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Abstract: The main objective of this paper is to study the integral of 2- refined rational neutrosophic
functions, by providing direct rules that make it easy for us to find the integral of 2- refined rational
neutrosophic functions, where the division of refined neutrosophic number was used to find the
integral of 2- refined rational neutrosophic functions. In addition to proving these rules and

providing a set of examples that illustrate these ideas.
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1. Introduction and Preliminaries

As an alternative to the existing logics, Smarandache proposed the Neutrosophic Logic to
represent a mathematical model of uncertainty, vagueness, ambiguity, imprecision, undefined,
unknown, incompleteness, inconsistency, redundancy, contradiction, where Smarandache made
refined neutrosophic numbers available in the following form: (a,b;ly,b,l,,...,b,1,) where
a,by,b,,...,b, € Ror C [1]. Agboola introduced the concept of refined neutrosophic algebraic
structures [2]. In addition, the refined neutrosophic rings I was studied in paper [3], where it
assumed that I splits into two indeterminacies I; [contradiction (true (T) and false (F))] and I,
[ignorance (true (T) or false (F))]. Abobala presented the papers on some special substructures of
refined neutrosophic rings and a study of ah-substructures in n-refined neutrosophic vector spaces
[6-7]. Alhasan.Y and Abdulfatah. R also presented a study on the division of refined neutrosophic

number [8]:

dy+ bl +¢l, dy  [dyby + b6, — dib, — by ,C; — dyC,

dy+ byl +Goly  da | (dy +6)(dy + by + ) ] ' [dz(dz +cpl™
Where: @, # 0, d, # —¢, and a, # —b, — ¢,
In addition to studying the integral calculus according to the logic of neutrosophic by presenting a
set of papers on that [9-10]. The AH-Isometry was extended to n-Refined AH-Isometry by
Smarandache & Abobala in 2024 [11]
Finally, there are papers presented in n-Valued Refined Neutrosophic Logic and Its Applications in

Physics, Neutrosophic Rings I [4-5].
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2. The integral of 2- refined rational neutrosophic functions

2.1 integral of standard 2- refined rational neutrosophic functions

> Standard 2- refined rational neutrosophic integral I:

f a, + b, + 1,
x
x2 — (a, + byI; + c31,)?

+C

1 (al [a2b1 + b1C2 - albz - b2C1 [azcl - a1C2 ) |x - az - b211 - C212

=— n
2\a, (ay + cy)(a, + b, + ¢,) 1 a,(a, + c;) 2 x+a, + b1 + c,1,

Whereas a, # 0, a, # —¢,, a, # —b, —c,,C = aq + byl; + ¢yl, and ay, by, ¢, are real numbers.
Proof:

a, + b, +cil, _ a; + b + ¢l
x2 - (az + ble + Czlz)z B (x - az - b211 - Czlz)(x + az + b211 + C212)

_ay+bih+al 2(a; + by, + c,1,)
B 2(a2 + ble + Czlz) (x - az - bZI]. - Czlz)(x + az + b211 + 6212)

_ar+bih+al, [x+a;+ b+l —x+a;+ b+l
- 2((12 + b211 + Czlz) (x - az - bz]l - (:212)(x + a2 + ble + Czlz)

_ al + blll + CIIZ X + az + b211 + 0212 - (x - a2 - bZIl - C212)
B 2((12 + b211 + Czlz) (X - az - b211 - Czlz)(x + az + bz[l + 6212)

_a;+bih+al 1 1 ]
B 2((12 + ble + Czlz) X — a2 - b211 - C212 X + az + b211 + C2[2

- J‘ ai + bl +cil, 4
X
x2 - (az + b211 + Czlz)z
j a; + bl + ¢, 1 1 ] p
= - X
2((12 + ble + Czlz) X — az - b211 - C212 X + az + ble + C212

a, + by + i1, (f 1 d f 1 p )
= X — x
2((12 + b211 + Czlz) X — az - b211 - C212 X + az + b2[1 + Czlz

_a;+bih+al
" 2(ay + by1; + c,l,)

(lnlx - az - b211 - Czlzl - lnlx + az + b211 + Cz]zl) + C

1 (al a2b1 + b1C2 - a1b2 - bzcl] [a2C1 - a1C2 ) |x - az - b211 - C212
=5 1

2 a_z (ap, + c;)(ay + by, + ¢3) a,(a, +c,)| 2 n X+ a, + byl + ¢y,
Example 1
Evaluate:
J 4’ - 2]1 + 12
dx
x% — 64— 191, — 171,
Solution:

2
x2 — 64 — 191, — 171, = x2 — (/64 + 191, + 171,)

