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Abstract. This paper aims to study the division of 3-refined neutrosophic numbers, where it was
discussed through two methods, the first is the identification method, and the second is the 3-refined
AH-isometry. In addition to presenting special cases related to division of 3-refined neutrosophic
numbers. The most important idea in this paper is that we were able to move from the formula we
obtained in the 3-refined AH-isometry to the formula we found in the identification method and vice

versa, hence this proves the validity of both formulas.
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1. Introduction and Preliminaries

Smarandache made refined neutrosophic numbers available in the following form:
(a, b1, b,1,,...,b,1,) where a, by, b,,...,b, € Ror C [1].

Agboola introduced the concept of refined neutrosophic algebraic structures [2]. In addition, the
refined neutrosophic rings I was studied in paper [3], where it assumed that [ splits into two
indeterminacies I; [contradiction (true (T) and false (F))] and I, [ignorance (true (T) or false (F))].
Abobala presented the papers on some special substructures of refined neutrosophic rings and a
study of ah-substructures in n-refined neutrosophic vector spaces [6-7].

Alhasan.Y and Abdulfatah. R also presented a study on the division of refined neutrosophic number.
[8].

Finally, there are papers presented in n-Valued Refined Neutrosophic Logic and Its Applications in

Physics, Neutrosophic Rings I [4-5].
2. Main Discussion

2.1. Division of 3-refined neutrosophic numbers by using the Identification Method

Let m,, m, are two 3-refined neutrosophic numbers, where:
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. mq .
To find — , we write:
m;

=x+yl, +zI, + Wl
ay + byly + ¢yl + dyl; Y 2 3

where x , y and Z are real unknowns.

a, + byl + cil, + dyl3 = (ay + byl; + cyl, + dyls) (x + yI, + zI, + WI3)

= ayx + ayyly + ayZl, + a; Wiz + byxly + byyly + by,ZIy + b,WI + c,xI, + ;14

a; + byly + ¢l +dil;
= a,x + [byx + (a, + b, + ¢, + dy)y + bz + b,wW]I,
+ [ex + (a, + ¢, + dy)z + c,W]I, + +[d,x + (a, + d,)W]I,

Whereas: I, = L,I; =1,
By identifying:
ax = a,
b,x + (a, + b, + ¢, + d,)y + b,Z + b,w = b, (1)
cx+ (ay+c, +d)z+c,Ww=c¢; (2)
dyx + (ay + d,)w =d; (3)

We obtain unique one solution only, provided that:

a, 0 0 0
b, (a,+b,+c,+d,) b, b,

Cy 0 (a, + ¢, +d,) c, #0
d, 0 0 (a, +d,)

= ay(a, +dy)(a, +¢c, +dy)(a, +b,+c,+d,) #0

where:
azio ,az¢d2,a2¢_C2_d2,a2i_bz_CZ_dz
then:
a;
x =—
a;
by substituting in (3):

a,d,

+ (a, + dy,)w =d,
2
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a,d, — a;d,

a,(a, +d,)
by substituting in (2):
ac a,d;c, — a,d,c
a, az(az +d2)
ac,a, + a,c,d a,d,c, — a,d,c
162, 122+(a2+c2+d2)z+212 122_C1
az(a2 +d2) az(a2 +d2)
ca(a +d)—aca — a,d,c
(a2+c2+d2)Z=12 2 2 162, 201C
a,(a, +d,)
c;(a, +d,) —c,(a; +d;)
(ay + dy)
B c,(a, +dy) — c,(a; +dy)
(ay + dy)(a, + ¢, +dy)
by substituting in (1):

- M

a;b, <C1(az +d,) —c,(a; + d1)> +b <a2d1 - a1d2>
2

— 2 (ay+ by + ey +dy)y+b it
a, (@ 2T )7+ by (a, + dy)(a, + ¢, + d,) a,(a, +d,)

a,b c,b,(a, +d,) — c,b,(a; +dy) a,b,d, — a,b,d
=24 (ap by oy )y + e S e e
a, (a, +dy)(ay, + ¢, + d,) a,(a, + dy)

