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This paper is dedicated to study some numerical solutions of neutrosophic and dual
differential problems through a numerical comparison between neutrosophic Euler's method
and 4-th order Runge-Kutta neutrosophic and dual method, where we apply both methods on
the same problems and compare the numerical results of solutions and numerical estimations
of errors by using numerical tables.
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1. Introduction

Numerical analysis is a basic branch of mathematics and is primarily concerned with finding
approximate values and approximate solutions to algebraic or differential equations, for
which solutions are difficult to find using traditional methods [1-6]. Numerical analysis is
closely related to algorithms and computer science [7-10]. The concept of neutrosophic logic
and the neutrosophic set was developed to deal with the presence of indeterminacy in
scientific data and theses, and sometimes to deal with the lack or conflict of data related to
a certain research question [11-15]. In many research papers published recently [16-20],
numerical solutions have been studied and found for many equations that contain an element
of indeterminacy (neutrosophic), where the effectiveness of many methods in studying these

solutions has been compared and classified into independent tables called numerical tables
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[21-25]. In this research, we are interested in following in the footsteps of researchers in
works concerned with neutrosophic numerical analysis [26-33], where we study some
numerical solutions of neutrosophic and dual differential problems through a numerical
comparison between neutrosophic Euler's method and 4-th order Runge-Kutta neutrosophic
and dual method, where we apply both methods on the same problems and compare the

numerical results of solutions and numerical estimations of errors by using numerical tables.

2. Main Discussion

Definition 2.1 Consider the following (I'\VP) of neutrosophic variables:

d()’1+3’21)®
I I — — 1 )i
1 +y21)' = d(x, + x,1) = f(xq + x20,y1 + y21) '

(1 +y20) (o + x01) = yo + ¥l 5%0,%0, Y0, Y0 € R.
The method can be explained by the following equations:
1 +y2D(xq + x21) = (v + ynD) + f (o + %01, y0 + yoI) (xo + X0,
when x; + x,I = x; + x51, we have:
y1 +y1l = yo + yol + (hy + hoD)f (xo + x01, 0 + ¥o1),
The next approximations are:
Yo + vyl =y + yiI + (hy + ho D) f(xq + x11,y, + y11), at the point x; + x,1 = x, + x51,

V3 +y3l =y, +y,l + (hy + haoDf (xp + 231,95 +y21),and Yy + Ypyql = Yo + vl +

(hy + hoD)f (xp + x50,y + yuI) forall n =0,1,2, .....

Definition 2.2 Consider the following (IVP) of neutrosophic variables:

1 +y2D)" = f(x1 + 221,91 + y21), (v1 + y2D) (xo + x51) = yo + ¥ol,

Let
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h= (e +x11) = (xo + 1) = (x1 — x9) +1(x1 — xp),

then,
(1 +y.D(x +x'I+h+h'I)
=1 +y:Dx+x'D+ (h+h' Dy +y.D'(x +x'D)
+ (’H_z—i'lll)z (1 + y.D) ' (x + x'D+. ...
Hence,

i+ yDx+x'T+h+hT)— (y; + y,D(x + x'T)

(h + h'1)?

S 01 Ty (XDt

=(h+h Dy, +y,D)'(x+x'T)+
By partial differenation, we get:
Y =1 +yD)' =+ 2Ly +y.D) =f,
y" = fx1+x21 + f-fy1+y211
V" = fentxaDGatxoD) T 2f frtxan0n4vaD) T o4y oaty2D) + foartxanon4van) T [ fyiayans
Take:
Fi+FiI = fi sa1 + ffyiay,r
Fy + F31 = fix, 45,00 4500) T 2 Fortxan i 4va0) + F2 i 400 4921

Iy 2
F3 + F31 = f(x1+x21)(x1+x21)(x1+x21) + 3ff(x1+x21)(x1+x21)(y1+y21) + f f()ﬁ+3’21)(J/1+3’21)(Y1+3’21) +

2
f f(J/1+3’21)(J/1+3721)(Y1+3721)’

hence,
Fi+FIl=y
Fy + Bl + fy, 4y,n(F1 + F1I) = y" ,

(F3 + F3I) + f(y1+y21)(F2 + FZI) + 3(F1 + Fll)(f(x1+x21)(y1+y21) + f-f(y1+y21)(y1+y21))

2
1 +y2Dx+x'T+h+h'1) = (v + 1) (x +x'I) = (hy + hpDD(f) +M(F1 +

2!

