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Abstract: The objective of this paper is to introduced the concept
of neutrosophic cubic set to subalgebras, ideals and closed ideals of
B-algebra. Links among neutrosophic cubic subalgebra with neu-
trosophic cubic ideals and neutrosophic closed ideals of B-algebras
as well as some related properties will be investigated. This study

will cover homomorphic images and inverse homomorphic images
of neutrosophic cubic subalgebras, ideals and some related proper-
ties. The Cartesian product of neutrosophic cubic subalgebras will
also be investigated.
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1 Introduction

The concept of fuzzy sets were first introduced by Zadeh (see
[31])in 1965. After that several researchers conducted researches
on generalization of fuzzy sets notion. Zadeh (see [32]) general-
ized the concept of fuzzy set by an interval-valued fuzzy set in
1975, as a generalization of the notion. The concept of cubic sets
had been introduced by Jun et al. (see [6]) in 2012, as generaliza-
tion of fuzzy set and interval-valued fuzzy set. Jun et al. (see [7])
applied the notion of cubic sets to a group, and introduced the
notion of cubic subgroups in 2011. Senapati et. al. (see [25]) ex-
tended the concept of cubic set to subalgebras, ideals and closed
ideals of B-algebra with lots of properties investigated. After the
introduction of two classes BC K -algebra and BC'I-algebra by
Imai and Iseki (see [4, 5]). The concept of cubic sets to subal-
gebras, ideals and g-ideals in BCK/BClI-algebras was applied by
Junetal. (see [9, 10]). B-algebra was introduced by Neggers and
Kim (see [12]) in 2002, which are related to extensive classes of
algebras such as BCI/BCK-algebras. The relations between
B-algebra and other topics were further discussed by Cho and
Kim in (see [3]) 2001. Every quadratic B-algebra on field X
with a BC'I-algebra was obtained by Park and Kim (see [14]) in
2001. The notion of fuzzy topological B-algebra was introduced
by Borumand Saeid (see [15]) in 2006. Also Saeid introduced
the concept of interval-valued fuzzy subalgebra of B-algebra (see
[16]) in 2006. Also some of their properties were studied by him.
Walendziak (see [30]) gave some systems of axioms defining a
B-algebra with the proof of the independent of axioms in 2006.
Fuzzy dot subalgebras, fuzzy dot ideals, interval-valued fuzzy
closed ideals of B-algebra and fuzzy subalgebras of B-algebras
with respect to t-norm were introduced by Senapati et. al. (see
[20, 21, 22, 23]). Also L-fuzzy G-subalgebras of GG-algebras
were introduced by Senapati et. al. (see [24]) in 2014 which

is related to B-algebra. As a generalizations of B-algebras, lots
of researches on BG-algebras (see [11]) have been done by the
authors (see [26, 27, 28, 29]).

Smarandache (see [19, 18]) introduced the concept of neu-
trosophic cubic set is a more general research area which
extends the concepts of the classic set and fuzzy set, in-
tuitionistic fuzzy set and interval valued intuitionistic fuzzy
set. Jun et. al. (see [8]) extended the concept of cubic set to
neutrosophic cubic set and introduced. The notion of truth-
internal (indeterminacy-internal, falsity-internal) and truth-
external (indeterminacy-external, falsity-external) are introduced
and related properties are investigated.

In this paper, we will introduce the concept of neutrosophic
cubic set to subalgebras, ideals and closed ideals of B-algebras
and introduce the notion of neutrosophic cubic set and subalge-
bras. Relation among neutrosophic cubic algebra with neutro-
sophic cubic ideals and neutrosophic closed ideals of B-algebras
are studied and some related properties will be investigated. This
study will cover homomorphic images and inverse homomorphic
images of neutrosophic cubic subalgebras, ideals, some related
properties. The Cartesian product of neutrosophic cubic subalge-
bras will also be investigated.

2 Preliminaries

In this section, some basic facets are included that are necessary

for this paper. A B-algebra is an important class of logical alge-

bras introduced by Neggers and Kim [12] and extendedly inves-

tigated by several researchers. This algebra is defined as follows.
A non-empty set X with constant 0 and a binary operation * is

called to be B-algebra [12] if it satisfies the following axioms:
Bl.zxx=0
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B2.xzx0==zx

B3. (zxy)xz=xx* (2% (0xy))

A non-empty subset S of B-algebra X is called a subalgebra [1]
of Xifxxye SVa,yeS. Mapping f | X — Y of B-algebras
is called homomorphism [13] if f(z *y) = f(x) * f(y) ¥V z,y
€ X. Note that if f | X — Y is a B—homomorphism, then
f(0) = 0. A non-empty subset I of a B—algebra X is called an
ideal [22] if for any z,y € X, (i) 0 € I, and (4i) x * y € I and
y €I =x €l Anideal I of a B—algebra X is called closed if
OxyelVaxel.

We know review some fuzzy logic concepts as follows:

Let X be the collection of objects denoted generally by x.
Then a fuzzy set [31] A in X is definedas A = {< =, pa(x) > |
x € X}, where p4(z) is called the membership value of = in A
and p4(z) € 10, 1].

For a family A; = {< x,ua,(z) >| x € X} of fuzzy sets in
X, where ¢ € k and k is index set, we define the join (V) meet
(M) operations as follows:

\ A = (\/NAi)(x)

i€k i€k

and

A= (Nna) ) =

i€k i€k

respectively, Vz € X.

An Interval-valued fuzzy set [32] A over X is an object having
the form A = {< z,fia(z) >| € X}, where jia | X —
DJ0, 1], here DJ0,1] is the set of all subintervals of [0,1]. The
intervals fiar = [p;(2),puf(z)] V 2 € X denote the degree
of membership of the element x to the set A. Also 14 = [1 —
pa(z), 1 — ph(x)] represents the complement of fi4.

For a family {4; | ¢ € k} of interval-valued fuzzy sets in
X where k is an index set, the union G = |J fia,(z) and the

i€k
intersection F' = () fia, () are defined below:
i€k
= (Uia, ) @) = rsupliia, (@) | i € k}
ick

and

2 = (i)

i€k

) = Tan{/lA7(l’) | i€ k}7

respectively, Vz € X.

The determination of supremum and infimum between two real
numbers is very simple but it is not simple for two intervals.
Biswas [2] describe a method to find max/sup and min/inf be-
tween two intervals or a set of intervals.

Definition 2.1 [2] Consider two elements D1, Dy € D[0,1]. If
Dy = [a],af] and Dy = [a5,a]], then rmax(Dy, Dy) =
[max(a] ,ay ), max(af,a3)] which is denoted by Dy V" Dy
and rmin(Dq, D3) = [min(ay,ay ), min(a},as)] which is

denoted by D1 \" Ds. Thus, if D; =

[a; ,ad] € Do, 1]f0ri—

1,2,3, ..., then we define rsup;(D;) = [supz( ), supi(a;)],
ie., VID; = [Via;,Viaf]. Similarly we deﬁne rinf;(D 1) =
[znf,( 7 )s znf,( )} ie, NID; = [/\7 ,Aia]]. Now we call

Dy > D2 = a; >ay and a1 > a2 Szmllarly the relations
Dy < Dy and D1 = D> are defined.

Combine the definition of subalgebra, ideal over crisp set and
the idea of fuzzy set Ahn et al. [1] and senapati et al. [21] defined
fuzzy subalgebra and ideal respectively, which is define bellow.

Definition 2.2 [21, 1] A fuzzy set A = {< x,pa(z) >|
x € X} is called a fuzzy subalgebra of X if pa(x xy) >
mZTL/,LA(if), :U’A(y) Vz,ye X,

Afuzzyset A= {< x,pa(x) > x € X}in X is called a fuzzy
ideal of X if it satisfies (i) ua(0) > pa(x) and (ii) pa(z) >
minfpa(zxy), pa(y)} v,y € X.

Jun et al. [8] extend the concept of cubic sets to neutrosophic
sets [17], and consider the notion of neutrosophic cubic sets as
an extension of cubic sets, and investigated several properties.

Definition 2.3 [8] Let X be a non-empty set. A neutro-
sophic cubic set in X is pair C = (A,\) where A =:
{{z; Ar(x), Ar(x), Ar(x)) | * € X} is an interval neutro-
sophic set in X and A =: {{z; \p(z), A\[(z), A\p(2)) |z € X}
is a neutrosophic set in X.

Definition 2.4 [8] For any C; = (A, A;) where

A = {(z; Air(2), Air(2), Air (2)) |2 € X},

Ay = {(z; Nir (), Nir(z), i (2)) | ¢ € X} fori € k, P-union,
P-inersection, R-union and R-intersection is defined respectively by

P-union: |J.C; = (U AV Ai),

>|mex}
>|xex}
>|xex}
>|xex}

Senapati et. al. [25] defined the cubic subalgebras of B-
algebra by combining the definitions of subalgebra over crisp set
and the cubic sets.

P-intersec;ieokn: QIECZEE (zé::l, /e\kAZ)

Reunion: JC; = (LEJkA é\kA)

R-intersection: ﬂe i = (QkA \e/kA)

where

Y= (= (Yan)or (Yo (Y )
i\e/kAi = {<x <Z€\/km> (z) (iEk )\ﬂ) (\E/k m)

QCAZ- - {<x (LDkAiT> (LDkA”> <gAzF>
/e\kA = {<x (gAT> (z), (/E\km> (/E\ICAF)

Definition 2.5 [25] Let C = {< z, A(z), \M(x) >} be a cubic
set, where A(x) is an interval-valued fuzzy set in X, \(x) is a
fuzzy set in X and X is subalgebra. Then A is cubic subalgebra
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under binary operation * if following condition holds:
Cl: A(x xy) > rmin{A(z), A(y)},
C2: Mz xy) <max{A(z),\y)}Vz,y e X.

3 Neutrosophic Cubic Subalgebras Of
B-algebra

Let X denote a B-algebra then the concept of cubic subalgebra
can be extended to neutrosophic cubic subalgebra.

Definition 3.1 Let C = (A, A) be a cubic set, where X is sub-
algebra. Then C is neutrosophic cubic subalgebra under binary
operation x if it holds the following conditions: N1:

Ar(w+y) > rmin{ Ap(), Ar(y)}

Ap(z*y) = rmin{Ar(z), Ar(y)}

Ap(z*y) = rmin{Ap(z), Ar(y)},

N2:

Ar(w *y) < maa{Ar(x), Ar(y)}

Ar(w xy) < maz{Ar(x), Ar(y)}

Ag(zxy) < max{Ar(x), Ar(y)}
For our convenience, we will denote neutrosophic cubic set as
C=(Arrr A1, r) = {{z, A1 1 r(2), A1, F ()}
and conditions N1, N2 as

NI: AT,I,F(x * y) Z rmin{AT,I,F(x), AT,I,F(@/)};

N2: Ar,pp(@xy) < max{Arr (), Arrr(y)}

Example 3.1 Let X = {0,a1,a2,a3,a4,a5} be a B-algebra
with the following Cayley table.

