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Abstract. This paper focuses on the stabilization problem of neutrosophic linear systems using finite-precision

digital controllers. The main challenge lies in decoupling and processing the indeterminacies inherent in such

systems. To tackle this, a standardization method that unifies the bounds of parameter indeterminacies is

first proposed. Additionally, a fixed-point representation scheme is introduced to define both the precision and

representation of the controller parameters. To handle multiple uncertainties in the system, a descriptor model

approach is introduced, which transforms the closed-loop system into a singular system, allowing for more

effective decoupling of uncertainties. Using singular system theory, a novel solvability condition is derived for

system stabilization and a parametric approach for controller design is introduced, accompanied by a numerical

example to validate the proposed methods.
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—————————————————————————————————————————-

1. Introduction

Parameter uncertainty is common in model-based analysis and control problems, including

military, electricity, medical, etc [1–3]. The presence of uncertainty in system parameters

can lead to significant performance degradation and adversely affect the system’s stability,

as the controller must be designed to operate under the worst-case scenario. Throughout the

years, various methods have been developed to tackle uncertainty in control systems, including

robust control techniques [4,5], fuzzy logic systems [6,7] and filter-based approach [8,9]. These

approaches aim to mitigate the impact of uncertainty on system performance by modeling the

uncertainty and ensuring system robustness against it.
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A more recent and innovative approach to managing parameter uncertainty is the use of

neutrosophic numbers. This method has been applied to both transfer function cases [10]

and state-space model cases [11]. Meanwhile, the neutrosophic theory has also been success-

fully applied to control engineering, e.g., neutrosophic estimation [12], decision making [13],

teaching quality evaluation [14] and clustering analysis [15]. Due to the unique structure of

neutrosophic numbers, which comprises both determinate and indeterminate components, it is

natural appropriate for representing the control systems with parameter uncertainties. With

the above-mentioned characteristics, the neutrosophic linear systems is established in [11] to

describe parameter uncertain systems and the state feedback stabilization for neutrosophic

linear systems is also investigated for the SISO case. However, further research is needed to

extend the stabilization problem of MIMO neutrosophic linear systems with more practical

constraints being taken into consideration.

In the context of digital controller design, a critical challenge arises due to the finite precision

of digital representations. Controller parameters must be quantized to fit within a finite

word length (FWL), introducing representation errors that can significantly degrade system

performance or even cause instability [16, 17]. The influence of finite word length on system

performance has been a subject of extensive study with various stability measures proposed

[18,19]. However, most existing studies focus on FWL effects in isolation, without considering

the combined impact of other uncertainties, such as parameter indeterminacies and model

inaccuracies. Furthermore, existing approaches are often limited to state-space representations,

which are not general enough to address more complex system architectures or the practical

constraints of controller realization [20, 21]. Given these challenges, there is a clear need for

novel modeling and controller design methods that integrate both parameter uncertainty and

finite word length effects. Such methods would provide greater flexibility and accuracy in

system analysis and control design, especially for systems with multiple uncertainties and

practical implementation constraints.

The stabilization of MIMO neutrosophic linear systems under realistic digital implementa-

tion conditions is a complex and underexplored problem in control theory. Existing literature

on parameter uncertainty focuses primarily on SISO systems, leaving the stabilization of more

complex MIMO systems with parameter uncertainties, especially under finite-precision digital

controller constraints, as a critical research gap. This paper proposes an innovative approach

that combines neutrosophic modeling with FWL stability analysis, offering a comprehensive

solution to the stabilization of MIMO neutrosophic linear systems under realistic digital im-

plementation conditions. To the best of the authors’ knowledge, there is a lack of systematic

studies in the literature that specifically address the stabilization problem for MIMO neutro-

sophic linear systems. Although considerable attention has been devoted to the finite word
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length (FWL) stability analysis of control systems, there is a notable lack of information

concerning finite-precision digital controllers design for parameter uncertainty systems.

The aforementioned discussion motivated this study, where the stabilization problem subject

to the FWL effect is considered for neutrosophic linear systems. Without requiring additional

constraints or complex analysis methods, a novel descriptor model approach is proposed in this

paper to describe the closed-loop system with multiple uncertainties. Meanwhile, a systematic

procedure is provided on how to separate the coupled uncertainties of plant and controller

gains. And the parameterization of the feedback gain is therefore accomplished. This paper

presents several novel contributions: 1) a new descriptor model is introduced to represent the

closed-loop system with multiple uncertainties, enabling more effective decoupling of plant

and controller uncertainties without requiring additional constraints or complex analysis; 2)

separation of Coupled Uncertainties: A systematic procedure is proposed to separate the

coupled uncertainties in the plant and controller gains, simplifying the stabilization process;

3) a novel method for parameterizing the feedback gain is presented, ensuring more effective

and practical digital controller design under finite precision.

