
                                    Neutrosophic Sets and Systems, Vol. 81, 2025 
University of New Mexico  

 

Yaser Ahmad Alhasan, Asma Mohammed Alshallali and Qusay Alhassan, The double integrals of 2- refined neutrosophic 

functions and its applications 

 

 

 

The double integrals of 2- refined neutrosophic functions and its 
applications 

Yaser Ahmad Alhasan1,*, Asma Mohammed Alshallali2 and Qusay Alhassan3 

1Deanship of the Preparatory Year, Prince Sattam bin Abdulaziz University, Alkharj, Saudi Arabia.; y.alhasan@psau.edu.sa 
2Deanship the Preparatory Year, Prince Sattam bin Abdulaziz University, Alkharj, Saudi Arabia.; a.alshallali@psau.edu.sa 
3Faculty of Informatics Engineering, Cordoba Private University, Syria.; qusayalhassan77@gmail.com 

 

*Corresponding author: y.alhasan@psau.edu.sa 

 

Abstract: The importance of this paper comes from the fact that it presented a study of the double 

integrals of 2- refined neutrosophic functions and its applications, where we presented several 

theories for the concept of the double integrals of 2- refined neutrosophic functions over a general 

region and over a rectangle, including the 2- refined neutrosophic Fubini’s theorem. In addition to 

discussing applications of double integrals of 2- refined neutrosophic functions to calculate the area 

of region. Also, We took into account the definition of the positive 2- refined neutrosophic number, 

and the n-refined AH-Isometry. 
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1. Introduction and Preliminaries 

As an alternative to the existing logics, Smarandache proposed the neutrosophic logic to represent a 

mathematical model of uncertainty, vagueness, ambiguity, imprecision, undefined, unknown, 

incompleteness, inconsistency, redundancy, contradiction, where Smarandache made refined 

neutrosophic numbers available in the following form: (𝑎, 𝑏1𝐼1, 𝑏2𝐼2, . . . , 𝑏𝑛𝐼𝑛)  where 

𝑎, 𝑏1, 𝑏2, . . . , 𝑏𝑛  ∈  𝑅 𝑜𝑟 𝐶  [1].  Agboola introduced the concept of refined neutrosophic algebraic 

structures [2]. In addition, the refined neutrosophic rings 𝐼  was studied in paper [3], where it 

assumed that 𝐼 splits into two indeterminacies 𝐼1  [contradiction (true (T) and false (F))] and 𝐼2 

[ignorance (true (T) or false (F))]. Abobala presented the papers on some special substructures of 

refined neutrosophic rings and a study of ah-substructures in n-refined neutrosophic vector spaces 

[6-7]. 

 Alhasan.Y and Abdulfatah. R also presented a study on the division of refined neutrosophic number  

[8]. 

 There are papers presented in n-Valued Refined Neutrosophic Logic and Its Applications in Physics, 

Neutrosophic Rings I [4-5] and studying the integral calculus according to the logic of neutrosophic 

by presenting a set of papers on that [9-10]. 
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 In addition, the AH-Isometry was extended to n-Refined AH-Isometry by Smarandache & Abobala 

in 2024 [11]. 

2. The double integrals of 2- refined neutrosophic functions 

2.1 The double integrals of 2- refined neutrosophic functions over a rectangle 

Theorem 1 (The 2- refined neutrosophic Fubini’s theorem) 

Let 𝑓(𝑥, 𝑦, 𝐼1, 𝐼2) integrable over the neutrosophic rectangle 

𝑅 ∪ 𝐼1 ∪ 𝐼2 = {(𝑥, 𝑦, 𝐼1, 𝐼2): 𝑎 + 𝑎1𝐼1 + 𝑎2𝐼2 ≤ 𝑥 ≤ 𝑏 + 𝑏1𝐼1 + 𝑏2𝐼2 𝑎𝑛𝑑 𝑐 + 𝑐1𝐼1 + 𝑐2𝐼2 ≤ 𝑦 ≤ 𝑑 +

𝑑1𝐼1 + 𝑑2𝐼2}, where: 𝑎, 𝑎1, 𝑎2, 𝑏, 𝑏1, 𝑏2, 𝑐, 𝑐1, 𝑐2, 𝑑, 𝑑1, 𝑑2 are real numbers, while 𝐼1, 𝐼2 = indeterminacy. 

Then the double integrals of 2- refined neutrosophic function 𝑓(𝑥, 𝑦, 𝐼1, 𝐼2) over a rectangle 𝑅 ∪

𝐼1 ∪ 𝐼2 given by the following formula: 

 

∬ 𝑓(𝑥, 𝑦, 𝐼1, 𝐼2)𝑑𝐴

𝑅∪𝐼1∪𝐼2

= ∫ ∫ 𝑓(𝑥, 𝑦, 𝐼1, 𝐼2)𝑑𝑦𝑑𝑥

𝑑+𝑑1𝐼1+𝑑2𝐼2

𝑐+𝑐1𝐼1+𝑐2𝐼2

𝑏+𝑏1𝐼1+𝑏2𝐼2 

𝑎+𝑎1𝐼1+𝑎2𝐼2

 

  

                    = ∫ ∫ 𝑓(𝑥, 𝑦, 𝐼1, 𝐼2)𝑑𝑥𝑑𝑦

𝑏+𝑏1𝐼1+𝑏2𝐼2 

𝑎+𝑎1𝐼1+𝑎2𝐼2

𝑑+𝑑1𝐼1+𝑑2𝐼2

𝑐+𝑐1𝐼1+𝑐2𝐼2

 

where: 

➢ using the horizontal slice: 

∫ ∫ 𝑓(𝑥, 𝑦, 𝐼1, 𝐼2)𝑑𝑥𝑑𝑦

𝑏+𝑏1𝐼1+𝑏2𝐼2 

𝑎+𝑎1𝐼1+𝑎2𝐼2

𝑑+𝑑1𝐼1+𝑑2𝐼2

𝑐+𝑐1𝐼1+𝑐2𝐼2

 

 

➢ using the vertical slice: 

