HWINSS Neutrosophic Sets and Systems, Vol. 80, 2025

m University of New Mexico
.l'

Intuitionistic Quadri-Partitioned Neutrosophic Sets with

Extended Operators

Sai Anu P!, Arulselvam A% and Bobin A3~

!Department of Mathematics, Bharath Institute of Higher Education and Research, Chennai, Tamilnadu;
saianupriya@gmail.com

2Department of Mathematics, Bharath Institute of Higher Education and Research, Chennai, Tamilnadu;
arulselvam.a91@gmail.com.

3Department of Mathematics, IFET College of Engineering (An Autonomous Institution), Villupuram,
Tamilnadu.

*Correspondence: bobinalbert@gmail.com

Abstract. We present the concept of intuitionistic quadri-partitioned neutrosophic sets (IQ-PNSs) and extend
it to intuitionistic quadri-partitioned neutrosophic soft sets (IQ-PNSSs). These sets introduce a constraint
where the combined membership values for truth and falsity must not exceed one, while the indeterminacy and
contradiction membership values are restricted to the interval [0, 1], ensuring the total sum of all membership
values remains below three. In addition, we define necessity and possibility operators, along with two novel
operators, (® and ©), on IQ-PNSSs and explore their properties. Furthermore, we introduce and analyze the
operators Ay, Ay ., and 0,,,, as well as the concentration (CO) and dilation (DQO) operators on IQ-PNSSs. This
framework effectively addresses complex uncertainties, particularly in situations where conventional approaches,

such as those used for modeling ambivalent psychological behaviors, are insufficient.
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1. Introduction

The concept of fuzzy sets (FS) was first introduced by Zadeh [31], where the membership
of each element is represented by a value within the closed interval [0,1]. Later, Atanassov
[3] expanded this concept by proposing intuitionistic fuzzy sets (IFS), incorporating both
membership and non-membership values, with the condition that their combined total does
not exceed one. Building on this foundation, Atanassov [4] explored various properties of
IFS. Subsequent advancements were made by Smarandache [26], who introduced the neu-

trosophic set (NS), characterized by three membership functions: truth, indeterminacy, and
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falsity. Neutrosophic theory has been applied extensively across numerous fields, particularly
in decision-making. To make neutrosophic theory more practical, Wang et al. [30] introduced
the single-valued neutrosophic set (SVNS), which provides a more adaptable framework for
real-world applications. Researchers like Smarandache [27] have applied neutrosophic theory
to psychological concepts such as the soul, and Christianto and Smarandache [17] reviewed
the use of neutrosophic logic in cultural psychology. Similarly, Chicaiza et al. [12] investigated
emotional intelligence among students using neutrosophic psychology, while Smarandache [28|
introduced the concepts of dependence and independence in FS and NS. Smarandache [29]
also discussed hypersoft sets as an extension of soft set theory. The growing use of NS and
SVNS in psychology demonstrates their significance.

In the field of medical diagnosis, Shahzadi et al. [25] employed SVNSs, while Broumi et
al. [9] developed single-valued neutrosophic graphs as a generalization of fuzzy and intuition-
istic fuzzy graphs. Other significant advancements include Hamidi et al.’s [18] application
of neutrosophic graphs in sensor network analysis, and Beg and Tabasam’s [5] exploration
of comparative linguistic expressions using hesitant IF'Ss. Researchers such as Anita et al.

[2] utilized interval-valued IF'S for multi-criteria decision-making (MCDM), while Jianming
et al. [20] proposed weighted aggregation operators for neutrosophic cubic sets (NCSs) in
similar applications. The development of algebraic and Einstein operators on NCSs by Majid
Khan et al. [22] has further advanced MCDM methodologies. Other contributions, such as
Chinnadurai et al.’s [13]| creation of a ranking system for neutrosophic environments, and
Chinnadurai and Bobin’s [14] application of prospect theory to MCDM, emphasize the prac-
tical applications of these models. Additionally, Chatterjee et al. [10] and Abdel Basset et al.

[1] have contributed to the development of similarity measures (SMs) within the neutrosophic
framework, including bipolar SVNSs for diagnosing bipolar disorder behaviors. Programming
tools for comparing NSs, as developed by Saranya et al. [24], and similarity measures based
on Hausdorff and Euclidean distances, introduced by Broumi and Smarandache [7] and Lix
et al. [21], have further strengthened these approaches. In a specialized context, Hashim et
al.  |19] applied similarity measures in neutrosophic bipolar fuzzy sets to assist the HOPE
foundation in establishing a children’s hospital.

In set theory, Bhowmik and Pal [6] introduced the intuitionistic neutrosophic set (INS)
and studied its properties, while Broumi and Smarandache [8] extended this work by defining
the intuitionistic neutrosophic soft set (INSS) and examining its characteristics. Chinnadurai
and Bobin [15] made a significant contribution to decision-making methodologies by intro-
ducing the Simplified-Intuitionistic Neutrosophic Soft Set (INSS) framework. Additionally,

they [16] proposed a novel approach to addressing decision-making challenges in uncertain

Sai Anu P, Arulselvam A, Bobin A, IQ-PNS with extended operators



Neutrosophic Sets and Systems, Vol. 80, 2025 ﬁ

environments through the development of the Interval-Valued INSS. This framework is partic-
ularly focused on its application in diagnosing psychiatric disorders, a domain where ambiguity
and incomplete information often hinder effective decision-making. However, no existing set
addresses the scenario where truth and falsity membership values are interdependent, while
indeterminacy and contradiction are independent. To fill this gap, we propose intuitionistic
quadri-partitioned neutrosophic soft sets (IQ-PNSS), which offer more flexible decision-making
conditions. This study highlights the relevance of IQ-PNSS, particularly in situations where
experts assign membership values for truth, indeterminacy, contradiction, and falsity under

specific constraints.

2. Preliminaries

Let U be the universal set, with A€ U, and let M represent a set of parameters, where
A is a subset of M. Moreover, let Z9 stand for the set containing all IQ-PNS over /. The
following notations will be used consistently throughout the manuscript, unless explicitly stated

otherwise.

Definition 2.1. [31] A FS is represented as F = {(A,Pr(4)) :6€ U}, where the function

Pr:U — [0, 1] assigns a membership degree to each element A€ U.

Definition 2.2. [3] An IFS is given as T = {(4,Pz(2),Sz(a)) :A€ U}, where Pr(a) :
U — [0,1] and Sz(A) : U — [0,1] denote the membership and non-membership degrees of
each element A€ U, respectively. For all A€ U, 0 < Pz(A) 4+ Sz(2A) < 1, and the degree of
hesitation is given by m7(A) =1 — Pz(A) — Sz(2).

Definition 2.3. [30] A SVNS is defined as N = {{ A, Prr(n), Qn(2),Sn(8)) :a€ U}, where
Prn(D) U — [0,1], On(A) : U — [0,1] and Sy(A) : U — [0, 1] represent the degrees of truth,
indeterminacy, and falsity membership, respectively. For each A€ U, 0 < Ppn(A) + Qn (A
) +Sn(a) <3.