* ‘ 0 a1 azy a3 a4 as

0 0 as a4 as as ay
ay ay 0 as a4 as as
a | as a1 0 a5 ag4 asg
as as as ay 0 as a4
a4 ay as as ay 0 as
as | as a4 az a2 Qi 0

A neutrosophic cubic set C = (Ar 1., Ar.1,r) of X is defined
by

0 ay ag as Qg as
A7 | [0.7,09] [0.6,0.8] [0.7,0.9] [0.6,0.8] [0.7,0.9] [0.6,0.8]
Ar | [03,0.2] [0.2,0.11 [0.3,0.2] [0.2,0.1] [0.3,0.2] [0.2,0.1]
Afp | [0.2,04] [0.1,04] [0.2,04] [0.1,0.4] [0.2,0.4] [0.1,0.4]
‘ 0 ap az a3 a4 as
Ar | 0.1 03 01 03 01 03
Ar 103 05 03 05 03 05°
Ar |05 06 05 06 05 06

Both the conditions of Definition 3.1 are satisfied by the set C.
Thus C = (Ar 1. r, Ar.1,Fr) is a neutrosophic cubic subalgebra
of X.

Proposition 3.1 Let C = {< z,Ap 1 r(x), Ar 1 r(x) >}isa
neutrosophic cubic subalgebra of X, thenV x € X, Ap 1 p(x) >
AT,I,F(O) and AT,I,F(O) S )\T,I,F(x)- Thus, ATJ’F(O) and
Ar,1,7(0) are the upper bounds and lower bounds of Ar 1 r(x)
and A 1 g (x) respectively.

Proof: V2 € X, wehave Ap 1 p(0) = Ap ; p(x*x) > rmin{
Ar 1 r(x), Arrr(2)} = Ar g p(x) = Ar1.r(0) > Ar ()
and )\T,I,F(O) = /\T,I,F(l' * .23) < maa:{/\T717F(a:), )\T,LF(x)}
= A, r(x) = Ar,r(0) < A p(x).

Theorem 3.1 Let C = {{z, Ar 1 r(x), Ar.1 7 (2))} be a neutro-

sophic cubic subalgebras of X. If there exists a sequence {x,,} of

X such that li_}rn Ap g r(zn) = [1,1] and ILm Mg p(T,) =
n oo n o0

0. then ATJ_’F(O) = []., 1] and /\T,I,F(O) =0.

Proof: Using Proposition 3.1, Ap ; p(0) > Ar p(zx)Vx € X,
AT,I,F(O) > AT’[,F(JEn) forn € Z+. Consider, [171] >
ATJ,F(O) Z nhﬁ}H;O AT717F(CC7L) = [1,1] Hence, AT,I,F(O) =
[1,1].

Again, using Proposition 3.1, Ay 1, #(0) < Aprp(zx)Vz €
X, . Ar1r(0) < Argp(x,) for n € ZT. Consider, 0 >
AT,I,F(O) S nlgr;o )\T,I,F(l'n) =0. Hence, )\T,I,F(O) =0.

Theorem 3.2 The R-intersection of any set of neutrosophic cu-

bic subalgebras of X is also a neutrosophic cubic subalgebras of
X.

Proof: Let A; = {<x,AiT7[7F, )\iT,I,F> | T e X} where i € k,
be a sets of neutrosophic cubic subalgebras of X and z,y € X.
Then

(NAir. 1 r)(xxy) = rinfAir 1 r(x*y)
> rinf{rmin{Air1.r(x), Air,1,r(y)}}
= rmin{rinfAir,1 r(x),rinfArrry)}
= rmin{(NAir,1,r)(2), (NAir,r,F)(y)}
= (NAir,1,p)(z *y) = rmin{(NAir,1,r) (), (NAir,1,r)(y)}

and

(VAir 1, 7)(z % y) = suphiT. 1,7 (T * y)
< sup{maz{Air,1,r (), \ir,1,7 (y) }}
= maz{supir 1,7 (x), suphir.1 r(y)}

VAir,,r)(y)}

VA ,F)(Y)}

9

= mam{(v)\i;r,[,p)(x)
= (\/)\iT,I,F)(fL' * y) < max{(\/)\iT,I,F)(x),

o~ o~

which shows that R-intersection of .4; is a neutrosophic cubic
subalgebra of X.

Remark 3.1 The R-union, P-intersection and P-union of
neutrosophic cubic subalgebra need not be a neutrosophic cubic
subalgebra.

Example, let X = {0,a1,a2,as,a4,a5} be a B-algebra with
the following Caley table. Let Ay = (Ayr1.r, Mr.1,r) and
Ay = (Aar.1,7, Aar,1,F) be neutrosophic cubic set of X defined
by

Then Ay and As are neutrosophic subalgebras of X but
R-union, P-union and P-intersection of A, and A, are not
subalgebras of X because
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0 ay a1 a3 a4 as
ar |ar 0 ay a5 a3 ag
as as aj 0 a4 as as
as as ay as 0 ay as
a4 a4 as as as 0 al

as as as aq ay as 0
0 ay as as a4 as
AT | [08,0.7] [0.1,0.2] [0.1,0.2] [0.8,0.7] [0.1,0.2] [0.1,0.2]
A1 ] 10.7,0.8] [0.2,03] [0.2,0.3] [07.0.8] [0.2,0.3] [0.2,0.3]
AF | [0.8,09] [0.3,04] [0.3,04] 1[0.8,09] 1[0.3,0.4] [0.3,04]
A.T | [0.8,09] [0.2,0.3] [0.2,0.3] [0.2,0.3] [0.8,0.9] 1[0.2,0.3]
Aol | [0.7,0.6] [0.1,0.2] [0.1,0.2] [0.1,0.2] [0.7,0.6] [0.1,0.2]
Ao F | [0.6,0.5] [0.1,0.3] [0.1,0.3] [0.1,0.3] [0.6,0.5] [0.1,0.3]
‘ 0 ay ag as ayq as
AT (01 08 08 01 08 08
Al 02 07 07 02 07 07
ME |04 06 06 04 06 06 .
AT 102 05 05 05 02 05
Al |03 07 07 07 03 07
XF 04 09 09 09 04 09

(UAiT,]’F)(ag, * (14) = ([0.270.3]7 [0.270.3], [0.3, 0~4])T,I,F ;é
([0.8, 0.9}7 [07, 0.6], [0.6, O~5])T7I,F = rmin{(UAiT’I’F)(ag),
(UAir,1,r)(aq)}

and
(ANir.1.7) (a3 *as) =
= max{(/\)\ZT I F)(

(0.8,0.7,0.9)r, 1,7 £ (0.2,0.3,0,4) 7,1
5), (ANar1,r)(aa)}

We provide the condition that R-union, P-union and P-
intersection of neutrosophic cubic subalgebras is also a neutro-
sophic cubic subalgebra. which are at Theorem 3.3, 3.4 and 3.5.

Theorem 3.3 Let A, = {<x7A7LT,I,F7>\iT,I,F> ‘ xr € X}
where © € k, be a sets of neutrosophic cubic subalgebras
Of X, where i € k. [f inf{maa:{/\iTJ,F( ) iT,I, F( )}}
= maz{inf o1, r(z),infA\rrr(x)} Vo € X, then the P-
intersection of A; is also a neutrosophic cubic subalgebras of X.

Proof: Suppose that A, = {(z,Airrr, NirrF) | = €

X} where ¢ € k, be sets of neutrosophic cubic subal-
gebras of X such that inf{maz{ iz 1 r(z), \ir 1. r(x)}} =
mazx{infr . r(x),inflrrr(x)} Ve € X. Then for z,y €
X. Then

(NAir1.7)(z *y) = rinfAir 1 (v * y)
> rinf{rmin{Air 1. r(x), Air. 1.7 (¥)} }
= rmin{rinfAir.1 r(z),rinfAirrr(y)
= rmin{(NAir,1,7)(7), (NAir,1,7)(y)}
= (NAir,1,r)(z *y) = rmin{(NAir,r,r) (@), (NAir,1,r)(y)}

i bras of

and

(ANir,1,F)(x * y) = infNir 1, r(7 % y)
<inf{maz{Nir,1,r (), Nir,1,r (y)}}
= maz{infr.r(x),inflrrr(y)}
= maz{(ANit,1,r)(x), (ANiT,1,7)(Y)}

= (ANir,1,p) (@ % y) < maz{(AXir,1,r) (), (ANir,1,F) () },

which shows that P-intersection of A; is a neutrosophic cubic
subalgebra of X.

Z),

Theorem 3.4 Let A, = {{(z, A 1r,Nr1r) | x €
X} where ¢ € k, be a sets of neutr()sophic cubic sub-

algebras of X. If sup{rmin{Air1 r(z),Air,1 r(z)}} =
rman{supA;r 1. r(x), supAir 1 r(z)} Yo € X, then the P-
union of A; is also a neutrosophic cubic subalgebra of X.

Proof: Let A; = {<x7AiT,I,F7>\iT,I,F> | xr € X}
where @ € Kk, be a sets of neutrosophic cubic subalge-
bras of X such that sup{rmin{A;r 1 r(x), Air1.r(z)}} =
rmin{supA;r 1,r(z), supAirrp(z)} ¥V o € X. Then for
z,y € X,

(UAir 1 r)(z*xy) = rsupAir. 1, r(x*y)

> rsup{rmin{Air,1.r(x), Air,1,r(y)}}
= rmin{rsupA;r 1 r(x),rsupA;ir 1 r(y)}
= rmin{(UAir,1,r)(x), (UAir,1,F)(y)}

(UAirr.r)(z *y) > rmin{(UAir 1, r) (), (UAiT,1.7)(y)}

and

(VAir1.7)(z * y) = suphi7 1, 7 (T * Y)
< sup{max{Nir,1,r(x), \ir,1,F (y)}}
= max{supir,1,r(x), supAir,1, 7 (y) }
= maz{(VAir,1,r)( )W)}

( ()

(VAir 1, 7)(z * y) < maz{(VAir,1,F) ()}

Which shows that P-union of 4; is a neutrosophic cubic subal-
gebra of X.

x), VNir,1,F

);
)

—~~

z),(VNit,1,F

Theorem 3.5 Let A; = {(z, Air,1.r, Nir1,F) | © € X} where
i € k, be a sets of neutrosophic cubic subalgebras of X. If
inf{ma:c{)\iTJ,F(x), )\iT,I,F(x)}} = ma:z:{inf)\lT I F( )
inflir,r(x)} and sup{rmin{\ir.r r(2), \ir,1,r(7)}} =
rmin{suphir.1,r(x), suphir 1 p(x)} V © € X, then the R-
union of A; is also a neutrosophic cubic subalgebra of X.

