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1 Introduction

Ever since the introduction of fuzzy sets by Zadeh [12] and fuzzy topological space by Chang [5], several
authors have tried successfully to generalize numerous pivot concepts of general topology to the fuzzy setting.
The concept of intuitionistic fuzzy set was introduced are studied by Atanassov [1] and many works by the
same author and his colleagues appeared in the literature [[2],[3],[4]]. The concepts of generalized intuitionistic
fuzzy closed set was introduced by Dhavaseelan et al[6]. The concepts of Intuitionistic Fuzzy Exponential Map
Via Generalized Open Set by Dhavaseelan et al[8]. After the introduction of the neutrosophic set concept [[10],
[11]]. The concepts of Neutrosophic Set and Neutrosophic Topological Spaces was introduced by A.A.Salama
and S.A.Alblowi[9].

In this paper the concept of g\ compact open topology are introduced. Some interesting properties are
discussed. In this paper the concepts of gN local compactness and generalized N— product topology are
developed. We have Throughout this paper neutrosophic topological spaces (briefly NT'S) (S1,&1),(Se, &2)
and (S5, &) will be replaced by 51,5, and S3, respectively.

2 Preliminiaries

Definition 2.1. [10, 11] Let T,LF be real standard or non standard subsets of |0~, 17[, with supy = t,, infr =
tmf

Supr = isuzn an[ = Z'mf

SUpr = fsup, M fr = fing

n—sup = tsup + Z.sup + fsup

n —inf = tinf + tinf + fing . TLF are N— components.
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Definition 2.2. [10, 11] Let S; be a non-empty fixed set. A R— set (briefly N-set) A is an object such that
A = {{z,u,(x),0,(x),v,(x)) : © € Si} where u,(x),0,(x) and v, (z) which represents the degree of
membership function (namely y, (z)), the degree of indeterminacy (namely o, (x)) and the degree of non-
membership (namely ~, (x)) respectively of each element « € S to the set A.

Remark 2.1. [10, 11]

(1) An N-set A = {{(z, u, (z),0,(x),T,()) : x € S1} can be identified to an ordered triple (1,,0,,",) in
07,1 on S;.

(2) In this paper, we use the symbol A = (u,,0,,I",) for the N-set A = {(z,pu, (z),0,(x),[',(2)) : x €
S1}.

Definition 2.3. [7]Let S; # () and the N-sets A and I be defined as
A={{x,pu,(x),0,(x),T,(2)) :x €51}, T ={{z, u.(z),0.(x), [ (z)) : € Si }. Then

(@) A CTiff u, (2) < po(), 0, () < 0. (z) and T, (z) > T, (z) for all z € Si;
(b) A=Tiff ACTandT C A;
© A= {{(z,T,(2),0,(z), u,(x)) : © € S;}; [Complement of A]
@ ANT = ({21, (2) A g (2), 0, (2) Aoy (@), T, () V() < 0 € S}
© AUT = {(2.1,(2) V iy (2), 0, (2) V 0, (), T, () A3 (2)) 2 2 € S1):
() [IA = {{2, 1, (2), 0, (2),1 - p, (2)) : @ € Su):
(@ OA={(e.1-T,(2),0,(x).T,(2)): x € S}
Definition 2.4. [7] Let {Ai 1 e J } be an arbitrary family of N-sets in S;. Then
(@ NA = {{z. Ay, (@), Ao, (2), VT, (@) : o € S1);
() UA, = {{z,Vp, (2), Vo, (2). AT, (2)) : @ € Su).

Since our main purpose is to construct the tools for developing NTS, we must introduce the N— sets 0,
and 1 in X as follows:

Definition 2.5. [7]10, = {(2,0,0,1) :x € X} and 1, = {(z,1,1,0) : z € X }.

Definition 2.6. [7]A RX— topology (briefly N-topology) on S; # () is a family &; of N-sets in .S; satisfying the
following axioms:

@) 0y,1y €&,
(i) Gy NGy € T forany G, Gy € &,
(iii) UG; € & for arbitrary family {G; | 1 € A} C &.