1

(a2 +b,+c,+ dz)y
N bz(a1(az +dy)(a, + ¢, +d,) + cia,(ay + dy) — cya,(ay + dy) + (ady — aydy)(a, + ¢, + dz))
az(az + dz)(az +c, + dz)

=b1

(a, + d,)(a,a, + cya, + dyay)
a,(a; + dy)(a, + ¢, + dy)
<C1a2(a2 + dz) — Caq.a; — C2d1a2>
+ b,
ay(a, + dy)(a, + c; + dy)
+ b azzdl - azaldz + Czazdl - a1d2C2 + a2d1d2 - a1d22
? a,(a; + d,)(a; + ¢, + dy)
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(a, + dy)(aya, + cya; + dya,)
(a2+b2+C2+d2)y+b2< 2 2 21 21 21
a,(a; + dy)(a; + ¢, + dy)
’ ay(a, + dy)(a; + ¢; + dy)

=b1

(a +d)(aa + c,a +da)
a,(a; + dy)(a; + ¢, + dy)
T <C1a2(a2 + dz) - Czal(az + dz) - a1d2(a2 + dz) + azdl(az + dz)) —p
2 =0

ay(a, +d,)(a; + ¢, + d;)

a,a, + c,a, + d,a c,a, — c,a, — a,;d, + a,d
(a2+b2+cz+d2)y+b2(21 204 21) 2(12 204 13 21)=b1

az(a2 +c, + dz) az(a2 +c, + dz)

azal + C2a1 + dzal) (Claz - Czal - a1d2 + azdl)
— U2

(@ +b; +c;+dy)y =by = by ( a,(a, + ¢, +dy) a,(a, + ¢, +dy)

bia,(a, + ¢, +d,) (aza1 +ca, + a2d1>

+by 4y +dy)y =
(@ +b; +cz +dz)y ay(a, + ¢, +dy) az(a; + ¢, +d;)

__by(a; +c; +d;) —by(ay + ¢, +dy)
Y =yt ¢, ¥d)(a, + by + ¢, + dy)

hence:

a; + byl + cil, + dyl;

_4 bi(a; + ¢ +dy) — by(a; +¢; +dy) I+ ci(a; +dy) —cy(ag +dy) [azdl —a,d,
T a, (ay+cy+dy)(a, +by+c, +d, 1 (ay, +dy)(ay +c, +dy) 2 a,(a, +d,) 3

Example 1
24+ L+ 1L +1, _1+31 ; 21
24+ L +2,+3l; =~ 56 352 573

Let’s check the answer:

1

3
Q+h+L+L)(1+2L-=

L=2L)=2+[Z@+1-=-L+|-=M+2-%|L+

[—2(5) + 3] I;=2+1, +2I,+3I; (True)
AS Consequences, we have:

a+b i+l +dilz; 1 =0 +d +* d # —b d
k(ay + b1y + 11, + di13) Tk a »aq 1,01 G 1,0 1740 1

D

Yaser Ahmad Alhasan, Mohamed Elghazali Ali Mohieldin Mohame, Qusay Ahassan and Raja Abdullah Abdulfatah,
Division of 3-Refined Neutrosophic Numbers by using the Identification Method and the 3-Refined AH-Isometry



Neutrosophic Sets and Systems, Vol. 80, 2025 511

2 h = by I
) a, + bdy + ¢y, +dyls ay+by+c, +dy
Example 2
L 1

=—1]
4—2I, +50,+4l;  117°

Let’s check the answer:

(4 — 21, + 51, + 41;) (ﬁ]l) =1, (True)

I, —b,cy ] [ ]
3 = I,
) a, + byl; + ¢yl + dylg (ay+c,+dy)(ay, +by+c,+dy) a, +c, + d,
Example 3
I, 1 1