Proof: Let A; =
where 1

{@, Air 1 ps Nirrr) | ¢ € X}
€ k, be a sets of neutrosophic cubic subalge-
X such that znf{ma:r{)\zTIF( ) zTIF( )}} =
max{infAr 1. r(x),inflNrrr(x)} and sup{rmin{ 1 r(
x), Nir 1, r (1)} = rmin{supAir 1,7 (x), suphir 1 ()} Vo €
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X. Then for x,y € X,

(UAir 1, F)(x % y) = rsupAir 1 r(z * )

> rsup{rmin{ A1 r(z), Air,1,F(y)} }
= rmin{rsupA;r1 r(z),rsupAirr.r(y)}
= rmin{(UAir,1,r)(2), (VA 1,F)(y)}

(VA7) (x*y) > rmin{(UAir1,r)(x), (UAir,1,r)(y)}

and

=inflir1,r(T*y)

< inf{maz{Xir,1,r(z), \ir,1,r(y)}}
= maz{infr . r(x),inflirrr(y)}
), (AXir,1,p)(y)}
), (

(
(AXir1,7) (@ * y) < max{(ANit,1,7)(2), (ANiT,1,7)(Y)}-

(ANt 1,7) (T * y)

= max{(/\)\iT,I,F) x

Which shows that R-union of .4; is a neutrosophic cubic subal-
gebra of X.

Proposition 3.2 If a neutrosophic cubic set A
(Arr.r,Ar1,r) of X is a subalgebra, then ¥ x €
AT,],F(O * Ll?) Z AT’I,F(J’J) and )\T,I,F(O * !L‘) S )\T,I,F($)~

Proof: Vz € X, Ap; p(0xx) > rmin{Ar 1 r(0), Ar p(x)}
=rmin{Ar 1 r(x*x), Ar . r(x)} > rmin{rmin{Ar ; p(z)
,ATJ,F(I)}, ATJ,F(I)} = AT,I,F(I) and similarly )\T,I,F(O *
:L') S max{)\T,I’F(O), )\T,I,F(x)} = )\T,]’F(x).

X;

Lemma 3.1 If a netrosophic cubic set A =
X is a subalgebra, then A(z+y) = A(z*

(Ar, 1,7, Ar.1,F) Of
(0(0xy)))Vz,y € X.

Proof: Let X be a B-algebra and x,y € X. Then we know
that y = 0 % (0 * y) by ([3],lemma 3.1). Hence, Ay 1 p(z*y) =
Arp 1 p(x*(0%(0xy))) and Ap 1 p(2*xy) = A 1, p(z+(0%(0%y))).
Therefore, A 1 p(xxy) = Ar 1 p(x* (0% (0*y))).

Proposition 3.3 If a nuetrosophic cubic set A =
(Ar,1,r, Ar,1,r) of X is a neutrosophic cubic subalgebra, then
Va,ye X, Arrp(zx(0xy)) > rmin{Ar r(x), Ar1,r(y)}
and /\T,I,F(Z‘ * (0 * y)) S max{)\T,I,F(x), )\T,I,F(y)}'

Proof: Let z,y € X. Then we have Ay p(z * (0 xy)) >
rmm{ATJ_,F (x), ATJ’F(O *y)} Z rmin{AT,LF(x), AT,I,F(y
)} and >\T,I,F($ * (0 * y)) < TTLCL.’t{)\T’[yF({E)7 )\T,I,F(O * y)} <
max{Ar r r(x), \r,1,7(y)} by Definition 3.1 and Proposition
3.2. Hence, the proof is completed.

Theorem 3.6 If a neutrosophic cubic set A =
of X satisfies the following conditions

(Ar1.p A1, F)

1. AT,I,F(O*I') Z AT,I,F(JJ) al’ld)\T7]7F(O*$) S AT,I,F(fE)y

2. AT,I,F(I * (0 * y)) Z Tmin{ATJ,F(x),AT’IVF(y)} and
A, (@ * (0% y)) < maz{Ar,rr(z), Ar,r,r(y)}
Vz,ye X.

then A refers to a neutrosophic cubic subalgebra of X.

Proof: Assume that the neutrosophic cubic set A =
(A7 1,7, A1) of X satisfies the above conditions (1 and 2).
Then by Lemma 3.1, we have A 1 p(z *y) = Ap 1 p(z* (0 *
(O * y))) Z ’/‘min{ATJ,F(I), ATJ’F(O * y)} Z rmin{AﬂLp(
x)aAT,I,F(y)} and AT,I,F(I' * y) = )\T,I,F(m * (0 * (0 * y)))
< maz{Ar 1,7 (z), A\, 1,p(0xy) < max{Ar 1 r(z), \r,r(y)}
z,y € X. Hence, A is neutrosophic cubic subalgebra of X.

Theorem 3.7 Nuetrosophic cubic set A = (Ar 1. r,A1.1,F) Of
X is a neutrosophic cubic subalgebra of X <= Ar ; p, A;LF
and A1 F are fuzzy subalgebras of X.

Proof: let Ar ; . Ai r.r and Ap 1 p are fuzzy subalgebra of X
and z,y € X. Then Ay ; p(vxy) > min{Az; (2), Az p(y
)} AT I, plz*y) > mm{AT I, r(2), AJIC,I,F(y)} and Ar 1, F (2%
y) < mazx{Ar.1,r (@), Ao e ()} Now, Arp p(wsy) = [Ar1 F
(wxy), Ag  p(vxy] > [min{ A p(2), Az p(y)}, min{ A7 ;
(@), A7 1 p (W} = rmin{[Az ; p(2), A7 1 p(2)], [A7 1 p(¥),
A;IYF(y)]} = rmin{Ar 1 r(z), Ar 1 r(y)}. Therefore, A is
neutrosophic cubic subalgebra of X.

Conversely, assume that A is a neutrosophic cubic subalge-
bra of X. Forany z,y € X, [A7; p(x *y), A} | p(xxy)] =
Ar 1 p(zxy) > rmin{Ar 1 r(x), Ar 1, r(y)} =rmin{[Ar ; p
(), A%LI r(@)]; [A;I ), A;,I,F(y)]}z = [mm{AiI,F(ff)a
AiI,F( )}, mm{ATI r(@), A;FIF(y)H Thus, A%,I,F(x *Y)
>min{Az ; p(2), AT 1 p ()}, Af g2+ y) > min{AF | p(
), AL ; p(¥)} and Ap 1 p(x + y) < maz{Argp(x), A1 r(y)
}. Hence A7 -, AJTF’ r.r and A7 r p are fuzzy subalgebra of X.

Theorem 3.8 Let A = (Ar 1,7, Ar,1,F) be a neutrosophic cubic
subalgebra of X and letn € 7 (the set of positive integer). Then

1. AT,I,F(HSU x ) > Apr(z) for n € O(the set of odd

number),

2. )\T,I,F(HSU xx) < Arp 1 r(z) for n € O(the set of odd
number),

3. ATJ,F(HJC « ) = Ap 1 p(x) for n € E(the set of even

number),

4. )\T’I’F(Haﬁ * .Z')
number).

= Arp 1 r(x) for n € E(the set of even

Proof: Let x € X and assume that n is odd. Thenn = 2p — 1
for some positive integer p. We prove the theorem by induction.
Now AT,I,F(JJ * .CE) = AT,I,F(O) 2 AT,I,F(JJ) and )\T7[7F(JC *
2p—1
(E) = )\T,I,F(O) < )\T,I,F(x)~ Suppose that AT,I,F( H €T *
2p—1
l‘) > AT,[’F(.’L') and )\T,I,F( H T *x LL’) < )\T,I,F(m)' Then
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2(p+1)—1 2p+1 = rmin{A x), A and \ x % < ér1.
by assumption, A7 1 g ( H zxx)=Ap 1 r( H THRT)= — mam{in;(I;c(),))\TIT;(};)(:f)} nLr(® ) e
2p—1 2p—1 Hence A is a neutrosophic cubic subalgebra of X.
Ap g p( H rx(zx(zxx)))=Ar 1 p( H xxx) > Ap 1 p(x) Now, Ia,, .={z € X, Ar;p(z) = Ar;p(0)}={z €
2(p+1)—1 2p+1 2p—1 X, AT,I,F(JJ) = [OZT,I,FUOZT,I,FQ]} = B and I)\T,I)F={l’ €
and Ar 1 p( H xxx) = A 1, ( H rxx) =M1 ( H zx X, Ar 1 r(z) = A1 r(0)}={z € X, \7 1 r(7) =y7 1 F}=B.
2p—1

(x* (x*x))) = r1,5( H x *x) < Apr p(x), which proves
(1) and (2). Similarly, the proves are same to the cases (3) and

4.

The sets denoted by I4,., , and I, , . are also subalgebra of
X. Which were defined as:
IAT’I‘F={$ e X | AT,I,F(JJ) = AT7]7F(O)} and I)\T,I,Fz{x S
X ‘ )\T,I,F(I) = AT,I,F(O)}“

Theorem 3.9 Let A = (Ar 1.7, Ar,1,F) be a neutrosophic cubic
subalgebra of X. Then the sets 14, , ,, and Iy, , . are subalge-
bras of X.

Proof: Let X,y € IAT,I,F' Then AT,I,F(x) = AT,]’F(O) =
AT,I,F(y) and SO, AT,[’F(.’)S*y) > rmin{AT,LF(as), AT,I,F(Z/)}
= Ar 1,#(0). By using Proposition 3.1, We know that Ay 1 g (2
y) = Ar 1,7 (0) or equivalently x x y € I, ; ..

Again let z,y € Ia;, . Then Arp(xz) = A r(0) =
)\T’[yp(y) and SO, >\T,I,F(1' * y) S max{)\T’LF(x), AT,I,F(y)}
=Ar r(0). Again by using Proposition 3.1, We know that
Ar,1,r(xxy) = A1, (0) or equivalently zxy € 4, , .. Hence
the sets 4, , . and A4, ; . are subalgebras of X.

Theorem 3.10 Let B be a nonempty subset of X and A =
(A7 1,7, A1,1,F) be neutrosophic cubic set of X defined by

o Q ifteB
Argr(z) = lar, o m], i .
[Br,1,/y, Br.1,5,], otherwise,
ifr € B
Ar(z) = yr,1,F, IifT :
or,1,r, Otherwise

V lar,1,Fy, or1,m ) [Br,1,my, Bryo,my)| € DI0,1] and yr,1,F, O7,1,F €
[0, 1] with [or,1,Fy , @1, 1,75) = [Br,1,F1 5 Br,1,ms| and yr, 1,7 < 01,1, F.
Then A is a nuetrosophic cubic subalgebra of X <= B is a subalge-
bra of X. Moreover, IAT,I,F = B= IAT’I‘FA

Proof: Let A be a neutrosophic cubic subalgebra of X. Let z, y
€ X such that z,y € B. Then Ap ; p(x *xy) > rmin{Ar  r(x
)aAT,I,F(y)} = Tmi”{[aT,I,Fl,aT,l,FZ], [OéT,I,FNOéT,I,FQ]} =
lar,1,m,ar, ] and Ar 1 p(2 * y) < max{Ar 1 r(x), A 1, r(
)} = maz{yr1 r,yr,1,r} = yr.1,r. Therefore z x y € B.
Hence, B is a subalgebra of X.

