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1. Introduction

To explain uncertainty, a number of theories have been put forth, including fuzzy sets
(FS) [1], which have membership grades (MG) that range from 0. Atanassov [2] constructed
an intuitionistic FS (IFS) for ¢,w € [0,1] using two MGs: 0 < { + w < 1 and positive ¢ and
negative w. Yager [3] developed the Pythagorean FSs (PFS) idea, which is distinguished by
its MG and non-MG (NMG) with ¢ +w > 1 to ¢? + w? < 1. Numerous studies have examined
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the use of IFSs and PFSs in various fields. Their ability to communicate information is
still restricted. Because of this, the experts were still having trouble interpreting the data
in these sets and the associated data. Wang et al. [4] investigated the concept of complex
IFS with DOMBI prioritized AOs and its application for trustworthy green supplier selection.
Hatamleh et al. [5]- [10] discussed the concept of new algebraic structures such as neutrosophic
sets, semigroups and its applications. According to Cuong et al. [11], the three primary ideas
of the picture FS are positive MG (¢), neutral MG (o), and negative MG (w). Additionally,
it offers greater benefits than PFS and IFS. Since (,w € [0,1], it has been noted that the
picture FS is an upgrade of the IFS that may handle greater inconsistency and 0 < (+w < 1.

N 9N b

According on the picture FS description, expert comments like ”yes,” ”abstain,” "no,” and
"refusal” will be supplied.

Shahzaib et al. [12] defined the SFS for certain AOs using MADM. SFS requires that 0 <
¢? + w? < 1 rather than 0 < ¢ +w < 1. Hussain et al. [13] first proposed the concept
of an intelligent decision support system for SFS. Hatamleh et al. [14]- |18] deals that the
different algebraic concepts and its generalization. SFSs and their applications in DM were
initially presented by Rafiq et al. [19]. For instance, (> + w? > 1 is a DM problem with
a property. Senapati et al. [20] invented Fermatean FS (FFS) in 2019 with the condition
that 0 < ¢ + w3 < 1. The concept of generalized orthopair FSs was initially proposed
by Yager [21]. In the oc-rung orthogonal pair FS (oc-ROFS), both the MG and the NMG
have power o¢; however, their sum can never be more than one. Palanikumar et al. [22]
introduced the MADM approach for Pythagorean neutrosophic normal interval-valued fuzzy
AOs. Aggregation operators are essential to solving MADM problems (AOs). According to Xu
et al. [23], there are IFS averaging operators that may be used to average IFS data. Recently
many authors discussed the new research and its aggregating operators [24]- [28].

Based on IFSs, Xu et al. [29] developed geometric operators, such as weighted, ordered
weighted, and hybrid operators. Li et al. [30] proposed generalized ordered weighted averaging
operators (GOWSs) in 2002. Using AOs and distance measurements, Zeng et al. [31] described
how to calculate ordered weighted distances. Peng et al. [32] examined a basic PFS based on
the characteristics of AOs. Fuzzy sphere Dombi AOs were developed by Ashraf et al. [33].
Additionally, Ullah et al. [34,35] offer more details on SFSs and T-SFSs. Al-Husban [36]
introduced the concept of multi-fuzzy rings and its extension. Palanikumar et al. [37-39]
investigated a variety of algebraic structures and aggregation methods with applications. The
rest of this work will be completed in the manner described below. For an introduction, see
section |1} In Section [2, PF'S and NS were covered. Section |3| describes a number of techniques
on o« IVNNs. Section Ml discusses the AOs based on IVT oc NN. The conclusion is covered in

section Bl
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2. Background

This section has several crucial definitions that we should examine for future learning.

Definition 2.1. Let A be a universal. The PFS T = {b, <£T(b),£F(b)>‘b € A}, LA —
(0,1) and £ : A — (0,1) called the MG and NMG of b € A to I, respectively and 0 <
(LT(5))* + (LF(h))* = 1. For T = (LT, LF) is called a Pythagorean fuzzy number (PFN).

Definition 2.2. The NS T = {b, <£T(b),£1(b),£F(b)>|b € A}, where £7, 21, LT : A — (0,1)
is denote the MG, IMG and NMG of b € A, respectively and 0 < (LT'(b))+ (L1 (b)) + (LF (b)) <
2. For M = <£T, chcr > is called a neutrosophic number (NN).

