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Abstract: In light of the expansion of research that dealt with the logic of the neutrosophic and its
clear spread at the level of science, it was necessary for us to continue in the series of research that
covers the calculus of neutrosophic integration, and this is what led us to study the improper
neutrosophic integrals. This study dealt with the types of the improper neutrosophic integrals of the
first and second kind. In addition, we discussed the concept of convergent and divergent

neutrosophic integrals. As well as providing a set of examples related to these ideas.
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1. Introduction and Preliminaries

In contrast to the current logics, Smarandache suggested the Neutrosophic Logic to describe a
mathematical model of uncertainty, vagueness, ambiguity, imprecision, undefined, unknown,
incompleteness, inconsistency, redundancy, and contradiction. Smarandache introduced the concept
of neutrosophy as a new school of philosophy [4]. He presented the definition of the standard form
of neutrosophic real number [3-5], the Neutrosophic statistics [5-6], and professor Smarandache
entered the concept of preliminary calculus of the differential and integral calculus, where he
introduced for the first time the notions of neutrosophic mereo-limit, mereo-continuity,
mereoderivative, and mereo-integral [1]. A number of studies in the area of integration and
differentiation were given by Y. Alhasan [8-11-14], also he presented the definition of the concept of
neutrosophic complex numbers and its properties, in addition, he studied the general exponential
form of a neutrosophic complex number [2-9]. Madeleine Al- Taha presented results on single valued
neutrosophic (weak) polygroups [12]. The AH isometry was used to study many structures such as
conic sections, real analysis concepts, and geometrical surfaces [11-15].

Definition [15]

Let f:R(I) = R(); f=f(X) and X = x + yI € R(I) then fis called a neutrosophic real
function with one neutrosophic variable. a neutrosophic real function f(X) written as follows:

fX)=fx+yD =f)+I[f(x+y) = f(x)]
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2. Main Discussion

2.1 Improper neutrosophic integrals of the first kind

Definition 1

We will consider the improper neutrosophic integral whose integrands are bound on an
infinite interval. Let f(x,1) be a function defined on the infinite interval [a + bl, +o0), and
integrable over any bounded closed interval [a + bl, k] © [a + bl, 4+0), then we call f(x,I) over the
interval [a + bl, +o) the improper neutrosophic integral and write:

+oo k
ff(x,l) dx = lim ff(x,I) dx

a+bl a+bl

We call the improper neutrosophic integral convergent when the limit exists, and the
neutrosophic integral is of first kind, where it has defined limit, it is the value of the neutrosophic
integral. Otherwise the improper neutrosophic integral is divergent (when the improper integral
doesn't exist or equal to +oo).

Example 1
+00 k
f @ _ f D lim n(x+3 45D
X+3+5] k5t ) x+3+451 ki 1+
1+1 1+1
= klirf In(x +3+5D%, = klirf [ln(k +3+ 5D — In(4 + 60)]
= klirf [in(k + 3+ 5] —In(4 + 6I)
by applying:
fX)=fx+yD)=f)+I[f(x+y)—fx)]
we get on:
+oo d
x .
f TT3rE Jim [in(k +3) + I[in(k + 3+ 5) = In(k + 3)]] = [In 4 + I[In 10 — In 4]]
1+1
= lim |1 (k+3)+1[l <k+3+5)] [l 4411 5]
T e | " Tk+3 n "3

= 400 + I[In(1)] — [ln4 +11n§] = +o0—IIn3= oo

(the improper neutrosophic integral diverges)

Example 2
+00 k
—GB+3DX gy — i —(3+3D)x _ 7 —(3+3Dx |k
j € dx= lim | e dx = Um —=37¢ 0+01
0401 0+01
-1

— ; —(3+3Dk _
Trardmle 1]

by applying:
fX) =flx+yD=fl)+I[f(x+y) = f(0)]
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we get on:
+ o0
—-(3+3Dx — : -3k I -6k __ ,—3k7 _ 1
e dx 3+3Ikl—l>1lloo[e +1[e e 3% —1]
0+01
_ 1 _ 1 11
3431 3 6

the improper neutrosophic integral converges.

