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Abstract: The importance of this paper comes from the fact that it presented a study of the double
integrals of 2- refined neutrosophic functions and its applications, where we presented several
theories for the concept of the double integrals of 2- refined neutrosophic functions over a general
region and over a rectangle, including the 2- refined neutrosophic Fubini’s theorem. In addition to
discussing applications of double integrals of 2- refined neutrosophic functions to calculate the area
of region. Also, We took into account the definition of the positive 2- refined neutrosophic number,

and the n-refined AH-Isometry.
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1. Introduction and Preliminaries

As an alternative to the existing logics, Smarandache proposed the neutrosophic logic to represent a
mathematical model of uncertainty, vagueness, ambiguity, imprecision, undefined, unknown,
incompleteness, inconsistency, redundancy, contradiction, where Smarandache made refined
neutrosophic numbers available in the following form: (a,bily,byl,,...,b,1,) where
a,by,b,,...,b, € Ror C [1]. Agboola introduced the concept of refined neutrosophic algebraic
structures [2]. In addition, the refined neutrosophic rings I was studied in paper [3], where it
assumed that I splits into two indeterminacies I; [contradiction (true (T) and false (F))] and I,
[ignorance (true (T) or false (F))]. Abobala presented the papers on some special substructures of
refined neutrosophic rings and a study of ah-substructures in n-refined neutrosophic vector spaces
[6-7].

Alhasan.Y and Abdulfatah. R also presented a study on the division of refined neutrosophic number
[8].

There are papers presented in n-Valued Refined Neutrosophic Logic and Its Applications in Physics,
Neutrosophic Rings I [4-5] and studying the integral calculus according to the logic of neutrosophic
by presenting a set of papers on that [9-10].
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In addition, the AH-Isometry was extended to n-Refined AH-Isometry by Smarandache & Abobala
in 2024 [11].

2. The double integrals of 2- refined neutrosophic functions

2.1 The double integrals of 2- refined neutrosophic functions over a rectangle

Theorem 1 (The 2- refined neutrosophic Fubini’s theorem)

Let f(x,y,1;,I;) integrable over the neutrosophic rectangle

RULUL ={(xy I, L)at+a; +a,, <x<b+bli+b,andc+c;+c,[,<y<d+
dil; + d,1,}, where: a,aq,a,,b, by, by, ¢, cq,¢,,d,dy, d, are real numbers, while I}, I, = indeterminacy.

Then the double integrals of 2- refined neutrosophic function f(x,y,I;,I;) over a rectangle R U
I, U I, given by the following formula:

b+byli+byly d+dili+dyly

f fx,y L,L)dA = J- f fl,y L, IL)dydx

RUI VI, a+aqli+azly, ct+cqli+cyly

d+dqily+dzl; b+bili+byl,

B f f f(x,y, L, I)dxdy

ctcili+cyl, a+aqly+ajl;

where:
> using the horizontal slice:
d+dyly+dal; b+byli+byl,
f f f(X,y, Il'IZ)dxdy
ctciliteyl; a+aqlitajl;
» using the vertical slice:
b+byly+byl, d+dyly+dal;
f(x: Y 111 IZ)dydx
ataqlit+azly, c+cqli+cyly
Example 1

Let RULUL ={(x,y,1,[,):0<x<2+4+2L +2L,and 1 + 1, + I, <y < 4+ 4, +41,}, find:

f (x +4Lxy + 2Ly) dA

RUI;UI,
Solution:
» using the vertical slice:
242114215 4+411+41, 2421421, 4+4al+41p
(x + 4L xy + 2L, y)dydx = j (xy + 2Lixy? + I,y?) dx
0 14+h+1, 0 L+Iy+

24211421

= f [(4+ 4 +4L)x + 21,(4 + 41, + 41,)%x + L,(4 + 41, + 41,)?]

0
—[A+L+L)x+2L(A+1L +L)*x+ L1+ 1, +1,)%]dx
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24211 +21,

= J [(4+ 41, + 4L,)x + 2881, x + I,(16 + 801, + 481,)] — [(1 + 191, + L)x + I, (1 + I; + I,)?]dx

0
24201 +21,

= f [(4 + 2921, + 41,)x + 801, + 641,] — [(1 + 191, + I,)x + 51, + 4I,]dx
0
2+211+2I;
= f ((3+ 2731, + 3I,)x + 751, + 601,)dx

0

2421421,

x2

0

(2 + 2L + 2I,)?