∫ ∫ 𝑓(𝑥, 𝑦, 𝐼1, 𝐼2)𝑑𝑦𝑑𝑥

𝑑+𝑑1𝐼1+𝑑2𝐼2

𝑐+𝑐1𝐼1+𝑐2𝐼2

𝑏+𝑏1𝐼1+𝑏2𝐼2 

𝑎+𝑎1𝐼1+𝑎2𝐼2

 

 

Example 1 

Let 𝑅 ∪ 𝐼1 ∪ 𝐼2 = {(𝑥, 𝑦, 𝐼1, 𝐼2): 0 ≤ 𝑥 ≤ 2 + 2𝐼1 + 2𝐼2 𝑎𝑛𝑑 1 + 𝐼1 + 𝐼2 ≤ 𝑦 ≤ 4 + 4𝐼1 + 4𝐼2}, find: 

 

∬ (𝑥 + 4𝐼1𝑥𝑦 + 2𝐼2𝑦) 𝑑𝐴

𝑅∪𝐼1∪𝐼2

 

Solution: 

➢ using the vertical slice: 

 

∫ ∫ (𝑥 + 4𝐼1𝑥𝑦 + 2𝐼2𝑦)𝑑𝑦𝑑𝑥

4+4𝐼1+4𝐼2

1+𝐼1+𝐼2

2+2𝐼1+2𝐼2

0

= ∫ (𝑥𝑦 + 2𝐼1𝑥𝑦2 + 𝐼2𝑦2)

2+2𝐼1+2𝐼2

0

|

1+𝐼1+𝐼2

4+4𝐼1+4𝐼2

𝑑𝑥 

 

= ∫ [(4 + 4𝐼1 + 4𝐼2)𝑥 + 2𝐼1(4 + 4𝐼1 + 4𝐼2)2𝑥 + 𝐼2(4 + 4𝐼1 + 4𝐼2)2]

2+2𝐼1+2𝐼2

0

− [(1 + 𝐼1 + 𝐼2)𝑥 + 2𝐼1(1 + 𝐼1 + 𝐼2)2𝑥 + 𝐼2(1 + 𝐼1 + 𝐼2)2]𝑑𝑥 
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= ∫ [(4 + 4𝐼1 + 4𝐼2)𝑥 + 288𝐼1𝑥 + 𝐼2(16 + 80𝐼1 + 48𝐼2)] − [(1 + 19𝐼1 + 𝐼2)𝑥 + 𝐼2(1 + 𝐼1 + 𝐼2)2]𝑑𝑥

2+2𝐼1+2𝐼2

0

 

= ∫ [(4 + 292𝐼1 + 4𝐼2)𝑥 + 80𝐼1 + 64𝐼2] − [(1 + 19𝐼1 + 𝐼2)𝑥 + 5𝐼1 + 4𝐼2]𝑑𝑥

2+2𝐼1+2𝐼2

0

 

 

= ∫ ((3 + 273𝐼1 + 3𝐼2)𝑥 + 75𝐼1 + 60𝐼2)𝑑𝑥

2+2𝐼1+2𝐼2

0

 

 

= ((3 + 273𝐼1 + 3𝐼2)
𝑥2

2
+ (75𝐼1 + 60𝐼2)𝑥)|

0

2+2𝐼1+2𝐼2

 

 

= (3 + 273𝐼1 + 3𝐼2)
(2 + 2𝐼1 + 2𝐼2)2

2
+ (75𝐼1 + 60𝐼2)(2 + 2𝐼1 + 2𝐼2) 

 

= (3 + 273𝐼1 + 3𝐼2)(2 + 10𝐼1 + 6𝐼2) + 570𝐼1 + 240𝐼2 
 

    = 6 + 4974𝐼1 + 42𝐼2 + 570𝐼1 + 240𝐼2 
 

= 6 + 5544𝐼1 + 282𝐼2 
 

➢ using the horizontal slice: 

 

∫ ∫ (𝑥 + 4𝐼1𝑥𝑦 + 2𝐼2𝑦)𝑑𝑥𝑑𝑦

2+2𝐼1+2𝐼2

0

4+4𝐼1+4𝐼2

1+𝐼1+𝐼2

= ∫ (
𝑥2

2
+ 2𝐼1𝑥2𝑦 + 2𝐼2𝑥𝑦)|

0

2+2𝐼1+2𝐼2

𝑑𝑦

4+4𝐼1+4𝐼2

1+𝐼1+𝐼2

 

 

 

= ∫ (
(2 + 2𝐼1 + 2𝐼2)2

2
+ 2𝐼1(2 + 2𝐼1 + 2𝐼2)2𝑦 + 2𝐼2(2 + 2𝐼1 + 2𝐼2)𝑦) 𝑑𝑦

4+4𝐼1+4𝐼2

1+𝐼1+𝐼2

 

 

= ∫ (2 + 10𝐼1 + 6𝐼2 + 72𝐼1𝑦 + (4𝐼1 + 8𝐼2)𝑦)𝑑𝑦

4+4𝐼1+4𝐼2

1+𝐼1+𝐼2

 

 

= ∫ [2 + 10𝐼1 + 6𝐼2 + (76𝐼1 + 8𝐼2)𝑦]𝑑𝑦

4+4𝐼1+4𝐼2

1+𝐼1+𝐼2

 

 

= ((2 + 10𝐼1 + 6𝐼2)𝑦 + (38𝐼1 + 4𝐼2)𝑦2)|
1+𝐼1+𝐼2

4+4𝐼1+4𝐼2
 

 

= [(2 + 10𝐼1 + 6𝐼2)(4 + 4𝐼1 + 4𝐼2) + (38𝐼1 + 4𝐼2)(4 + 4𝐼1 + 4𝐼2)2]

− [(2 + 10𝐼1 + 6𝐼2)(1 + 𝐼1 + 𝐼2) + (38𝐼1 + 4𝐼2)(1 + 𝐼1 + 𝐼2)2] 

 

= [(2 + 10𝐼1 + 6𝐼2)(4 + 4𝐼1 + 4𝐼2) + (38𝐼1 + 4𝐼2)(16 + 80𝐼1 + 48𝐼2)]

− [(2 + 10𝐼1 + 6𝐼2)(1 + 𝐼1 + 𝐼2) + (38𝐼1 + 4𝐼2)(1 + 5𝐼1 + 3𝐼2)] 
 

= [8 + 152𝐼1 + 56𝐼2 + 5792𝐼1 + 256𝐼2] − [2 + 38𝐼1 + 14𝐼2 + 362𝐼1 + 16𝐼2] 
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= 6 + 5544𝐼1 + 282𝐼2 
 

Take note that the result was the same. 