In this case the ordered pair (57, ;) or simply 51 is called an NT'S and each N-setin &; is called a R— open set
(briefly N-open set) . The complement A of an N-open set A in S is called a N— closed set (briefly /NV-closed
set) in 5.
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Definition 2.7. [7] Let A be an N-setin an NT'S S;. Then
Nint(A) = |J{G | G'is an N-open set in Sy and G C A} is called the X— interior (briefly N-interior ) of A;
Necl(A) = ({G | Gis an N-closed set in S} and G D A} is called the X— closure (briefly N-cl) of A.

Definition 2.8. [7] Let X be a nonempty set. If 7, ¢, s be real standard or non standard subsets of |0~, 17| then
the R— set ,; 5 is called a R— point(in short NP )in X given by

(i) = (r,t,s), ifx=ux,
TP (0,0,1), ifa £

for x,, € X is called the support of x, ; ;.where r denotes the degree of membership value, ¢ denotes the degree
of indeterminacy and s is the degree of non-membership value of x,; .

Definition 2.9. [7] Let (S1,&;) be a NTS. A R— set A in (S, &;) is said to be a g closed set if Ncl (A) C T
whenever A C I" and I" is a X— open set. The complement of a g closed set is called a g®X open set.

Definition 2.10. [7] Let (X, T") be a R— topological space and A be a X— set in X. Then the R— generalized
closure and N— generalized interior of A are defined by,
HNGcl(A) = [{G: Gis a generalized X— closed
setin S; and A C G}.
({)NGint(A) = |J{G: Gis a generalized X— open
setin Sy and A DO G}.

3 Neutrosophic Compact Open Topology

Definition 3.1. Let S; and S5 be any two NTS. A mapping f : S; — Ss is generalized neutrosophic[briefly
gN] continuous iff for every gX open set V' in Sy, there exists a g® open set U in S; such that f(U) C V.

Definition 3.2. A mapping f : S — S5 is said to be g\ homeomorphism if f is bijective,g® continuous and
g\ open.

Definition 3.3. Let S; be a NTS. 9] is said to be g® Hausdorff space or 75 space if for any two X— sets A and
B with AN B = 0.,there exist g\ open sets U and V, suchthat A CU,BC Vand U NV = 0..

Definition 3.4. A NTS 5] is said to be gX locally compact iff for any X set A, there exists a g\ open set GG,
such that A C GG and G is g® compact. That is each g®X open cover of G has a finite subcover.

Remark 3.1. Let S; and S, be two NTS with S; X— compact. Let x,;; be any X— point in S;. The R—
product space S; x Sy containing {x,.; s} X Ss. It is cleat that {x,; s} X S5 is R— homeomorphic to Sy

Remark 3.2. Let S; and S, be two NTS with S; X— compact. Let x,;; be any X— point in S;. The R—
product space S; x Sy containing {x,; s} X So. {21} X Sz is R— compact.

Remark 3.3. A X— compact subspace of a R— Hausdorff space is X— closed.
Proposition 3.1. A gX Hausdorff topological space Sy,the following conditions are equivalent.

(a) Sy is g locally compact
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(b) for each N set A, there exists a g\ open set GG in S such that A C GG and NGcl(G) is gN compact

Proof. (a) = (b) By hypothesis for each X— set A in Sj, there exists a gX open set GG, such that A C G and
G is g\ compact.Since S is gN Hausdorff, by Remark 3.3(gN compact subspace of g® Hausdorff space is gN
closed),G is gX closed,thus G = NGcl(G). Hence A C G = NGcl(G) and NGel(G) is gR compact.

(b) = (a) Proof is simple.