Definition 2.4. [23] A soft set (SS) over a universe U is a pair (J,A), where 0 : A — P(U).
For each e € A, §(e) = 1 implies A€ d(e), and §(e) = 0 implies A¢ §(e). Therefore, a soft set

is not an ordinary set but rather a parameterized collection of subsets of U.

Definition 2.5. [11] A quadri-partitioned neutrosophic set (Q-PNS) is given as 9N = {< A
,Pon(), Qn(a), Rm(2),Sn(a)) :A€ U}, where Pyp(a) : U — [0,1], Qn(a) : U — [0,1],
Ry(A) : U — [0,1] and Sp(A) : U — [0,1] represent the membership degrees for truth,
indeterminacy, contradiction, and falsity, respectively. For every A€ U, it holds that 0 <
Px(2) + Qu(2) + Rm(2) + Sm(a) < 4.
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3. Intuitionistic quadri-partitioned neutrosophic set

We introduce the notions of IQ-PNS and IQ-PNSS, along with a detailed examination of

their properties.

Definition 3.1. An IQ-PNS within the universe U can be expressed as A =
{(A,Pa(2), Qa(), Ra(8), Sacays )} Pals) : U — [0,1], Qa(s) = U — [0,1], Ra(a) :
U — [0,1] and Sq(A) : U — [0,1] denote the degrees of truth, indeterminacy, contradiction,
and falsity, respectively, for an element A€ U. These functions must satisfy the following

conditions: 0 < PA(A) +SA(A) <land0< PA(A) + QA(A) +RA(A) +S.A(A) < 3.

Example 3.2. Let U = {A1,A2,A3} be a set. Then an IQ-PNS is given as, A =
{(81,.2,.9,.7,.8), (0a, 4,.7,.8,.2), (23,0,.9,.6,.7)} .

Definition 3.3. A pair (6,A) is called IQ-PNSS over U, where § : A — Z®. Thus, for a
parameter e € A, d(e) is an IQ-PNSS.

Example 3.4. Let U = {A1, A2, A3, Ay} represent a group of patients with psychological
conditions, and let A = {ej,e2,e3,e4} denote a set of symptoms corresponding to anxiety
(ANX), depression (DEP), mood swings (MS), and difficulty concentrating (DC), respectively.
An IQ-PNSS (0, A) be a subsets of U, as diagnosed by a psychologist, based on the information
provided in Table 1.

TABLE 1. Subjects with psychological disorders in IQ-PNSS (§, A) form.

U  ANX(e;) DEP (e2) MS(e3) DC(eq)

A1 (4,.2,3,5) (6,.4,.3,.2) (4,5,.7,.4) (1,.2,.3,.5)
Ay (0,.3,.4,.8) (1,.3,.9,.0) (4,.8,.9,.3) (4,.6,.7,.3)
Ay (5,.4,.2,.5) (3,.5,.7,.6) (1,.3,.7,.8) (3,.5,.9,.5)
Ay (6,.9,.4,.4) (2,4,.6,.7) (6,.7,.8,4) (2,.5,.8.7)

Definition 3.5. Let (d1,01) and (d2,02) be two IQ-PNSS over Y. Then,
(i) (01,01) AND (02,02) is an IQ-PNSS represented as (d1,01) A (d2,02) = (dr, 01 X O2),
where da (01, 02) =61(01) N d2(02), V (01, 02) € O1 X O2.
(1, 02) =(min(Ps, (o,)(A), Poy(g2)(8)), min( Qs (5,) (A)s Qs (00 (4)),
min(Rs, (p,)(8);, Ry (on) (8))s max(Ss, (9,)(8), Ssa(02)(8)))5 ¥ (1, 02) € O1 X Og;

(ii) (d1,01) OR (d2,02) is an IQ-PNSS represented as (d1,01) V (d2,02) = (dy, O1 X O2),
where dy (01, 02) =01(01) U d2(02), ¥ (01, 02) € O1 X Oa.
dv (o1, 02) =(max(Ps,(4,)(8), Poy(02) (4))s max(Qs, (9,)(A), sy (00)(4)):

maX(R51(Q1)(A)7R52(@2)(A))7min(S(Sl(Ql)(A)a852(92)(A))>7v (Qla QQ) € 01 x O.
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Example 3.6. Let 61 = (.1, .4,.3,.9) and ¢; = (1,.1,.5,.0) be two IQ-PNSS. Then
(1) 01N\ dy = <.1, .1,.3, 9>,
(ii) &1 V &2 = (1, 4, .5,0).

Definition 3.7. Let (d1,01) and (d2,02) be two IQ-PNSS over Y. Then,
(i) (61,©1) union (d2,02) is an IQ-PNSS represented as (61,01) U (d2,02) = (dy, Ou), where
Oy =01UB5 and V p € Oy,

({<Aa (Ps1(0)(2), D, (0) (8), Ry (0) (D), S5, (0)(2))) 5 if o€ ©1 — 0},
{8, (Psy0)(8); Qi) (8), Ry () (8), Sy 0)(2))) 5 if 0€©;— 01},
{( A, max(Ps, () (1), Psy()(8)), max(Qs, (5)(4), Ly () (8))

\ max (R, () (A), Pay(o)(4)), min(Ss, (o) (A), Ss,(0)(2))); if 0 € ©1 N Oa}.

)
)

(ii) (01, ©1) intersection (d2, ©2) is a IQ-PNSS represented as (d1,01) M (2, O2) = (da, On),
where O = 01 UBOy and V o € O,

{8, (Ps,(0)(8); Q5,(0) (8): S50 (8))) 5 if o€ ©1 —Os},
{{A, (Psy(0)(8); Qi) (8)5 Sy (8))) 5 if o€ Oy — 01},
{( A, min(Ps, (4)(A), P, (o) (), min(Qs, (4)(4), sy () (8)),

min(Ry, (o) (), Dy (g)(4)), max(Ss, (g)(A), Ssy() (8))); if 0 € ©1 N Oz}

Definition 3.8. The complement of an IQ-PNSS (4, A) can be described as follows:

(57 A)C = {<Aa5(5(g)(A)) (1 - Q(S(g))(A)’ (1 - R(S(g))(A)aP(S(g)(A)> ;and o€ A} .
Example 3.9. Let § = (.5,.2,.3,.2) be an IQ-PNSS. Then 6¢ = (.2, .8,.7,.5).

Theorem 3.10. Let (§1,01) and (d2,02) be two [Q-PNSS over U. Then,
(i) ((01,©1) A (d2,02))° = (01,01)° V (2, ©2)°;
(ii} <((51, @1) V (52, @2)>C = ((51, @1)C A (52, @2)0.

Proof. We provide the proof for (i); the proof for (ii) follows similarly.
(i) ((51, @1) A (52, @2) = (5/\,@1 X @2)
((d1,01) A (62, 02)) = (64,01 x O2)°.