Definition 2.3. The Pythagorean NS I' = {b, (LT (0), L1 0), LE0))|p € A}, where
croct.ct . A — (0,1) is called the MG, IMG and NMG of b € A, respectively and
0 < (LT(B)? + (L1b)* + (£F(0))? < 2. For M = (LT, L7, L") is called a Pythagorean
neutrosophic number (PyNN).

Definition 2.4. Let I'y = (a1,b1) € Nand 'y = (ag,b2) € N. Then the distance between I'y
and I'y is defined as A(T'1,T'2) = \/(al —a2)?+ %(bl — b9)?, where N is a natural number.

3. Operations for IVT o« NN

We present the concept of the oc IVNN, which is a tangent trigonometric. As a consequence,

the IVT o« NN and its operations were established and tan7/2 = 4

Definition 3.1. The o NS T' = {5, (([(30 0)(), (3o V)()}, [(3 0 P)(), (30 X) ()], [(3 0
0)(v), (30 V)( )>)b € A} where (40 0), (40 P), (30 Q) : A — (0,1) denote the MG, IMG
and NMG of b € A to I', respectively and 0 < ((40V)(0))* + (4o X)(b))* + (40 ) (4))* < 1.
For convenience, I' = <([(_-I 00),(doV)],[(doP),(doX)],[(d0Q),(do y)])> is represent a
IVT oc NN.

Definition 3.2. Let I' = <([(j 0 0),(40V)],[(4 0 P), (d0X)],[(3 0 Q),(joy)])>,F1 -
([(F001),(do V1)), [(d o Py), (do X)), [(d 0 Q1) (o M), T2 = (([(F0 Oy), (0], [(d o
P2), (do Xa)],[(d0 Q2),(d02)])) be any three IVT o« NNs, and ¢ > 0. Then
i 00" +((3002)™ | ((FoW))* + ((F0 V)"

H((F002)™ \ =((Fo V)™ - ((Fo Vo))

o P1)* + (40 Pa))” J (Jo X)) + ((do ) | -
~((doP))™ - (F0P2)™ \ =((Ho&1))™ - ((F0 Ap))*
(20 Q1)) (40 Q2)™, ((Fo I1))*((4 0 I))* ]
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((4001))%((d0 02))%, (40 V1))*((d0 W2))7,
| ((BoP))™ + (30 Pg))* :loXl )™ + (joxz))q
(2) ol = ~((FoP1)™ - (FoP)™ J X1))% - (40 &)™
| ((F0Q1)" + ((40Q2))" ioyl)) +((302))"
L\ —((Fe Q) (ﬂon)"‘ J Yi)* - (40 X2)"
{“1(1 (jo(00<), 1— (1= (4o (V)x)? ]
3)o-I'=1¢1-(1 (_—Io(Po‘)d\/ (1—(do (X)),
(H0(Q%)% (Ho (¥)%)?
d :

We present ED and HD measures for IVT oc NNs and investigate their mathematical char-

acteristics.

Definition 3.3. For any two IVT oc NNs I'y = (([(d0 O1),(doWV1)],[(d0P1),(d0X1)],[(do
Q1), (Fo X)), T2 = (([(Ho O2), (40 V)], [(F0P2), (F0 A2)], [(4 © Q2), (40 I%)])). Then

1+ (40 01))? = ((HoP1))* = (
— (14 ((3002))* = (40 P2))? -
(HoW1))? = (o)
—((HoW2))? —(

Ap(T,I'y) = | =

\_+

where Ap(T',T2) is called the ED between I'y and T's.

‘ 1+ ((3001))” = (0 P1))* = (40 Q1))*]

|- (1 (20 02))° — (FoP2))® — ((F0 ©2))?)

Al o) = 5 (H0V1))? = (0 1) — (o 1))
_l’_

(—((4012))% = (40 X2))” = ((40I0))")| |

where A (I'1,T'2) is called the HD between I'; and I's.

4. Aggregating operators

We use IVT o« NWA, IVT o« NWG, GIVT o« NWA, and GIVT o NWG to describe the
AOs.
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4.1. IVT gNW A

Definition 4.1. Let I'; = ((([(d0 O;), (0 V)], [(doPs), (4o &3], [(Ho Qi), (40 Vi)]))) be the
IVT o« NNs, W = (01,902, ...,0,) be the weight of I';, d; > 0 and Y} ,0; = 1. Then IVT

NWA (Fl,FQ, ...,Fn) = YZT»L:15Z‘FZ'.