2.2 The double integrals of 2- refined neutrosophic functions over a general region 

Theorem 2  

Let 𝑓(𝑥, 𝑦, 𝐼1, 𝐼2) is continuous on the region  

𝑅 ∪ 𝐼1 ∪ 𝐼2 = {(𝑥, 𝑦, 𝐼1, 𝐼2): 𝑎 + 𝑎1𝐼1 + 𝑎2𝐼2 ≤ 𝑥 ≤ 𝑏 + 𝑏1𝐼1 + 𝑏2𝐼2 𝑎𝑛𝑑 𝑔1(𝑥, 𝐼1, 𝐼2) ≤ 𝑦 ≤

𝑔2(𝑥, 𝐼1, 𝐼2)}, where: 𝑎, 𝑎1, 𝑎2, 𝑏, 𝑏1, 𝑏2 are real numbers, while 𝐼1, 𝐼2 = indeterminacy, and 

𝑔1(𝑥, 𝐼1, 𝐼2), 𝑔2(𝑥, 𝐼1, 𝐼2) continuous 2- refined neutrosophic functions, where 𝑔1(𝑥, 𝐼1, 𝐼2) ≤

 𝑔2(𝑥, 𝐼1, 𝐼2), for all 𝑥 ∈ [𝑎 + 𝑎1𝐼1 + 𝑎2𝐼2 , 𝑏 + 𝑏1𝐼1 + 𝑏2𝐼2]. 

Then the double integrals of 2- refined neutrosophic function 𝑓(𝑥, 𝑦, 𝐼1, 𝐼2) over a region 𝑅 ∪

𝐼1 ∪ 𝐼2 given by the following formula: 

 

∬ 𝑓(𝑥, 𝑦, 𝐼1, 𝐼2) 𝑑𝐴

𝑅∪𝐼1∪𝐼2 

= ∫ ∫ 𝑓(𝑥, 𝑦, 𝐼1, 𝐼2)𝑑𝑦𝑑𝑥

𝑔2(𝑥,𝐼1,𝐼2)

𝑔1(𝑥,𝐼1,𝐼2)

𝑏+𝑏1𝐼1+𝑏2𝐼2 

𝑎+𝑎1𝐼1+𝑎2𝐼2

 

 

Example 2 

Let 𝑅 ∪ 𝐼1 ∪ 𝐼2 = {(𝑥, 𝑦, 𝐼): 0 ≤ 𝑥 ≤ 3 + 3𝐼1 + 3𝐼2 𝑎𝑛𝑑 0 ≤ 𝑦 ≤ (1 + 𝐼1 + 𝐼2)𝑥}, then: 

 

∬ (2𝑒𝑥2
− 𝑠𝑖𝑛𝑦) 𝑑𝐴

𝑅∪𝐼1∪𝐼2

= ∫ ∫ (2𝐼1𝑒𝑥2
− 𝑐𝑜𝑠 𝑦)𝑑𝑦𝑑𝑥

(1+𝐼1+𝐼2)𝑥

0

3+3𝐼1+3𝐼2

0

 

 

= ∫ (2𝐼1𝑦𝑒𝑥2
− 𝑠𝑖𝑛 𝑦)|

0

(1+𝐼1+𝐼2)𝑥
𝑑𝑥

3+3𝐼1+3𝐼2

0

 

 

= ∫ (2𝐼1(1 + 𝐼1 + 𝐼2)𝑥𝑒𝑥2
− 𝑠𝑖𝑛(1 + 𝐼1 + 𝐼2)𝑥)𝑑𝑥

3+3𝐼1+3𝐼2

0

 

 

= ∫ (6𝐼1𝑥𝑒𝑥2
− 𝑠𝑖𝑛(1 + 𝐼1 + 𝐼2)𝑥)𝑑𝑥

3+3𝐼1+3𝐼2

0

 

 

= (3𝐼1𝑒𝑥2
+

1

1 + 𝐼1 + 𝐼2
𝑐𝑜𝑠(1 + 𝐼1 + 𝐼2)𝑥)|

0

3+3𝐼1+3𝐼2

 

 

= [3𝐼1𝑒9+45𝐼1+27𝐼2 +
1

1 + 𝐼1 + 𝐼2
𝑐𝑜𝑠((1 + 𝐼1 + 𝐼2)(3 + 3𝐼1 + 3𝐼2))] − [3𝐼1 +

1

1 + 𝐼1 + 𝐼2
] 

 

= [3𝐼1𝑒9+45𝐼1+27𝐼2 +
1

1 + 𝐼1 + 𝐼2
𝑐𝑜𝑠(3 + 15𝐼1 + 9𝐼2)] − [3𝐼1 +

1

1 + 𝐼1 + 𝐼2
] 

 

= 3𝐼1[𝑒9 + 𝐼1(𝑒81 − 𝑒36) + 𝐼2(𝑒36 − 𝑒9)]

+ (1 +
1

6
𝐼1 +

1

2
𝐼2) [𝑐𝑜𝑠 3 + 𝐼1(𝑐𝑜𝑠 27 − 𝑐𝑜𝑠 9) + 𝐼2(𝑐𝑜𝑠 9 − 𝑐𝑜𝑠 3)] − 1 −

19

6
𝐼1 −

1

2
𝐼2 

 

Example 3 
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Let 𝑅 ∪ 𝐼1 ∪ 𝐼2 = {(𝑥, 𝑦, 𝐼1, 𝐼2): 0 ≤ 𝑥 ≤ 1 + 𝐼1 + 𝐼2 𝑎𝑛𝑑 0 ≤ 𝑦 ≤ 𝑥}, then:  