0 (01, 02) = (max(Ss, (g1) (), s (g2 (), max((1 = Qs (1) (8)): (1 = Qi) (8))):
max((l - Rél(gl)(A»v (1 - R52(92)(A)>)’

min(Pgl(gl)(A),7752(92)(A))>,V(91, 02) € O1 X Oq.
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((51, @1)C V (52, @Q)C = ((5\/, O x @2)

dv(o1,02) = (max(Ss, (o) (A): Say(02)(8)), max((1 = Qgy (1) (4))s (1 = Qiy(00)(2))),
max((1 —Re, (0)(2)); (1 = Regy(05)(2))),
min(Ps, (0,)(8)s Psy(02)(2))): V(01, 02) € O1 X Oa.
Thus, ((61,01) A (2,02))° = (61,01)° V (d2,02).

Definition 3.11. Let ©; and ©2 be subsets of A. The pair (d1,01) is called an intuitionistic
quadri-partitioned neutrosophic soft subset (IQ-PNSSS) of (d2,032), denoted by (41,01) €
(02,©2), iff the below given conditions are satisfied:

(i) ©1 C O;

(ii) For each o € ©1, d1(0) is an IQ-PNSSS of d2(0), that is, Ps,(,)(A) < Psy()(2), s, (0)(A
) < Qsy(0)(8), Rey(9)(8) < Riy(p) (), and Sg, ) (L) = Sd2(0)(2).

Additionally, (d2,02) is referred to as an intuitionistic quadri-partitioned neutrosophic soft

superset of (01,01) and is represented as (2, 02) 3 (1, 01).

Definition 3.12. Let ((51, @1) and (52, @2) be IQ—PNSSS, then ((51, @1) = (52, @2) iff (51, @1) (&
((52, @2) and ((52, @2) (& (51,@1).

4. Necessity (®) and possibility (®) operators on IQ-PNSS
We present © and ® operators on IQ-PNSS and discuss its properties.

Definition 4.1. If (6, A) is an IQ-PNSS over ¢/ and 6 : A — Z9, then,

(i) the necessity operator (@) is represented as,
©(0,A) = {4, Pos(o)(8), Qo) (8); Res(o)(8), Sese)(8)); 0 € A}

Here, Pos(o)(2) = Pio)(8): Los(o)(2) = Li(o)(2), Ros(o)(8) = Ri(g)(2) and Ses(p)(2) =
(1 — Ps()(A)) denote the degrees of truth, indeterminacy, contradiction and falsity for the
object A on the parameter p.

(ii) the possibility operator (®) is represented as,
®(0,A) = {{&, Pas(o)(2), Qas(0)(2); Ras(o)(2), Swso)(2)); 0 € A}

Here, Pys(g)(8) = (1 = Ss5(9)(2)); Qas(o)(8) = QLs(0)(2): Ras(o)(8) = Ri(o)(8) and Sgs) (L
) = S5(0)(2) denote the degrees of truth, indeterminacy, contradiction and falsity for the object

A on the parameter p.

Example 4.2. (i) The IQ-PNSS ©(d, A) for Example 3.2 is presented in Table 2.
(ii) The IQ-PNSS (4, A) for Example 3.2 is presented in Table 3.
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TABLE 2. Subjects with psychological disorders by utilizing the © operator.
U ANX(ep) DEP(e2) MS(e3) DC(eq)
Ny (4,.2,3,.6) (.6,.4,.3,.4) (4,5,.7,.6) (1,.2,.3,.9)
Aoy (0,.3,.4,1)  (1,.3,.9,.0) (4,.8,.9,..6) (4,.6,.7,.6)
A3 (.5,.4,.2,.5) (3,.5,.7,.7) (.1,.3,.7,.9) (.3,.5,.9,.7)
Ay (6,.9,.4,.4) (2,.4,6,.8) (.6,.7,.8,.4) (2,.5.8,.8)
TABLE 3. Subjects with cognitive disorders by utilizing the ® operator.
U  ANX(e;) DEP (e2) MS(e3) DC(eq)
A (5,.2,.3,.5) (.8,.4,.3,.2) (6,.5,.7,.4) (.5,.2,.3,.5)
Ao (.2,.3,.4,.8) (1,.3,.9,.0) (7,.8,.9.3) (7,.6,.7,.3)
Az (.5,.4,.2,.5) (4,5,.7,.6) (2,.3,.7,.8) (5,.5,.9,.5)
Ay (.6,.9,.4,.4) (3,4,.6,.7) (.6,.7,.8,.4) (3,.5,.8,.7)
Theorem 4.3. Let (01,01) and (d2,02) be IQ-PNSSs over U. Then,
(i) @((01,01) U (b2, O2)) = @(d1,01) U©(d2,O2);
(ii} © <((51, @1) m (52, @2)> = @(51, @1) m @(52, @2);
(i) © © (61,01)= ©(d1,©1).
Proof. We provide the proof for (i); the proof for (ii) follows similarly.
(i) Let ((51,@1) ((52,@2) = (dy, Ou), where Oy = ©1 U B9, V o € Oy.
Consider,
{<A7P61(g)(A)’ Q61(g)(A)’R§1(g)(A)7 (1 - P§1(9)(A))> 7 lf Q € @1 - @2} 9
{<Aa7352(g>(A)7 QJQ(@)(A)7R51(Q>(A)’ (1 - Pﬁg(g)(A))> ; if 9662 - @1} ’

@du(0) =
{< A7max(7)61( (A)aPéz(g)(A))7maX(Q51(g>(A)v Qég(g)(A))v

{< A, max(,P(Sl(g) (A>7 P(Sz(g) (A))7 maX<Q61(g>(A)7 Qéz(g) (A))v

@(61,01) = { {8, Py (6, (8), s 0)(8)s Ry, (5), (1= Py

(62, 02) = { {8, Py (0, (5), Qs (8): Ry o, (8), (1= P (
Let @(51,@1) y @(52, @2) = (5@@,@@@),Where Opu = ©1 U Os.

; Qegl} )

Q692}-

)
(@)

{<A’P51(9)(A)a Q&(Q)(A)?Rtﬁ(g)(A)a (1 - P51(Q)(A))> ; if 0c©1 —
({8, Psy(0 (1), Qi) (8), Ry 4, (8), (1= Py, (5)) )5 if 0, — O

max(Rs, (o (8), Qay(g) (A)): (1 — max(Ps, (), Pry(o, (8))); i 001 MO, ).

O2

b
b

max(Rs, (g, (8): Rey () (4)), min((1 = P, 5, (1)), (1 = Py, (2))))s if 0011 O2}.
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For 0cOgpu,

({0, Ps106)(8) 510 (8), Ry, (8), (1= Py (8))) if 001 — 0},

fos(, = ({0, Psy( (1), Qi) (8), Ry, (8), (1= Py, (2)) )5 if 0:6 — O1},
{( &, max(Ps, (5, (), Psy(o,(4)), max(Qs, (g, (4), Loy (o) (8)),

max(Rs, (o, (8): Ry () (8)), min((1 — Py (5, (8)), (1 = Payo, (2)))); if 0eO1 N O2}.