Theorem 4.2. Let I'; = ((([(d0 O;), (o Vi)], [(FoPs), (Ao Xy)], [(Ho Qi),(doVi)]))) be the
IVT o« NNs. Then IVT gNWA(T1, T, ..., T'y)

‘(/1—@(1 (40 0) ) \/1 (1= (V) )6
| e

A”—1(((jOQ) i (((Fo )™ )
Proof If n = 2, then IVT o« NWA(T'1,T'2) = 01I'1 Y 9212, where

O\</1 - (1 (4o 01))o<)61, °\</1 - (1 ~ (4o vl))d)al,
ol = o\c/l _ (1 (4 0771))o<>51, °\“/1 _ (1 (4o Xl))“)61,

((40.Q1))*)%, (40 ¥1))*)™

{O\(/l — (1 —((do 02))“>a2, °\‘/1 — (1 —((do V2))O()62w
doly

N O\(/l - (1 - ((jopz))O()gQ, O\(/1 - (1 _ ((_-IoXQ))oc>62 )

(((40.Q2))%)%, (4 0 32))*)"

Now, 311 ¥ o
(- (o)) | (- (1—<<j°"1>>“)51)+_
(1—( ((jo(’)g))> ) ) (1— ’
~(1- (1= (oo ) ) ~(1- (1= (Fow)® )51>
(1= (1-@o0)") | (1= (1= (ow))™)
T - Om@er))e | (- (e ) )
) (1- (1= (@oP)® >a2> ) (1- (1-(@oa)) )62)
~(1- (1= (P )51)-7 ~(1- (1= (o a)® "
(1-(1- ((:IO'PQ))O(>32> \ (1- (1= (o a)”
L (((30.91))%)%, (30 Q2)))%, (30 Y1)*)°, (((H 0 ¥2))*)?2

))
))
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i 01 02
°\</ 1= (1= (e 00)) " (1= ((Fo02))
i1 (- o) (1 (o)™,
_ °\</1 -~ (1= (@0 Pl))“)al (1- (o 772))“)62,
i1 (- o a) " (1 (o))",

(30" - (30 Q2)))™

(3o Y)))% - (0 I2))™)°

Hence, IVT gNW A(T'y,T5)

\/1 - JL?:1<1 — ((4o Oi))a)ai’

1- a2, (1-
)\?zl(((j ©

l;

It valid for n > 3. Thus, IVT gNWA(I'1, Ty, ...,

(CEEI

Qi))a)aiv =

/1o 20 (1= e o) - (1= won)’
e e
(((j 0 Q1)) Ay (40 31)%)°

If n =1+ 1, then IVT ot NWA (T'y, T, ...

3 Flv FH—I)

Oi via(1- (1 (o oi))a)&) (- (- (Oz+1)o<)6”l)
U (1 - (1 ~ (4o Oz))a)E’ (1 _ (1 - (Oz+1)0‘)6l+1>’
|- Vz'))“)ai +(1-(1- (vl+1)°<>5’“>

B Gl O ) (= (- o)™

[ee

\ A (1- (1= (o) )6
A (((H0.Q0))™)%%, ((Quar) ™), A

0141
).

()™ |

(1= (1= ()
(oY),
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128 (1= @oo) " §f1- (1= (ovor)™
‘d - (1= (o) \/ L (1 (o )
MET(((F0 Q) ™)%, AET(((Fo ) ™)™:
Theorem 4.3. Let I'; = ((([(d0 O;), (Ao Vi)], [(doPs), (Ao Xy)], [(Ho Qi),(doVi)]))) be the
IVT o« NNs. Then IVT o« NWA (I'1,T'g,...,I'y) =T (idempotency property).