= (3+ 2731, +31,) >

+ (751, + 601,)(2 + 21, + 21,)

= (3 + 2731, + 3L,)(2 + 101, + 61,) + 5701, + 2401,
= 6 + 49741, + 421, + 5701, + 2401,

» using the horizontal slice:

44411 +41y 2+211+21, 4+4ly+4lp 2+21,+21,
x
f (x + 4L, xy + 2I,y)dxdy = j -+ 20 x%y + 212xy> dy
141, +1, 0 1+, +1, 0
4+41 441, X
2+ 21 +2I
= J % + 202+ 21 + 21,)%y + 21,(2 + 21, + 212)y> dy
1+11+1;
44411 +41,
1+ +1
4441, +41,
= f [2 + 101, + 61, + (761, + 81,)yldy
1+I;+1,
4+41, 441,
= ((2+ 101, + 61,)y + (381, + 412)y2)|1+11+12

=[(2+ 10, + 61,)(4 + 41; + 41,) + (381, + 41,)(4 + 41, + 41,)?]
—[2+10, +6L,)A+1;+ 1)+ (381 +4L,)(1 + I, + ,)?]

= [(2 + 101, + 61,)(4 + 41, + 41,) + (381, + 41,)(16 + 801, + 48I,)]
—[(2+10 +6L,)(1+1,+1,)+ (381, + 41,)(1 + 5I; + 31,)]

= [8 + 1521, + 561, + 57921, + 2561,] — [2 + 381, + 14I, + 3621, + 161,]
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= 6+ 55441, + 2821,
Take note that the result was the same.

2.2 The double integrals of 2- refined neutrosophic functions over a general region

Theorem 2

Let f(x,y,11,1;) is continuous on the region

RULUL ={(xy I, L):a+al; +a,l, <x<b+bl +b],and g,(x,1;,,I,) <y <
g2(x,11,1,)}, where: a,ay,a,,b, by, b, are real numbers, while I;,I, = indeterminacy, and
91(x, 11, 1), 92(x, 11, 1) continuous 2- refined neutrosophic functions, where g;(x,1;,1,) <
g2(x, I, 1), for all x € [a + aI; + ayl, ,b + bil; + b,15].

Then the double integrals of 2- refined neutrosophic function f(x,y,I;,1,) over aregion R U
I; U I, given by the following formula:

b+byl1+b2Iz g2 (x11.12)

f(x:y; [11 12) dA = f f f(x!yf II!IZ)dydx

RUI VI, a+aqli+azly gq(x1q,12)

Example 2
Let RULUL ={(x,y,1):0<x<3+3L+3Land0<y<(1+1 +I,)x}, then:

34311431y (1+1;+1p)x

U (Ze"2 - siny) dA = f j (lee"2 — cos y)dydx

RUI Ul 0 0

3+31; 431,
(1+11+13)x

= f (21, ye*” - siny)|0
0
34311431,
= f (21,1 + I + I)xe** — sin(1 + I, + I,)x)dx
0
34311431,
= f (61,xe** — sin(1 + Iy + I,)x)dx

0

3+31,+31,

= (3116"2 + cos(1+1, + Iz)x)

1 1
= |3e%5h+270 4~ co((1 41, + L,)(3 + 31, + 31 ]— [31 +7]
[ e T+ +1 cos((L+ 1 + )3 +31 +31)) LTTA L+ I

= [31169+4511+2712 + COS(3 + 1511 + 912)] - [311 +

1
1+L+1 1+11+12]

= 3I,[e° + I,(e®" — e3%) + I, (e3¢ — e?)]
1 1 19 1
+ (1 +-1 + —12> [cos3 + I,(cos 27 — cos 9) + I,(cos9 —cos3)]| —1——1, — =1,

6 2 6 2

Example 3
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Let RULUL ={(x,y,1;,1,):0<x <1+ +1,and 0 <y < x}, then:

1+ +lp
cos\m+=51 +3x1, cos\m+=51 +31,
ﬂ (za)dAff(23)dydx
x x
RUI,UI,
1+ +I x
H 2cos(1r+%11+%12)x
= f dx
x
0 0
141 +1,