Conversely, suppose that B is a subalgebra of X. Let x,y €
X. We consider two cases,
Case 1: If z,y € B, then z * y € B, thus Ap;p(zr *
y) = larr,or ] = rmin{Ar r(z), Ar1,r(y)} and
Arrr(x*y) =yr,1,r = max{r 1 rp(x), M1, r(Y)}-
Case2: If x ¢ B ory ¢ B, then AT,I,F(:I:*:U) > [ﬁT,I,FUBT,I,Fz]

Definition 3.2 Let A = (Ar 1.7, Ar,1,r) be a neutrosophic cu-
bic set of X. For [s1,, ST,], |11, S, [SFy, SFy) € D0, 1]

and tr,,tr, , tr, €10,1], the set U(Ar 1.7 | ([s1y,87,], [S1y+ S1,)
7[5F155F2])) ={x €X AT(‘T) > [5T175T2]7AI(I) > [5117512]
7AF(x) > [SFU SFz]} is called upper ([ST17ST2]’ [8117812]’ [SF17
sp,])-level of A and LAr 1 r | (ty,t1,,tr)) ={z € X |
Ar(z) < tp,A(x) < tr,Ap(x) < tg}ois called lower
(tr,,tr,, tr )-level of A.

For our convenience we are introducing the new notation as:
UAr 1 | st st0,m)={t € X | Ar1,p(z) > [s7.1.F),
sT.1.m)} is called upper ([sT.1.F,,ST.1,F))-level of A and
L(/\T,I,F | tT,I,Fl):{x e X | )\T’[,F(LL') < tT,LFl} is called
lower tr 1., -level of A.

Theorem 3.11 If A = (Ar . p,Ar1,F) is neutrosophic cu-
bic subalgebra of X, then the upper [sT 1 F,,ST,1,F,]-level and
lower tp 1, -level of A are ones of X.

Proof: Let X,y € U(AT,I,F | [ST,I,F17ST7I,F2])3 then AT,I}F(«T)
> (7.1, 5T,1,5,) and A1 1 p(y) > [s7.1,F,, ST,1,5,] 1t fol-
lows that AT,I,F(z * y) > rmin{AT717F(a:),AT717F(y)} >
[ST,I,FlasT,I,FQ] = T *Y € U(AT,I,F | [ST,I,F“ST,I,FQ])-
Hence, U(Ar 1.7 | [ST.1.F,, ST.1.F,] 1S @ subalgebra of X.

Let x,Y € L()\T,I,F | tT,I,Fl)- Then )\T,I,F(x) < tT,I,Fl
and )‘T,LFQ/) < tT,LFr It follows that )\T,I)F(x * y) <
maz{Ar . r(@), A\, r(Y)} < trrp = x*xy € LArrp |
tr1,m ). Hence L(Ar 1,7 | tr 1,/ ) is a subalgebra of X.

Corollary 3.1 Let A = (Ar. 1 r, A\1.1,F) is neutrosophic cubic
subalgebra OfX Then A([ST’[}F1 5 ST,I,FZ]; tT,LFl )= U(AT,[’F
| Ist,1,ms 57,0,m)) VLA, 1,r | trrm)={x € X | Ar1.p(2)
> [s7.0,Fy, ST.1,5,), A1, 7 (x) < tr 1 p, }is a subalgebra of X.

Proof: Straightforward

The following example shows that the converse of Corollary
3.1 is not valid.

Example 3.2 Let X = {0, a1, a2, a3, a4, a5} be a B-algebra in
Remark 3.1 and A = (Ar 1 p, r.1,F) is a neutrosophic cubic
set defined by

‘ 0 ay as as ay as
Ar | [0.6,0.8] [0.5,0.6] [0.5,0.6] [0.5,0.6] [0.3,04] 1[0.3,0.4]
Ar | [0.5,0.7] [0.4,0.5] [0.4,0.5] [0.4,0.6] [0.3,0.3]1 1[0.3,0.3]
Ar | [04,0.6] [0.2,0.5] [0.2,0.5] [0.2,0.5] [0.1,0.2] [0.1,0.2]

Rakib Igbal, Sohail Zafar and Muhammad Shoaib Sardar, Neutrosophic Cubic Subalgebras and Neutrosophic Cubic Closed Ideals

of B-algebras.



Neutrosophic Sets and Systems, Vol. 14, 2016

53

‘ 0 a1 a2 a3 a4 as
Ar |01 03 03 05 03 05
Ar 102 04 04 06 04 06 °
Ap |03 05 05 07 05 07

Suppose that (st 1 p,, sT.1,F,]=([0.42,0.49], [0.31, 0.37], [0.14,
0~18DT,I,F and tT,I,Fl = (04, 0.5, O.G)T’[’F, then A([ST7[7F1,
sttt r)=UAr e | st e, stom)) (VLA e |
trrr)={x € X | Ar1,r(x) > [sT,0,F, ST,0,5) AT, 1,7(x) <
tT,I,Fl} = {O,a1,a2,a3}ﬂ{O,al,ag,a4} = {O,al,ag}
is a subalgebra of X, but A = (Ar1p,Ar1.r) is not
a neutrosophic cubic subalgebra since Ar(ay x az) =
[0.3,0.4] # [0.5,0.6] = rmin{Ar(a1),Ar(as)} and
)\T(ag * CL4) =0.5 f 04 = max{)\T(ag), /\T(a4)}.

Theorem 3.12 Let A = (Ap 1 r, Ar,1,r) be a neutrosophic cu-
bic set of X, such that the sets U(Ar 1 r | [S7.1,F,,5T.1,F,))
and L(Ar 1 rp | trrm) are subalgebras of X for every
[ST,I,F17ST,I,F2] € [)[07 1] and tT,I,Fl S [0, 1]. Then A =
(A7 1,7, A1,1,F) is neutrosophic cubic subalgebra of X.

Proof: Let U(AT7]7F | I:ST,I7F175T7I,F2:|) and L()\T,I,F | tT,I,Fl
) are subalgebras of X for every (st 1., , ST.1.F,] € D[0,1] and
trrm € [0,1]. On the contrary, let zo,y0 € X be such that
At 1,r(x0 *yo) < rmin{Ar 1,r(20), Ar,1,F(y0)}. Let Ar 1 p
(xo) = [6h,02], Ar.1 r(yo) = [03,04] and Ap 1 p(z0 * o) = |
ST, I,Fy» ST,I,FQ]- Then [ST,I,Fl R ST7I7F2] < rmin{[@l, 92}, [03, 04
1} = [min{0y, 05}, min{02,04}]. So, sr.1m < rmin{by,03}
and srrp, < min{fs,0,}. Let us consider, [p1,p2] =
A7 1.7 (z0 * yo) + rmin{Ar 1 r(20), Ar.1,r(y0)}] = 31
ST.1,Fy, ST, 1,75 ] + [min{61, 03}, min{6s,04}]] = [%(ST,I,F1 +
min{01,0s}), 3(s7.1,r, +min{s, 05})]. Therefore, min{6;,
03} > p1 = %(ST’LFl +min{01,0s}) > sr.1 r, and min{6z, 6,
> po= %(STJTFZ +min{02,04}) > sr.1.r,. Hence, [min{6;
,93}, min{Qg, 94}] > [pl, pg} > [ST,I,Fla ST,I,FQ]a so that xq *
yo ¢ U(Ar1.r | [ST,1,F,, ST,1,F,]) Which is a contradiction
since AT,I,F(xO) = [91,92] > [min{@l,ﬁg},min{92,94}] >
[p1, p2] and At 1 p(yo) = [03,04] > [min{61, 05}, min{0s, 04}
] > [Pla pz]. This implies To*Yo € U(ATJ’F ‘ [ST,I,Fl , ST,I,FQ])
. Thus AT,I,F(x * y) > 7‘7’TLZ"/L{AT’[,F(LL')7 AT,I,F(:U)} Va,ye
X.

Again, let zg,yo € X be such that Ap; p(xo * yo) >
max{Ar 1 r(x0), A\r,1,7(0)}. Let Ap 1 p(x0) = 01,1,/ AT 1,F
(yo) =171,/ and Ap g p(zo*yo) =trrr,-Thentrp >
max{nT,I}Fl ~77T,I,F2}- Let us consider tT,I,F2 = %[)\T,I,F(LUO *
yo) + max{/\T717F(aco), /\T,I,F(O)}]~ We get that tT,I,Fz = % (

tr,p + maz{nrrr,nroe}). Therefore, nrrp <
1

trop = 5(trr + max{nrrr,nre}t) < trrrp and
2 1

nrir, < trrr = 3(trir + mar{nrrr,nrie}) <

trr,r, - Hence, max{nrrr,nr1m}t < tror < trim =
)\T,I,F($07y0)a so that xg * yo ¢ L()\TJ,F ‘ tT,LFl) which is a
contradiction since Ap; p (o) =nr1,m < maz {118,
et < trorr, and A r(yo) = nr1,m < maz{nr e,
nr.1,7,} < tr1r,. This implies xo,y0 € L(Ar1.F | tr1,F,)-
Thus Ar; p(z *y) < max{Ar 1 r(z), \r1r(y)} Va,ye X.

Therefore, U(Ar1,r | [s7,1,7: 57,1,7]) and LA 1 7 | tr,1,7,)
are subalgebras of X. Hence, A = (Ar 1 p, A7, ) is neutro-
sophic cubic subalgebra of X.

Theorem 3.13 Any subalgebra of X can be realized as both
the upper (st 1 F,, ST.1,F,]-level and lower tr 1 g, -level of some
neutrosophic cubic subalgebra of X.

Proof: Let 3 be a neutrosophic cubic subalgebra of X, and .A be
a neutrosophic cubic set on X defined by

A _Nlorrr,or k), ifzeB
TIF = .
[0, 0] otherwise. ’
A\ . BT,I,FU ifzeB
TIF = .
w 0, otherwise.

Vot r,orrp,] € D[0,1] and Br 1, € [0,1]. We consider
the following cases.

Case l: If ¥V z,y € B then AT}[,F(.”L') = [aT,I,FpaT,I,FQ]:
Arr,r(x) = Brom and Arp p(y) = [arrmy, ar 1, /) Ao e
(y) = Br,1,r,- Thus A gz xy) = [ar 1 F,, 1.1, 5,] = TMIN
{lar1,psar k], larrr,arrr]} = rmin{Ar r(v),
Ar 1 r(y)}and A 1 p(z *y) = Br,r,p=max{fr 1,r, Br 1,
} =max{Ar . r(x), A\ 1,7 (y)}-

Case2: If © € B and y ¢ B, then Apjp(z) =
lar,1,F > o1 1,7, Ar1,r(2) = Brr,r, and A7 1 p(y) = [0,0],
/\T,I,F(y) = 1. Thus AT717F(JC * y) Z [O, 0} = rmin{ [aT,I,F17
ar,1,m), (0,0} = rmin{Ar 1 p(x), A7 1 r(y)} and Ap 1 g (2 *
y) < 1=max{Br 1,1} = max{r 1 r(x), \r 1 r(y)}

Case 3: If x ¢ B and Yy e B, then AT,I,F<x) = [O, O]’)\T,I,F(
z)=1land Ay 1 r(y) = ar1.m, 00 1,5 Ar,0,7(Y) = Bro,m
. Thus Ap 1 p(z*y) > [0,0] = rmin{[0,0], [ar 1.7, 11,55}
= rmm{ATJ,F(x),AT’LF(y)} and )\T,I,F(x * y) <1 =
max{l, Br.r,r } = max{Ar r(x), A\ 1,7 (y)}-

Case4:If x ¢ B and Y ¢ B, then AT,I,F(x) = [O, O], )\T,LF(
xz)=1and Ap; p(y) = [0,0], Ar,; r(y) = 1. Thus Ay 1 p(x *
y) > [0,0] = rmin{[0, 0], [0,0]} = rmin{Ar 1 r(z), Ar 1,7 (y
)} and Ap g p(zxy) < 1 = max{l,1} = maz{Ar 1 r(z),
Arr,r(Y)}

Therefore, A is a neutrosophic cubic subalgebra of X.