Notation

The definitions presented below are used consistently throughout the paper. Rn represents

the n-dimensional Euclidean space, while ∥ · ∥ represents the Euclidean norm. For a square

matrix, the superscripts−1 and T indicate the inverse and transpose, respectively. Addition-

ally, Z refers to the set of all neutrosophic numbers, while Zn×m denotes the collection of

n× n neutrosophic matrices. N represents the set of all integers and N+ denotes the set of all

positive integral numbers. The space l2[0,∞) consists of square-summable infinite sequences.

The symbol ⊙ and ⊗ denote the Hadamard product and Kronecker product, respectively. Un

denotes the identity matrix with n × n dimensions. The notation 0n refers to an n × n zero

matrix, and 0n×m denotes a zero matrix of dimensions n × m. A = diag(a1, a2, · · · , an)

is a diagonal matrix with diagonal elements ai. The symbol ∗ is used in some matrix ex-

pressions to represent the symmetric terms. Moreover, E{·}, ρ{·}, det{·} and deg{·} stand

for mathematical expectation, spectral radius, matrix determinant, and polynomial degree,

respectively.

2. Preliminary

This paper focuses on the stabilization problem for neutrosophic linear systems, where the

uncertainty in the system parameters is modeled using neutrosophic numbers. The feedback

gain is implemented digitally, with its parameters represented using a floating-point scheme.
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To address the coupled constraints inherent in this stabilization problem, a descriptor model-

based approach is proposed. This section provides a brief introduction to relevant basic con-

cepts for neutrosophic number, floating-point scheme and descriptor model to facilitate further

discussion.

2.1. Neutrosophic number

Neutrosophic numbers extend traditional numbers by allowing for more flexibility in rep-

resenting uncertainty, imprecision, and contradiction. These numbers are often used in areas

like decision-making, fuzzy logic, and artificial intelligence, especially when dealing with sys-

tems that have conflicting, uncertain, or incomplete information. In uncertain scenarios, a

neutrosophic number z is expressed in the standard form as [22]: z = a + bI ∈ Z, where a

represents the determinate term and bI represents the indeterminate term. Here, a, b, I ∈ R
with I lying within the interval [IL, IU ]. For two neutrosophic numbers with specific forms

of z1 = a1 + b1I, z2 = a2 + b2I, the operations are defined as follows [23]:

z1 + z2 = (a1 + b1I) + (a2 + b2I) = (a1 + a2) + (b1 + b2)I,

z1 − z2 = (a1 + b1I)− (a2 + b2I) = (a1 − a2) + (b1 − b2)I,

z1 × z2 = (a1 + b1I)× (a2 + b2I) = a1a2 + (a1b2 + a2b1)I + b1b2I2,

z1
z2

=
a1 + b1I
a2 + b2I

.

2.2. Parameter representation

A representation scheme refers to the method or structure used to represent data, infor-

mation, or numbers in a specific format within a system or framework. Choosing a suitable

representation scheme is essential because it determines how information is represented, ma-

nipulated, and interpreted by computers, algorithms, or other systems. When approximating

a real number a ∈ R digitally, the accuracy of its representation is influenced by the cho-

sen structure and word length. This paper introduces a fixed-point representation approach.

scheme [25]. to represent the parameters of the feedback gain. The fixed-point representation

scheme utilizes a overall bit length of γ = α + β + 1, as shown in Figure 1(a). Here, 1 bit is

allocated for the sign, α bits is reserved for the integer part, and β bits for the fractional part.

This representation allows for accurate representation of the integral part of a given real num-

ber a without overflow, assuming the word length is sufficiently large, specifically α = log2⌊a⌋.
However, the fractional part cannot be exactly represented, and the error in representation

of a is determined only by the word length β ∈ N+ . In particular, after representing a in

fixed-point form, it will be perturbed by this error as:

φ(a) = a+∆a, |∆a| < 2−(β+1) ∈ R, (1)
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Figure 1. Fixed-point representation: (a) Storage model; (b) Input-output

characteristic.

where φ(∗) represents the mapping to the fixed-point form with the input-output characteristic

being shown in Figure 1(b).

2.3. Descriptor model

Singular system refers to system of differential equations that include both differential equa-

tions and algebraic constraints. These systems are often more complex to solve because they

can have singularities that make traditional analysis methods inapplicable. Unlike state-space

models, singular systems described by the descriptor models must address regularity and

causality, in addition to stability. In a discrete-time singular system:

E§(k + 1) = A§(k),

where §(k) ∈ Rn§ denotes the state vector, E , A ∈ Rn§×n§ are system parameter matrices with

known numerical values and E maybe singular, i.e. rank(E) ≤ n§, the following definitions are

introduced [24]:

• The singular system is regular if det(zE − A) is not identically zero;

• The singular system is causal if deg[det(zE − A)] = rank(E);
• The singular system is stable if ρ(E , A) < 1;

• The singular system is admissible if it is regular, causal and stable.