 

∬
𝑐𝑜𝑠 (𝜋 +

𝜋
2

𝐼1 +
𝜋
3

𝐼2) 𝑥

𝑥
 𝑑𝐴

𝑅∪𝐼1∪𝐼2

= ∫ ∫
𝑐𝑜𝑠 (𝜋 +

𝜋
2

𝐼1 +
𝜋
3

𝐼2) 𝑥

𝑥
𝑑𝑦𝑑𝑥

𝑥

0

1+𝐼1+𝐼2

0

 

 

                         = ∫
𝑐𝑜𝑠 (𝜋 +

𝜋
2

𝐼1 +
𝜋
3

𝐼2) 𝑥

𝑥
 𝑦|

0

𝑥

𝑑𝑥

1+𝐼1+𝐼2

0

 

 

= ∫ ([
𝑐𝑜𝑠 (𝜋 +

𝜋
2

𝐼1 +
𝜋
3

𝐼2) 𝑥

𝑥
 𝑥] − [

𝑐𝑜𝑠 (𝜋 +
𝜋
2

𝐼1 +
𝜋
3

𝐼2) 𝑥

𝑥
 (0)]) 𝑑𝑥

1+𝐼1+𝐼2

0

 

 

= ∫ 𝑐𝑜𝑠 (𝜋 +
𝜋

2
𝐼1 +

𝜋

3
𝐼2) 𝑥 𝑑𝑥

1+𝐼1+𝐼2

0

 

 

=
1

𝜋 +
𝜋
2

𝐼1 +
𝜋
3

𝐼2

𝑠𝑖𝑛 (𝜋 +
𝜋

2
𝐼1 +

𝜋

3
𝐼2) 𝑥|

0

1+𝐼1+𝐼2

 

 

= [
1

𝜋 +
𝜋
2

𝐼1 +
𝜋
3

𝐼2

𝑠𝑖𝑛 ((𝜋 +
𝜋

2
𝐼1 +

𝜋

3
𝐼2) (1 + 𝐼1 + 𝐼2))] − [0] 

 

=
1

𝜋 +
𝜋
2

𝐼1 +
𝜋
3

𝐼2

𝑠𝑖𝑛 ((𝜋 +
𝜋

2
𝐼1 +

𝜋

3
𝐼2) (1 + 𝐼1 + 𝐼2)) 

 

 

= (
1

𝜋
−

9

44𝜋
𝐼1 −

1

4𝜋
𝐼2) 𝑠𝑖𝑛 (𝜋 +

11𝜋

6
𝐼1 +

2𝜋

3
𝐼2) 

 

= (
1

𝜋
−

9

44𝜋
𝐼1 −

1

4𝜋
𝐼2) [𝑠𝑖𝑛(𝜋) + 𝐼1 [𝑠𝑖𝑛 (

21𝜋

6
) − 𝑠𝑖𝑛 (

5𝜋

3
)] + 𝐼2 [𝑠𝑖𝑛 (

5𝜋

3
) − 𝑠𝑖𝑛(𝜋)]] 

 

= (
1

𝜋
−

9

44𝜋
𝐼1 −

1

4𝜋
𝐼2) ((−1 +

√3

2
) 𝐼1 +

√3

2
𝐼2) 

 

= −
1

𝜋
𝐼1 +

√3

2𝜋
𝐼1 +

√3

2𝜋
𝐼2 +

9

44𝜋
𝐼1 −

9√3

44𝜋
𝐼1 +

1

4𝜋
𝐼1 −

√3

8𝜋
𝐼1 −

√3

8𝜋
𝐼2 

 

= (−
6

11𝜋
+

15√3

44𝜋
) 𝐼1 +

3√3

8𝜋
𝐼2 

 

 

Example 4 
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∫ ∫ 3𝐼1𝑥 𝑠𝑖𝑛 𝑦 𝑑𝑦𝑑𝑥

𝑥

0

𝜋
3

+𝜋𝐼1−
𝜋
3

𝐼2

0

= ∫ −3𝐼1𝑥 𝑐𝑜𝑠 𝑦|0
𝑥𝑑𝑥

𝜋
3

+𝜋𝐼1−
𝜋
3

𝐼2

0

 

 

= ∫ −3𝐼1𝑥 𝑐𝑜𝑠 𝑥 𝑑𝑥

𝜋
3

+𝜋𝐼1−
𝜋
3

𝐼2

0

 

 

derivation integration 

(+) − 3𝐼1𝑥 
 

𝑐𝑜𝑠 𝑥 

(−)  − 3𝐼1 
 

𝑠𝑖𝑛 𝑥 

0 
 

− 𝑐𝑜𝑠 𝑥 

 

= [−3𝐼1𝑥 𝑠𝑖𝑛 𝑥 − 3𝐼1 𝑐𝑜𝑠 𝑥]|
0

𝜋
3

+𝜋𝐼1−
𝜋
3

𝐼2
 

 

= [−3𝐼1 (
𝜋

3
+ 𝜋𝐼1 −

𝜋

3
𝐼2) 𝑠𝑖𝑛 (

𝜋

3
+ 𝜋𝐼1 −

𝜋

3
𝐼2) − 3𝐼1 𝑐𝑜𝑠 (

𝜋

3
+ 𝜋𝐼1 −

𝜋

3
𝐼2)] − [−3𝐼1] 

 

= [−3𝜋𝐼1 𝑠𝑖𝑛 (
𝜋

3
+ 𝜋𝐼1 −

𝜋

3
𝐼2) − 3𝐼1 𝑐𝑜𝑠 (

𝜋

3
+ 𝜋𝐼1 −

𝜋

3
𝐼2)] + 3𝐼1 

 

= [−3𝜋𝐼1 (𝑠𝑖𝑛 (
𝜋

3
) + 𝐼1[𝑠𝑖𝑛(𝜋) − 𝑠𝑖𝑛(0)] + 𝐼2 [𝑠𝑖𝑛(0) − 𝑠𝑖𝑛 (

𝜋

3
)])