Definition 2

We will consider the improper neutrosophic integral whose integrands are bound on an
infinite interval. Let f(x,1) be a function defined on the infinite interval (—oo,c + dI], and
integrable over any bounded closed interval [k, c + dI] € (—oo,c + dI], then we call f(x,I) over the
interval (—o,c + dI] the improper neutrosophic integral and write:

c+dl c+dl

f f&x, D dx:kﬁ’llmf f(x, 1) dx
—o k

We call the improper neutrosophic integral convergent when the limit exists, and the integral is
of first kind, where it has defined limit, it is the value of the integral. Otherwise the improper
neutrosophic integral is divergent (when the improper integral doesn't exist or equal to +).

Example 3
0+01 0+01
_f cos (x + gl) dx = klirym J cos (x + g[) dx
= kﬁrfw [sin (x + gl)”z“” = sin (%I) — kﬁrzzw sin (k + gl)

= 1? — kﬁr_noo (sin(k) +1 [sin (k + g) - sin(k)])

(Does not exist, so the improper neutrosophic integral is divergent)

Example 4
0+01 0401
f (x +2De*dx = klirzl f (x + 2De*dx
—o0 k
u=x+2l) = du=dx
vdx =e*dx = v=e*
then:

0+01 0+01

f (x + 2De*dx = klirzl [(x + 2D)e*]|9+0 — klirzl f e*dx
o k

0+01

= lim [(x + 2De*]|p+" — Lim f e*dx =21 - lLim ((k +2De*) — JLim e* oror
i
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=2 — klirft (ke¥ +2Ie*) — 1+ klirzl ek=21—-1

Theorem 1
[ >1
o fae 7
14 Divergent if p<1
Example 5
+oo
_ f _ lim =2
x2 - k—>+oo - k—>+oo x |4
1+ 141
I ] 2,
Tl Tl T TR
the improper neutrosophic integral converges.
Example 6
+o k Kk
dx i dx I -3
F - k—l;’ZlOO F - k—l?IlOOF 1+1
1+ 141
_um 224 3 ] 3 3 3 91
T T a Dl T a Dz T 1+31 0 4
the improper neutrosophic integral converges.
Example 7
+o k Kk
dx i dx I —4
x4 k—l;riloo x4 k—lHloo x3 14
1+ 141
_um A 4]_ 4 4, T
T e T a v T Ay T 1 T2
the improper neutrosophic integral converges.
Example 8
+o0 k
dx y dx lim 1
=l | 5t i
141 1+

= klirf [Ink+In(1+D]= klirf Ink—(n1+1I[ln2-1In1])

=00 —]In2 =00, (theimproper neutrosophic integral diverges)

Example 9

+00 k

f dx i f dx I -1
x(Inx)? it x(Inx)? kDo Inxlyys

2+21 2+21

-1 1 1 1
= lma Tt m@+2) m2+I[In4—mn2] m2+I1In2

1 In2 1 1

—1
In2 ln2(2ln2) In2 2iIn2
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(the improper neutrosophic integral converges)

Remark 1
The improper neutrosophIC integral of f (x I) over (—oo o) is defined as:

ff(xl)dx— jf(xl)dx+ff(x1)dx

Example 10
+ 00 040/ +oo
f dx _ J‘ dx 4 J‘ dx
1431 +x2 14 31 + x2 14 31 + x2
—o0 —co 0+01I
0401 k2
-5 J‘ dx vl f dx
Tt | TH3I+ 22 kpde ) 1431 +42
kq 0+0I
0401 ko
= lim tan~! —— + lim tan~?! X
k1—>—001+1 1+I kq kz—>+°°1+l 1+I 0401
1 1 ky 1 k,
= i [ tan~1(0) — t ‘1—] li [—t -1 — t ‘10]
W [Tt @ —gogten™ |+ im e e e O

= i 1 t ‘1(1 11)k]+ li ! t ‘1(1 1I)k]
Tl T 2) T T 2')"

klli)rr_lOo [— %—I—I (tan‘l(kl) +1 [tan‘1 (% kl) - tan‘l(kl)])]

s b o ) o)

ky—+

Z_L(—_”H —_’T+E)+1L+I(g_,%_g)

the improper neutrosophic integral converges.