3. Problem Formulation

Consider systems with unknown parameters described by the following discrete-time neu-

trosophic state-space model:x(k + 1) = A(I)x(k) +B(I)u(k),

y(k) = C(I)x(k),
(2)
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where x(k) ∈ Rn, u(k) ∈ Rm and y(k) ∈ Rp are the state, the control input and the controlled

output, respectively. A(I) ∈ Zn×n, B(I) ∈ Zn×m and C(I) ∈ Zp×n in (2) are neutrosophic

matrices with the specific forms given by:

A(I) = Ã+ ĂI, B(I) = B̃ + B̆I, C(I) = C̃ + C̆I, (3)

where Ã ∈ Rn×n, Ă ∈ Rn×n, B̃ ∈ Rn×m, B̆ ∈ Rn×m, C̃ ∈ Rp×n, C̆ ∈ Rp×n, I ∈ [Ǐ , Î] with

Ǐ and Î ∈ R. In Eq. (3), the indeterminate term I is introduced to express the uncertainty

of system parameters caused by manufacturing tolerance, external environment change and

other possible factors.

Without loss of generality, assuming the system described by (2) is completely state-

controllable [11], and for further stabilization, the state-feedback control law is required to

be designed in the following form:

v(k) =
[
v1(k) v2(k) · · · vm(k)

]T
= Kx(k), (4)

where K ∈ Rm×n is the state-feedback gain to be determined. Due to resource limitations and

to ensure implementation feasibility, the feedback gain K in (4) must be digitally implemented

with finite word length, and the fixed-point representation scheme described in Section 2.2 is

adopted. The integer parts of all coefficients in K are assumed to be represented exactly

without overflow, whereas the fractional parts are represented with a finite bit length β. Thus,

the coefficient representation depends only on β, and the integer word length α is omitted in

the rest of this paper.

Based on the discussion in Section 2.2, the representation of a real matrix can be further

examined. For a given feedback gain K, let DK ∈ Rm×n be a real matrix with the same

dimensions as K, and its elements are determined as follows:

DK
ij =

0, if Kij ∈ N,

1, if Kij /∈ N,

where DK
ij represents the element of DK in the i-th row and j-th column, while Kij denotes

the element in the i-th row and j-th column of K.

In general, controller parameters require careful design and tuning, with their values typ-

ically needing to be moderate. High-gain controller parameters can lead to issues such as

controller saturation, amplification of measurement errors, and system oscillations. To ad-

dress these concerns, it is reasonable to assume that the parameters in the feedback gain K

are moderate. Specifically, the integer part of these parameters can be accurately represented

using a fixed-point representation with a sufficient number of bits α. Therefore, in the remain-

der of this paper, the discussion will focus exclusively on the effects of finite word length on

the fractional part of the controller parameters. Using a fixed-point representation with β bits

Rongyao Ling, Songquan Shi, Wenhua Cui, Yiming Fang, Finite-precision stabilization for
neutrosophic linear systems using a descriptor model approach

Neutrosophic Sets and Systems, Vol. 80, 2025                                                                              483



for the fractional part and considering the analysis of the representation error provided in (1),

the feedback gain is perturbed to

φ(K) = K +∆K ∈ Rm×n, (5)

where

∆K =


DK

11∆
K
11 · · · DK

1n∆
K
1n

...
. . .

...

DK
m1∆

K
m1 · · · DK

mn∆
K
mn

 , |∆K
ij | < 2−(β+1) ∈ R.

Based on the above discussion, the control input u(k) in (2) can be obtained as:

u(k) = φ(K)x(k) = (K +∆K)x(k). (6)

Combining the plant (2) and its control input (6), the closed-loop system is obtained as:x(k + 1) = [(Ã+ ĂI) + (B̃ + B̆I)(K +∆K)]x(k),

y(k) = (C̃ + C̆I)x(k).
(7)

The control problem addressed in this paper is described as follows.

Problem 1. Design the state-feedback gain K to guarantee the asymptotic stability of the

closed-loop system in (7), subject to the unknown indeterminacy I and ∆K.

Noting the unknown indeterminacies I and ∆K present in the closed-loop system (7),

Problem 1 is identified as a stabilization problem with multiple coupled unknown coefficients,

which makes it challenging to parameterize the feedback gain K. Therefore, a descriptor

model approach is proposed in the following section to address these challenges, along with

the corresponding solvability conditions for Problem 1.