Proposition 3.2. Let S; be a gR Hausdorff topological space. Then .S is g® locally compact on an R— set A
in Sy iff for every gN open set GG containing A, there exists a gX open set V, such that A C V,NGcl(V) is gX
compact and NGel(V) C G.
Proof. Suppose that S is g locally compact on an R— set A. By Definition 3.4,there exists a g\ open set G,
such that A C G and G is g®X compact. Since 5 is g\ Hausdorff space, by Remark 3.3(gRX compact subspace
of g\ Hausdorff space is gX closed ),G is gX closed,thus G = NGcl(G).Consider an X— set A C G.Since
Sy is g Hausdorff space, by Definition 3.3, for any two X— sets A and B with A N B = 0., there exist
a g® open sets C' and D,suchthat A C C, B C DandCND =0.. LetV = CNG. Hence V C G
implies NGcl(V) C NGcl(G) = G. Since NGel(V) is gR closed and G is gX compact,by Remark 3.3(every
gN closed subset of a gN compact space is gX compact) it follows that NGcl(V') is X— compact. Thus
A C NG (V) C G and NGcl(G) is g\ compact.

The converse follows from Proposition 3.1(b).

Definition 3.5. Let S; and S5 be two NTS. The function 7" : S; x Sy — Sy x Sy defined by T'(z,y) = (y, x)
for each (z,y) € S x Sy is called a R— switching map.

Proposition 3.3. The R— switching map 7" : .S; x S5 — Sy x S; defined as above is g continuous.

We now introduce the concept of gX compact open topology in the set of all g\ continuous functions from
aNTS S; toa NTS S..

Definition 3.6. Let S; and S5 be two NTS and let 5‘29 ' ={f:S; — Sysuchthat f is gN continuous}. We give

this class Sf ! a topology called the gX compact open topology as follows:Let K = {K € I? : K is g compact

Si}andV ={V e I : VisgRopenin S>}. Forany K € KandV € V,let S, = {f € Syt f(K) C VY.
The collection of all such {S, , : K € K,V € V} generates an X— structure on the class S

4 Generalized Neutrosophic Evaluation Map and Generalized Neutro-
sophic Exponential Map

We now consider the gR product topological space Sy x S; and define a gX continuous map from S3' x S,
into Sg.

Definition 4.1. The mapping e : S3' x S; — S, defined by e(f, A) = f(A) for each R— set A in S; and
fe 525 ! is called the gN evaluation map.

Definition 4.2. Let 51,99 and S5 be three NTS and f : S3 x S; — S5 be any function. Then the induced map
f: 81 — S5%is defined by (f(A;))(Ay) = f(As, Ay) for R— sets A; of Sy and Ay of Ss.

Conversely,given a function f : S; — S5°, a corresponding function f can be also be defined be the same
rule.

R.Dhavaseelan, R. Subash Moorthy and S. Jafari : Generalized Neutrosophic Exponential map



Neutrosophic Sets and Systems, Vol. 27, 2019 41

Proposition 4.1. Let S} be a gX\ locally compact Hausdorff space. Then the gX evaluation map e : 55 'x S —
Sy is g\ continuous.
Proof. Consider (f, A;) € S3' x Sy,where f € S5 and R— set A; of S;. Let V be a gX open set containing
f(A7) =e(f, A1) in Ss. Since Sy is gX locally compact and f is gX continuous,by Proposition 3.2, there exists
an gX open set U in Sy, such that A; C NGcl(U) and NGel(U) is gX compact and f(NGcl(U)) C V.
Consider the gX open set S x Uin S§* x S1.(f, A1) is such that f € Syeaw,v and Ay C U. Let
(g9,Az) besuchthatg € S - and Ay C U be arbitrary, thus g(NGel(U)) C V. Since A, C U,we have
g(Az) €V and e(g, Ay) = g(Ag) C V.Thus e(S x U) C V. Hence e is gX continuous.

NGel(U),V

NGel(U),V

Proposition 4.2. Let S; and S5 be two NTS with Sy is gX compact. Let A; be any R— set in .S; and N be a
gX open set in the g\ product space S; x Sy containing {A;} x Sy. Then there exists some g® open W with
A; € Win Sy, such that {A;} x Sy CW x Sy C N.