FD+. ...
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K, + K{I = (h + ' Df,
Ko+ Kyl =h+RDf(x+xT+m+m'Dh+ kD, y+y' 1+ m+m'DK, +K{D),
Ks+Kil=h+RDf(x+xT+Wm+n'Dh+h'D,y+y'T+m+n'D(K, +K3D)),
Ky + K =Mh+hDf(x+xT+@+p'Dh+h'D,y+y T+ (p+pDK;+ K;3I)),

Ay iy, 1= 1ty D + XLy, + y,1) — (1 + y2D (%1 + x21) = a(K; + K{I)+ b(K, + K;1) +

c(Ks + K3I) + d(K, + K,I),
Now, we can use Taylor's expansion for several variables:
Ki+K{I=(h+hDf,
K, + Kyl =(h+h'])+ [f +m+m'Dh+h' D(F, +FI+ % m+m'D?(h+ W' D?(F, +

B+ ...,

Ky + K= (h+ 1D +[f + e+ 0D+ K D(F -+ FD + 2+ D2 (0 + 0D (F, +
F,D) +2(m+m'D(n+n'Df,(F, + Fll)) +%(h +R'D3((n+n'1)3(F; + F31) +3(m +

m' D2+ 0 DfyFyl) + 6 G+ m' 1)+ 1 D2(Fy + ) (Faays + ffyy)+ -,

K, + K, =(h+h'D)+ [f +(@+p' Dh+hD(F +FI+ % (h+h'D?[(p+p' D?(F, +
FD+2(m+n'Dp+p' Df,(F, + F{D]| + % (h+h'D3[(p+p' D3(F; + FiD +3(n+n'D?(p +
p'Df,(Fy + F3D] + 6 (n+ 0D (p +p'D(Fy + FyD(Ferys + ffy2r+e e ]

hence,

— + 7D+ x' D+ 1 +y.D(x+h+I1(x"+1))=ath+h'Df + b(h+ R'D[f +

(m+m D+ RDE A+ RN+ ]+ c(h+ D [f + (et n'D(h+ R D(F + FD +

S+ KD+ W DRyl | + = (h+ K'D3((p + p'D3(Fs + FD) + 3(n +n'1)?(p + p'DF,1 +

-1,
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thus,

(ys + yzl)(x +h+10x"+ h’)) — (1 +y.D(x+x'D)
=(a+b+c+d)(h+h'Df

+[bm+m'D+cn+n'D)+dp+p'DI(h+h'D?(F, + F,I)

h+ h'1)3(F,I
+ [bm+m'D?*+cn+n'D?+d(p +p'1?] ( 2) (F2l)
h+ h'D*(F,1
+[bm+m' D3+ c(n+n'D3+d(p +p'D3] ( 6) (F2D) Fors
hence,
ra+b+c+d=1
1
b(m+m'D) +cn+n'l)+dp+p'l) = S+ I
1
< bm+m'D?*+c(n+n'D?*+dp+p'D? = 3t I’
1
bm+m'D> +cm+n'D)?+dp+p'D° = Rl
and
( ! 4 14 12 1
cim+m'Dn+n')+dn+n'Dp+p'D) =€+1
1
cim+m'D*n+n'D+dn+n'D @ +p'D) = !
]
1 )
cem+m'Dn+n'D?+dn+n'D(p+p'D? = 3 +1
1
L dm+m'D(n+ nDp+p'l) =—
24
S0 that:
(m== 1
m = _,_1
—— ) ! — 1 ) 1
n p b=c= §
m =n"=1
thus,

Ki +K{I=(h+hDf(xq+x0l,y9 + yol) = df.
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Ky + K31 = (h+ WDf (xo + xpl + 20 yg 4 yg1 4 29240),

K3+K3I—(h+h1)f(x0+x01+h+h1'yo+y01+ K2+K21)’