− 3𝐼1 (𝑐𝑜𝑠 (
𝜋

3
) + 𝐼1[𝑐𝑜𝑠(𝜋) − 𝑐𝑜𝑠(0)] + 𝐼2 [𝑐𝑜𝑠(0) − 𝑐𝑜𝑠 (

𝜋

3
)])] + 3𝐼1 

 

= [−3𝜋𝐼1 (
√3

2
−

√3

2
𝐼2) − 3𝐼1 (

1

2
− 2𝐼1 +

1

2
𝐼2)] + 3𝐼1 = 6𝐼1 

 

Theorem 3  

Let 𝑓(𝑥, 𝑦, 𝐼1, 𝐼2) is continuous on the region  

𝑅 ∪ 𝐼1 ∪ 𝐼2 = {(𝑥, 𝑦, 𝐼1, 𝐼2): 𝑐 + 𝑐1𝐼1 + 𝑐2𝐼2 ≤ 𝑦 ≤ 𝑑 + 𝑑1𝐼1 + 𝑑2𝐼2 𝑎𝑛𝑑 ℎ1(𝑦, 𝐼1, 𝐼2) ≤ 𝑥 ≤

ℎ2(𝑦, 𝐼1, 𝐼2)}, where: 𝑐, 𝑐1, 𝑐2, 𝑑, 𝑑1, 𝑑2 are real numbers, while 𝐼1, 𝐼2 = indeterminacy, and ℎ1(𝑦, 𝐼1, 𝐼2),

ℎ2(𝑦, 𝐼1, 𝐼2) continuous 2- refined neutrosophic functions, where ℎ1(𝑦, 𝐼1, 𝐼2) ≤  ℎ2(𝑦, 𝐼1, 𝐼2), for all 

𝑦 ∈ [𝑐 + 𝑐1𝐼1 + 𝑐2𝐼2 , 𝑑 + 𝑑1𝐼1 + 𝑑2𝐼2].  

Then the double integrals of 2- refined neutrosophic function 𝑓(𝑥, 𝑦, 𝐼1, 𝐼2) over a region 𝑅 ∪

𝐼1 ∪ 𝐼2 given by the following formula: 

 

∬ 𝑓(𝑥, 𝑦, 𝐼1, 𝐼2) 𝑑𝐴

𝑅∪𝐼1∪𝐼2

= ∫ ∫ 𝑓(𝑥, 𝑦, 𝐼1, 𝐼2) 𝑑𝑥𝑑𝑦

ℎ2(𝑦,𝐼1,𝐼2)

ℎ1(𝑦,𝐼1,𝐼2)

𝑑+𝑑1𝐼1+𝑑2𝐼2 

𝑐+𝑐1𝐼1+𝑐2𝐼2

 

 

Example 5 

Let 𝑅 ∪ 𝐼1 ∪ 𝐼2 = {(𝑥, 𝑦, 𝐼1, 𝐼2): 1 + 𝐼1 + 𝐼2 ≤ 𝑦 ≤ 2 + 2𝐼1 + 2𝐼2 𝑎𝑛𝑑 (1 + 𝐼1 + 𝐼2)𝑦 ≤ 𝑥 ≤ 3𝐼1𝑦2}, then: 

 

∬ 2 𝑑𝐴

𝑅∪𝐼1∪𝐼2

= ∫ ∫ 2 𝑑𝑥𝑑𝑦

3𝐼1𝑦2

(1+𝐼1+𝐼2)𝑦

2+2𝐼1+2𝐼2

1+𝐼1+𝐼2

= ∫ 2𝑥|
(1+𝐼1+𝐼2)𝑦
3𝐼1𝑦2

2+2𝐼1+2𝐼2

1+𝐼1+𝐼2

𝑑𝑦 
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= 2 ∫ (3𝐼1𝑦2 − (1 + 𝐼1 + 𝐼2)𝑦)

2+2𝐼1+2𝐼2

1+𝐼1+𝐼2

𝑑𝑦 

 

= (2𝐼1𝑦3 − (1 + 𝐼1 + 𝐼2)𝑦2)|1+𝐼1+𝐼2

2+2𝐼1+2𝐼2 

 

= [2𝐼1(2 + 2𝐼1 + 2𝐼2)3 − (1 + 𝐼1 + 𝐼2)(2 + 2𝐼1 + 2𝐼2)2]

− [2𝐼1(1 + 𝐼1 + 𝐼2)3 − (1 + 𝐼1 + 𝐼2)(1 + 𝐼1 + 𝐼2)2] 
 

= (1 + 𝐼1 + 𝐼2)3[14𝐼1 − 3] = (1 + 19𝐼1 + 7𝐼2)[14𝐼1 − 3] 
 

= −3 + 321𝐼1 − 21𝐼2 
 

Theorem 4 

Let 𝑓(𝑥, 𝑦, 𝐼1, 𝐼2) and ℎ(𝑥, 𝑦, 𝐼1, 𝐼2) be integrable over region 

𝑅 ∪ 𝐼1 ∪ 𝐼2, and let 𝑐 + 𝑐1𝐼1 + 𝑐2𝐼2 any constant, then: 

 

(1) ∬ (𝑐 + 𝑐1𝐼1 + 𝑐2𝐼2)𝑓(𝑥, 𝑦, 𝐼1, 𝐼2) 𝑑𝐴

𝑅∪𝐼1∪𝐼2

= (𝑐 + 𝑐1𝐼1 + 𝑐2𝐼2) ∬ 𝑓(𝑥, 𝑦, 𝐼1, 𝐼2) 𝑑𝐴

𝑅∪𝐼1∪𝐼2

 

 

(2)  ∬ [𝑓(𝑥, 𝑦, 𝐼1, 𝐼2) + ℎ(𝑥, 𝑦, 𝐼1, 𝐼2)] 𝑑𝐴

𝑅∪𝐼1∪𝐼2

= ∬ 𝑓(𝑥, 𝑦, 𝐼1, 𝐼2) 𝑑𝐴

𝑅∪𝐼1∪𝐼2

+ ∬ ℎ(𝑥, 𝑦, 𝐼1, 𝐼2) 𝑑𝐴

𝑅∪𝐼1∪𝐼2

 