Theorem 3.14 Let B be a subset of X and A be a neutrosophic
cubic set on X which is given in the proof of Theorem 3.13. If
A is realized as lower level subalgebra and upper level subal-
gebra of some neutrosophic cubic subalgebra of X, then P is a
neutrosophic cubic one of X.

Proof: Let A be a neutrosophic cubic subalgebra of X, and
x,y € B. Then Arrr(x) = Arrr(y) = [orrm,or1,m)
and /\T,I,F<x) = )\T,I,F(y) = /BT;I7F1' Thus AT717F(:I,‘ * y) Z
rmin{ Az, r(x), Ar,1,.r(y) }=rmin{[ar 1., or 1R, (01, m
sar 1} = o ry, or g p] and A g p(axy) < max{Ar . p
(%), A, 1,7 (y) }=max{Br.1,F\, Br.1,F, }=BT,1,F,, = T xy € B

. Hence, the proof is completed.
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4 Images and Pre-images of Neutro-
sophic Cubic Subalgebras

In this section, homomorphism of neutrosophic cubic subalge-
bras are defined and some results are studied.

Let f be a mapping fromaset X intoasetY and A = (Ar 1 r
, A7 1,F) be a neutrosophic cubic set in Y. So, the inverse-image
of A is defined as f~1(A)={(z, f"Y(Ar1r), f*OAr.1r)) |
x€ X}and f~H(Arrp)(2) = Ar g e(f(x)) and f~H (A1 r)
() = Ar.1.r(f(z)). It can be shown that f~*(A) is a neutro-
sophic cubic set.

Theorem 4.1 Suppose that f | X — Y be a homo-
morphism of B-algebras. If A = (Ar1p,Arir) is
a neutrosophic cubic subalgebra of Y, then the pre-image
FH A=, T (Arre), f Orre)) | @ € X} of A un-

der f is a neutrosophic cubic subalgebra of X.

Proof: Assume that A = (Ar;p,AryF) iS a neutro-
sophic cubic subalgebra of Y and let z,y € X. then
FH A p)(axy) = Ar 1 p(f(zxy)) = Az p(f(2)xf(y)) >
rmin{Ar 1 rp(f(x)), Ar.rr(f(y)} = rmin{f~"(Arrr)(z)
JTHAr L F) (W)} and fT A E)(x ok y) = Arpe(f(z
) = A, r(f(2)*f(y)) < max{Ar, 1 p(f(2)), Ar,1,r(f(y))}
= maz{fArrr) (@), [T Orre)(y)) oo fTHA) =
{z, fY(Ar1.r), f7*(Ar1,F)) | * € X} is neutrosophic cu-
bic subalgebra of X.

Theorem 4.2 Consider f | X — Y be a homomorphism of
B-algebras and A; = (Ajr.1,r, \jr,1,F) be neutrosophic cubic
subalgebras of Y where j € k. If inf{maz{\jr 1,7 (y), \jr.1.F
(W)} = maa{infAjr1r(y),infArrr(y)} Yy €Y, then
f~HNgA;) is also a neutrosophic cubic subalgebra of X.

JjEk
Proof: Let A, = (Ajrrr,A\jr,r) be neutrosophic
cubic subalgebras of Y where ;7 € k satisfying

inf{max{\jr.1.r(y), \jr,1.7 (Y) }}=maz{infAjr.1.p(y), inf
Nirr,r(y)} Yy € Y. Then by Theorem 3.3, (A, is a
jek
neutrosophic cubic subalgebra of Y. Hence f~'([A;) is also
jEk
a neutrosophic cubic subalgebra of X.
Theorem 4.3 Ler f | X — Y be a homomorphism of B-
algebras. Assume that A; = (Ajr 1,7, \jT,1,F) be neutrosophic
cubic subalgebras of Y where j € k. If rsup{rmin{A;r 1 r(y1
)s Ajr..r(y)yy=rmin{rsupAjr 1. p(y1), rsupAjr.r.r(y1)} v
y1,y2 €Y, then f~*(UgA;) is also a neutrosophic cubic sub-
jek
algebra of X.
Proof: Let A; = (Ajr 1 r, A\jr,1,r) be neutrosophic cubic sub-
algebras of Y, where j € k satisfying rsup{rmin{A;r r r(y1),
Ajr.1p(y2)}y=rmin{rsupAjr 1. r(y1), rsupAjrrp(y2)} Vv
y1,y2 € Y. Then by Theorem 3.4, | J;.A; is a neutrosophic cu-
jek
bic subalgebra of Y. Hence, f~*(|Jz-4;) is also a neutrosophic
jek
cubic subalgebra of X.

Definition 4.1 A neutrosophic cubic set A=(Ap 1 p, A\r1.F) in
the B-algebra X is said to have rsup-property and inf-property
iffor any subset S of X, there exist sy € T such that Ap 1 p(s0)=

rsups,esAr,r,r(to) and Ap 1 p(to)=inf Ar 1 r(to) respec-
toeT

tively.

Definition 4.2 Let f be mapping from the set X to the set Y.
If A = (Ar1.p, A\r1.r) is neutrosphic cubic set of X, then
the image of A under f denoted by f(A) and is defined as
FA)={(z, frsup(Ar.1.F), fing(Ar1.F)) | © € X}, where

) rsupgep-10p) (A p)(X), i fTHy) # ¢

Froup(Ar.1.e)(y) = {[070], otherwise,
and

Argr (2),

'y #¢
sef-1(y)

1, otherwise.

Jing(Ar1,r)(y) =

Theorem 4.4 suppose [ | X — Y be a homomorphism from
a B-algebra X onto a B-algebra Y. If A = (Ar 1 r,Ar1,F)
is a neutrosophic cubic subalgebra of X, then the image
FA)={(z, frsup(AT,1,F), fins(AT,1,F)) | © € X} of A under

f is a neutrosophic cubic subalgebra of Y.

Proof: Let A = (Ar; r, Ar,1,7) be a neutrosophic cubic sub-
algebra of X andlety;, y2 € Y. We know that {x1 x5 | 21 €
f7Hy) and x2 € fTNy2)} S{r € X |z € f~ My *
y2)}. Now frsup(Ar 1 r)(yr * y2)=rsup{Arr(z) | = €
F oy y2)} > rsup{Ar 1 p(z1 % 22) | 21 € f~'(y1) and
xy € f(y2)} > rsup{rmin{Ar ; p(z1), Ar 1 r(x2)} | 71 €
f7Hy) and z2 € f7'(y2)} = rman{rsup{Ar 1 r(z1) |
z1 € fHy)} rsup{Ar r p(22) | 22 € f71(y2)}} = rmin
{frsup(Ar,1,7)W1)s froup(Ar,1,7)(y2)} and finr(Ar 1 F) (Y1 *
y2) = inf{hrrr(x) |z e fTHyrxy2)} < inf{Ar g p(@1*
x9) |21 € f7Hun) and a2 € fH(y2)} < inf{maz{Ar 1 r(
1), A r(2)} | o € f7Ny) and xp € fTN(y2)} =
maz{inf{\rrr(z1) | ©1 € [~ (y)}inf{Ar 1 r(z2) |
zy € [T y2)}} = maz{ fingOr,0,r)(W1)s fingOr,1,7)(y2)}
Hence f(A)={(z, froup(Ar,1.F), finf(Ar1.F)) | * € X}isa
neutrosophic cubic subalgebra of Y.

Theorem 4.5 Assume that f | X — Y is a homomorphism of
B-algebra and A; = (Air,1,7, Ni1,1,F) IS a neutrosophic cubic
subalgebra of X, where i € k. If inf{max{\ir,1.r(x), Nit.1,F(
)}y = max{infhrr@),infNirrr(x)y Vo € X,
thenf((\pA;) is a neutrosophic cubic subalgebra of Y.

ick

Proof: Let A; = (A1 F, N\ir,1,F) be neutrosophic cubic subal-
gebra of X where i € k satisfying in f{max{ \ir.1 r(x), NiT.1 F
()} r=maz{inf i 1,7(x), inflir1 r(x)} Yo € X. Then by
Theorem 3.3, () .A; is a neutrosophic cubic algebra of X. Hence
ick
f(NpA,;) is also a neutrosophic cubic subalgebra of Y.
ick
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Theorem 4.6 Suppose f | X — Y be a homomorphism of B-

algebra. Let A;=(A;r 1., Nir,1,F) be neutrosophic cubic sub-

algebras of X where i € k. If rsup{rmin{A;r 1 r(x1), Air.1 F

(x2)}y=rmin{rsupAir 1, p(z1), rsupAir 1, p(z2)} ¥V 21,22 €

Y, then f(|Jp.Ai) is also a neutrosophic cubic subalgebra of Y .
i€k

Proof: Let A, = (A;7.1,F, \ir,1,7) be neutrosophic cubic sub-
algebras of X where ¢ € k satisfying rsup{rmin{A;r 1 r(z1),
Air. 1 r(z2) }y=rmain{rsupAir 1,7 (z1), rsupAir 1, r(z2)} V¥
z1,22 € X. Then by Theorem 3.4, |Jp.A; is a neutrosophic
i€k
cubic subalgebra of X. Hence f(|Jp.A;) is also a neutrosophic
i€k
cubic subalgebra of Y.

Corollary 4.1 For a homomorphism f | X — Y of B-algebras,
the following results hold:

1. IfV i € k, A; are neutrosophic cubic subalgebra of X,
then f((\rAi) is neutrosophic cubic subalgebra of Y
i€k
2. IfV i € k, B; are neutrosophic cubic subalgebra of Y, then
I~ (NgB;:) is neutrosophic cubic subalgebra of X.
ick
Proof: Straightforward.

Theorem 4.7 Let f be an isomorphism from a B-algebra X onto
a B-algebra Y. If A is a neutrosophic cubic subalgebra of X,
then [~1(f(A)) = A

Proof: Forany z € X, let f(x) = y. Since f is an isomorphism,

f7Hy) = {=}. Thus f(A)(f(z)) = F(A) = U )A(x)

zef~(y
= A(z). )
For any y € Y, since f is an isomorphism, f~!(y) = {z} so
that f(z) = y. Thus f~*(A)(z) = A(f(x)) = A(y).
Hence, f~1(f(A)) = f~1(A) = A

Corollary 4.2 Consider f is an Isomorphism from a B-algebra
X onto a B-algebra Y. If C is a neutrosophic cubic subalgebra

of Y, then f(f~1(C)) =C.
Proof: Straightforward.