4. Main Results

In this section, a comprehensive solution method for solving Problem 1 is detailed. More

specifically, a descriptor model approach is proposed in subsection 4.1 to rewrite the closed-

loop system (7). Based on the obtained equivalent model for (7), a stability analysis condition

is deduced in subsection 4.2, along with a method for designing the feedback gain. And Figure

2 illustrates the key steps of the proposed method, providing a clear overview of the entire

process from system modeling to stabilization.

To aid in deriving the main results, the following lemmas are presented first.

Lemma 4.1. For a neutrosophic number z = a + bI with a, b, I ∈ R and I ∈ [Ǐ , Î], it can

be rewritten as:

z = ā+ b̄Ī , (8)

where ā = a+ b Ǐ+Î
2 , b̄ = b Ǐ−Î

2 , Ī ∈ [−1, 1].
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Figure 2. Flowchart of the proposed method.

Proof. By submitting ā = a+ b Ǐ+Î
2 and b̄ = b Ǐ−Î

2 into Eq. (8), it is obtained that

z = a+ b
Ǐ + Î

2
+ b

Ǐ − Î

2
Ī .

Noting that Ī = 2
Ǐ−Î

(I − Ǐ+Î
2 ) ∈ [−1, 1], the above equation can be expressed as:

z =a+ b
Ǐ + Î

2
+ b

Ǐ − Î

2

2

Ǐ − Î
(I − Ǐ + Î

2
) = a+ b

Ǐ + Î

2
+ b(I − Ǐ + Î

2
).

Then it is observed that z = ā+ b̄Ī = a+ bI.

Lemma 4.2. [26] For matrices Φ1, Φ2 and Φ3 with appropriate dimensions with Φ1 satisfying

Φ1 = ΦT
1 , then

Φ1 +Φ2Φ4(k)Φ
T
3 +Φ3Φ

T
4 (k)Φ

T
2 < 0

holds for all ΦT
4 (k)Φ4(k) < U if and only if a scalar ϵ > 0 exists such that

Φ1 + ϵΦ2Φ
T
2 + ϵ−1Φ3Φ

T
3 < 0.

Lemma 4.3. [24] For real matrices Φ11, Φ12, Φ21 and Φ22 with appropriate dimensions, if

Φ =

[
Φ11 Φ12

Φ21 Φ22

]
is invertible and satisfies Φ+ΦT < 0. There holds the following inequality:

Φ11 +ΦT
11 − Φ12Φ

−1
22 Φ21 − ΦT

21Φ
−T
22 ΦT

12 < 0.

4.1. System remodeling

This subsection aims to introduce a new approach for remodeling the closed-loop system (7).

This framework will enable the proposal of an appropriate analysis and design methodology

that can effectively handle the coupled unknown parameters. To this end, the unknown inde-

terminacy I and the corresponding system parameters in (2) are standardized by employing

the method outlined in Lemma 4.1.
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By denoting Ī ∈ [−1, 1], the standardization can be obtained for parameters in (2) as:

A1 = Ã+
Î + Ǐ

2
Ă, A2 = Ã+

Î − Ǐ

2
Ă, B1 = B̃ +

Î + Ǐ

2
B̆,

B2 = B̃ +
Î − Ǐ

2
B̆, C1 = C̃ +

Î + Ǐ

2
C̆, C2 = C̃ +

Î − Ǐ

2
C̆,

A1 ∈ Rn×n, A2 ∈ Rn×n, B1 ∈ Rn×m B2 ∈ Rn×m, C1 ∈ Rp×n, C2 ∈ Rp×n.

With the above standardization, the closed-loop system described by (7) can be reformulated

as: x(k + 1) = [(A1 +A2Ī) + (B1 +B2Ī)(K +∆K)]x(k),

y(k) = (C1 + C2Ī)x(k).
(9)

To further address the coupling between Ī and ∆K, an intermediate variable ζ(k) ∈ Rm

is introduced, and the closed-loop system (9) is reformulated in the descriptor model form as

follows: Êx̂(k + 1) = (Â1 + Â2Ī + B̂K̂1 + B̂K̂2)x̂(k),

y(k) = (Ĉ1 + Ĉ2Ī)x̂(k),
(10)

where

x̂ =

[
x(k)

ζ(k)

]
, Ê =

[
Un 0n×m

0m×n 0m

]
, Â1 =

[
A1 B1

0m×n −Um

]
, Â2 =

[
A2 B2

0m×n 0m

]
,

B̂ =

[
0n×m

Um

]
, K̂1 =

[
KT

0m

]T

, K̂2 =

[
∆KT

0m

]T

Ĉ1 =

[
CT
1

0m×p

]T

, Ĉ2 =

[
CT
2

0m×p

]T

,

and ζ(k) ∈ Rm is the intermediate vector introduced.