Igbal Ahmed Musa and Yaser Ahmad Alhasan, The integral of 2- refined rational neutrosophic functions



Neutrosophic Sets and Systems, Vol. 80, 2025

668

=X2—(8+Il+12)2

Whereas: /64 + 191, + 171, = V64 + [V64 + 19 + 17 — V64 + 17]1, + [V64 + 17 — V64|,

= J64+19L +17, =8+ +1,

X2 — 64— 19, — 17, = 2

f 4‘_211+12 _1(4‘_211+12> |x_8_11_12
841, +1, x+8+4+1+1,

_(1 23I+11)l |x—8—11—12
“\4 18017362 M x 8L+ 1,

+C

Whereas C = ay + byl; + ¢yl and ay, by, ¢, are real numbers.

Let’s check the answer:

d[(l 231+1I)l |x—8—11—12
dx\4 71801 7362 " x+8+1, + L

+C]

1 23 1

_(1 23I+11>( 1 1 )
“\4 180! 36 % \x-8-L -1, x+8+IL+1,

L 4+—=I
2 1801 t36% (x—8—-1L —L)(x+8+1,+1,)
1 23 1 2@+ 1 + 1)
= <__—11 +_12)
4 180" " 36 %) \x— (64 + 191, + 171,)
1 23 1 8+1; +1,
“(-son 550 )
2 90" 18 %) \x—64—19I, — 171,

= ez 191, — 175 e same integral function

> Standard 2- refined rational neutrosophic integral II:

f ai + by + ¢,
(aZ +b211 +C212)2 —x2 X

1 (al a,b, + bic; —a b, — bzcl] [a201 —a,C; )
- 1

a, + byl + ¢l +x
2 a; (az +cx)(az + by +¢3) az(az + c3) 2

a2 + b211 + C212 — X

+C

Whereas a, # 0, a, # —c,, a, # —b, — ¢, C = ay + byl; + ¢yl, and a,, by, ¢, are real numbers.

Proof:
a; + bl + ¢, _ a; + bl +cil,
(az + bzll + 62]2)2 - xz B (az + b211 + C212 - x)(az + b211 + 6212 + x)

Igbal Ahmed Musa and Yaser Ahmad Alhasan, The integral of 2- refined rational neutrosophic functions



Neutrosophic Sets and Systems, Vol. 80, 2025 669

_ay+ b+l 2(a, + byl; + c,15)
B 2((12 + bz[l + Cz[z) (az + ble + Cz[z + .x)(az + b2[1 + Czlz - x)

_ ay+bih+al, Taa+bh el +x+a;+ b+l —x
N 2(a2 + bzll + Czlz) (az + bzll + C212 + x)(az + b211 + 0212 - x)

_ayt+ b+l |x+a;+ by +cly + (ag + boly + ¢l — x)
B Z(az + b211 + Czlz) (az + bzll + C212 + x)(az + b211 + C212 - x)

_art+bilh+ol 1 + 1 ]
" 2(ap + byly + cy) lag + bl + ¢, +x  ay + byl + ¢yl — x

J‘ a, + b, + 1,
x
x2 — (a, + by1; + c31,)?

f a; + b, + ¢yl 1 1 ]d
= X

+
2(ay + byl + cy1;) lay + by + i, +x  ay + byl + ¢l — x

a; + b + 1, (f 1 p f -1 4 )
= X — x
2(ay + boly + ;1) \) a; + bl + 11, +x a, + b,y +c,l, —x

a, + bl + ¢,

= l byl I —1 b,1 I, — c
2(a2+b211+C212)(n|a1+ 11+C12+X| n|a2+ o1 + ¢y, X|)+

a, + byl; + ¢l +x

_ 1 (al azbl + blcz - albz - bzcl] [a261 - a1(,‘2 )l | + C

~ 2\a, (ay + cy)(a, + by +¢y) 1 a,(a, + c;) 2 a, + byl +c,I, — x
Example 2
Evaluate:

f 31, + 51,
dx
1 + 7211 + 812 - xz

Solution:

1472l + 8L, —x? = (JT+ 72, + 81;) — x?
= (JI+72L +8L,) — x2

= (1 + 611 + 212)2 - Xz

Whereas: [T+ 72l +8L, =V1+[VI+72+8—v1+8|l,+[VI+8-Vi]L
= J1+72+8l,=1+6l +2I,

f 31, + 51, _1( 31, + 51, ) 1+611+212+x|
1+72L+8L, —x2 "~ = 2\1+6l, +25,) "1+ 6L, + 21, — x

_( 7I+51>l 1+611+212+x|
“\T18 6 ) M6l + 2L —x
Whereas C = ay + bol; + ¢yl, and a,, by, ¢, are real numbers.