 

(3) If 𝑅 ∪ 𝐼1 ∪ 𝐼2 = 𝑅1 ∪ 𝑅2 ∪ 𝐼1 ∪ 𝐼2, where 𝑅1, 𝑅2 are not overlap regions, then: 

  

∬ 𝑓(𝑥, 𝑦, 𝐼1, 𝐼2) 𝑑𝐴

𝑅∪𝐼1∪𝐼2

= ∬ 𝑓(𝑥, 𝑦, 𝐼1, 𝐼2) 𝑑𝐴

𝑅1∪𝐼1∪𝐼2

+ ∬ 𝑓(𝑥, 𝑦, 𝐼1, 𝐼2) 𝑑𝐴

𝑅2∪𝐼1∪𝐼2

 

3.2 Applications of double integrals of 2- refined neutrosophic functions 

We can use double integrals of 2- refined neutrosophic functions to calculate the area of region: 

 

𝐴 = ∬ 𝑑𝑥𝑑𝑦

𝑅∪𝐼1∪𝐼2

= ∬ 𝑑𝑦𝑑𝑥

𝑅∪𝐼1∪𝐼2

 

Example 6 

Let’s find the area of the plane region bounded by the curve of 𝑦 = 𝑥2 and 𝑦 = (1 + 𝐼1 + 𝐼2)𝑥 

by using the double integrals of 2- refined neutrosophic functions. 

intersection points: 

𝑥2 = (1 + 𝐼1 + 𝐼2)𝑥 
 

𝑥(𝑥 − 1 + 𝐼1 + 𝐼2) = 0 
 

        ⟹  {
𝑥 = 0

𝑥 = 1 + 𝐼1 + 𝐼2
    

then: 

  {
𝑦 = 0

𝑦 = 1 + 5𝐼1 + 3𝐼2
 

 

so, the intersection points are: (0, 0) and (1 −
1

4
𝐼1, 1 + 5𝐼1 + 3𝐼2) 

➢ using the horizontal slice: 
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∫ ∫ 𝑑𝑦𝑑𝑥

(1+𝐼1+𝐼2)𝑥

𝑥2

1+𝐼1+𝐼2

0

= ∫ 𝑦|
𝑥2
(1+𝐼1+𝐼2)𝑥

𝑑𝑥

1−
1
4

𝐼1

0

 

 

= ∫ ((1 + 𝐼1 + 𝐼2)𝑥 − 𝑥2)𝑑𝑥

1+𝐼1+𝐼2

0

 

 

= ((1 + 𝐼1 + 𝐼2)
𝑥2

2
−

𝑥3

3
)|

0

1+𝐼1+𝐼2

 

 

= (1 + 𝐼1 + 𝐼2)
(1 + 𝐼1 + 𝐼2)2

2
−

(1 + 𝐼1 + 𝐼2)3

3
 

 

=
(1 + 𝐼1 + 𝐼2)3

2
−

(1 + 𝐼1 + 𝐼2)3

3
 

 

=  
1

6
+

19

6
𝐼1 +

7

6
𝐼2 

 

➢ using the vertical slice: 

 

∫ ∫ 𝑑𝑥𝑑𝑦

√𝑦

(1−
1
6

𝐼1−
1
2

𝐼2)𝑦

1+5𝐼1+3𝐼2

0

= ∫ 𝑥|
(1−

1
6

𝐼1−
1
2

𝐼2)𝑦

√𝑦
𝑑𝑦

1+5𝐼1+3𝐼2

0

 

 

= ∫ (√𝑦 − (1 −
1

6
𝐼1 −

1

2
𝐼2) 𝑦) 𝑑𝑦

1+5𝐼1+3𝐼2

0

 

 

= (
2

3
√𝑦3 − (1 −

1

6
𝐼1 −

1

2
𝐼2)

𝑦2

2
)|

0

1+5𝐼1+3𝐼2

 

 

= [
2

3
√(1 + 5𝐼1 + 3𝐼2)3 − (1 −

1

6
𝐼1 −

1

2
𝐼2)

(1 + 5𝐼1 + 3𝐼2)2

2
] − [0] 

 

=
2

3
√1 + 665𝐼1 + 63𝐼2 − (

1

2
+

19

2
𝐼1 +

7

2
𝐼2) 

 

=
2

3
(1 + 19𝐼1 + 7𝐼2) − (

1

2
+

19

2
𝐼1 +

7

2
𝐼2) 

 

=  
1

6
+

19

6
𝐼1 +

7

6
𝐼2 

 

Take note that the result was the same. 

Definition 1  

   Let 𝑅(𝐼1, 𝐼2) = {𝑎 + 𝑏𝐼1 + 𝑐𝐼2;  𝑎, 𝑏, 𝑐 ∈ 𝑅} be the real neutrosophic field, then 𝑎 + 𝑏𝐼1 + 𝑐𝐼2 ≥ 0 if 

and only if 𝑎 ≥ 0, 𝑎 + 𝑐 ≥ 0, 𝑎 + 𝑏 + 𝑐 ≥ 0 

 

Example 7 
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Let’s find the area of the plane region bounded by the curve of 𝑦 = 1 + 5𝐼1 + 3𝐼2 − 𝑥2 and 𝑥 −

𝑎𝑥𝑖𝑠 by using the double integrals of 2- refined neutrosophic functions. 