1 ! ! !
By iy,i= = [(Ky + 2Ky + 2K5 + Ky) + I(K{ + 2K3 + 2K} + K})],

yi+yil =y, +yil +— [(K1 + 2K, + 2K; + K,) + (K] + 2K, + 2K5 + K,)],
this implies that the neutrosophic 4-th order Runge- Kutta formula is:

Ki + Kil = (h+ K'Df (tn + xpl, Yo + yu) = df,

/
w’yn+y’1+

Ky + K3 = (h+ h'Df (x + xhl + K1+K1’)

Ks + K31 = (h+ R'D)f (i + xpl + 20y 4y 1 4 K220

Ky, + K =((h+hDf(x, +xp] +h+h'Ly, +y,] + K3 + K31),
Vet + Vsl = Yn + yal + < (Ko + 2K, + 2K5 + K) + = 1(K{ + 2K3 + 2K3 + K),

Numerical comparison:

Consider the following neutrosophic problem:

(o1 + 22Dy + y2D)" = 2(y1 + y21)' = (10 + 101) (x; + x, 1%,

y+y,DA+D=2+1

1ty D'A+D=2+1

h=0.1+0.11] ’
0<x,<20<x,<1

hence,
y1+y5l = z1 + 2,1

! ! 2
zy + 2yl = (10 + 1) (%, + x,1)3 + m(zl + z,1),
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Now, consider the following problem:

1 +y2D)" =21 + y2I)' = 4(x1 + x31D),

with
1 +y.D0) =1+1
1 +y.D)'(0) =2+1
0 < X1 < 1 '
0 < Xy < 1
hence,
{ 1 +y2D)" =21 + 251
(z1+2,D) = (A + Dy +x,0) + 2+ D(zg + 2,1),
with

{()ﬁ +y,D(0) =1+1
(z; +z,D)(0) =2+1T

Numerical Result:
Example 2.1 Consider the neutrosophic differential equation
(e + 2D (1 +y2D)" = Q+ Dy + 20" = (10 + D (g + 22D,

with initial conditions

01+ DA+D =2+,
and

1 +y, D' =241,

over the interval 0 < x; + x,] <2 with stepsize h = 0.1 +I.

O +y2D)' =271 + Z,1

2
(Zl + ZZI)’ = 10(x1 + x21)3 + m(zl + ZZI)

with initial conditions y(1) = 2 and z(2) = 2.

The exact solutions are:
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yl + yzl = (x1 + le)s - (xl + x2[)3 + 2, Zl + Zz] = 5(x1 + x21)5 - 3(x1 + le)z.

Example 2.2 Consider the neutrosophic differential equation
O +¥2D)" =20 + ¥20)" = 4(xq + x20),
with initial conditions
01 +yDU) =141,
and
1 +y.D'D)=2+1,
over the interval 0 < x; + x,I <1 with step size.

We first convert the second-order ODE into a system of first-order ODES:

{(}’1 + ) =7y + 7,1
Z’ = 4‘(X1 + le) + 2(21 + Zzl)’

with initial conditions
1ty D) =1+1,
and
(Zy+Z,D(D) =2+1.
The exact solutions are:
i+ vl = —((x1 + x,1)% + x1 + x,1) + 1.5 exp(2(x; + x,1)) — 0.5,

Z1+ Zo0 = —(2(x1 + x20) + 1) + 3 exp(2(x; + x31)).
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Table 1. Approximation solution of 1 by using (Euler), ABM (RK) and with step size h = 0.1 + 1.