Thus, © ((d1,01) U (2,02)) = ©(d1,01) U @(d2, O2).
(ii}) © @ (01,01) = © { (1, P& (8): D, (8), Ry gy (8), (1 = P (8)) ) 5 06O1 |

{<A Po1(e)(2) i) (8): Ry (o) (8), (1 = 7’51(@>(A))> ; 9661}
= ©(01,01). g

Theorem 4.4. Let (01,01) and (d2,02) be IQ-PNSSs over U. Then,
(1) ® ((01,01) U (02,02)) = ®(01,01) U®(d2,O2);

(11) ® ((01,01) M (02,02)) = ®(01,01) M®B(2, O2);

(iii) ® ® (61,01)= ®(51,01).

Proof. We provide the proof for (i); the proof for (ii) follows similarly.
(i) Let ((51,@1) ((52,@2) = ((5@,@@), where Oy = ©1 U Oy, V 0cOy.

Consider,
({<A7( 851 ( )) Q51 (A)7R51(g>(A)7861 g>(A)> if 0©1 — @2}7
Oo(o, = ({00 (= S50, (8)): Qo) (8) Ry (6, (8), S5y, (2)) : if 0:0; — ©1 }
{< A?(l _mln(851(g)( )7852(.9)(A))) max(gﬁl(g)( ) Q62 (A))
\ maX(R51(Q)(A)7R52(.Q)(A))7mln(851(g>( )7852(9)( >)>7 if 001 ﬂ@g}.
({80~ 85100/ (8)), ss(0) (5), R 0, (8), S1(6) (8)) if 0:01 — 6, },
= {<A’( ~ Saale ( ), D, 9)(A) R51(9)(A)7552 g>(A)> if Qe@2—@1},
{( 8, max((1 = S50, (8)): (1 = Sy, (2))), max(Qs, g, (8), iy, ()
\ maX<R51(g)<A)7R52(.Q)( )>7m1n(851(g>( )7852(g)(A))>; if QGGIQGQ}'

(01, 01) = { (8 (1= 85,00, (8)): os(0) (8): Ry, (8): S o) (8) ) 1001

(02, 02) = { {8, (1= Ssy(0/(8))s Dy, (), R (g, (B), Sz, (8) ) 10602 }

Let @(51, @1) Y @((52, @2) (5OU> ®®U) where Ogy = 01 U Os.
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For 0cOgu,

({800~ 85100/ (8)), 10, (8), R o) (8): S0 (8))5 i 001 = O3},
{< (1= 85,0 (8)): Lz (o) (8), Ry (o) (8), S5 0 A> if@e@2—91}
{( 8, max((1 = 85,4, (8)), (1= gy, (4))), max(Qs, (5 (), Dy o) (5),
[ max(Rs, (5, (8), Rey() (4)), min(Ss, () (), S5y (8))); i 0cO1 N O2}.
Thus, ® ((61,01) U (d2,02)) = ®(1,01) U ®(d2, O2).

(ii}) ® ® (01,01) = {< (1= 85100 (5)); Qo1 0y (8), R (0)(8): S50, (5) ) 5 06O |

({0 (0= 85,0, (8)): sy (6)(8), Ry (6)(5), S5, (2) ) s 0O1 }
@((51,@1)

5@@(9) =

Theorem 4.5. Let (0,A) be an IQ-PNSS over U. Then,
(i) ® @ (6, A) = @(4, A);
(it) ©® ® (6, A) = ®(0, A).

Proof. (i) ®© (6, A) = { {5, (1= (1= Ps(y, (8))), Qs (8): R, (8), (1 = Py (4)) ) 50eA |
= {5, Pato) (8), Qo) (8): Rio) (8), (1 = P (1)) ) s 0A |
®© (5,A) = ©(5, A).

() © @ (5,4) = { (& (1= S0, (4)), Qae, (4), Req (8, (1 = (1 = Sy, (4))) ) s 0 }

({8,000 8506, (8)), Qs (8): Ry (1), Sy (1) ) 1 0A }
@® (6,A) =®(0,A). o

Theorem 4.6. Let (01,01) and (d2,02) be IQ-PNSSs over U. Then
(i) ®((61,01) A (02,02)) = ©(d1,01) A ©(d2,02);

(it) @ ((d1,01) V (02,02)) = ©(61,01) V @(2,02);

(111) ® ((01,01) A (02,02)) = ®(d1,01) A ©(da,O2);

(iv) ®((01,01) V (d2,02)) = ®(1,01) V @(d2,02).

Proof. We provide the proofs for (i) and (iii); the proofs for (ii) and (iv) follows similarly.
(i) @ ((61,01) A (02, 02))
= {<min(7351(.91)( ) P52 (02) (A)) min(Q51(Q1 (A)a Qéz(@z)(A))a
min(Ry, (g,)(A)s Riy(e2)(2)): (1 = min(Ps, (5,)(A), Pay(p2)(4)))): V{01, 02) € O1 X O2}
- {<m1n P51(91 (A) 7)52 92)(A)),mln(Q51 91)( ) Q(Sz(gz)(A)),
min(Rs, (g,)(4)s Riy(g2) (), (max(1 = (Ps, (0,)(8)))s (1 = (Pay(00)(4))))), V(01, 02) € O1 X Oa}.
Also, ©(61,01) = {{2: Ps,(01)(8)s L1 (01)(8)s Ry (01) (4): (1 —7751(91)( ) 01 € O1},
@(52762) = {<A Péz (02) ( ), Q&Q ( ) R52(Q2)( ), (1 Pég ,92) > 02 € @2}

Therefore, we have
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©®(61,01) A ©(d2,02)

= {<min(7751(91) (8), 7)52(92) (8)), min(le(Ql) (&), Qéz(gg) (2)), min(Rél(Ql)(A)v R52(92) (1)),

(max(1 — (Ps,(4)(8))); (1 = (Poy(0)(8))))): V{01, 02) € O1 % O3}
= © ((01,01) A (62,02)) .
(iii) ® ((01,©1) A (02,02))
= {{(1 = max(Ss, (4,)(2), S5,(02)(2))) max(Qs, (1) (A); Loy () (2));
max (R, (o) (L), Rey () (), max(Ss, () (A), S5, (00)(2))), V(01, 02) € O1 X Oz}

= {<(m1n(1 - (851(91 ( )))7 (1 (852 (02) (A))))vmaX(Q&(Qﬂ(A)? Q52(92)(A))7

ma‘X(Rﬁl(gl)( ) Rﬁz(gz (A )7maX(S51 )( )7852(92)(A))>7V(Q17Q2) € @1 X @2}

)
AlSO 51761 {<A 8(51 (A)) Q51 ( )77?’61(91)( ) 851(91)( )>7 01 G@l}a
)

®(d2,02) = {< (1 852 QQ)(A) ’Q52 92)(A) R52(@2)( ) 852 > 02 € 92}
Therefore, we have

®(01,01) A ®(02,02)

= {{(min(l = (Sp, (1) (2))): (1 = (S0 (4)))): max(Qsi 01) (8): Qaa(22) (4):
InaX(T\Jz(h(m)(A)y,R'tSQ(QQ)(A))vHla“X(‘S‘(SI(KJI)(A)’8‘52(92)(A))7 >V(Qlj 92) © @1 . 62}
= ® ((61,01) A (62,02)).