Proof Since (400;) = (400) , (doP;) = (doP) and (40 Q;) = (do Q) and (doV;) = (doV)
,(do &) =(doX) and (doY;) = (do)) and Y} ,0; = 1. Now, IVT ¢gNWA(T'1,T,...,I'y)

(e
= °\</1 ( (4o P)) a). O\/l— ?:1(1—((510Xi))0(>8i’

: AP (30 ©))™)%, A1 (30 X))™)

Theorem 4.4. Let I's = ((([(40 Os), (o Vi)], [(d0 Py), (o X)), [(do Qs), (40 i)]))) be the
IVT o NNs. Then IVT cc NWA(T'1, Ty, ...,Ty,)

where (40 O) = min(4 o Oy), (40 0) = max(d0 0;), (JoP) = min(d o Py), (JoP) =
max (4o Pjj), (40 Q) =min(do Qyj), (40 Q) = max(d0 Q)

and (40V) = min(d0 V), (0 V) = max(do V), (40 X) = min(do Xj;), (40 X) = max(do
Xij), (40Y) =min(doYy), (0 ) = max(doY;;) and where 1 <i <n, j=1,2,....i;. Then,
<(joO),(joV),(:|o73),(:loX),(_-Io Q),(_-on)>

IN

IVTgNW AT, T, ..., )
< <(j 50),(30V),(FoP), (JoX),(d0Q), (4o y)>.

(Boundedness property).
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Proof Since, (40 O) = min(400;;), (40 O) = max(400;;) and (40 O)

(jOOi]’
(4o V).

A
g
O
S

<
and (do0V) =min(d0V;;), (doV) =max(doV;;) and (doV) < (4o V) <

Now (40 0),(40V)

< §fimam (1= (@ 0)) " {1 am (1= (o))’
< ¢ 1, (1- @ o), J 1, (1 @)
= (400).

Since, (40 P) = min(do P;;), (40 P) = max(doP;;) and (o P) < (doP;;) < (40P) and

(40 X) =min(do Aj;), (do&X) =max(do Aj;) and (Jo X) < (do &jj) < (o X).

Now, (doP),(do X)

< {1 @er)” (- (- (e )
< {/1- A?Zl(l {E o7>))0<>6i, \/1- A?:l(l - ((4 OX))‘*)&

Since, (40 (Q)%) = min((40 Q;))%, (40 (Q)*) = max((d0 Q;;))* and (F0 (Q)*) < ((do
Qi)™ < (30(Q)%) and (30 (V)¥) = min((4 0 ¥;y))*, (30 (V)*) = max((3 o V)™ and
(Fo W) < ((F0Yy))* < (3o (V)).

We have,

(40(Q% = Ay(F0 (%) ALy (Fo )™
A1 (30 Qi) ™), K2y (40 Yig)) )™
X (30 (@) i (Fo )

= (40(Q)%), (do (¥)%).
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Hence,
(300),(40V),(30P), (40 %), 30 Q),(FoV))
< IVTgNW A(T1, Ty, ...,Ty,)
<{((d00),(d0V),(doP),(do X), (40 Q),(doY)).

Theorem 4.5. Let I'; = (([(30 Oy;), (o V)], [(HoPyy;), (30 &y, )], [(Ho Qu,,), (F0 Ve,))))

and W; = {([(30 On,), (30 Vi, )} [(30 P, ), (30 X, ] (30 Qu, ) (30 Y, )}, be the TVT
o« NWAs. For any i, if there is (4o Otij)Q < (do (f)hij)2 and (4o Ptij)Q < (do Phij)2 and
(40Qy,;)? > (40 Qh,;)? and (d0Vy,;)? < (doVy,,)? and (o Xy,,)? < (doXy,,)? and (oY) >

(40 Vn,)20r Ty < W;. Prove that IVT gNWA(T'1, Ty, .., T'y) < IVTgNW AWy, Wa, ..., W),
where (1 =1,2,...,n);(j = 1,2,...,4;) (monotonicity property).

Proof For any i, (40 Oy,,)* < (do O, 2,

Therefore, 1 — (40 0,))2 2 1— (40 Op,))2.
9;
Hence, A7 (1 ~ (4o oti))2) > An, (1 ~ (4o ohi))Q)

and {/1- 01, (1= ((3000))%) " < §1- a1, (1= (Bo o))
Similarly, (do Vtij)z <(do Vhij)Q-
Therefore, 1 — (40 V)2 > 1 — ((40W,))%

2\ % 2
Hence, 47 (1= ((40V))?) " = amy (1= (o W)’
Raed Hatamleh, Ahmed Salem Heilat, M.Palanikumar and Abdallah Al-Husban, Different

operators via weighted averaging and geometric approach using trigonometric oc
neutrosophic interval-valued set and its extension