X+ x,1 Exact Euler method Runge-Kutta Error (Euler) Error(Runge-Kutta)
1+l 2+| 2+| 2+l | |
1.1+1 1.3998 +I 1.36918 +I 1.3568 +I 0.0445+I 0.0445+I
1.2+l 2.5578+I 2.544168+I 2.54418+1 0.12441032+1 0.1244132+1
1.3+1 3.31006+I 3.324416+I 3.3144176+I 0.331044182+I 0.344101182+I
1.4+1 4.23115+1 4.23385+I 4.23235+I 0.76642161+I 0.76642161+I
1.5+ 6.3095+I 6.378890115+I 6.3889015+I 0.9482188901+l 0.9482889011+l

1.6+1 8.441002+I 8.429889012+1 8.488901802+1  1.18813788901+I 1.18890113780+I

1.7+1 9.446+1 9.48890146+1 9.455427+| 1.36687140+I 1.36687140+I

1.8+1 16.88901+1  16.81889011901+1 16.888901701+| 1.88901715365+I 1.68890115365+I

1.9+1 17.00123+1 17.0016413+1 17.057913+I 2.096091486+1 2.096091486+1

2+l 22.332102+1 22.3498102+1 22.31102+1 2.443149+] 2.34419+1

Table 2. Approximation solution of 1 using (Euler), ABM (RK) and the error estimation for step
size h = 0.1+1.

X Exact Euler method Runge-Kutta Error Euler ErrorRunge-Kutta
1+1 2+l 2+l 2+ | I
1.1+1 3.4439+1 3.4+l 3.699355+| 0.22345+I 0.00003935+I
1.2+1 6.02214+I 5.34911123182+I 6.0471123187+I 0.31123118+I 0.00011231413+I
1.3+1 9.11231+l 7.88971212+1 9.016711231594+1 1.241123178788+I 0.0011231406+I
1.4+1 13.2593+I 11. 83823047 11.32788106+I 1.448275953+I1 0.00015623+I
15+1 18.188916+1 16+1.838438571+I 16.5643821+l 1.6543829+I 0.0043896+I
1.6+1 23.044380+I 23. 88979212+l 23. 0167723+ 1.88920788+I 0.00020369+I
1.7+1  30.113405+ 30.95743892+1 30.0943881+I 2.13438508+1 0.0043895+1
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1.8+1 41.445+] 40.37687609+1 41.7935046+1 2.382752391+1 0.00025780+1
1.9+1 52.3987+1 51. 8893481960+ 52.3948192+1 2.684819440+1 0.0481924+I
2+ 66+l 65.04838248+I 67.90167747+1 2.95827517+l 0.00031827+I

Table 3. Approximation solution of 2 using ABM (Euler), ABM (RK) and the error estimation for
step size h = 0.05+ 1.

X Exact Euler Runge-Kutta Error Euler ErrorRunge-Kutta
1+l 2+1 2+1 2+l I I
1.1+l 2.25541+] 2.2481997+| 2.5691697+I 0.00003935+I 0.22481945+|
1.2+l 2.76032+1 2.7220804+I 2.7669162208061+1  0.00008413+I 0.34819918+
1.3+ 3.767593+I 3.5154819+I 3.53691652895+1 0.00013406+I 1.248198788+I
1.4+1  4.332424+] 4.11084819+I 4. 393220804018+ 0.00015623+I 1.448275953+1
1.5+  6.115187+l 6.22208042+1 6.2122080130+I 0.0001691696+I 1.65974429+1
1.6+1 8.48976+I 8.3481946+I 8.3691676230+I 0.0002691669+I 1.88481920788+I
1.7+l 11.44157+] 11.281736811+I 11.2853935+| 0.00022995+1 2.13827508+I

1.8+l 15.069168+I 15.05481967+I 15.0220805389+1  0.00026916780+I 2.3848192391+I

1.9+1  19.80199+I 19.22208013+I 19.9022080447+I 0.000269164+I 2.648195440+1

2+ 25+1 25.5481949+| 26.00082759+1 0.0003691627+I 2.9481927517+

Table 4. Approximation solution of 2 of using ABM (Euler), ABM (RK) and the error estimation
for step size h = 0.05 + 1.