5. @ and & operators on IQ-PNSS

We present the operators (& and ©) on IQ-PNSS and discuss its properties.

Definition 5.1. Let (d1,01) and (02, ©2) be IQ-PNSSs over U. Then,

(i) the operator @ is represented as (d1,01) @ (d2,02) = (dg,Og), where O = ©1 U O,. V

Q€@€97

(

{<A7 (Pﬁl(g)(A)a Q51(g)(A)a Rél(g)(A)7$61(g)(A))> ; if 9661 - @2}
{<A7 (P(SQ (A> Q(SQ(Q)(A)7R51(Q)(A)7S&Q(Q)(A))> ) if 96@2 - @1} )

9

{< A’ (P51(g) (A);—P(SQ(g) (A)) (Q51(Q> (A)';Q(SQ(g) (A))

R D)+ Rsy(00(8)) (S5 (o) (8)+S55(0) (&
(Rsy (o) ( )2 52(>( ))’( 51(0) ( )2 52(e) ( ))>; if Q€@1ﬂ@2}-

(ii) the operator & is represented as (01,01) © (d2,02) = (dg, Og), where O = 0; UB,. V

zQG@@a
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{<A,(7751 0,(8), D510, (8): Ry () (8), 551(9)(A))>; if 0c0; — @2}7
<A7 (73(52 ( ) Q52(.Q)( ) R51(9 (A)asdz(g)(ﬁ))> ; if 9662 — @1}
5@(9) = 2*(7’51(9)( )*P52(Q)(A)) (Qél(g)(ﬂ)+Q52(Q)(A))
7)51(2) (A)+7)52(g) (A) ’ 2 )
(Rs1 (o) (2)+Rs5(0)(8))  2(Ssy (o) (8)*S55(0) (8)) )
2 851(9)(A)+852(g)(A) >’ it 0c©1NO2 ;.

Example 5.2. A psychiatrist has conducted two counseling sessions with his clients, providing
data in the IQ-PNSS format. The results from the first session, denoted as (41, ©1), are shown
in Table 1, while the second session’s results, represented as (d2,©3), are displayed in Table
4. To assess the combined outcomes of both sessions, we calculate (d1,01) @ (d2,02) and

(61,01) © (02, ©2), presenting the corresponding findings in Tables 5 and 6, respectively.

TABLE 4. Subjects with psychological disorders in IQ-PNSS (42, ©2) form.

U ANX(e1)  DEP(ey) MS(e3) DC(e4)

A (2,.3,.5,.7) (1,1,1,.8)  (4,.6,.2,.5) (.3,.6,.9,.4)
Ay (3,.2,.1,6) (7,.5,.6,.2) (9,.8,.7,.1) (.7,.9,1,.2)
A3 (2,.7,.8,8) (4,.7,6,.3) (5, .4,.8.4) (9,2,.7.1)
As (4,.3,5,5) (3,4,5,5) (6,.7,.6,.3) (.7,.5,.9,.2)

(i) The IQ-PNSS (61,01) & (42, ©2) is shown in Table 5.

TABLE 5. Subjects with psychological disorders in IQ-PNSS (d1,01) @ (42, O2) form.

U ANX(e1) DEP(e2) MS(es3) DC(eq)

A1 (.30,.25,.40,.60) (.35,.70,.65,.50) (.40,.55,.45,.45) (.20,.40,.60,.45)
Ay (.15 5,.70) (.85,.40,.75,.10) (.65,.80,.80,.20) (.55,.75,.85,.25)
Az (. 35 .55, 50 .65) (.35,.60,.65,.45) (.30,.35,.75,.60) (.60, .35,.80,.30)
Ay (.50,.60,.45,.45) (.25,.40,.55,.60) (.60,.70,.70,.35) (.45,.50,.85,.45)

(ii) The IQ-PNSS (d1,01) © (2, O2) is shown in Table 6.

Proposition 5.3. Let (61,01) and (d2,02) be non-empty over U. Then,
(i) (61,01) © (02,02) = (d2,02) @ (1,01);
(ii) [(61,01)¢ @ (02, ez)c]c = (01,01) ® (61,01).
Proof. (i) Proof straightforward.
(ii) Let
(61:01) = { {8, Psy(0) (5), sy (0)(8): Ry (0 (8), S 0 (8) )1 0©1 } , and
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TABLE 6. Subjects with psychological disorders in IQ-PNSS (61,01) ©

U ANX(e1) DEP(e2) MS(es3) DC(eq)

Ay (.27,.24,.38,.58) (.35,.70,.65,.50) (.40,.55,.45,.45) (.15,.30,.45,.44)
Ao (.00,.24,.16,.69) (.85,.40,.75,.10) (.65,.80,.80,.20) (.51,.72,.82,.24)
Ay (.29,.51,.32,.62) (.35,.60,.65,.45) (.30,.35,.75,.60) (.45,.29,.79,.17)
Ay (48,.45,.44, 44) (.25, .40,.55,.60) (.60,.70,.70,.35) (.31,.50,.85,.31)

(62:02) = {{ 8, Psy (0, (5), Qs (8), a0y (), St () ) 3 002 } e IQ-PNSSs.
Then,
[(01,01)° @ (d2, ©2)°]
{0 (85100 (8), (1= Qi (6, (8)), (1= Ry 4, (5)), Py (5 (8)) )
<A7(852(.Q)(A) ( Q52 Q)(A)) ( R51 ( )) P§2(Q)(A))>;

- (110 (4S50 () (1= Oy (8)H1- Qa0 (4))
2 2 3

(&,

if 0c©1 — @2} ;
if 0c©2 — 91} ;

((1—7%51(9)<A>>+(1—R52(9><A>>> (Psy o) (8) P50, (8))
2 ’ 2

Now consider,

[(61,©1)° @ (02, 02)°]°

8, (Psy (0 (1), Dty (0)(8), Ry 0, (8), S50, (8)))

(
8, (Pay()(8), Qo) (8), Ry (g, (8), Sz, (8)))
)

(7’51(9)(&)4-7’52(9)(&)) (Qél(g)(A)+Q52(g)( )
A’ 2 ’ 2

(Rél(g) (A)+R52(g> (A)) (851(Q> (A)+S52(Q) (A)) >‘
2 ’ 2 )

(52,@2)C]C = (52,62)- O

if 02O, —@2}
if 0cO2 — @1} :

/\/\/\/‘\

if Qe@]_ N @2}

Hence, [(61,01)¢ ® (61,01) ®

Proposition 5.4. Let (§1,01) and (62,02) be non-empty over U.
(1) (01,01) © (02,02) = (d2,02) & (01,01);
(ii) [(61,01)° © (62, 02)]° = (61,01) © (61,01).