=—1+—I
1-L+3L+7, 110" " 112

Let’s check the answer:
1 1
(1—1, + 3L, + 7L) (ml1 + le) =1, (True)

I

4)

—b,d, —Cpdy dy
| e [
(ay+c,+dy)(ay, + by, +c, +dy) (ay, +dy)(a, + ¢, +dy) a,+d,
Example 4
I3 3 4 1

=—] I I
2—3l, +4l,+5I;, 88" Tzl

Let’s check the answer:

(2 =3l +4L +5L) (2L — 2L, +21) =1, (True)

a; + by + i, +dqi13 a; by C1 dq
= — L+—L+—I;;
5) % k+k1+k2+k3,k¢0
k
6)
_ k —kb, ]I +[ —kc, ] [ —kd, ]I
(a2+c2+d2)(a2+b2+c2+d2) Y (ay + dy)(ay + ¢, +dy) a,(a, +d,)] ">

In particular:
*

= undefined
a; + by +cil, +dql
Pt Bt i g 13=undefine0l
a; + b, +c I, +dql
St e R L 13=undefined
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a; + by +cil, +dqi 15
*

= undefined
a; + by +cil, +dql
¢ 11 12 13=undefined
L
a; + by +cil, +dql
St e B b 13=undefined
I
a; + b1y +cil, +dql
* = S 13=undefined

I

*
k(I + 1, + I3)

=undefined ; k #0

2.2. Division of 3-refined neutrosophic numbers by using the 3-Refined AH-Isometry
Let f:R[, I, I3]xR[I}, 1, I5] — R[I,I,,13] be a literal 3-refined neutrosophic function of three
variables, then:

=f(ay,a) +[f(ay + by + ¢y +dy,a, + by + ¢, +dy) — faz + c; +dy, a0 + ¢ +dp)]
+ [f(ay + c; +dy,ay + ¢ +dy) — fa; +dy, a0 + d)],
+ [f(a; +dy, a0 +dy) — f(ag, ax)lls

o a,+by+ci+d; a1+c1+d1] [a1+cl+d1 a1+d1] [a1+d1 al]
T a, a,+b,+c,+d, a,+c,+d, 1 a,+c,+d, a,+d, 2 3

hence:

a,+d, a_2

a; + byl + cil, +dql5

a, + byl; + cy1, + dyl;

oy a,+b,+ci+d; a1+c1+d1]1 [a1+cl+d1 a1+d1] [a1+d1 all
- 1 - 2 ——113

=a_2 a,+b,+c,+d, a,+c,+4d, a,+c,+d, a,+d, a,+d, a,

Whereas: az iO ,az :rtdz,az :lt _Cz_dz,az :lt _bZ_CZ_dz

Example 6
cthtlth E—i]ll+ é—E]Iz + [5—1]13 = 1+111 ——12—313
241, + 21, + 315 8 7 775 5 561 352% 5
(The same result that we got using the Identification Method in example 1)
Example 7
—S+h+4h-2 -1 __1+l]11 + [_—1+l]12 + [_—7+1]13 :_—1+il1 +£12 —i13
25+ 2L + 1, + 413 5 16 10 10 29 29 5 5 80 290 145

Let’s check the answer:

(25 + 21, + I, + 415) (‘?1+%11 +oly —%13) = —5+1,+4l,— 2, (True)

3. The relationship between the identification method and the 3-refined ah-isometry
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3.1 Moving from identification method to 3-refined AH-Isometry
We have:

a; + byly + cil, + dyl;

_ [bl(az +c; +dy) —by(a; +¢; + d1)] ci(ay +dy) —cy(a; + d1)] [a2d1 —a,d,
T a (az +c; +dy)(ap + by + ¢y +dy) ! (ap +dy)(a; + ¢, +dy) 2 ay(a; +d;) :

_ I

=

4 (a,a, + a,by + aycq + aydy) + (c,aq + by + cy¢1 + cdy) + (dyay + dyby + dycy + dydy)
(a, + ¢, +dy)(a, + by, +c, +dy)