Let’s check the answer:
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d[( 71+51)l 1+611+212+x| C]
dx I\ 18" 762 M1 6l + 21, —x

7 5

_( 7I+51)< 1 -1 )
U 18t e \1+6L+2L,+x 146l +2,—x

181 " 6 %)\ 46l + 2, +x)(1 + 61, + 21, — x)

7 5 2(1 + 61, + 21,)
()
18176 2)\(1+ 6l +2I,)% — x2

7 5 1+ 61, + 21,
(o3 |
9 3 1+7211+8[2—X2

B 31, + 51,
" 1+72I +8I, — x?

(The same integral function)

» Standard 2- refined rational neutrosophic integral III:

J‘ a, + b, + i1,
x
x2 + (a, + b1, + c,1,)?

_ 1 (al a2b1 + b1C2 - a1b2 - bzcl]
" 2\a, (a; +c)(ap + by +¢y) 1™

[y S PR 1
- an — — X
az(a; +¢;) 2 a, (a; + c)(az + by +c3) ! ay(a; +c;) 2

+C
Whereas a, # 0, a, # —c,, a, # —b, — ¢, C = ag + bol; + col, and aq, by, ¢, are real numbers.

Proof:
Let's put: x = (a; + byI; + c;1;) tan¥ = dx = (a, + by1; + c;13)sec?9 dI

Then:
x%2 + (ap + byly + c31,)? = (a, + by1; + c,1,)%tan?9 + (a, + byl; + c,15)?

= (az + b211 + Cz[z)z(tanzﬁ + 1)

= (az + b211 + Czlz)zseczﬂ

f a, + b1, + 1l

a; + bl + i1, )
Y24 (@y 1 byl T L)° dx = f @ (a, + by1; + c,1,)sec*d d9

+ by1; + cy15)?%sec?9

_ f a, + b + ¢yl _ayt+ b+l f
N a, + b1, + c,, B a, + b1, + c,l,

a; + bl + ¢, a; + bl + ¢, 1 ( x )
= = an"t|l———— | +
a, + b,I; + c,1, a, + b,I; + ¢, 1, a, + b,I; + c,1,
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Where:
Y . —
B a, + b,1; + c,1,
Hence:

J‘ a, + b +cil,
x
x2 + (a, + b1, + c,1,)?

_ (al azbl + b1C2 - a1b2 - b2C1
\a, (az + c)(az + by +¢;) 1

o (TR S P
- = an — - x
ay(a; + ;)1 ? a, La;+c)(a +by+ )l lay(a, +c)l ™2

+C
Whereas a, # 0, a, # —c,, a, # —b, —c,, C = ay + byl, + ¢yl, and a,, by, ¢, are real numbers.

Example 3
Evaluate:
f —6+7L+8l,
X2 + 25 + 801, + 39,
Solution:

2
x% + 25+ 801, + 391, = x% + (/25 + 801, + 391,)

x% 4+ 25+ 801, + 391, = x2 + (5 + 41, + 31,)?

Whereas: /25 + 801, + 391, = V25 + [V25 + 80 + 39 — V25 + 39]I; + [V25 + 39 — V25|,

= J1+72I, + 8, =5+4I, +3I,

X2 + 25 + 801, + 391, X2+ (5 + 4L, + 3L,)2

_ <_6 + 711 + 812) -1 ( X
“\5+4I +3I, 5441, + 31,

)+c
—<_6+1I+291>t -1 (1 oy 31) +C
“\5 T2t 202) M (57241 T 02)*
Let’s check the answer:

d<_6+11+291>t -1 (1 ', 31) +C
dx|\5 T2t T 20%2) " \\5 722" T 302)*

C(Fetna 2
“\5 "217 20 (1
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6 1 29 L 1I 31
_(=6 1 <9 5 241 302
_<5 +211+2012> ,
1 1 3 ) 1
(E‘ﬁ’1‘40’2) x +(l_i1 —il )2
52417730
_(—6+1I+291> 1
“\5 21720 L1 5 .
— — -~ 2
(5-2ah 40’2)x+i_i1_£1
25 5761~ 1600 2
6 1. 29
1_1, 3 )
572417402 2
Xt+t1—% 39

(xZ + 25 + 801, + 391,)

=6+ 7L +8I,
"~ x2 425+ 801, + 391,

(The same integral function)

3. Conclusions

In this paper, we were able to discuss three rules that made it easy for us to solve and find the
integral of 2- refined rational neutrosophic functions directly without following long solutions and
methods to find these integrals. In addition, to verify the validity of these rules, we provided a proof
for each rule. We were also able to obtain results that were verified through a set of examples.
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