Proof. (i) Consider,

Then,

({8 (Pri(0(8), Dby 0)(8): R (0 (), St 0, (8)))

({0 (Pr0)(8): Qasi)(8), Riy(o) (), S0, (5))) :
2¢(Psy (o) (8)%Psy (o) (8)) (Qél(g)(A)+Q52(g)(A))
< ) P(gl(g)(A)+'P52(g)(A) ’ 2 )
(R51(g) (A)+R52(g) () 2*(851(g) (A)*$52(g) () >
L 2 551(9)(A)+352(g)(ﬂ) ’

(61,01)8(8,03) =

(02,02) form.

>; if Qe@lﬂ@g}.

if 0O — 92} ;
if 0cO2 — @1} ;

if pcO1 N @2}
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( .
{<A7 (Poie (2) Q51(9>(A)’R51(9>(A)7851(g)(ﬁ))> ; if 0c©1 — @2} ;
{<A7 (P52(Q)(A)7 Q&g(g) (A), R62(@>(A)’ 8(52(Q) (A))> 7 lf Q€@2 — @1} ,
: 2(Psy(o) (8)Ps1 () (A)) - (Ly(o) ()41 (o) (4))
< A7 P52(Q)(A)+,P51(g)(A) ’ 5 R
(Rég(g)(A)"PR&l(g) (A)) 2*(862(9) (A)*Stsl(g) (A)) . .
2 T Ssy(e) (B)F5s,(0)(8) ); if 0pc©1 N Oy ;.

Hence, (61,01) © (02, 02) = (J2,02) & (61,01).
(i) Consider,
(01,01)¢ © (d2,09)°

({2 (510 (8), (1= Qa1 (), (1= Ry (5 (8)). Pr 0 (2))); if 001 = O3},
A, (852(9)(A)7 (1 - Q52(@>(A))? (1 - R52(Q)(A))’P52(Q>(A))> ; if Q€@2 - @1} >
= 24(Ss1 (o) (8)*S55(0y (8)) (1=Q5y () () +(1= Q55 (0 (4)))
< ? 8(51(@) (A)+852(9)(A) ) 2 )
(=R, (o) (A))F(L—Rsy(, (8)))  25(Ps; () (8)*Psy (o, (2)) .
\ ) 2 ) ’ P51(Q) ()A)+P52(Q))(A) >7 lf Qe@l m 62}

Then,
[(81,01)° © (d2,02)°]°

{<A’ P51(9> ), Qs 9)(A)’R51(9>(A)’851(9>(A))> ; if 001 — 92} )
{<Aa P§2(@) Q52 Q)( ) R52(9)(A)7852(g)(A))> ; if 9662 - @1} )
= 2% ( Pal(g)(A *7352(9)( ) (Qal(g)(A)+Q52(g>(A))
(&, Ps1(e) (D) Poy (o) (B) 5 ,
(Réy (o) (8)+Rey (0, (8)) 25(Ss, (o (8)4S5, (0, (1)) ‘
1(ey 3 2(e) 851<1g) ()A)+$522(9))(A) >; if pcO1 N @2}-

Hence, [(51, @1)C S) (52, @2)C]C = (51, @1) S (52, @2) O

6. Ay, Ay, and ¢,, operators on IQ-PNSS

We present the operators A, A, , and J,, on IQ-PNSS and discuss some of its properties.
Definition 6.1. Let o € [0,1]. Then the operator A,(d, A) is represented as,

Au(0,8) = {{ &, (Py(o) (&) + (1 = Py(e) (&) = Sy(g, (2))) Qu(e) (),
R0, (8): (Sp(o) (8) + (1= 1) (1 = Py, (8) = Sy(q, (8))) )s 0eA )
={€ 25 (Pue, (8) + 11(my(g) (8))) > Que) (8): Rus(, (8),
(Su(o, () + (1 — 1) (my(q, (8))) ) 0eA
where 7T¢(Q)(A) =(1- Pw(g)(A) — S¢(g)(A)).
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Proposition 6.2. Let p,v € [0,1] and p < v. Then for every 1Q-PNSS (5, A) the following
hold:

(1) Au(0,A) €@ Ay(5,A);

(ii) Ao(5,A) = @(d,A);

(ii1) A1(6,A) = ®(5, A).

Proof. (i) A = {08, Py, () + 18(Ty(,(2)))s Qo) (2), Ryy(o, (8),
(Sp(o (2 )+(1 (7% (0)(2)))); 0eA},

and S,(6,A) = {( 2, (Pzp (8) + (70, (8))), Qo) (), Ry, (8),
(Sp(o) (2 )+(1 V) (Ty(o,(8))) ); 0eA}-

Since p < v, we have

Also, (1 —v) < (1 — u), we have

(Su(e (8) + (1= 1) (my(q) (4))) < (Sy(e,(A) + (1 = 1) (Ty(g, (2)))-

Hence, A, (6,A) € Ay (0, A).
(i) Consider, u =0

Do(8:A) = {{ 8, (P, (8) + 0(my (o)1) Qusto) (
(Sw(e)(A) (1- (7% (o) ))
—{< (Pw(m ))v(Qw(Q)( ) ( (A

=0 (0,A).

1), Ry, (8);

))ieeh}
(4))

(1= Pyg (8)) )i 0eA}

Hence, Ag(5,A) = ®(6, A).
(iii) Consider, p =1
A1(6,A) = {< A, (Pd) 9)(A) + (7% 9)( ))) Qu( 9)( )’Rd)(g)(A)’
(Su(e (1)) ); 0}
:{< A?( - w(g>( ))vQw(g)(A)7Rw(9)(A)7S¢(g)(A)>3QEA}
=® (0, A).

Hence, A1(6,A) = ®(5,A).

Remark 6.3. Operators © and ® are an extension of the operator A,.
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Definition 6.4. Let u,v € [0,1] and i+ v < 1. Then the operator A, , (6, A) is represented

as,

AMJ/((S’ A) = {< A, (PT/)(Q)(A) + 'U’(ﬂ-w(.@)(A)))’ QTZ’ Q)(A)’RT/)(Q)(A)7
(Sw(g)( )+ V(ﬂ-w (0) ))> QGA}
where ﬂ¢(g)(A) = (1 — ’Pw(g)(A) — S¢(g)(A)).