Proof. It is clear that by Remark 3.1, {A;} x S, is g® homeomorphism to Sy and hence by Remark 3.2,
{A;} x Sy is gX compact. We cover {A;} x Ss by the basis elements {U x V }(for the g® product topology)
lying in N.Since { A; } x Sy is gX compact,{U x V'} has a finite subcover, say a finite number of basis elements
Uy x Vi,...,U, x V,. Without loss of generality we assume that {A;} C U, for each i = 1,2, ..., n.Since
otherwise the basis elements would be superfluous.

Let W = (., U;. Clearly W is gX open and A; C WW. We show that W x Sy C |J_,(U; x V;). Let
(A1, B) be an R— set in W x S;. Now (A, B) C U; x V; for some i, thus B C V;. But A; C U, for
every i = 1,2, ...,n(because A; C W). Therefore, (A;, B) C U; x V; as desired. But U; x V; C N for all
i=1,2,..,nand W x Sy C|J;_,(U; x V;), therefore W x Sy C N.

Proposition 4.3. Let 53 be a gR locally compact Hausdorff space and 51, Sz be arbitrary NTS. Then a map
f S3 x §1 — Sy is gX continuous iff f S1 — S is g\ continuous,where f is defined by the rule
(FAD)(42) = [(As, Ar). |

Proof. Suppose that fis gX continuous. Consider the functions S5 x S; ~% ><fASg, X 553 LN 5233 X S3 = S,
where iz denote the X— identity function on Z,¢ denote the R— switching map and e denote the gX evaluation
map. Since et(iy X f)(Ag, A1) = et(As, f(A1)) = e(f(A1), A2) = (f(A1))(A2) = f(Ag, Ay) it follows that
f=et(iz x ]’"\) and f being the composition of gX continuous functions is itself gX.

Conversely,suppose that f is gN continuous,let A; be any arbitrary N— set in S;. We have f(Al) €
S5%.Consider S, , = {g € S5* : g(K) C U, K € I* is g ‘compact and U € I°* is g open}, contammg
f(A ). We need to find a gX open W with A; C W ,such that f( 1)C S
a gN continuous map.

For any N— set A, in K, we have (f(Al))(Ag) = f(A3,Ay) € U thus f(K x {A;}) C U, that is
K x {A;} € f7Y(U). Since f is g® continuous, ' (U) is a g® open set in S3 x S;.Thus f~1(U) is a gR
open set S3 x S; containing K x {A;}. Hence by Proposition 4.2, there exists a g\ open W with A; C W
in 5, such that K x {4} € K x W C f~ Y(U). Therefore f(K x W) C U. Now for any A; C W and
Ay C K, f(Ay, Ay) = (F(A1))(As) C U.Therefore f(A;)(K) C U forall A, C W. Thatis f(A;) € S, for
all A; C W.Hence f(W) C Sy as desired.

this will suffice to prove f to be

K,U’

Proposition 4.4. Let S; and Sg be two gX locally compact Hausdorff spaces. Then for any NTS S, the
function E : S3°* " — (552)™ defined by E(f) = f(thatis E(f)(A;)(Az) = f(As, A1) = (f(A1))(As)) for
all f: 535 x X — S5 is a g\ homeomorphism.

Proof.

(a) Clearly E is onto.
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(b)

(©

(d)

For E to be injective. Let E(f) = E(g) for f,g : S3 x S; — S5.Thus f = g,where fand g are
the induced maps of f and g respectively. Now for any X— set A; in S} and any N— set Ay in Sj,

F(A2, A7) = (F(A))(Ag) = (§(A1))(Az) = g(Az, Ay )ithus f = g.