Corollary 4.3 Let f | X — X be an automorphism. If A refers
to a neutrosophic cubic subalgebra of X, then f(A) = A <—
f7HA) =A

5 Neutrosophic Cubic Closed Ideals of
B-algebras
In this section, neutrosophic cubic ideals and Neutrosophic cu-

bic closed ideals of B-algebra are defined and related results are
proved.

Definition 5.1 A neutrosophic cubic set A = (A p,Ar,1,F)
of X is called a neutrosophic cubic ideal of X if it satisfies fol-
lowing axioms:

N3. Ar 1. p(0) > Ap 1 p(x) and A1, p(0) < Ap 1 r(z),

N4. Ar 1 p(x) > rmin{Ar . r(zxy), Ar,r(y)}

NS. )\T,I,F(x) < max{)\TJ’p(;v * y), AT,I,F(y)}V X,y € X

Example 5.1 Consider a B-algebra X = {0, a1, as, a3} and bi-
nary operation * is defined on X as

X ‘ 0 a1 az asg
0 0 ay as as
aq ay 0 as as
as | as az 0 a
as | ag as a3 O

Let A = {Ap 1 r, A\r,1,r} be a neutrosophic cubic set X defined
as,

| o0 a1 as as
A [1,1] [0.9,0.8] [1,1] [0.5,0.7]
Ar | [09,09] [0.6,0.81 [0.9,0.9] [0.7,0.5] °
Ar | [0.8,09] [0.5,0.6] [0.8,0.9] [0.9,0.5]

‘ 0 ay as as
0

Ar 09 0 08
Ar |01 06 01 07
Arp |03 04 03 05

Then it can be easy verify that A satisfying the conditions N3, N4
and N5. Hence A is a neutrosophic cubic ideal of X.

Definition 5.2 Let A = {Ar 1 r, Ar,1,r} e a neutrosophic cu-
bic set X then it is called neutrosophic cubic closed ideal of X if
it satisfies N4, N5 and

N6. Ap;r(0*x) > Appp(z) and Appp(0 x z) <
/\T,I,F(z): V zeX.

Example 5.2 Ler X = {0,a1, a9, a3, a4,as5} be a B-algebra in
Example 3.2 and A = {Ar 1 r, Ar,1,r} be a neutrosophic cubic
set X defined as

‘ 0 ai as as ay as
Ar | 10.3,0.6] [0.2,0.5] 1[0.2,0.5] 1[0.1,0.3] [0.1,0.3] [0.1,0.3]
Ar | [0.4,0.7] [0.3,0.6] [0.3,0.6] [0.2,0.5] [0.2,0.5] [0.2,0.5]
Ap | [05,0.8] [04,0.7] [04,0.7] [0.2,03] [0.2,03] [0.2,0.3]

‘ 0 ay a2 as ay4 as

Ap |02 05 05 07 07 07
Ar |03 04 04 06 06 06 °
Ap |04 05 05 08 08 08

By calculations verify that A is a neutrosophic cubic closed ideal
of X.

Proposition 5.1 Every neutrosophic cubic closed ideal is a neu-
trosophic cubic ideal.
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The converse of Proposition 5.1 is not true in general as shown
in the following example.

Example 5.3 Ler X = {0,a1, a9, a3, a4,as} be a B-algebra in
Example 3.1 and A = {Ar 1 F, A\r,1,r} be a neutrosophic cubic
set in X defined as,

‘ 0 ay as as a4 as
[0.4,0.6] [0.3,0.5] [0.3,0.5] [0.2,0.3] [0.2,0.3] [0.2,0.3]
[0.5,0.7] [0.4,0.6] [0.4,0.6] [0.3,0.5] [0.3,0.5] 1[0.3,0.5]
[0.6,0.8] [0.5,0.7] [0.5,0.7] [0.4,0.3] [0.4,0.3] [0.4,0.3]

‘ 0 al a2 as aq as

Ar |01 04 04 05 05 05
Ar 102 03 03 06 06 06 °
Ar 05 05 08 08 038

By calculations verify that A is a neutrosophic cubic ideal of
X. But it is not a neutrosophic cubic closed ideal of X since
AT7[7F(O * a:) > ATJ,F(x) and AT,I,F(O * JU) < /\T,I,F(l‘):
vV oz e X.

Corollary 5.1 Every neutrosophic cubic subalgebra satisfies N4
and NS5 refer to a neutrosophic cubic closed ideal.

Theorem 5.1 Every neutrosophic cubic closed ideal of a B-
algebra X works as a neutrosophic cubic subalgebra of X.

Proof: Suppose A = {Ap ; r, Ar,1,7} be a neutrosophic cubic
closed ideal of X, then for any € X we have Ay ; p(0 % z) >
AT,I,F(x) and /\T,I,F(O * x) S )\T,I,F(x)~ Now by N4, N6, ([3],
Proposition 3.2), we know that Ap 1 g (zxy) > rmin{Ar 1 p((x
y)*(0xy)), Ar,1,r(0xy)} = rmin{Ar,1 r(z), Ar,1,r(0xy)} >
rmin{Ar 1. r(x), Ar,r.r(y)} and Ap 1 p(zxy) < max{Ar 1 r
((zxy)*(0xy)), Ar,1,r(0xy)} = max{Ar,1,p (), Ar,1,7 (0 *
y)} < max{Ar 1 r(z), M1, r(y)}. Hence, A is a neutrosophic
cubic subalgeba of X.

Theorem 5.2 The R-intersection of any set of neutrosophic cubic
ideals of X is also a neutrosophic cubic ideal of X.

Proof: Let A; = {A;r 1.r, N\ir,1,r}, where i € k, be a neutro-
sophic cubic ideals of X and z,y € X. Then

(NAir,1,7)(0) = rinfAir 1,7(0)
> rinfAqr,r(x)
= (NAir,1,F)(2),

(VAir,1,7)(0) = supAir,1,7(0)
< Xir,1,r(2)
= (VNir,1,r)(z),

(NAi7,1,F)(x) = rinfAir 1 ()
> rinf{rmin{Air 1. r(x*y), Air.1 r(y)}}

= rmin{rinfAr 1 r(z*y),rinfArry)}
= rmin {(NAir,1,7)(x *y), (NAir 1,7)(y)}

and

(VAir,1,r)(x) = supAir,1,F()
< sup{maz{Air,1,r(z *y), Nir,1,F (y) }}
= maz{supir 1, r(x *y), supir 1,7 (y)}
= maxz {(VAir,1,r)(@ *y), VAir,1,7)(y)}

which shows that R-intersection is a neutrosophic cubic ideal of
X.

Theorem 5.3 The R-intersection of any set of neutrosophic cubic
closed ideals of X is also a neutrosophic cubic closed ideal of X.

Proof: It is similar to the proof of Theorem 5.2.

Theorem 5.4 Neutrosophic cubic set A = {Ar 1 p, A1 1.7} of
X is a neutrosophic cubic ideal of X <= AL, A%, - and
Ar.1,F are fuzzy ideals of X.

Proof: Assume that z,y € X. Since A7 ; (0) > A7 p(2)
and A;LF( ) > AJTFI (), therefore, Ap 1 (0) > Ar 1 p(x).
Also, )\T,I,F( ) < )\T,I,F( ) Let A;,I,F’ A;,I,F and )\T,I,F are
fuzzy ideals of X. Then Ar r r(z) = [A7 ; p(2), A;,LF(l‘)} >
[mm{AE I, rl@xy), Ar, I, rW)} mm{A; I, rl@xy), A; I, F(
y)}= rmm{[ 7.1, (2 y) AJTFI rl@xy)], [AT 1,r(Y); A;I F

W)} = rmin{Arrp(z * y), Ar1p(y)} and Appp(z) <
max{Ar 1 r(x *y), A\r,1,7(y)}. Therefore A is a neutrosophic
cubic ideal of X.

Conversely, let A be a neutrosophic cubic ideal of X. For
any z,y € X, we have [A7 ; p(x), AT p(2)] = Ar 1 p(z) >
rmin{Ar,r,p(x*y), Ar,r,r(y)} =rmin{[Az | p(axy), A ;g
(zxy)], [A:F,I,F( ), A}r W} = min{Ap  p(z+y), AT
(y )}amin{A;IF(w * Y), ATIF(y)}' Thus, Ap; p(z) =
min{Ar ; p(z*y), Ar 1 p(y)}, ATI Fl) > mm{AJTr,I,F(x *
Y), A% 1 p(W)} and Az p(2) <maz{Ar 1 r(exy), A ne(y)}-
Hence, AT7I7F, A;’LF and Ap ; p are fuzzy ideals of X.

Theorem 5.5 For a neutrosophic cubic ideal A

{Ar 1.r, Ar,1,r} of X, the following are valid:

1. ifxxy <z then Ap 1 p(z) > rmin{Ar 1,7 (y), Ar.1,7(
Z)} and )\T,I,F(x) S max{/\T_’LF(y), AT,I,F(Z)};

2. lfiL' < Y, then AT,LF(x) > AT,I,F(y) and )\T,Lp(x) <
)\T,I,F(y) V$7yaz € X.

Proof: (1) Assume that z,y,z € X such that z x y < z. Then
(xxy)*z = 0and thus Ap 1 p(z) > rmin{Ar 1 p(z*y), Ar 1 F
()} = rmin{rmin{ Az 1 r((x*y)*2), Ar,r,r(2)}, Ar,r,r(y)}
=rmin{rmin{AT,1,F(O), ATJ)F(Z)}, AT,I,F(ZI) }=rmin{AT,17F
(y), Ar,r,r(2)} and Ar, 1 p(2) < maz{Ar,,r(2+y), Ar,1,r(y)}
< max{max{Ar 1 r((x*y)*2), \r.1 r(2)}, Ar.1,r(y) }=mazx
{maa{Ar,1,r(0), Ar, 1,7 (2)}, A1, r(y)} = maz{ Az, r(y),
)\T,I,F(Z)}~
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(2) Again, take x,y € X such that x < y. Then z %
y = 0 and thus Ay p(z) > rmin{Ar 1 r(z*y), Ar1,r(y)}
= rmin{Ar 1 r(0), Ar 1, r(y)} = Ar 1, r(y) and A p(z) <
rmin{Ar 1, r (2 *y), Ar,1,r(y)} = rmin{Ar,1,p(0), A\r.1,r(y)}
=Ar1,r(Y).

Theorem 5.6 Let A= {Arp ; p, \r 1,7} is a neutrosophic cubic
ideal of X. If zxy < zV z,y € X, then A is a neutrosophic
cubic subalgebra of X.