Theorem 6.5. Let pu,v,x € [0,1] and p+v < 1. Then for every IQ-PNSS (6, A) the following
hold:

(1) Apu(6,A) is a IQ-PNSS;

(1) If 0 < x < p then Ay, (6,A) € A, (0, A);
(111) If 0 < x < v then A, (0,A) € Suy (5, A);
(1) A6, A) = A - (9, A);

(v) ©(6,A) = Ao (6, A);

(vi) ®(5,A) = A1 o(8,A);

(vit) (Spv (8, A)°) = (Sp,u(6, A))-

Proof. (i) Consider,

P Tl
(Py(o () +2u( v () (Qu(e)(8)) + (Ryq (8)) +

P o S 0 Ty (o A
Py ><A>2+ b0 18) L (e (80 + (R (4)) + (s + 1) <w<2><>>

Py (8) 4+ Sp(o (B 1= Pyo, (8) = Sy(o (&
<Pl I | (g (o) + Ry () ¢ ) )

1
< 3 +2<3. (Since, n 4+ v < 1 and Qy(p (8) + Ry(o, (&) < 2)

(Sito) () + V(i ()
2

Hence, A, ,(d,A) is an IQ-PNSS.
(ii) Consider,

Axw(d,A) = {< A, (P¢(9)(A)+X(7T¢(Q>(A)))7 Q¢(@)(A)’R¢(g)(A)’ (8¢(Q)(A)+V(7T¢(9)(A)))>; QGA}7

ANV (6,A) {< A, (Pw 9)( )+H(W¢(9)(A)))’ Qw(g)(A)’R¢(9)(A)’ (Sw(g)(A)+V(7T¢(Q)(A)))>; QEA}‘
Now
(Py(o) (8) + X(Ty(0,(8)) < (Py(o) (&) + plmy (o, (8)).  (Since, x < p)

Hence, A, ,(5,A) € A, (0, A).
(iii) Same like proof (ii).
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(iv) Consider,

A1 (0, 8) ={( 8, (Py(o, (&) + 1(mp(o)(8))), (o, (8), Rupgo, (8),
(Su(e (8) + 1= n(my(,(2))) ) 0cA}
—A, (6, A).
Hence, A, (6,A) = A, 1,0 (6, A).
(v) Let p =0 and v = 1,
D016, ) ={( 4, (P, (8))s Quie, (8): Ruo (8): (Suge (8) + (T, (4))) ) 0eA |
={{ 8, (Pue) (8)): Quie (8): Ruo, (8), (1 = Py (2))) ) 0cA}
—©(5,A).
Hence, ®(6,A) = Ao (6, A).
(vi)Let 1 = 1 and v = 0,
A10(6,8) ={( &, (Py g)( )+ (Tyie) (8))): Qe (8), Ry )(A% (Sue)(4))); 0eA}
={( &, (1= Sy, (8)), Quie) (8), Ry(e)(8), (Sy() (2))) )i oA}
=® (5,A).
Hence, (5, A) = Aq0(5, A).
(vii) Consider,
Ay (8,0)° = {4, (Syie) (8) + 1(my(e,(8))), (1 = Qy(, (2)),
(1- R, (), (Pw(@)( )+ V(Ww(m )))); e}
(Suu (0, 4))° ={( 2, (Pyge, (&) + v (Ty(e)(8)))s Qui) (), Ry, (8), (S(o) (8) + 1(Ty(e (1)) )5 oA}
:(Au,u(& A))~
Hence, (A,,(8,A))¢ = (Ay.(6,A)). g

Remark 6.6. If + v =1, then A, ,(6,A) = A,(6, A).

Definition 6.7. Let p,v € [0,1] and p + v < 1. Then the operator ¢, . (4, A) is represented

B (0, 8) = {2, 16(Pop(o)(8))5 Qup(o, (8), R0, (8), ¥ (Sy(o) (8)) )3 0 A}

Theorem 6.8. Let u,v,x € [0,1]. Then for every IQ-PNSS (¢, A) the following hold:
(1) u(0,A) is an 1Q-PNSS;

(i) If pp < x then ¢y, (6, A) € ¢y, (8, A);

(i) If v < x then ¢p,,(0,A) D ¢puy (6, A);

(iv) If 6 € [0,1] then ¢uu(dx,5(6,A)) = by ws(8,A) = dy6(QLpup(8,A));

(V)P (0, A))° = (Quu(0,A)).
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Proof. (i) Proof straightforward.
(ii) Consider,
S (0,8) = {( 2, “(Pw(g)(A))v Qo) (8): Ry, (8),¥(Sy(e) (8)) ) 0eA},
Dy (0, A) {< A, X( A))’ Q¢(9)(A)’Rw(@)(A)’ V(Sw(@)(A))>; QGA}‘
Since, 1 < X, 1(Pye)(8)) < X(Pm)(A))-
Hence, ¢,,,(6,A) € ¢y, (6, ).
(iii) Consider,
Puw (0, A) = {< A M(Pw(m(A))’ Qiﬁ(g)(A)vRib(g)(A)v’/(Sw(@>(A))>3 QGA}v
Pux(0,7A) {< A, N(Pw(g)(A))v Qi/)(g)(A)va(g)(A)vX(Sw(g)(A))>; QGA}'
Since, 1 < Y, 1(Sue)(8)) < X(Puge(2).
Hence, ¢,,,(6,A) D ¢~ (5, A).
(iv) Consider,
S (bx.6(0,A)) = {( &, 1X(Py(g) (8))5 Quie) (8), Ry, (8),v0(Syq, (8)) ); 0cA }
:(bux,ué((sa A)
¢X,5(¢M,V(5v A)) = {< A, Xﬂ(Pw(g)(A>)a Qw(g)<A)7Rw(Q)(A)7 5V(S¢(g)(A))>§ QEA}
={ 21X (Py(o)(8))s Qu(o) (2): Rus(o, (2), 0 (Syq) (8)) )1 0 A}
:d)ux,uﬁ((sa A))
Hence, ¢,0(¢y.5(8,A)) = Quxvs(6,A) = dy.5(dp (6, A)).
(v) Consider,
(6.0 = {{ 84 (Sut (£))+(1 = Oyt (21 (1= Ru (1), (Pag (4)))s 2}
¢u,l/(6ﬂ A)C :{< A?M(Szp(g)(A))? (1 - Qw(g)(A))v (1 - RI,D( (A)) V(Pl,l)(g> A )>7 QGA}-
(D (0, 4))° ={( 2,1 (Py,(8)), Quie) (8), Ry(e) (&), 11(Sy(e) () ); 0 A}
=¢uu(0,A).
Hence, (¢ (0, A)¢)¢ = ¢y (5, A). o

7. Concentration (CO) and dilation (DO) operators on IQ-PNSS

We present (CO) and (DO) on IQ-PNSS and discuss its properties.