 

1 + 5𝐼1 + 3𝐼2 − 𝑥2 = 0 

𝑥2 = 1 + 5𝐼1 + 3𝐼2 

Let’s find: √1 + 5𝐼1 + 3𝐼2 

 

√1 + 5𝐼1 + 3𝐼2 = 𝑥1 + 𝑥2𝐼1 + 𝑥3𝐼2 

 

1 + 5𝐼1 + 3𝐼2 = (𝑥1 + 𝑥2𝐼1 + 𝑥3𝐼2)2 

 

1 + 5𝐼1 + 3𝐼2 = (𝑥1 + 𝑥2𝐼1)2 + 2(𝑥1 + 𝑥2𝐼1)(𝑥3𝐼2) + (𝑥3𝐼2)2 

 

1 + 5𝐼1 + 3𝐼2 = 𝑥1
2 + 2𝑥1𝑥2𝐼1 + (𝑥2𝐼1)2 + 2(𝑥1 + 𝑥2𝐼1)(𝑥3𝐼2) + (𝑥3𝐼2)2 

 

1 + 5𝐼1 + 3𝐼2 = 𝑥1
2 + 2𝑥1𝑥2𝐼1 + 𝑥2

2𝐼1 + 2𝑥𝑥3𝐼2 + 2𝑥2𝑥3𝐼1 + 𝑥3
2𝐼2 

 

1 + 5𝐼1 + 3𝐼2 = 𝑥1
2 + (𝑥2

2 + 2𝑥1𝑥2 + 2𝑥2𝑥3)𝐼1 + (𝑥3
2 + 2𝑥1𝑥3)𝐼2 

Whence: 

{

𝑥1
2 = 1

𝑥2
2 + 2𝑥1𝑥2 + 2𝑥2𝑥3 = 5

𝑥3
2 + 2𝑥1𝑥3 = 3

 

 

⟹  {

𝑥1 = ±1

𝑥2
2 + 2𝑥1𝑥2 + 2𝑥2𝑥3 = 5

𝑥3
2 + 2𝑥1𝑥3 = 3  (2)

 (1) 

 

Case1: 𝑥1 = 1  by substitution in (2) 

𝑥3
2 + 2𝑥3 − 3 = 0 

(𝑥3 − 1)(𝑥3 + 3) = 0 
Then: 

{
𝑥3 = 1

𝑥3 = −3
 

 

➢ For 𝑥3 = 1 we substitute in (1) 

𝑥2
2 + 4𝑥2 − 5 = 0 

(𝑥2 + 5)(𝑥2 − 1) = 0 
Then: 

{
𝑥2 = 1

𝑥2 = −5
 

Hence: 

√1 + 5𝐼1 + 3𝐼2 = 1 + 𝐼1 + 𝐼2   

Or:  

             = 1 − 5𝐼1 + 𝐼2   
 

➢ For 𝑥3 = −3 we substitute in (1) 

 

𝑥2
2 − 4𝑥2 − 5 = 0 

(𝑥2 − 5)(𝑥2 + 1) = 0 
Then: 

{
𝑥2 = 5

𝑥2 = −1
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Hence: 

 

√1 + 5𝐼1 + 3𝐼2 = 1 + 5𝐼1 − 3𝐼2  

Or:  

             = 1 − 𝐼1 − 3𝐼2   
 

Case2: 𝑥1 = −1  by substitution in (2) 

𝑥3
2 − 2𝑥3 − 3 = 0 

(𝑥3 − 3)(𝑥3 + 1) = 0 
Then: 

{
𝑥3 = 3

𝑥3 = −1
 

 

➢ For 𝑥3 = 3 we substitute in (1) 

𝑥2
2 + 4𝑥2 − 5 = 0 

 

(𝑥2 − 1)(𝑥2 + 5) = 0 
Then: 

{
𝑥2 = 1

𝑥2 = −5
 

Hence: 

 

√1 + 5𝐼1 + 3𝐼2 = −1 + 𝐼1 + 3𝐼2  

Or:  

              = −1 − 5𝐼1 + 3𝐼2  

 

➢ For 𝑥3 = −1 we substitute in (1) 

 

𝑥2
2 − 4𝑥2 − 5 = 0 

(𝑥2 − 5)(𝑥2 + 1) = 0 
 

{
𝑥2 = 5

𝑥2 = −1
 

Hence: 

 

√1 + 5𝐼1 + 3𝐼2 = −1 + 5𝐼1 − 𝐼2  

Or:  

            = −1 − 𝐼1 − 𝐼2  
hence intersection points are: 

(1 + 𝐼1 + 𝐼2, 0), (−1 − 𝐼1 − 𝐼2, 0) 

                      Or: 

(1 + 5𝐼1 − 3𝐼2, 0), (−1 − 5𝐼1 + 3𝐼2, 0) 

                      Or: 

(1 − 𝐼1 − 3𝐼2, 0), (−1 + 𝐼1 + 3𝐼2, 0) 

                      Or: 

(1 − 5𝐼1 + 𝐼2, 0), (−1 + 5𝐼1 − 𝐼2, 0) 

 

For: (1 + 𝐼1 + 𝐼2, 0), (−1 − 𝐼1 − 𝐼2, 0) 
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𝐴 = ∫  ∫ 𝑑𝑦𝑑𝑥

1+5𝐼1+3𝐼2−𝑥2

0

1+𝐼1+𝐼2

−1−𝐼1−𝐼2

= ∫ 𝑦|0
1+5𝐼1+3𝐼2−𝑥2

𝑑𝑥

1+𝐼1+𝐼2

−1−𝐼1−𝐼2

 

 

= ∫ (1 + 5𝐼1 + 3𝐼2 − 𝑥2)𝑑𝑥

1+𝐼1+𝐼2

−1−𝐼1−𝐼2

 

 

= ((1 + 5𝐼1 + 3𝐼2)𝑥 −
𝑥3

3
)|

−1−𝐼1−𝐼2

1+𝐼1+𝐼2

 

 

= [(1 + 5𝐼1 + 3𝐼2)(1 + 𝐼1 + 𝐼2) −
(1 + 𝐼1 + 𝐼2)3

3
] − [(1 + 5𝐼1 + 3𝐼2)(−1 − 𝐼1 − 𝐼2) −

(−1 − 𝐼1 − 𝐼2)3

3
] 

 

= 2 [(1 + 5𝐼1 + 3𝐼2)(1 + 𝐼1 + 𝐼2) −
(1 + 𝐼1 + 𝐼2)3

3
] 

 

= 2 [1 + 19𝐼1 + 7𝐼2 − (
1 + 19𝐼1 + 7𝐼2

3
)] 

 

=
4

3
+

76

3
𝐼1 +

28

3
𝐼2 > 0 

 

