problem with normalized NVNT-
numbers under neutrosophic information using NVNTNWHM operator.
Assume that K = {K;, K, ..., K} be the set of altenatives and G = {g{, g,, ..., gn} be the set of criterias.

In Deli et al. (2021), the normalized NVNT-numbers decision matrix is given as;
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K11 K12 K1n

K21 Kzz K2n
(Kkj)mxn = : :

Kml Km2 Kmn

such that
Kig = ([axg, bigs g, digl, (ny Gy -y ) (9 93,03, .., 08, ). (0, 6%, 035 .., 88, )), (k=12,...,m) and
(G=1,2,...n).
It is carried out the following algorithm to get best choice:
Algorithm:
Step 1: Identify and determine the criterias and alternatives and then construct decision matrices,
Ki)mxn, (k=1,2,...,m;j=1,2,... n).
Step 2: Get preferable for Ki,Kj,...,K, based on V; (i = 1,2,3,...,m) to aggregate the normalized
NVNT-numbers £,,£,,Ls, ..., L, as;
V, = NUNTNWHM(Ly, £,, L3, .., £,).
Step 3: Calculate score value whose formula is given in Definition 3.2 for each V; to rank
alternatives.
Step 4: Rank all score value of V; according to descending order.
For more convenience, we have illustrated the proposed algorithm by Flowcard given in Figure-1.

Identify and determine the criterias and alternatives and then construct decision
matrices

Get preferable for K;,Kj, ..., K, based on V; (i = 1,2,3, ..., m) to aggregate the normalized
NVNT-numbers £, £L,, L3, ..., L,

Calculate score value whose formula is given in Definition 3.2 for each V; to rank
alternatives

Rank all score value of V; according to descending order.

Figure-1: Flowcard for Proposed Algorthm
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5. Application of the proposed method

In this section, an explanatory example is given to view the strength of the presented work.
A firewall is a computer network security system that restricts internet traffic into, out of, or inside a
private network. This software or dedicated hardware-software unit works by selectively blocking
or allowing data packets. It generally aims to help prevent malicious activity and prevent anyone
inside or outside a private network from getting involved in unauthorized web activities.
Example 5.1 Suppose Kilis 7 Aralik University wants to select the best firewall software for the
security and safety of their information. Let there are initially three firewall software that is to be
considered and set of these firewall software is given as: K = {k; = Software Firewall Systems, k, =
Hardware Firewall Systems, k; = Hybrid Firewalls , k, = Circuit Level Firewalls, kg =
Static Packet Filter Firewalls} and according to three criteria determined G = {g; = full protection,
g, = price, gz = usefulness}. Thent we try to choose and rank all alternatives Ky for all k=1,2,...,5
by using the following algorithm.
Algorithm:

Step 1: The evaluation matrix(Ky;)sxs is given by an expert as;