4.2. Stability analysis and stabilization

Based on the reformulated descriptor model (10), this subsection derives a stability condition

for Problem 1 and proposes a technique for feedback gain design.

Theorem 4.4. For a given scalar β ∈ N+, the descriptor system (10) is admissible provided

that matrices Q ∈ Rn×n, R ∈ Rn×m, S ∈ Rm×m, P ∈ Rn×n (with P > 0), and scalars ϵ > 0,

ϵi > 0 for i = 1, 2, · · · , m exist, such that the following inequality holds:
−1

2Q− 1
2Q

T Θ12 P −QT − 1
2Q Θ41

∗ Θ22 Θ23 Θ42

∗ ∗ −Q−QT Θ43

∗ ∗ ∗ Θ44

 < 0, (11)
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where

Θ12 = Φ1(Â1 + B̂K̂1)
T , Θ23 = ΘT

12, Θ22 = Φ2(Â1 + B̂K̂1)
T + (Â1 + B̂K̂1)Φ

T
2 − Φ3 +Φ4,

Θ41 = Θ43 =
[
Φ1 Φ1 · · · Φ1

]
︸ ︷︷ ︸

m+1

, Θ42 =
[
Φ2 Φ2 · · · Φ2

]
︸ ︷︷ ︸

m+1

, Θ44 = Eϵ ⊗ U(m+1)(n+m),

Φ1 =
[
Q R

]
, Φ2 =

[
0n 0n×m

0m×n S

]
, Φ3 =

[
P 0n×m

0m×n 0m

]
, Φ4 =

[
Φ41 0n×m

0m×n Φ42

]
,

Eϵ = diag([ϵ ϵ1 ϵ2 · · · ϵm]), ∆β = 2−(β+1), Φ41 = ϵ(A2A
T
2 +B2B

T
2 ), Φ42 = ∆2

βEϵ ⊙ (DKDT
K),

DK =


DK

11 · · · DK
1n

...
. . .

...

DK
m1 · · · DK

mn

 .

Proof of Theorem 4.4. Assuming that the inequality (11) holds, one can apply Schur

complement to obtain

Φ̄4 + ϵ−1Φ̄1Φ̄
T
1 + ϵΦ̄2Φ̄

T
2 +

m∑
i=1

(ϵ−1
i Φ̄1Φ̄

T
1 ) + Φ̄3 < 0,

where

Φ̄4 =

 −1
2Q− 1

2Q
T Θ12 P −QT − 1

2Q

∗ Θ̄22 Θ23

∗ ∗ −Q−QT

 , Φ̄1 =

 Φ1

Φ2

Φ1

 , Φ̄2 =

 0n×(n+m)

Â2

0n×(n+m)

 ,

Φ̄3 =

 0n 0n 0n×m

∗ 0n 0n×m

∗ ∗ Φ4

 , Θ̄22 = Φ2(Â1 + B̂K̂1)
T + (Â1 + B̂K̂1)Φ

T
2 − Φ3.

Noting that

Φ̄3 =
m∑
i=1

(∆2
βϵiΦ̄3iΦ̄

T
3i)

where

Φ̄3i =

 0n×(n+m)

D̄Ki

0n×(n+m)

 , D̄Ki =

[
0n 0n×m

0m×n DKi

]
, DKi =

 0(i−1)×n[
DK

i1 DK
i2 · · · DK

in

]
0(m−i)×n

 ,

there holds

Φ̄4 + Φ̄4 + ϵ−1Φ̄1Φ̄
T
1 + ϵΦ̄2Φ̄

T
2 +

m∑
i=1

(ϵ−1
i Φ̄1Φ̄

T
1 +∆2

βϵiΦ̄3iΦ̄
T
3i) < 0.

Based on the above inequality, applying Lemma 4.2 yields:

Φ̄5 = Φ̄4 + Φ̄1ĪΦ̄
T
2 + Φ̄2ĪΦ̄

T
1 +

m∑
i=1

(∆βΦ̄1
∆̄i

∆β
Φ̄T
3i+̄∆βΦ̄3i

∆̄i

∆β
Φ̄T
1 ) < 0,
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where

Φ̄5 =

 −1
2Q− 1

2Q
T Φ1Â

T P −QT − 1
2Q

∗ Φ2Â
T + ÂΦT

2 − Φ3 ÂΦT
1

∗ ∗ −Q−QT

 , ∆̄i =

[
∆i 0n×m

0m×n 0m

]
,

Â = (Â1 + Â2Ī + B̂K̂1 + B̂K̂2) =

[
Â11 Â12

Â21 Â22

]
=

[
A1 +A2Ī B1 +B2Ī

K +∆K −Um

]
,

∆i = diag(
[
∆K

i1 ∆K
i2 · · · ∆K

in

]
).