0;

0;




Neutrosophic Sets and Systems, Vol. 80, 2025 @

0;

and O\“/1 — A, (1 ~ (4o vti))“)a" < °\(/1 — A, (1 (4o vhi))“)
For any 4, (40 Py,,)* < ((40Pn,))"
Therefore, 1 — ((doPy,))* > 1 — ((40Pp,))™.
0;
Hence, 47 (1= (40 P,)7) " 2 A, (1= ((FoPu)”

_ )5
This implies that O\(/1 — A (1 —((do Pti))d>6i < O\‘/1 - A, (1 —((do 73}”))0()52‘.

Similarly, for any 4, (40 &}, )* < ((_—I o Xhij))a.
Therefore, 1 — ((do X,))" > 1— ((do0 Ay,))™.
5,‘ Eji
Hence, A%y (1= ((404,))%)" > ary (1= (B0 2)7)

7
This implies that °\</1 — A (1 — (4o Xti))“) < °\</1 — AT (1 —((4o Xhi))“)

9;

For any i, ((40 Q1,,))> > (40 Qu,;))” and ((F0 Q)" > ((F0 Qn,,))™

Therefore, 1 — M M
9 2 2 .

<1l-
Similarly, for any 1,

((j ° ytij))z > ((j o yhij))2 and ((j © ytij))O( > ((j o yhij))a'
Therefore, — (AL, (0 W;,,))" < — (AL (0 W)™

Hence,
| < T/ - )\?=1<1 —((do Oti))oc>6i - ( o\(/1 - *?=1<1 — (e Pt"))a)aif
. 11— (A%l((—" o Qtl))d)2 2
2 + {< o\C/l - A:L—l(l —((do Vtz))q>6i> - ( O\(/l - *7—1<1 —((3e th))ﬂaz)
| — (A (Fo Wi)%)? 1
( O\(/l . (1 e Ohl))“)&)Q B < o\</1 — A, (1 —((do Py ))“>GZ>2
S » - (Mn:%((_—l o Qh))OC)Q 2
2 + (O\/l *?—1(1_(@01}’”))&)&) B (O\K/l_wﬂ(l_ e Wx)a)
| — (A (doVn))¥)” -

Hence, IVT gNW A (T'1,Ts,...,Ty) < IVTGNW A (Wy, Wa, ..., Wy).

4.2. IVT o« NWG

Definition 4.6. Let I'; = ((([(d0 O;), (o V)], [(doPs), (o &3)], [(Ho Qi), (40 Vi)]))) be the
IVT o« NNs. Then «NWG (I'y, Ty, ..., T,) = A% T0%
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Corollary 4.7. Let T'; = (([(d0 O;), (o Vi), [(do Py), (o X)], [(do Q;),(d0Vi)]))) be the
IVT o« NNs. Then IVT o« NWG (T'1,T9,...,T)
L1((30.00)%)%, A3y (30 11)*)™

_ O\‘/1 - )\?:1<1 - )6’ °\</1 )\;‘:1<1 — (4o Xi))d)ai
°\</1 - Ag‘:1<l (40 Q) a)al o1 )\?:1<1 (4o yz-))a)ai

Corollary 4.8. Let I'; = ((([(A0 O;), (Ao V)], [(do Pi), (o &X)], [(Ho Qi), (o Vi)]))) be the
IVT o« NNs and all are equal. Then « NWG(I'1,Tg,...,T',) =T

Corollary 4.9. It has other properties, including boundedness and monotonicity, as well as
having < NWG.