Proof: Assume that A = {Ar 1 p, A\r 1 r} is a neutrosophic cu-
bic ideal of X. Suppose that x xy < z V z,y € X. Then

Ar 1 r(z*y) > Argr()
(. By Theorem 5.5)
> rmin{Ar 1 r(z *y), Ar.1,r(y)}
(- By N4)
> rmin{Ar 1 r(x), Ar1,r(y)}
(. By Theorem 5.5)
= Arrr(x*y) > rmin{Ar 1 r(x), Arr.r(y)}

and

Arrr(zxy) < Arrp(x)
(. By Theorem 5.5)

< maz{ A1, r(**y), \r.1,r(y)}
(- By Nb)

< maz{Ar 1 r(*),Ar1,F(y)}
(. By Theorem 5.5)

= A1 r(x xy) < maz{Arr(x), Arr,r(y)}

Hence, A = {Ar 1,F, A1 1, } is a neutrosophic cubic subalgebra
of X.

Theorem 5.7 If A = {Ar 1,p, A1, r} is a neutrosophic cubic
ideal of X, then (...((x * a1) * az) * ...) * a,, = 0 for any x, aq,

ag,...,an € X, = ATJ’F(:L') > rmin{AT717F(a1), AT7[7F(CL2)

v Ar 1 p(an)} and A p(x) < max{Ar 1,r(a1), Arr,r(a2
), ceey )\T,I,F(an)}'

Proof: We can prove this theorem by using induction on n and
Theorem 5.5).

Theorem 5.8 A neutrosophic cubic set A = (Ar p, r.1,F)
is a neutrosophic cubic closed ideal of X <= U(Arr |
[sT.1,7,,8T,1,1,]) and L(Ar 1,5 | tr1,/, ) are closed ideals of X
for every [sT.1.F,, sT,1,7,] € D[0,1] and tr 1, € [0,1].

Proof: Assume that A = (A7 ; r, A1 1. F) is a neutrosophic cu-
bic closed ideal of X. For [s7.1,m,S7.1,5,] € DI0,1], clearly,
O0xx € U(ATJ’F | [ST,I,FUST,I,FQD, where x € X. Let
z,y € X besuch that z xy € U(ATJ’F ‘ [ST,I,FUST,I,FQ])
and y € U(Arrr | [sT1,m,57,1,R]). Then Arrp(z) >
rmin{Ar 1 r(z * y),Ar1r(y)} > [sT1.R,STIR], =

v € U(Arrr | [stom,stir]). Hence, U(Arrp |
[s7.1,/,,ST,1,F,)) 18 a closed ideal of X.

For tr 1 p, € [0,1]. Clearly, 0 x x € L(Arrr | tr1m ).
Let z,y € X be such that z xy € L(Arrp | trr,r) and
Yy € L()\T,I,F | tT)I7F1)' Then )\T,Lp(x) < max{)\T’LF(ac *
Y), A\rr,r(y)} < trom, =2 € L(Arr | tr1,r). Hence,
L(Ar,1.r | tr1 F,)- is a neutrosophic cubic closed ideal of X.

Conversely, suppose that each non-empty level subset
U(Arr,r | [s71,/7,871,R])) and LAt r | trir) are
closed ideals of X. For any z € X, let Ap;p(z) =
[ST,I.,FUST,I,FZ] and )\T’]’F(x) = tT,I,F1~ Then z € U(AT7[7F |
[ST,I,FNST,I,FZ]) and z € L()\T,I,F | tT,I,Fl)- Since 0 x x €
UArp | [stursstam]) VLA Le | trom), it fol-
lows that AT7]7F(O * JE) > [ST,I,FNST,I,FQ] = ATJ,F(x) and
/\T,I,F(O * I) < tT,I,Fl = )\T,I,F(x) VzelX.

If there exist OCT,I,FlvﬂT,I,Fl € X such that AT,I,F(CVT,I,Fl)
< rmin{Ar,1,r(arr,r * Br1,r ), Br.1,F }» then by taking |
S0P ST LR = s[Ar 1 p(or s r * Bram) +rmin{Ar g p
(aT,I,Fl)a AT] F(BT I, Fl)}] it follows that a1 Fy ok 5T,I,F1 S
UArie | [srressrom)) and Broe € UlAre |

[S/T,I,Fl’SIT,I,Fz])’ but arrr & U(A7 1 F | [SIT,I,FNS/T,I,FQ])’
which is contradiction. Hence, U(Ar 1,7 | [S/T’I’FI,S/T’I’FJ) is
not closed ideal of X.

Again, if there exist yr 7. p,, O7,1,, € X suchthat Ap 7 p (
Y, E) > maw{)\TI r(yr, Py * 071, ), M1, r (07, 1,m,) )
then by taking tT IR s (Ve * Orrm) +
max{)\T I F('VTI Fl) )\TI F((sT[ Fl)}] it follows that YT,1,F; %
Or. 1 € LOAr,1,F | tTJ,Fl) and dr 1. p, € L(Ar1,F | tlTJ’Fl),
but vrrm ¢ LArirp | tlT,I,Fl)’ which is contradiction.
Hence, L(Ar1,F | t/T7 r.r,) is not closed ideal of X. Hence,
A = (Ar 1,7, Ar,1,r) is a neutrosophic cubic closed ideal of
X because it satisfies N3 and N4.

6 Investigation of Neutrosophic Cubic
Ideals under Homomorphism

In this section, neutrosophic cubic ideals are investigated under
homomorphism and some results are studied.

Theorem 6.1 Suppose that f | X — Y is a homomorphism of
B-algebra. If A=(Ar 1,r, A1) is a neutrosophic cubic ideal

of Y, then pre-image f~1(A)= (f_l (Arrrp), f71 ()‘T,I,F)) of
A under f of X is a neutrosophic cubic ideal of X.

Proof: Vz € X, [~ (Ar 1 r)(z) = ATI F(f(x)) < Ar 1 r(0
)=A7 1.#(f(0))=f"(Ar,1,r)(0) and f (>\T r)(x) = A1 F
(f(2)) = Ar,r,r(0) = Ar,1,r(f(0)) = f~ (Ar,r,r)(0).

Let x,y € X then f_l(AT,[’F)(LL‘) AT,I,F(f( )) > rmin{
Ar 1 r(f()* f(v) Ar.r,r(f(y)} = rmin{Ar 1 r(f(z *y))
AT e(f(y)} = rmin{ f~ Az p)(@xy), f~ (Arrr)(y)}
and f'(Arrp)(2) = Arrrp(f(2) < maz{Arrr(f(z) *
fW): Ar, e (f(y)} = maz{Ar,,r(f(z *y)), Ar,,r(f(y)}
=maz{f~ Ar.1.r)(@*y), [T OArrr)(y)}
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Hence, f~1(A) = (f’l(ATJ_’F), f’l()\T,I,F)) is a neutro-
sophic cubic ideal of X.

Corollary 6.1 A homomorphic pre-image of a neutrosophic cu-
bic closed ideal is a neutrosophic cubic ideal.

Proof: Using Proposition 5.1 and Theorem 6.1, straightforward.

Corollary 6.2 A homomorphic pre-image of a neutrosophic cu-
bic closed ideal is also a neutrosophic cubic subalgebra.

Proof: Straightforward, using Theorem 5.1 and Theorem 6.1.

Corollary 6.3 Let f | X — Y be homomorphism of B-
algebra. If A; = (Ayr,1. 7, Ni1,1,F) IS a neutrosophic cubic ide-

als of Y where i € k then the pre-image f~1 ( N AZ-T’I}F>

i€kR
= (fl(ﬂ AZ-TJ,F),f’l(ﬂ )\iT,Lp)) is a neutrosophic
i€kR i€ckR
cubic ideal of X.

Proof: Straightforward, using Theorem 5.2 and Theorem 6.1.

Corollary 6.4 Let f | X — Y be homomorphism of B-algebra.
If Ay = (Air1,p, Nir1,7) is a neutrosophic cubic closed ide-

als of Y where i € k then the pre-image f~1 ( N AiT’I}F)
i€kR

is a neutrosophic

= (f_l( N Airrr) f7HN )\iT,I,F))
i€kR i€ckR
cubic closed ideal of X.

Proof: Straightforward, using theorem 5.3 and Theorem 6.1.

Theorem 6.2 Suppose that f | X — Y is an epimorphism of
B-algebra. Then A = (Ar 1 r, v 1,r) is a neutrosophic cu-

bic ideal of Y, if f 1 (A) = (f_l(AT,I,F)a f_l(/\T,I,F)) of A

under [ of X is a neutrosophic cubic ideal of X.

Proof: Foranyy € Y, 3z € X suchthaty = f(x). So, Ar s r
(v) = Arr(f(2) = [~ (Arrr)(x) < [ (Arr)(0) =
Arpr(f(0)) = Arrr(0) and Arpr(y) = Arrr(f(2))
= [T'Orre)(@) = fT1Orne)0) = Arrr(f(0) =
A7,1,7(0).

Suppose y1,y2 € y. Then f(x1) = y; and f(x2) = ys for
some z1, w2 € X. Thus, Ar 1 r(y1) = Arrr(f(z1)) = f7(
Ar 1 p)(x1) > rmin{ f (A7, 1,r) (21 %22), f (A1) (22)}
= rmin{Ar 1 r(f(x1 * 22)), Ar. 1. F(f(22))} = rmin{Ar 1 F
(f(z1)*xf(z2)), Az 1.7 (f(22))}=rmin{Ar 1 F(y1%y2), AT 1,F
(y2)} and Az 1 r(y1)=A7 1, r (f(21))=f " (Ar.1,7) (21) < maz
{F'Orrp)(@rxzs), f7 (Arpp) (22)} = maz{Ar 1 r(f (21
x2)), A1, 7 (f(22))} = max{Ar 1 r(f(x1) * f(x2)), Ar, 1,7 (f
(2))} = max{ 7,1, r(y1 * ¥2), M1,r(y2)}. Hence, A =
(Ar.1,F, A1 1,F) is a neutrosophic cubic ideal of Y.

6.1 Product of Neutrosophic Cubic B-algebra

In this section, product of neutrosophic cubic B-algebras are de-
fined and some corresponding results are investigated.

Definition 6.1 Let A = (Ap;p,Arrp) and B =
(Br,1,F, U1, 1,F) be two neutrosophic cubic sets of X and Y re-
spectively. The Cartesian product A x B = (X x Y, Ar 1 p X
Br1,p, Ar,1,F X Ur,1,F) is defined by (At 1. p X Br1r)(z,y)
= ’I’min{AT’]’F(.T), BT,I,F(y)} and ()\T,I,F X UT,[7F)(:L‘7y) =
max{Ar 1 r(x),vr1 r(y)}, where Ar 1 pxBrp| X XY —
D[0,1)and A, 1,p X v r | X XY —[0,1] ¥V (z,y) € X X Y.

Remark 6.1 Let X andY be B-algebras. we define x on X XY

by (z1,y1) * (x2,92) = (T1 * T2, Y1 * Y2) for every (x1,y1) and
(z2,y2) € X X Y. Then clearly, X x Y is a B-algebra.