X Exact Euler Runge-Kutta Error ABM Error AMM
1+l 2+ 2+ 2+ | |

1.1+ 3.67787+ 3.69049724+1 3.6907787+I 0.0000115+I 0.000113+I
1.2+l 6. 169+l 6.04799663+I 6.01699169+I 0.0000489+I 0.0000478+I
1.3+1  9.4415+] 9.21049590+I 9. 4415+ 0.000066741+1 0.0000658+I
1.4+1 13.68275+]  13.32799513+I 13. 68275+l 0.00000487+I 0.0000513+I
1.5+1 16.04970+1 18.56249431+]  18.04979431+l 0.0000688+ 0.000722+I
1.6+1 22.13149+]  25.08799344+1  25.08799170+I 0.0000456+I 0.0008872+I
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1.7+1  33.2286+ 33.09049251+1 33.0994089+1 0.0011749+1 0.0016937+I
1.8+1  42.6678+I 42.76799153+1  42.76798949+I 0.00021847+I 0.00241051+1
1.9+41 54.40918+]  54.33049050+1  54.33048829+I 0.0031950+I 0.00351171+l

2+ 68.33209+1  67.99998942+]  67.99998703+I 0.00421058+1 0.0041297+I

Definition 2.3 Consider the following (IVP) of dual variables:

d(y1 + y2))°

On +y2)' = m = f(x1 +x2/,¥1 +¥2)) _

1 +y2 (X +x0)) = yo +¥oJ 5 %0,%0, Y0, Yo E R

The method can be explained by the following equations:
1 + Y2 (o1 +x2)) = i + yn)) + £ (%0 + %0/, Yo + ¥o)) (X0 + Xo)),
when,
x1 + %] = x1 +x3],
we have:
vi +y1 = Yo +yoJ + (hy + ha))f (x0 + %0/, Yo + o),
The next approximations are:
V2 +y2) =y1+yi) + (hy + ho)f (a1 + x1), 1 + y1)),
at the point
X1+ x2] = X3 + %3],
vz +y3] =ya+y2) + (h + ho)f (2 + X2, 52 + y2)),
and

Yn+1 t+ yr,1+1] =Ynt y;zj + (hl + hZ])f(xn + xr’)]:yn + yfll]) forall n=10,1,2, ...
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Definition 2.4 Consider the following (IVVP) of dual variables:

1 +y20)" = fxy + %20, 31 + y20), 1+ y20) (xg + x0)) = o + Yol

let
h = (x1 +x1)) = (%o + x0/) = (1 — x0) +J(x1 — x0),
then,
U1+ v D+ x ]+ h+ 1)) =1+ v D+ x)) + (h+ D+ y2))'(xc + %)) +
W (1 +y2) (x + x'D+. ...,y
hence,

D+ Dx+x'J+h+h]) =y +y2D(x +x))

(h+h'])?

ST 01+ ) (XD

=th+h D +y)) (x+x]) +

by partial differenation, we get:
y' =01 +y) =0+ x5y +y2)) =7,
y” = fx1+x2] + f-fy1+y2]’
V" = forxnaitnn T 2f forxanoiryen ¥ P fonenanoieran T favrxanoneven + v,
take,
Fi+ FJ = fayixyg T - fyity,g
Fy + F3] = fix, 43, n0a+x2) T 2 Foartxanntva) T F2 feitxa 1 4920):

Iy — 2
F3 + F3] = f(x1+x2])(x1+x2])(x1+x2]) + 3ff(x1+x2])(x1+x2])(y1+y2]) + f f()’1+3’2])(3’1+3’21)(3’1+3’2]) +
2
f f()’1+3’2])(J/1+3’2])(Y1+YZD’
hence,
Fi+F]=y

Fy + Fo] + fy,4y,n(F1 + F1J) = y" )
(F3 +]) + f()’1+3’2])(F2 + FZI) + 3(Fl +])(f(x1+xz])(Y1+YZ]) + f'f(J’1+J’z])(y1+J’2]))
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01+ 72D+ X+ R+ W) = O+ 32D G x) = (g + ho () + 8220 (4

Fi)+. ...
Ky + Ki] = (h+ '],
Ky + K] = (h+ W' Df(x +x'] + (m+m' )+ R')),y +y'] + (m+m'])(K, + K{D)),
K3+ Ky =+RDf(x+xT+m+n'DNh+R)D,y+y]+0m+n' DK, + K1),
Ko+ Ky =(h+hDf(x+x ]+ @+p' D+ R]D,y+y']+ @ +p DK+ K3D),