k, /([0.32,0.44,0.51,0.69]; (0.3,0.5,0.7,0.8), (0.1,0.3,0.2,0.3), (0.6,0.3,0.5,0.6))
k, [ ([0.23,0.25,0.41,0.45]; (0.4,0.2,0.3,0.5), (0.2,0.5,0.7,0.6), (0.7,0.5,0.6,0.8))
(Kisxs = ks k([0.66,0.72,0.79,0.83]; (0.7,0.6,0.4,0.8), (0.5,0.5,0.5,0.6), (0.4,0.3,0.4,0.5))
ks | ([0.52,0.63,0.76,0.91]; (0.8,0.7,0.5,0.6), (0.4,0.3,0.7,0.5), (0.1,0.5,0.7,0.7))
ks \([0.13,0.35,0.41,0.58]; (0.7,0.8,0.9,0.9), (0.2,0.7,0.5,0.6), (0.1,0.7,0.8,0.4))
([0.28,0.32,0.38,0.43]; (0.5,0.3,0.4,0.6), (0.2,0.1,0.5,0.4), (0.4,0.6,0.5,0.7))
([0.12,0.15,0.18,0.23]; (0.3,0.7,0.9,0.9), (0.1,0.2,0.3,0.7), (0.3,0.4,0.7,0.5))
([0.65,0.66,0.72,0.75]; (0.6,0.8,0.9,0.8), (0.2,0.5,0.4,0.3), (0.2,0.3,0.6,0.6))
([0.08,0.15,0.27,0.37]; (0.3,0.9,0.8,0.4), (0.8,0.7,0.6,0.5), (0.1,0.1,0.4,0.3))
([0.09,0.13,0.19,0.69]; (0.2,0.5,0.7,0.9), (0.1,0.3,0.5,0.4), (0.6,0.7,0.8,0.8))
([0.12,0.27,0.60,0.65]; (0.2,0.7,0.8,0.9), (0.4,0.3,0.8,0.5), (0.2,0.5,0.6,0.4))
([0.22,0.43,0.48,0.73]; (0.3,0.8,0.9,0.7), (0.5,0.7,0.7,0.6), (0.1,0.4,0.8,0.6))
([0.14,0.33,0.43,0.83]; (0.1,0.6,0.9,0.5), (0.8,0.5,0.6,0.7), (0.1,0.3,0.5,0.8))
([0.63,0.73,0.83,0.93]; (0.4,0.5,0.7,0.6), (0.2,0.6,0.8,0.3), (0.3,0.6,0.7,0.2))
([0.41,0.43,0.68,0.74]; (0.5,0.7,0.8,0.3), (0.1,0.2,0.6,0.4), (0.4,0.2,0.9,0.7))

Step 2: Calculated for Ky,Kj, ...,Ky, basedon V; (i = 1,2,3,...,m) to aggregate the normalized
NVNT-numbers £L,,L,, L5, ..., L, follow as;

V; =([0.19,0.32,0.48,0.56]; (0.001,0.004,0.01,0.03), (0.3,0.28,0.55,0.47), (0.4,0.53,0.58,0.58))
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V, =([0.17,0.23,0.3,0.38]; (0.001,0.006,0.02,0.02), (0.3,0.48,0.57,0.66), (0.3,0.48,0.73,0.64))

V3 =([0.26,0.48,0.58,0.8]; (0.002,0.017,0.03,0.02), (0.5,0.55,0.55,0.55), (0.25,0.37,0.55,0.68))

V, = ([0.18,0.31,0.48,0.6]; (0.004,0.022,0.02,0.007), (0.5,0.58,0.72,0.47), (0.23,0.38,0.62,0.38))
Vs = ([0.15,0.23,0.33,0.68]; (0.003,0.017,0.04,0.02), (0.2,0.38,0.58,0.5), (0.4,0.48,0.85,0.67))
Step 3: The calculated score value whose formula is given in Definition 3.2 for each V to rank
alternatives;

1
S(h) = 77019 +032 +0.48 + 0.56]

X (8 + (0.001 + 0.004 + 0.01 + 0.003) — (0.3 + 0.28 + 0.55 + 0.47)
— (0.4 4+ 0.53 + 0.58 + 0.58)) = 0.423
Like
S(V,) =0.262, S(V3) = 0.539, S(V,) = 0.414, S(V5) = 0.345
Step 4: Based on the score values S(V;)(i = 1,2,...,5) the ranking of alternatives ky(k = 1,2,...,5) are

shown in Figure 1 and given as;

ks > k; >k, > ks > k.
Finally the best alternative is k.
0.6
0.5 .53914184
0.4
0.3
0.2

0.1

Values

HKl HK2 K3 HK4 EKS

Figure 2: The ranking of alternatives Ky (k = 1,2,...,5)
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6. Results and Discussion

In this paper, we have proposed two aggregations are called harmonic aggregation operators and
weighted harmonic mean operations on N-valued neutrosophic trapezoidal numbers. We have
discussed a variety of special cases of proposed operators. We define some desired properties such
as idempotency, monotoniticy, commutativity and boundedness of the developed operators. To
demonstrate the applicability of the proposed methodology, gave an illustrative example, using the
proposed aggregation operators to rank the alternatives in multi-criteria decision-making problems.
In the future work, the developed operators can be proposed with extensions neutrosophic

trapezoidal numbers and neutrosophic sets.
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