Noting the decompositions of Â, the above inequality can be rewritten as:

Φ̄5 =


−1

2Q− 1
2Q

T QÂT
11 +RÂT

12 QÂT
21 +RÂT

22 P −QT − 1
2Q

∗ −P Â12S
T Â11Q

T + Â12R
T

∗ ∗ SÂT
22 + Â22S

T Â21Q
T + Â22R

T

∗ ∗ ∗ −Q−QT

 < 0.

Multiply the above inequality on the left and right by the following matrix:
Un 0n 0n×m 0n

0n Un 0n×m 0n

0n 0n 0n×m Un

0m×n 0m×n Um 0m×n


and its transpose, respectively, results in

Λ + ΛT < 0, (12)

where

Λ =


−1

2Q QÂT
11 +RÂT

12 P −QT − 1
2Q QÂT

21 +RÂT
22

0n −1
2P 0n 0n×m

0n QÂT
11 +RÂT

12 −Q QÂT
21 +RÂT

22

0m×n SÂT
12 0m×n SÂT

22

 .

Note that within Λ, the condition SÂT
22 + Â22S

T < 0 holds. Furthermore, based on the

matrix norm properties [27], both Â22 and S are nonsingular matrices. Consequently, the

singular system (10) is regular and causal [28], and can therefore be reduced to a state-space

representation:

x(k + 1) = Āx(k),

where Ā = Â11 − Â12Â
−1
22 Â21.

The above simplified state-space system can be determined to be asymptotic stable if a

matrix P > 0 can be found such that ĀTPĀ − P < 0. Applying the Schur complement, this

condition can be equivalently rewritten as:[
−P PĀ

∗ −P

]
< 0,
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which can be reformulated as ΞT
ΓΞΞΓ < 0, where

Ξ =

 0n 0n P

0n −P 0n

P 0n 0n

 , ΞΓ =

 Un 0n

0n Un

−1
2Un Ā

 .

Given that P > 0, a direct constraint can be introduced as:[
−P 0n

0n −2P

]
< 0,

which can be reformulated as ΞT
ΨΞΞΨ < 0, where

ΞT
Ψ =

[
0n Un 0n

−Un 0n Un

]
.

Noting that the inequalities ΞT
ΓΞΞΓ < 0 hold, the application of the Projection Lemma [29]

yields

Ξ + ΓTQTΨ+ΨTQΓ < 0, (13)

where

Ψ =
[
Un 0n Un

]
, Γ =

[
−1

2Un Ā −Un

]
,

with ΨΞΨ = 0n×2n, ΓΞΓ = 0n×2n.

Applying Lemma 4.3 to inequality (12) results in −1
2Q− 1

2Q
T QĀ P −QT − 1

2Q

∗ −P ĀTQT

∗ ∗ −Q−QT

 < 0,

which simplifies to inequality (13). Consequently, since Ā is stable, the singular system (10)

is admissible.

Remark 4.5. In Theorem 4.4, the variable ∆β = 2−(β+1) represents the maximum error bound

for the parameters in the state-feedback gain K in (4) when using fixed-point representation,

as discussed in Section 2.2. Here, β ∈ N+ represents the word length utilized for expressing

the fractional component of the parameters. Thus, the parameter representation error can be

controlled by selecting an appropriate value for β. Especially, if the feedback matrixK contains

only integer parameters, it will be unaffected by representation errors and can be accurately

represented. To illustrate this, Theorem 4.4 introduces the matrix DK . An element of DK

is 0 if the corresponding parameter in K is an integer; otherwise, the element in DK is 1.

For a given constant state-feedback gain K, DK can be determined according to these rules.

Conversely, if K is a matrix to be designed and is not predetermined, DK can be set to a

matrix with all elements equal to 1 if there is no additional available information.
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In Theorem 4.4, determining the state-feedback gain K is challenging due to the coupling

between the gain parameters in K and the unknown matrix Q. To address this issue, Theorem

4.6 provides a framework that facilitates the practical design of the feedback gain.

Theorem 4.6. For a given scalar β ∈ N+, the descriptor system (10) is admissible provided

that matrices Q ∈ Rn×n, R ∈ Rn×m, S ∈ Rm×m, P ∈ Rn×n (with P > 0), and scalars ϵ > 0,

ϵi > 0 for i = 1, 2, · · · , m exist, such that the following inequality holds:
−1

2Q− 1
2Q

T Θ̄12 P −QT − 1
2Q Θ41

∗ Θ22 Θ̄23 Θ42

∗ ∗ −Q−QT Θ43

∗ ∗ ∗ Θ44

 < 0, (14)

where Θ̄12 =
[
QAT

1 +RBT
1 Z −R

]
, Θ̄23 = Θ̄T

12. Furthermore, the determination of the

state-feedback gain K is carried out as follows:

K = ZTQ−T . (15)

Proof of Theorem 4.6. By substituting Q̄KT with Z in (11), (14) can be obtained.