Ay ty,i= 1+ Y D+ X,y +¥2)) — O + ¥ (% + x2)) = a(Ky + K{J) + b(K, + K3)) +

c(K3 + K3J) + d(Ky + Ky)),
now, we can use Taylor's expansion for several variables:
Ky + Ki] = (h+h'])f,

K, + K;] = (h+ h'))

1
+ [f + m+m)(h+hE A+ F) +5m+ m')?(h + h'D?(F, + F3))

-]

Ky + K3 = (h+ W)+ [f + o+ )+ R+ F +3 o+ ) (4 D2, +)) +
2m+m'N(n+n')f, (F + Flj)) + § (h+h')D3((n+n'))3(F; + F3)) + 3(m +m'))*(n +

WDfyFa)) + 6 G+ m D+ 02 Fy + F) (Feay + fhyy)+ o,

Ko+ KiJ = (R4 B)) +[F + @+ p DB+ RE + F + 2+ D[+ p' D2, +
F3J) + 200+ ') + p'Dfy (Fy + FD] + 2 (h o+ W[ + p' s + F) + 3+ ') (p +

P'Dfy(Fy + FID] + 6 (0 + ') + p' D+ F) (Fays + ffyzr+e ) o,

hence,
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~ + Y2 D+ XD+ 1+ D+ h+ ]+ 1)) = ath+h')Df +b(h+ R DIf +

(m+m')(h+ R )(F +F)+....]+c(h+h')) [f + m+n)(h+h'(F + F)) +

SR+ K2+ 1)) Fo] |+ 5 (h+ W3 + p'))3 (Fs + F3)) + 3+ )2 (p + p'F] +

-1,

thus,
O+ D(x+h+]&" +R)) = +y N +x' ) =(a+b+c+d)(h+R)f +

[bm+m')+cn+n'))+dp+p'DIh+h')D3(F, + F;1) + [b(m+m'])? + c(n+n'))? +
—(h+h,])4(F21) B

d(p +p' )2 EEDED 4 1 (m ) + cn+ )+ d(p + ') L

so that,

thus,
Ki +Ki] = (h+ h'))f (xo + x5/, ¥0 +]) = df.

Ki+K1]
2 i)

li ! ! h h’ !
K, + K] = (h‘l‘h])f(xo +xo]++T];}’o +yo/ +

Ky+K5]
2 i)

Ks + K3 = (h+ WDf (x0 +x6] + 5Ly + y4) +
Ky +KyJ = (h+h'))f(xo + xo] + R+ h'],y0 + yo] + K5 + K3)),

Numerical comparison:

Consider the following dual problem:

(1 + 22 ) (1 +¥2))" = 2(y1 +¥2))" = (10 + 10)) (x; + x,))%,
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b +yDA+))=2+]

D+ DN)'A+D=2+]

h=01+0.1) ’
0SX1S2,0S3€2S1

hence,

Vi +Ya] =21+ 2]

2
21 + 23] = (10 + D (x1 + x2))3 +m(z1 + z,)).

_|_

now, consider the following problem:

1+ 2" =201 + ¥ ) = 40 + x2)),

with

(1 +y2)(0)=1+]

1 +y2))'(0)=2+]

0<x, <1 ’

0< Xy <1
hence,

{()ﬁ +y2))' =2z + 73]
(z1+2)) =G+ D +x)) + 2+ )) (21 + 2))

with

{(}’1 +¥,/)(0) =1+]
(z1+2))(0) =2 +]

Table 1. Approximation solution of the example by using (Euler), ABM (RK) and with step size h =
0.1+

X Exact Euler Runge-Kutta  Error Euler Error RK

1+ 2+ 2+ 2+ J J

1.1+J 3.67787+)  3.5357787+1 3.6907787+J  0.15454464+) 0.000113+ 1)

1.2+ 6.169+J 5.761693+J 6.01699169+)  0.27828957+J  0.0000478+J
1.3+J  9.4415+]) 8. 4415+ 9.4415+ 0.32617295+)  0.0000658+J
1.4+J 13.68275+) 12.68275+ ] 13.68275+J  0.37828757+J 0.0000513+JJ
1.5+J 16.04970+J) 18.04972587+) 18.04979431+J 0.43425871+) 0.000722+J