𝑏𝑒𝑐𝑜𝑢𝑠: 
4

3
> 0,

4

3
+

28

3
> 0 𝑎𝑛𝑑 

4

3
+

76

3
+

28

3
, 𝑠𝑒𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 1 

 

For: (1 + 5𝐼1 − 3𝐼2, 0), (−1 − 5𝐼1 + 3𝐼2, 0) 

 

𝐴 = ∫  ∫ 𝑑𝑦𝑑𝑥

1+5𝐼1+3𝐼2−𝑥2

0

1+5𝐼1−3𝐼2

−1−5𝐼1+3𝐼2

= ∫ 𝑦|0
1+5𝐼1+3𝐼2−𝑥2

𝑑𝑥

1+5𝐼1−3𝐼2

−1−5𝐼1+3𝐼2

 

 

= ∫ (1 + 5𝐼1 + 3𝐼2 − 𝑥2)𝑑𝑥

1+5𝐼1−3𝐼2

−1−5𝐼1+3𝐼2

 

 

= ((1 + 5𝐼1 + 3𝐼2)𝑥 −
𝑥3

3
)|

−1−5𝐼1+3𝐼2

1+5𝐼1−3𝐼2

 

 

= [(1 + 5𝐼1 + 3𝐼2)(1 + 5𝐼1 − 3𝐼2) −
(1 + 5𝐼1 − 3𝐼2)3

3
]

− [(1 + 5𝐼1 + 3𝐼2)(−1 − 5𝐼1 + 3𝐼2) −
(−1 − 5𝐼1 + 3𝐼2)3

3
] 

 

= 2 [(1 + 5𝐼1 + 3𝐼2)(1 + 5𝐼1 − 3𝐼2) −
(1 + 5𝐼1 − 3𝐼2)3

3
] 

 

= 2 [1 + 35𝐼1 − 9𝐼2 − (
1 + 35𝐼1 − 9𝐼2

3
)] 
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=
4

3
+

140

3
𝐼1 − 12𝐼2 (𝑟𝑒𝑗𝑒𝑐𝑡𝑒𝑑) 

 

For: (1 − 𝐼1 − 3𝐼2, 0), (−1 + 𝐼1 + 3𝐼2, 0) 

𝐴 = ∫  ∫ 𝑑𝑦𝑑𝑥

1+5𝐼1+3𝐼2−𝑥2

0

1−𝐼1−3𝐼2

−1+𝐼1+3𝐼2

= ∫ 𝑦|0
1+5𝐼1+3𝐼2−𝑥2

𝑑𝑥

1−𝐼1−3𝐼2

−1+𝐼1+3𝐼2

 

 

= ∫ (1 + 5𝐼1 + 3𝐼2 − 𝑥2)𝑑𝑥

1−𝐼1−3𝐼2

−1+𝐼1+3𝐼2

 

 

= ((1 + 5𝐼1 + 3𝐼2)𝑥 −
𝑥3

3
)|

−1+𝐼1+3𝐼2

1−𝐼1−3𝐼2

 

 

= [(1 + 5𝐼1 + 3𝐼2)(1 − 𝐼1 − 3𝐼2) −
(1 − 𝐼1 − 3𝐼2)3

3
]

− [(1 + 5𝐼1 + 3𝐼2)(−1 + 𝐼1 + 3𝐼2) −
(−1 + 𝐼1 + 3𝐼2)3

3
] 

 

= 2 [(1 + 5𝐼1 + 3𝐼2)(1 − 𝐼1 − 3𝐼2) −
(1 − 𝐼1 − 3𝐼2)3

3
] 

 

= 2 [1 − 19𝐼1 − 9𝐼2 − (
1 − 19𝐼1 − 9𝐼2

3
)] 

 

=
4

3
−

76

3
𝐼1 − 12𝐼2 (𝑟𝑒𝑗𝑒𝑐𝑡𝑒𝑑) 

 

For: (1 − 5𝐼1 + 𝐼2, 0), (−1 + 5𝐼1 − 𝐼2, 0) 

 

𝐴 = ∫  ∫ 𝑑𝑦𝑑𝑥

1+5𝐼1+3𝐼2−𝑥2

0

1−5𝐼1+𝐼2

−1+5𝐼1−𝐼2

= ∫ 𝑦|0
1+5𝐼1+3𝐼2−𝑥2

𝑑𝑥

1−5𝐼1+𝐼2

−1+5𝐼1−𝐼2

 

 

= ∫ (1 + 5𝐼1 + 3𝐼2 − 𝑥2)𝑑𝑥

1−5𝐼1+𝐼2

−1+5𝐼1−𝐼2

 

 

= ((1 + 5𝐼1 + 3𝐼2)𝑥 −
𝑥3

3
)|

−1+5𝐼1−𝐼2

1−5𝐼1+𝐼2

 

 

= [(1 + 5𝐼1 + 3𝐼2)(1 − 5𝐼1 + 𝐼2) −
(1 − 5𝐼1 + 𝐼2)3

3
]

− [(1 + 5𝐼1 + 3𝐼2)(−1 + 5𝐼1 − 𝐼2) −
(−1 + 5𝐼1 − 𝐼2)3

3
] 

 

= 2 [(1 + 5𝐼1 + 3𝐼2)(1 − 5𝐼1 + 𝐼2) −
(1 − 5𝐼1 + 𝐼2)3

3
] 

= 2 [1 − 35𝐼1 + 7𝐼2 − (
1 − 35𝐼1 + 7𝐼2

3
)] 
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=
4

3
−

140

3
𝐼1 +

28

3
𝐼2 (𝑟𝑒𝑗𝑒𝑐𝑡𝑒𝑑) 

3. Conclusions   

The paper presented an important study on the double integrals of 2- refined neutrosophic 

functions and its applications, where it presented a set of theorems in the double integrals of 2- 

refined neutrosophic functions, discussed several methods to calculate these integrals using the 

vertical slice or the horizontal slice, where we obtained the same results in both methods. Finally, we 

presented applications of the double integrals of 2- refined neutrosophic functions to calculate the 

area of region, and concluded that we take positive values by using the definition of the positive 2- 

refined neutrosophic number. 
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