Therefore, (10) is admissible provided that (14) is satisfied.

5. Example illustration

In the following discussion, a simulation case is given to demonstrate the application of the

proposed design method and to validate its effectiveness. In other words, the finite-precision

stabilization problem for discrete-time neutrosophic systems, as illustrated in (2), needs to be

addressed. As discussed earlier, based on Lemma 4.1, any system of the form shown in (2)

can be standardized and ultimately rewritten as the closed-loop system depicted in (9). Based

on these results, the standardized system presented in (9) is adopted as the plant, with the

known parameters specified as follows:

A1 =

 1.5000 0.1000 0.3000

0.7000 1.2000 0.8000

0.5000 0.8000 1.0000

 , B1 =

 0.5000 0.4000

0.6000 0.3000

0.4000 0.2000

 ,

A2 =

 0.0300 0.0600 0.0900

0.0600 0.0900 0.0600

0.0600 0.0900 0.0300

 , B2 =

 0.0600 0.0300

0.0900 0.0600

0.0600 0.0600

 , Ī ∈ [−1, 1].

For the system outlined above, the design of the state feedback gain K is required, and the

effects of fixed-point representation on its parameters must be considered. The matrix K will

be perturbed as shown in (5). The parameters DK
ij , i = 1, 2, · · · , m, j = 1, 2, · · · , n for
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Figure 3. (a) Input-output characteristics of the fixed-point representation

scheme proposed in Algorithm 1; (b) Representation error of the fixed-point

representation scheme.

∆K in (5) are set as follows:

DK =

[
DK

11 DK
12 DK

13

DK
21 DK

22 DK
23

]
=

[
1 1 1

1 1 1

]
.

Then, the bit length used to represent the fractional part is set to β = 4 , which implies an

upper bound on the representation error as ∆β = 0.0625. Based on the parameters of the

illustrative example, the coefficient matrix in Theorem 4.6 is constructed, and the inequality

(14) is solved to obtain:

K = ZTQ−T =

 −3.8027 −3.7431

−3.3534 −0.5345

−2.6144 −0.7285


T  2.9995 1.1979 −0.0964

1.1979 3.3472 −2.5932

−0.0964 −2.5932 4.8143


−T

=

[
−0.5000 −2.1875 −1.7500

−1.4375 0.3750 0.0625

]
.

(16)

To implement the fixed-point representation scheme proposed in this paper, Algorithm 1 is

presented for representing the fractional part of the feedback gain parameters K in (16). The

input-output characteristics of this fixed-point representation scheme are illustrated in Figure

3(a) for different bit length values β and the corresponding representation error is shown in

Figure 3(b). As observed, with an increase in bit length β, the representation error decreases.

The state evolution of the closed-loop system described by (9), using the parameters outlined in

this section, is presented in Figure 4(a). Figure 4(b) shows the error introduced in the control

signal u(k) by the fixed-point representation scheme. These results validate the effectiveness

of the proposed design method.
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Algorithm 1 Fixed-point representation scheme

Input: β ∈ N+ and −1 < v(k) < 1;

Output: u(k);

1: if v(k) >= 0 then

2: for all i = 1, 2, · · · , 2β do

3: if v(k) >= (k − 1)× 2−β & v(k) < k × 2−β then

4: u(k) = k × 2−β, break;

5: end if

6: end for

7: else

8: for all i = 1, 2, · · · , 2β do

9: if −v(k) >= (k − 1)× 2−β & − v(k) < k × 2−β then

10: u(k) = −k × 2−β, break;

11: end if

12: end for

13: end if

14: return u(k).
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Figure 4. (a) State evolution of the closed-loop system; (b) Error introduced

in the control signal u(k) by the fixed-point representation scheme.

Table 1 illustrates the feasibility of the inequality (14) under parameter uncertainties of

varying magnitudes and different bit lengths. As shown in Table 1, the feasibility of the

controller solvability decreases as the system parameter uncertainties increase. Similarly, as

the bit length used to represent the fractional part of the control gain decreases, the feasibility

of the controller solvability also diminishes.
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Table 1. Feasibility of the inequality (14) with parameter uncertainties of

varying magnitudes and different bit lengths.

β = 2 β = 3 β = 4 β = 5

Ī ∈ [−0.5, 0.5] infeasible feasible feasible feasible

Ī ∈ [−1, 1] infeasible infeasible feasible feasible

Ī ∈ [−2, 2] infeasible infeasible infeasible feasible

Table 2. Convergence performance of the system under different bit lengths.