Definition 6.2 A neutrosophic cubic subset A x B = (X x
Y,Ar 1 r X Brr,Ar,1,F X Ur,1,F) is called a neutrosophic
cubic subalgebra if

N7: (AT,I,F X BT,I,F)((l'hyl) * (xg,yg)) > rmin{(AnLF X
Brir)(x1,v1), (Arr.r X Brrp)(z2,y2)}

N8: (Arr.r x vrrr)(z1,y1) * (22,92)) < maz{(Ar,1,Fp X
v, r) (@1, 1), Ar,,r X vrr) (22, y2)}

V(z1,y1), (x2,2) € X XY

Theorem 6.3 Letr A = (AT,I,F;)\T7I7F) and B =
(Br,1,F,vr,1,r) be neutrosophic cubic subalgebra of X
and Y respectively. Then A x B is a neutrosophic cubic
subalgebra of X x Y.

Proof: Let (r1,y1) and (z2,y2) € X x Y. Then (Ar 1 p X
Brrr)((x1, y1)*(x2,y2)) = (A1, 1,7 X By 1,7) (21522, Y1 %Y2)
= rmin{Ar 1 (1 *x2), Br1r(y1 *y2)} > rmin{rmin{
A7 17 (71), A7 1, p(22) ), rmin{ Br 1 r(y1), Bror(y2)} ) =
rmin {rmin { Ar . r(x1), Br,r(y)}, rmin { Ap g (z2),
Br1,r(y2)}} = rmin{(Ar,1,r X Br1,r)(@1,y1), (Ar,p X
Br1,r)(w2,92)} and (Ar 1. r X vr 1, 7)((21,y1) * (22,92)) = (
A p X vrrp)(z * To,y1 * Y2) = maz{Arr(x *
x2),vr,1,r (Y1 * Y2)} < max{maxr{\rr r(z1), A1 r(22)},
maﬂ?{UT,I,F(m), UT,I,F(yQ)}}=mal’{ma${/\T,1,F(ﬂ?1), uTI1,F
(y1)}smaz{Ar, 1 p(z2), 01, r(y2)}t =  maz{(Arr X
vrr,r)(21,Y%1), (A, p X vrr r)(22,y2)}. Hence A x Bis a
neutrosophic cubic subalgebra of X x Y.

Definition 6.3 A  neutrosophic  cubic subset A x B
= (X X Y>AT,I7F X BT,I,F7>\T,I,F X UT,I,F) is called a
neutrosophic cubic ideal if

N9: (AT,I,F X BT717F)(O,O)
and (Ar1r x vrrr)(0,0)
Y(z,y) € X XY,

N10:  (Ar;r X Brrr)(ri,y1) > mmin{(Arrr X
Br1,r)(x1,y1) * (22,92)), (Ar,1,F X Br,1,7)(22,92)

and

NI11:  (Arrr X vrrr)(zn,y) <0 max{(Arrr X
vrrr)(T1,91) * (22,92)), Ar.1.F X vr 1, F)(T2,y2) }

and A x B is closed ideal if it satisfies N9, N10, N11, and

(Ar,1,r X Bror)(z,y)

>
< (Arpr X vrr)(@,y)
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NI12: (AT,I,F X BT,I,F)(((),O) * (l‘,y)) > (AT,I,F X
Br 1. r)(w,y) ¥ (z1,11), (v2,92) € X X Y.
Theorem 6.4 Letr A = (AT,I,Fa )\T,I,F) and B =

(Br,1,7,vr,1,F) be neutrosophic cubic ideals of X and Y
respectively. Then A x B is a neutrosophic cubic ideal of X X Y.

Proof: Forany (z,y) € X XY, wehave (A7 1 X Br,1,7)(0,0)
= rmin{AT717F(O), BT7[7F(O)} Z rmin{AT717F(a:), BT,I,F(y
)} = (Ar.1.r X Brr)(z,y) and (Ar 1 r X vrrr)(0,0) =
maz{Ar,1 r(0),vr 1 r(0)} < mar{Ar1r(z),vr1r(y)} =
(A1, p X v, F) (2, Y).

Let (x1,y1) and (wg2,y2) € X x Y. Then (Arrrp X
Brr)(x1,y1) = rmin{Ar 1 r(z1), Brrr(y)} > rmin{
rmin{Ar . r(x1 * x2), Ar1,p(x2)}, rmin{Br . r(y1 * y2),
Br1.r(y2)}} = rmin{rmin{Ar 1 p(x1*x2), Br 1 r(y1*y2)}
;rman{Ar 1, p(x2), Br.r,r(y2)}} = rmin{(Ar,r,r X Br1,r)
(x1*22, y1%Y2), (A1 1,7 X Br,1,F)(22,Y2)} = rmin{(Ar 1 r %
Brr.r)((z1,y1) * (x2,92)), (Arr,r X Brr)(x2,y2)} and
(Arr,r X vrr)(21,91) = max{Ar ,r(21),vrr(y1)} <
max{maz{Ar 1 (1 *x2), A\p 1, 7(x2)}, max{vr 1 r(y1 *y2)
sur,1,F(y2) 1} = max{maz{\r 1 p(x1 * 2), 07,1, 7 (Y1 * Y2)}
;maz{Ar 1. r(r2),vr,1,r(y2)}} = maz{Ar . r ¥ vr ) (1 *
T2,Y1 * y2),(/\T,1,F X UT,I,F)(UUQ,QQ)} = maﬂ?{(/\T,I,F X
vr,r) (1, y1) * (X2 % y2)), (Ar,1,r X v, 1, F)(T2,y2)}. Hence,
A x B is a neutrosophic cubic ideal of X x Y.

Theorem 6.5 Let A =(AT,I,F7 >‘T,17F) and B =(BT,I,F, UT,I,F
) be neutrosophic cubic closed ideals of X and Y respectively.
Then A x B is a neutrosophic cubic closed ideal of X x Y.

Proof: By Proposition 5.1 and Theorem 6.4, A x B is neutro-
sophic cubic ideal. Now, (A1 1 r X By r)((0,0) * (x,y)) =
(AT,I,F X BT’]’F)(O * T, 0 = y) = Tmi’l’L{AT’[’F(O * {,C)7 BT,I,F
(0xy)} > rmin{Ar 17 (z), Br1r(y)} = (Arr.r X Brir
)@, y) and (Ar,rr X vr,r)((0,0) * (z,y)) = (Arrr X
vrr,r)(0* 2,0 xy) = maz{Ar 1 r(0* x),vr 1, r(0*xy)} <
maz{Arr.r(x),vrr(y)} = (Arr,r X vrrr)(z,y). Hence,
A x B is a neutrosophic cubic closed ideal of X x Y. Hence,
A x B is a neutrosophic cubic closed ideal of X x Y.

Definition 6.4 Let A = (AT,I,Fv >\T,I,F) and B =
(Br,1,7,Vr,1,7) be neutrosophic cubic subalgebra of X and Y
respectively. For [sT.1 . ST.1,5,] € D[0,1] and tr 1 r, € [0,1],
the set U(ATJ,F X BT,I,F | [ST,I,FI,ST,I,FQ]) = {(.73, y) c X x
Y | (Ar, 1 pxBr1,r)(x,y) > [S1,1,F,, ST,1,F,) } is called upper
[ST,I,Fl s ST1[7F2]-I€V€Z Of.A x B and L(AT,I,F XUr,I,F | tT,I,Fl)
= {($7y) e XxY | (/\T,I,F X 'UT,I,F)(xay) < tT,I,Fl is called
lower tr 1 p,-level of A x B.

Theorem 6.6 For any two neutrosophic cubic sets A = (Ar.1
JArgr) and B = (Brp,vrir), A x B is a neutrosophic
cubic closed ideals of X XY <= the non-empty upper [st1 F, ,
st.1,m,)-level cut U(Ar 1.p X Brr.r | [ST,1,F,, ST,1,F,]) and the
non-empty lower tp ;1 p,-level L(Ap 1 p X vr1p | tr1p,) are
closed ideals of X x Y for any [sT.1 F,,ST.1.F,) € D[0,1] and
tT,LFl S [07 1]

Proof: Suppose A= (AT,I,F7 )\T,I,F) and B = (BT,I,F; T, I,F
) be neutrosophic cubic closed ideals of X. Therefore, for
any (z,y) € X x Y, (Ar1,r X Br,,r)((0,0) * (z,y)) >
(AT,I,F X BT7[7F)(I,y) and ()\T,I,F X 'UT,I,F)((O,O) * (I,y))
< (Ar,r,r X vrrp)(@,y). For [s7 1, p, s7.1,5,] € D[0,1], if
(Arr,rp %X Brrr)(x,y) > [st1,F,ST,1,m), then (Ap 7 p X
Br.r,r)((0,0) * (2,9)) 2 [s7.1,m 57.1,1]- = (0,0) * (2,) €
U(Ar1r X Brrr | [st.0,m,.57,1,/]) Let (z,y), (x ,y) €
X X Y be such that (z,y) * (z',y') € U(Arr.p X Brop |
[sT.1.F0,57.1,8,)) and (z,y') € U(Ap,r.p X Brorr | (57,15,
ST,1,7,))- Now, (A,T,I;F X Brrr)(z,y) > fmiln{(AT,I,F X
Brrr)((,y)x(x,y)), (Ar,r,r X Brp)(@ ,y )} = rmin{]
STI,F s ST, F ), ST, R ST LR Y = (ST Fs ST R). =
(x,y) € U(Ar,1,p XBr1,r | [s7,0,7,57,1,1])- Thus U (A7, 1 p
X Br.1.r | [$7.1,F, 5 $T,1,F,]) 1s closed ideal of X x Y. Similarly,
L(A\r 1. r X vrp | trr,m) is closed ideal of X x Y.

Conversely, let (z,y) € X x Y be such that (Ap;p X
Bryr)(x,y) = [s7.1,m,57,1,F) and (Ap 1 pXvr 1 p)(x,y) =
tr1,m. This implies, (z,y) € U(Arrr X Brrr |
[s7.1,/,5T,1,/,)) and (z,y) € L(Ar 1 rp X vrrr | tror).
Since (0,0) * (:E,y) € U(AT’]’F X BT,I,F | [ST,I,FUST,I,F2D
and (0,0) * (.%‘,y) S L()\T,I,F X U I.F ‘ tT,I,Fl) (by No6),
therefore, (Ap 1,7 X Br.1,r)((0,0) % (x,y)) > [ST.1,Fy, ST,1,F,)
and (/\T,I,F X "UT,I,F)((O,O) * (.T,y)) < tT,I,F1~ = (AT,I,F X
Br1,r)((0,0)%(z,y)) > (Ar,1,p X Br,1,r)(z,y) and (Ar,1,p X
vr.1,7)((0,0)*(x,y)) < (Ar,1.rXvrrr)(x,y)). Hence Ax B
is a neutrosophic cubic closed ideals of X x Y.

7 Conclusion

In this paper, the concept of neutrosophic cubic subalgebra, neu-
trosophic cubic ideals, neutrosophic cubic closed ideals and the
product of neutrosophic cubic subalgebra of B-algebra were pre-
sented and their several useful results were canvassed. The rela-
tions among neutrosophic cubic subalgebra, neutrosophic cubic
ideals and neutrosophic cubic closed ideals of B-algebra were
investigated. For future work this study will be further discussed
to some another algebraic system.
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