For proving the gX continuity of £,consider any gN subbasis neighbourhood V' of fin (5253)51, that is
V' is of the form S}, ,, where K is a gR compact subset of 1 and T is gX open in 553. Without loss of
generality we may assume that W = S, , where L is a g compact subset of S3 and U is a g open set in
Sy.Then f(K) C S, = W and this implies that F(K)(L) C U. Thus for any R— set A, C K and for all
N—sets A; C L. We have (f(Al))(AQ) C U, thatis f(As, A;) C U and therefore f(L x K) C U. Now
since L is g\ compact in S3 and K is gX\ compact in S7,L x K is also g\ compact in S3 x S1[6] and since
U is a g open set in Sy, we conclude that f € S, ., C S5° """, We assert that £(S, .,,) C S, .Let
g € S,y bearbitrary. Thus g(L x K) C U, thatis g(A;, A1) = (g(A1))(Az) C U for all R— sets
Ay C Lin S5 and for all R— sets A; C K in S1.So (g(A;))(L) C U for all R—sets A; C K in Sy , that
isg(A;) € S, , = W forall R— sets A; C K in U.Hence we have g(K) C Wthatisg = E(g) € S,
forany g € S Thus E(S C Sy, - This proves that F'is gR continuous.

LxK,U"* L><K,U)
For proving the g® contlnulty of E~1, we consider the following gX evaluation maps: e; : (55 )91 x
S — 553 defined by el(f Ay) = f( 1) where f € (553)51 and A; is an X— set in S; and ey :
S53 x Sy — Sy defined by ey(g, A3) = g(Ay) where ¢ € S3* and A, is a R— set in S5. Let
@ denote the composition of the following gX continuous functions ¢ : (S3 x S1) x x (S5 i
(S59) % (S5 x S1) 25 (85%)™ x (81 x S3) = ((S5%)™ x 1) x Sy 2 (85%) x Sy 2 S,
where 7,17 denote the N— identity maps on (SS?’)S1 and S5 respectively and T t denote the N— switch-
ing maps.Thus 1 ; (S3 x S1) x (SS?’)S1 — Sy that is ¢ € S (S950)x(55°)™ . We consider the map

~ ] s
E: SéngS1)><(SQ3) (S(SB’XSI))(S " (as defined in the statement of the proposition in fact it is E).

So E(¥) : (S5)™ — S(S”Sl) Now for any X— sets A, in S,4; in S; and f € S$°***"), again to check
that (E(1) o E)(f)(As, A1) = f(As, Ay); hence E(¢)) o E=identity. Similarly for any § € (S5*)™
and N— sets A; in S1,A4, in S, again to check that (E o E(¢))(§)(A1, A2) = (§(A1))(As);hence
EoFE (1)=identity. Thus F is a g\ homeomorphism.

Definition 4.3. The map £ in Proposition 4.4 is called the g\ exponential map.

As easy consequence of Proposition 4.4 is as follows.

Proposition 4.5. Let S;, S5 and S5 be three gX locally compact Hausdorff spaces. Then the map NV : 55 ' x
532 — S35 defined by N(f,g) = g o f is gX continuous.

. ) .. T t -
Proof. Consider the following compositions: S; X Sfl x G352 = Sfl X S3§ X S txx, 532 Sfl X S1 —

S
832

X (Si91 x St) ixez, S3%2 xSy 2 Sy where Tt denote the X— switching maps, ix,4 denote the R—

identity functions on S; and 53§ respectively and e, denote the gN evaluation maps. Let o = e5 0 (i X €3) 0

S S
(t x ix) o T. By proposition 4.4, we have an exponential map. E : Gy51x82 " xSsE (S5°1)52" %553 Since

Y€ 5351><5251><5325,E(g0> € (5331)S§1Xs3§_ Let N = E(yp),thatis N : S5 x S35 — S5°' is an gR continuous.
For f € Sy', g € Ss5 and for any R— set A; in Sy, it is easy to see that N(f, ¢)(A1) = g(f(A})).
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5

Conclusions

In this paper, we introduced the concept of g compact open topology and Some characterization of this
topology are discussed.
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