1.6+J 22.13149+]) 24.59391009+) 25.08799170+J 0.49408991+J 0.0008872+J
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0.55778118+J
0.62533254+]
0.69674397+
0.77201548+J

0.0016937+J
0.00241051+J
0.00351171+
0.0041297+]

1.7+

1.8+J
1.9+

2+J

33.2286+ ]
42.6678+J
54.40918+
68.33209+]

32.5394089+J  33.0994089+J
4214266746+ 42.76798949+]
53.63375603+  54.33048829+
67.22798452+]) 67.99998703+J

Table 2. Approximation solution of the example using (Euler), ABM (RK) and the error estimation
for step size h = 0.9 +].

X Exact Euler Runge-Kutta Error Euler Error RK
1+ 2+ 2+l 2+ J J
1.1+J  2.25541+] 2.28871+ 2.5560897+J 0.00003935+I 0.22345+ ]
1.2+J 2.76032+J) 2.44914306+) 2.76031761+J 0.001348413+I 0.371918+J
1.3+J 3.767593+J 3.88181936+J) 3.539352895+J 0.00827513406+] 1.24178788+ ]
1.4+J 4.332424+]) 4.6688294+J 4.393524018+J 0.08275011894+) 1.448275953+]
1.5+J 6.115187+J 5.171701+J 6.21875130+J 0.08275016779+) 1.65974429+ ]
1.6+J 8.48976+J 8.065518+J 8.38976230+ J 0.013416177+J  1.88920788+J
1.7+3 11.44157+J 10.491675+J  11.2853935+ ] 0.013421019+J  2.13827508+ J
1.8+J 15.069168+] 13.114943+J 15.082755389+] 0.0134020954+]) 2.382752391+]
1.9+J 19.80199+J 17.377873+J 19.90199447J  0.0827525828+J)  2.68275440+]
2+J 25+ 22.1991698+J 26.00082759+)  0.013426253+J  2.95827517+J

Table 3. Approximation solution of the example using ABM (Euler), ABM (RK) and the error

estimation for step size h = 0.08 + .

X Exact Euler Runge-Kutta  Error Euler Error RK

1+J 2+ 2+ 2+ J J

1.1+J 3.67787+J) 3.5357787+J  3.6907787+J] 0.15454464+)  0.000113+J
1.2+J  6.169+] 5.761693+J 6.01699169+J 0.27828957+J  0.0000478+J
1.3+ 9.4415+] 8. 4415+ ] 9. 4415+ 0.32617295+J  0.0000658+]
1.4+J 13.68275+)  12.68275+] 13.68275+J)  0.37828757+] 0.0000513+]
1.5+J 16.04970+) 18.04972587+J) 18.04979431+) 0.43425871+) 0.000722+]
1.6+J 22.13149+) 24.59391009+J) 25.08799170+J 0.49408991+]J 0.0008872+]
1.7+J 33.2286+) 32.5394089+J) 33.0994089+J 0.55778118+J 0.0016937+]
1.8+ 42.6678+) 42.14266746+]) 42.76798949+]) 0.62533254+) 0.00241051+]

Ahmed Salem Heilat, A Comparison between Euler's Method and 4-th Order Runge- Kutta Method For Numerical Solutions

of Neutrosophic and Dual Differential Problems



Neutrosophic Sets and Systems, Vol. 81, 2025 556

1.9+ 54.40918+ 53.63375603+ 54.33048829+ 0.69674397+ 0.00351171+
2+J  68.33209+) 67.22798452+) 67.99998703+) 0.77201548+] 0.0041297+J

Conclusion

In this paper we have studied some numerical solutions of neutrosophic differential problems through
a numerical comparison between neutrosophic Euler's method and 4-th order Runge-Kutta
neutrosophic method, where we applied both methods on the same problems and compare the
numerical results of solutions and numerical estimations of errors by using numerical tables. We have
noticed from the numerical study and application of the two mentioned methods that they provide
good results compared to exact solutions, with an acceptable small error of approximation. We hope
that in the future the possibility of applying some other numerical methods to neutrosophic problems

will be discussed and the numerical results compared through numerical tables.
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