Definition 7.1. Let (§, A) be an IQ-PNSS over Y. Then,
(i) the CO of (9, A) is represented as,

C(8,A) = {{ 1 (P (8))% Qi (5) Rusgoy (1), (1 = (1 = Sy (8))%); 0eA};
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(i) the DO of (4, A) is represented as,

D8, A) = {{ 8, ((Py(o) (8),)F, Qi (8), Ry (), (1= (1= Sy (4))7)); 06}

Proposition 7.2. Let U denote a non-empty set and (5, A) be an 1Q-PNSS over U.
(i) If wy(p,(8) = 0, then mey (o, (8) = 0 iff Py (8) = 0 or Py (8) = 1;

(i1) ©IC(, )] = C[o(%, A)] if] Py (8) = 0 0 Pygy (8) = 1;

(i) @1C(0, A)] = CL8(, )] iff Sy (8) = 0 07 Sy (8) = 1.

C(5> A) = {< A, ((P¢(g)(A))2a Q¢(g)(A)7R¢(g)(A)7 1- (1 - Si/)(g>(A))2)>; QEA}
:{< A, ((Pw(g) (A))zv sz(g) (A)v Rw(g) (A>v 1- 73’3}(@) (A))>, QGA}-

If Mey(p, (8) = 0 & 1= Py (8) — (1 Pi(g (p)) = 0.
Then Py, (8)(1 = Pyo,(8)) = 0 & Pyp, (8) =0 or Py(p (8) = 1.
(i)
@ [C(, M) = {( 2, (Py(g) (), Qup(o) (8): Rop(e) (8), 1 = Pyy(o (8))); 0eA}- (1)
Also,
{< A, PT/J(Q) )) ) Q¢(@)(A)7Rw(g)(A)> 1-(1-(1- ,Pw(g)(A)))Z»? QEA}
= {{ 8. (Py) (8))%, Quie) (8), Rup(o) (8), 1 = Py, (8)))s 0eA}-

By solving (1) and (2), we get

OIC(¥, N)] = Clo(W, A)] & 1= Py, (8) =1 =P, (&)
& Pytg ()1 = Pyy (8)) = 0.
4 P¢(g)(A) =0 or Pw(g)(A> =1.

(iii)

® [C(wv A)] = {< A, (1 - (1 - (1 - Sw(g> (A))Q)v th(g) (A)a R¢(9) (A)v 1- (1 - Sw(g) (A))2)>; QEA}'

(3)
Also,

C[@?(U% A)] = {< A, ((1 - Sq/)(g) (A))2a Qw(g> (A)v R?f)(Q)(A)? 1- (1 - Sw(g) (A))2)>; QEA}' (4)
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By solving (3) and (4), we get
SIC(, A)] = Cl8(5, )] & 1— (1= (1= Syig (8))%) = 1 — Sy, ().
< (1- Sw(g)(A))2 =1= S8y (8).

& Sy(g) (8)(1 = Sy(p (4)) = 0.
& Sy(g, () =0 0r Sy(p () = 1.

Proposition 7.3. Let U denote a non-empty set and (5, A) be an 1Q-PNSS over U.
(i) If my (o, (8) = 0, then Tpy(p (8) = 0iff Py(o, (&) = 0 or Py, (8) = 1;

(ii) ®[D(p, A)] = D[e(v, A)] iﬁpw(g)(A) =0 or Pw(L))(A) =1;

(iii) ®[D (¢, A)] = D[®(¢, A)] iﬁ5¢(9>(A) =0 or Sw(g)(A) =1.

Proof. If wy, (8) = 0 & 1 = Py(p (8) = Sy(g, (2) = 0.

D(8,A) ={( 8, (Py(p (8))2, Qo) (8), Rep(o, (8), 1= (1= Sy (8))2)); 0eA}
={{ 8, (Py(e) (8))2, Qo) (8), R, (), 1 = (P (8))2)); 0A}.

If Tpy(, (8) = 0 1= (Py(p (8))7 — 1= (Py, < >>2 =06 (Pyp (8))2 = (Py(y (2))2.
ThenPw(g)(A)(l—Pw(g>(A)) O<:>P¢Q)(A) Oor73¢( (n)=1.
(ii)

© [,D(1/}7A)] = {< A, (,Pll)(g)(A))%, Qw(g)(A)7Rw(Q)(A)’ 1- (,Pw(.g)(A))%»; QEA}- (5)
Also,
Do, A)] = {{ 2, (Py(g (8))%, Qu(g) (8), Ry(g (8),1 = (1= (1= Py( (2)))2)); 0cA}

= {{ 80 ((Pug) (8))2, Qi) (8): Ry (8), 1 = (P, (2))2) >a96A}-
By solving (5) and (6), we get

(ST

m\»—t

oDy, M = Plo(y, )] 1 - (P¢(9>(A))2 =1— (Py(q (2))=.
& Pu(o) (8)(1 = Py, (2)) = 0.
 Py(g (&) = 0 0r Py(p (A) = 1.

(iii)

®[D ={(a, — (1= S, (A))2, Qg (8), Rup(g) (8), 1= (1= Sy (2))2))s 0cA .
(7)

Also,

1 1
DI® (%, M) = {{ & (1= Syio) ()3, Qi (), Ruq) (8), 1 = (1= Sy (4))3))s 0eA}. (8)
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By solving (7) and (8), we get

=

@D, A)] = D@, A)] & 1 — (Syp)(8))* =1~ (Sy(q (2)7.
& Sy(o)(8)(1 = Sy, (8)) = 0.

= SIZJ(Q)(A) =0or S¢(9>(A) =1.

Proposition 7.4. For any 1Q-PNSS (1, A), C(¥,A) € (¢, A) € D(¢, A).

Proof. We have
(¢a A) = {<A7 7)6(9) (A)v Q(S(g) (A)a Rd(g) (A)v S5(Q) (A)> ; QEA} .

6(5’ A) = {< A, (Pw(g)(A)’ Qw(g)(A)’Ré(g)(A)v (1 - (1 - S?,ZJ(Q)(A))2))>; QEA}~

Since, 85(9)(A) €[0,1,(1 -1~ Sw(g)(A))2) = 35(9)(A)'

Hence, C(4,A) € (¢, A). 9)

D(8,A) = {{ 8, (Py(g, (8).)%, Qu(g, (8), Ry, (&), (1 — (1 = Sy(p (4))2))): 0e A}

Since, Pw(g)(A),Sw(g>(A) € [0,1],
<

Ipw(g)(A) (P%Z’(Q)(A)v )%7 Sw(g)(A) Z (1 - (1 - Sw(g)(ﬂ))%)

Hence, (¢,A) € D(6, A). (10)

By solving (9) and (10), we get C(¢0, A) € (¢, A) € D(¢,A). g

8. Conclusion

We have discussed the concepts of Intuitionistic Quadri-Partitioned Neutrosophic Sets (IQ-
PNS) and Intuitionistic Quadri-Partitioned Neutrosophic Soft Sets (IQ-PNSS), thoroughly
examining their essential properties. Our primary aim has been to tackle the challenges that
experts encounter when managing truth, indeterminacy, and falsity values under defined con-
straints. The framework we propose not only offers a robust approach to addressing these
complexities but also holds potential for future applications involving hypersoft sets, paving
the way for further research and exploration in this area.
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