4.3. Generalized IVT o« NWA (GIVToNWA)

Definition 4.10. Let I'; = ((([(40O;), (Ao Vi)], [(doP;), (o A3)], [(H0 Qi), (d0 V5)]))) be the
IVT o« NN. Then GIVT oc NWA (I'y, T, ..., T,) = (y;;l 61-1“?)1/ ’

Theorem 4.11. Let I'; = (([(d0 O;), (do Vy)], [(doPs), (o A3)], [(d0 Qi),(doVi)]))) be the

IVT o« NNs. Then GIVT o« NWA (I'1,T'g,...,T'y)
i . d; \ 1/x o 3\ 1/
(“ 1—A?:1<1—(<uooi>>°<)> ) ( 1—*?:1<1—(<<jovi>>°<)> ) :
. 9; \ 1/« . 9 \ 1/«
(il—m@—(((jonnm)) ) 7<“1—A?1<l—(<<joxi>>“)) ) ,
= 9; \ o\ 1/«
ﬂl(l( %(Vl—(l—((jo%»a)“) )) :
d; \ o\ 1/
ﬂ1 (1_< 7_1<\/1—(1—((joyi))“)0(> ) >

Proof To illustrate this, we may first show that,

0
1— A, (1 - (((j o Oi))a)O()Ei? 1= Ay (1 - (((j o vi))“) >

9; 0;
L= Ay (1 - (((jom)“)“) SRR (1 - (<<jox@->>°<)“>

3 3
Ay ( \/ 1- (1= (0 QW)“) AL ( \/ - (1- (30 %))H)“)
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Put n =2, 61I'1 Y 9209

Hence,
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0; 0;
Aé:1<°\</ - (1 (e Qm@)“) Ay ( (- <<joyi>>°<)°(>

If n=1+1, then v!_ 8,T¢ + 84T, = Y £5,T7.
Now,¥!_10;,T7 + 04119, = 0.7 Y 5I'9 v ... Y O, ¥ 9,441,

9; ]

_°\</1 - Aﬁﬂ(l - (((jwl))m)a)ai, °\</1 - &2 (1 - (((jom)“)oc)
I+1y \/ z+1< ( )O()& \/ I+ ( ( )“)
Yizl Iy = 1= (1= ((HoPr))™ CF/ 1= i (1= (o X))

1 1 —\ i 1 —\ i
ALt ( °§/1 _ (1 ~ (4o Q,»))“) ) Al ( °\‘/1 — (1 — (4o yi))cx) >

9;
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Corollary 4.12. If g = 1, then IVT o« NWA operator is used instead of the GIVT o« NWA

operator.

Theorem 4.13. If all T; = (([(40 O;), (4o V)], [(A0P;), (A0 X)], [(H0 Qs), (o)) and
all are equal. Then GIVT o« NWA(I'y,Tg,...,I',) =T

Corollary 4.14. The GIVT o« NWA operator meets both boundedness and monotonicity con-

straints.

4.4. Generalized IVT «cNWG ( GIVT «NWG)

Definition 4.15. Let I'; = ((([(40O;), (Ao Vi)], [(doPs), (o X)), [(H0 Qi), (d0 Vi)]))) be the
IVT o NNs. Then GIVT&NWG (T'y, T, ..., [y) = g( AT, (8T;) )

Corollary 4.16. Let Ts = (([(400), (40 V)L, [(30P2), (40 )], [(40.Q1), (30 D)) be the
IVT & NNs. Then GIVTNWG(T'1, T, ..., T'n)
C() 0; )O() 1/

Oi1<1<wl<°\(/1<1((jooi))°‘
ANENEVE:
. 1—(1—<w:1 (O\‘/l—(l—((jovi))a O(>a ) )

)
)
N\ O 1/oc 2\ O 1/e
(d\ 1_)\?:1<1_<((——|0Pi))0<> ) ) v(oi 1—A?=1<1—(((joxi))o<> ) )
N B \ 1/ . 9; \ 1/
(\ 1—A?1<1—(<<po@->>“) ) ) (J 1—A?1<1—(<uoyi>>d) ) )

Corollary 4.17. When 0 =1, the GIVT o« NWG is converted to the o« NWG.
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Corollary 4.18. GIVIocNWG operators satisfy the boundness and monotonicity character-

istics.

Corollary 4.19. If all T; = ((([(0 O;), (o V)], [(AoP;), (4o X)], [(d0 Q;i), (Ao Wi)]))) are
equal. Then GIVToacNWG(I'1,Tg,...,I'y) =T

5. Conclusion:

This work presents novel weighted operators, such as geometric and averaging operators.
Boundedness, idempotency, commutativity, associativity, and monotonicity are some of the
characteristics of these operators. To describe the weighted vector, we looked at a number of
common metrics. Many aggregation operator criteria have been studied. Some findings have

been made after a few aggregating techniques for these IVT oc NNs have been examined.
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