Bit lengths for representation β = 3 β = 4 β = 5

Convergence performance J 8.3064 8.2121 8.0395

To compare the convergence performance of the system under different bit lengths, the

following performance index is defined:

J =
∞∑
k=0

[
x1(k) x2(k) x3(k)

]1 0 0

0 1 0

0 0 1

[
x1(k) x2(k) x3(k)

]T
.

The results are presented in Table 2, where it can be observed that as the bit length increases,

the convergence performance of system improves.

6. Discussion

The stabilization of MIMO neutrosophic linear systems under finite-precision digital control

is a critical but underexplored area. Existing research on FWL effects and parameter uncer-

tainty in control systems often focuses on simplified models or single-input systems, leaving

MIMO systems with complex uncertainties largely unaddressed. This work addresses these

challenges by proposing an integrated approach that combines neutrosophic modeling with

FWL stability analysis, a unique contribution to the field. Through the proposed descriptor

model approach, the closed-loop system is successfully reformulated into a singular system

form. This transformation allowed us to apply stability analysis techniques suitable for sin-

gular systems, leading to a comprehensive understanding of how parameter uncertainties and

fixed-point representations impact the stability and solvability of the controller. While the

proposed method effectively addresses the stabilization of MIMO neutrosophic linear systems

under finite word length effects, the model does not account for time-varying uncertainties or

nonlinearities that may exist in some practical applications. These limitations may limit the

applicability of the method in highly dynamic or nonlinear systems, which remains an area for

future research.
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7. Conclusions

This paper addresses the finite-precision stabilization problem for neutrosophic linear sys-

tems, where system parameter uncertainties are represented using neutrosophic numbers and

controller parameters are modeled using a fixed-point scheme. A descriptor model approach

is proposed to handle the coupling between parameter uncertainties and representation er-

rors, reformulating the closed-loop system into a singular system form. Stability analysis and

controller parameterization are achieved through analytical and design methods for singular

systems. While the current study focuses on state feedback control, the approach and tech-

niques outlined could be extended to address other types of control, such as dynamic output

feedback stabilization, which remains a promising direction for future research. Furthermore,

the investigation of distributed control strategies for neutrosophic linear systems under finite-

precision conditions presents another exciting avenue for further exploration.
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[19] Garćıa-Vellisca, MA.; Muñoz, CQG.; Mart́ınez-Garćıa, MS.; de Castro, A. Automatic word length selection

with boundary conditions for hil of power converters. Electronics 2023, 12(16), 3488.

[20] Volkova, A.; Hilaire, T.; Lauter, C. Arithmetic approaches for rigorous design of reliable fixed-point LTI

filters. IEEE Transactions on Computers 2020, 69(4), 489–504.

[21] Garcia, R.; Volkova, A. Toward the multiple constant multiplication at minimal hardware cost. IEEE

Transactions on Circuits and Systems I-Regular Papers 2023, 70(5), 1976–1988.

[22] Smarandache, F. Introduction to Neutrosophic Statistics; Sitech & Education Publishing: Romania, 2014.

[23] Ye, J. Neutrosophic Number Linear Programming Method and Its Application under Neutrosophic Number

Environments. Soft Computing 2018, 22(14), 4639–4646.

[24] Xu, S.; Lam, J. Robust control and filteri ng of singular systems; Springer: New York, USA, 2006.

[25] Oppenheim, A.V.; Schafer, R.W. Discrete-time signal processing, 3rd edition; Prentice Hall: Upper Saddle

River, USA, 2009.

[26] Fu, M.; Xie, L. The Sector Bound Approach to Quantized Feedback Control. IEEE Trans. Automatic

Control 2005, 50(11), 1698–1711.

[27] Desoer, C.; Vidyasagar, M. Feedback systems: input-output properties; New York: Academic Press, 1975.

[28] Feng, Y.; Yagoubi, M. Robust control of linear descriptor systems; Singapore: Springer, 2017.

[29] Boyd, S.; Ghaoui, L. E.; Feron, E.; Balakrishnan, V. Linear matrix inequalities in systems and control

theory; PA: SIAM, 1995.

Received: Sep 23, 2024 / Accepted: Jan 17, 2025

Rongyao Ling, Songquan Shi, Wenhua Cui, Yiming Fang, Finite-precision stabilization for
neutrosophic linear systems using a descriptor model approach

Neutrosophic Sets and Systems, Vol. 80, 2025                                                                              495


	1. Introduction
	Notation

	2. Preliminary
	2.1. Neutrosophic number
	2.2. Parameter representation
	2.3. Descriptor model

	3. Problem Formulation
	4. Main Results
	4.1. System remodeling
	4.2. Stability analysis and stabilization

	5. Example illustration
	6. Discussion
	7. Conclusions
	References