—0a1 — ApC; — Apdy — €04 — €€ — Cpdy — dyay — dycq — dydy — byay — byey — byd,y I
(a, + ¢, +dy)(a, + b, + ¢, +d,) 1
a2a1 + Claz + azdl + a1d2 + C1d2 + dldz - azal - C2a1 - aldz - azdl - C2d1 - d1d2
+ [ ]12
(a; +dy)(a; + ¢, +d;)

+

[a2a1 +a,d; —ayay —a;d, |
3

ay(a; +d;)

a, N a,(a; + by + ¢, +dy) +c(a; + by +c; +dy) +dy(ay +by + ¢ +dy)
T a, (az +c, +dy)(a, + by, + ¢, +dy)
_al(az + b2 + Cz + dz) - Cl(az + b2 + C2 + dz) - dl(az + b2 + Cz + dz) 1
(az+c, +dy)(a, + by +c; +dy) !
[az(al + C1 + dl) + dz(al + C1 + dl) - al(a2 + C2 + dz) - dl(az + CZ + dl)]
+ I
(az +dy)(a; +c; +dy)

+

+ [az(a1 +dy) —ay(a; +dy)

ay(a; +d;) 3

_a |Gt td)(a+bi+ei+d)  (a+c+d)(a;+b,+c,+dy)
(a+c,+d)(a,+b,+c,+dy) (ap+c,+dy)(a,+by+c,+dy)| ™

=
+ (a; +dy)(a; + ¢ +dy) — (a; +dy)(a, + ¢, +dy) L+ [a1 +d,; _ ﬂ]
(a, +dy)(a, + ¢, +dy) 2 lay,+d, ayl

Hence, we find the form of the method of 3-Refined AH-Isometry:

2 a,+b,+c,+d; a1+c1+d1] [a1+cl+d1 a1+d1] [a1+d1 a,
- 1 - 2 ——113

=a_2 a,+b,+c,+d, a,+c,+4d, a,+c,+d, a,+d, a,+d, a,

3.2 Moving from 3-refined AH-Isometry to identification method

We have:
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a; + byly + cil, + dyl;

a, + byl; + cy1, + dyl;

o [a1+b1+cl+d1 a,+c+dg [a1+cl+d1 a, +dq [a1+d1 al]

T a, a,+b,+c,+d, a,+c,+d, 1 a,+c,+d, a,+d, 2 a,+d, a, 3
then:

_M

=

a,(a; + ¢, +dy) +c(ag +¢;+dy)+dy(a; + ¢y +dy) +bi(ay, +c, +dy)
+
(a; +¢c,+dy)(ay, + by, + ¢, +dy)

az(al + Cl + dl) - bz(al + Cl + dl) - Cz(al + Cl + dl) - dz(al + Cl + dl) [
(a; +c; +dy)(az + by + ¢, +dy) !

n [az(a1 +d,) +dy(a; + dy) + ci(ay +dy) —ay(a, +dy) —cy(a; +dy) —dy(a; + d1)]1
(az +dy)(a; +c; +dy) g

[alaz + dlaz - alaz - aldz I
3

ay(a; +d;)

Hence, we find the form of the Identification method:

a; + byly + cil, + dyl;

a, + byl; + cy1, + dyl;

_4 bi(ay + c; + dy) — by(ay + ¢y +dy) c;(a; +d;) —cy(a, +dy) [a2d1 —a;d,
T oa (az+cy+d)(az+by+c,+dy) | (ag +d)(az +c;+dy) |2 lay(a, +dy)1 7

4. Conclusions

This paper deals with the division of 3-refined neutrosophic numbers using two methods, the
identification method and the 3-refined AH-isometry, and we obtained the same results when using
either of the two methods by solving a set of examples in this paper. In addition to introduce the
relationship between the identification method and the 3-refined ah-isometry.
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