2.2 Improper neutrosophic integrals of the second kind

Definition 3
If f(x,I) is continuous on the interval [a + bl,c + dI] and not defined at ¢ + dI, then the
improper neutrosophic integral of f(x,I) over the interval [a + b, c + dI] is defined as:

c+dl

k
fCe, ) dx = k—%ému— f fx, 1) dx
a+bl a+bl
The improper neutrosophic integral converges when the limit is existing, and the integral is of

first kind, where it has defined limit, it is the value of the integral. Otherwise the improper
neutrosophic integral diverges (when the improper neutrosophic integral doesn't exist or equal to
T o).

Example 11
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1+1 k

f L = j L4
Tl 7 11—

0+01 0+01

_ 5 _aAlk — AN
_k_lfﬁ‘rl"““ )| 6+or k_l)llr:ll_ln(1+1 k)—In(1+D

= llm m(A+1-k)-n(A+)=-0—-]In2=—oo

k—1

So, the improper neutrosophic integral diverges

Example 12

2—
.f V4 =31 —«x2 k—>21 J-\/4 31 —x?

-t s G =t () s

2—1 s
=sin”——) = sin~? = —
= sin (2 — 1) sin~1(1) >

The improper neutrosophic integral converges.

Definition 4
If f(x,I) is continuous on the interval [a + bl,c +dI], except for a singular point
(discontinuity) a + bI, then the improper neutrosophic integral of f(x,I) over the interval [a +
bl,c + dI] is defined as:

c+dl c+dl
f flx, D dx— llm f flx, 1) dx
a+bl

The improper neutrosophic integral converges when the limit is existing, and the integral is of
first kind, where it has defined limit, it is the value of the integral. Otherwise the improper
neutrosophic integral diverges (when the improper neutrosophic integral doesn't exist or equal to
t o).

Example 13
the neutrosophic integral is improper and the integrand neutrosophic function is not defined at
2+ 2I

4+4] 2421 4+41
1 1

o (x —-2-=2D o (x—2-2D 0o (x—2-2D

2421 4+41

= J (x—2-2D"23dx + f (x —2—=20)"%Rdx
1+1 2+21
kq 4+4]
= lim f (x—2-2D"2Bdx+ lim f (x —2—-20)"%Rdx
kqi—2+21~ ky—2+2IF
1+1 k2

k 4+41
= uim Vx—2-2I| + lim Yx—2-2I|

ky—2+21 kp—2+2IF
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= lim 3fk,—2-21-Y1+1—-2-21+V4+4l—2-21— lim 3[k,—2-2I

kqi—2421~ ky—2+2It

=Vi+I+V2+2=1+1[V2-1]+ V2 +1[V4- V2]
=1+V2+1[V4-1]

the improper neutrosophic integral converges.

Remark 2
If f(x,I) is a continuous neutrosophic function over [a + bl,c + dI] except value on in (a + bl,c +
dI), then the improper neutrosophic integral of f(x,I) over interval [a + b, c + dI] is defined as:

c+dl k c+dl
f fC,)dx = f flx,Ddx+ f f(x, 1) dx
a+bl a+bl k

Where k is any real number. The improper neutrosophic integral is convergent if the first term
and second term on the right side of the various integral (both of them) are convergent, while the
integral is divergent if either term (at least one or both) are divergent.

Example 14

3+1 0+01 3+1
dx dx dx
——dx = 1 _—
VI + 71 — x2 V9 + 7] — x2 V9 — 71 — x2
—3-1 —3-1 0+01
0+01 k2
) dx ) dx
= lim ———+ lim _—
ki—=3-1* VI + 7] —x2 k=347 V9 + 7] — x?
Ky 0+01

X 0+0I X ks

3+ 1)|k1 + kzgr:;r}rl- sin™! (3—+1)

= lim sin‘l(
ly—=3-I* 0+01

— . _1 _ . . _1 x . . _1 x _ . _1
= sin~1(0) klilzgz_ . Sin (—3 m 1) + kzﬁgiz— sin (—3 n 1) sin~1(0)

—3-1 3+1
— —cin-1 -1 — _cin—1(_ -1 —
= —sin (3+1)+5m <3+1) sin'(-) +sin"'() ==

the improper neutrosophic integral converges.

3. Conclusions

In this paper, we introduced the improper neutrosophic integrals, by providing several
definitions that clarify the concept of the improper neutrosophic integrals, and we obtained several
results for these integrals, as the improper neutrosophic integral can be convergent, divergent.
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