_ f cos(n+%11 +%Iz)xx _ COS(7‘[+%11+%12)X

X X

(0)] |dx

0

1+1;+1,

= J- cos(n+%11 +glz)xdx

0

1+1;+1,

1
=——F—F—sin (n+ I += Iz)
T[+211+32 2 3

1 T T
= —sm ((7T+—11 +_12) (1 +11 +12)> - [0]
T[+211+3 2 2 3

1 . T T
——nsm (71'+—]1 +—12> Q+5L+5)
T+ I1 3 I, 2 3

(1 91 11 , 117‘[1 27'[1
45‘@1‘&2)”(“?1*?2)
= (=gt =g e 41 s (C) s ) o () - s
ik Vit Ryt sin(m 1|Sin 6 sin 3 2 |sin 3 sin(mw

1 9 1 V3 V3
T 44T 41 2 2

= 11+\/§1+\/§1+9I 9\/§I+1I \/§ \/§
T ot 2t 2n? a4t 44nt Taxg' 8t 8rml

I

[

117r+ 441 1t 8

Example 4
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T T s T
§+n:11—§12 x §+n11—§12
f f311x sinydydx = f —3Lx cosy|§dx
0 0 0
ZHmly -3l

= f =3l x cos x dx

0

derivation integration
(+) —3Lx cos x
(-) -3, SN sinx

0 N —cosx

T inl-Z1,
. 3 173"
= [-3Lx sinx — 31, cos x]|} 3

= [—311 (g + il — glz) sin (g + 7l — %12) — 31, cos (g + 7l — %12)] —[-31,]

= -3l sin (g + il — glz) — 31, cos (g + il — glz)] +31,

= [—37‘[11 (sin (g) + I [sin(m) — sin(0)] + I, [sin(O) —sin (g)])
- 3L (cos (g) + I [cos(m) — cos(0)] + I, [cos(O) — cos (g)])] + 3L

V3 V3 1 1

Theorem 3

Let f(x,y,13,1;) is continuous on the region

RULUL ={(,y L, L):c+ci +c,, <y<d+d +d,l, and hy(y,I;,,) <x <
h,(y,1,,1,)}, where: ¢, c,c,,d,dy, d, are real numbers, while I;, I, = indeterminacy, and hy(y, 1, 1),
h,(y,1;,1;) continuous 2- refined neutrosophic functions, where hy(y,I;,1,) < h,(y,1;, 1), for all
VE[c+cly+cyly,d+dqiI +dy0].

Then the double integrals of 2- refined neutrosophic function f(x,y,I;,I;) over a region R U
I, U I, given by the following formula:

d+dil1+dalz;  ha(y.I02)

|| revnpaa= | | reoyn ) dxdy

RUI VI, ctcili+caly  hi(YIq12)

Example 5
Let RULUL ={(x,y,1;,1L): 1+ L+, <y <242 +2L,and (1+ 1, + I,)y < x < 31;¥?}, then:

2+21;+2I 31, y? 2+211+2I,
— — 31, y?
ﬂ 2dA= f j 2dxdy = f 2x| 35141y A
RUILUI, 1+11+l, (141 +1)y 1+11+1,
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24211421

=2 f BLy* = A+ 1L +1)y)dy

1+I1+1,

2421421,

=Ly} -+ + 12)y2)|1+11+12

=22+ 2L + 20,2 — (1 + 1, + L)(2 + 21, + 21,)?]
- [211(1 + 11 + 12)3 - (1 + 11 + 12)(1 + 11 + 12)2]

= (1414 + L,)3[14], — 3] = (1 + 191, + 71,)[14, — 3]
= —3+3211, - 21],

Theorem 4
Let f(x,y,11,I;) and h(x,y,1;,1;) be integrable over region
RUIL Ul andlet ¢ + ¢1I; + c,1, any constant, then:

6 jf (c + il + &L (o y Iy 1) dA = (¢ + cily + ¢31) ff Fy 1) dA

RUI;UI, RUIL1UI,

@ || revnm+r@yptdaa= (| eyt [ Gy da

RUI Ul RUI;UI, RUI;UI,

(3) If RUL UL, =Ry UR, UL, UI,, where Ry,R, are not overlap regions, then:

ff fO,y,1,1,)dA = ff f,y L, 1) dA+ ff fO,y,1;,1,) dA

RUILUI, RqUI;UI, R,UILUI,

3.2 Applications of double integrals of 2- refined neutrosophic functions

We can use double integrals of 2- refined neutrosophic functions to calculate the area of region:

A= ﬂ dxdy = J dydx

RUI;UI, RUI; Ul
Example 6
Let’s find the area of the plane region bounded by the curve of y =x2? and y = (1 + I; + I)x
by using the double integrals of 2- refined neutrosophic functions.
intersection points:
x2=0Q+15L+L)x

x(x_1+11+12)=0

:{ x=0
x:1+11+12

then:
{

so, the intersection points are: (0,0) and (1 — %II, 145 + 312)

» using the horizontal slice:
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1
1+ +1p (141 +15)x 1-zI1

f f dydx = f y|i12+11+12)xdx
0 x2 0

1+1+1,

j (A + 1+ I)x — x?)dx
0

141,41

0

x? x3

1+L+ L) QA+ +1L)3
=(1+11+12)( 12 2) _( 13 2)

_A+L+L)? A+ +1L)°
- 2 - 3

1+191 +71
6 6 162

» using the vertical slice:

1+511+3I; VY 14511 +3I;
| [ way= [ a? @
(1-21-2n)y

o 171 o 6172

1-2li—351 )y

6172

1+51,+3I;

1

_ f (ﬁ— (1 —%11 —Elz>Y)dy

1+51,+31,

1 ) (145 + 312)2] 0]

2 1

2 1 7
= §J1 + 6651, + 631, — (§+711 + EIZ>

2 1 9 7

1 19 7
= _+_11+—12

6 6 6

Take note that the result was the same.
Definition 1
Let R(I,I;) = {a + bl; + cl,; a,b,c € R} be the real neutrosophic field, then a + bl; +cl, = 0 if

andonlyif a>0,a+c=>20,a+b+c=0

Example 7
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Let’s find the area of the plane region bounded by the curve of y =1+ 5I; + 3, —x* and x —
axis by using the double integrals of 2- refined neutrosophic functions.

1+511+3[2_x2=0
x2=1+5[1+312

Let’s find: \/m
m = x; + X1, + %31,
1+ 50 + 31, = (x; + x,1, + x31,)2
1450 + 31, = (g + x,1)% + 2(x; + 2,11 (x315) + (x315)2
1450 + 3L, = x;2 + 2x,2,1; + (x314)? + 2(xq + x,11) (x315) + (x315)?
1451 + 31, = %% + 2xy2, 15 + %521 + 2xx31, + 2x,%31; + %321,

1450 + 31, = x;2 + (2,2 + 2x.%5 + 2x,x3)1; + (232 + 2x,%3)1,
Whence:
x2=1
X% + 2212, + 2x,x3 = 5
x32 + 2x,x3 = 3

xl = il
= {x% 4+ 2x105 + 2x,%3 =5 (1)
X32 + 2x1X3 = 3 (2)

Casel: x; =1 by substitution in (2)
x32+2x3—3=0
(3 —D(x3+3)=0
Then:
x3=1
{x3 =-3

» For x3 =1 we substitute in (1)
x22 + 4x2 - 5 = 0
(xZ + 5)(XZ - 1) = 0

Then:
x, =1
{xz =-5
Hence:
J1+5L+3L=1+1L+1,
Or:
=1-5L+1,
» For x; = —3 we substitute in (1)
X2 —4x, —5=0
(=5, +1)=0
Then:

{x2=5
X2=—1
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Hence:

W’1+511+312:1+511_312

:1_11_312

Or:

Case2: x; = —1 by substitution in (2)
x32—2x3—-3=0
(x3—3)(x3+1)=0
Then:
X3 =13
{x3 =-1

> For x3 = 3 we substitute in (1)
X22 + 4x2 - 5 = 0

(x, —1D)(x,+5)=0

Then:
{ .xz = 1
xz = _5
Hence:
\[1+511+312 = _1+11+312
Or:
- _1 - 511 + 312
» For x; = —1 we substitute in (1)
2 _ _c—_
X,°—4x,—5=0
(xZ - 5)(XZ + 1) = 0
{ x2 = 5
xz = _1
Hence:
—\/1+511+312 = —1+511—12
Or:

=-1-1I -1
hence intersection points are:
(1 + 11 + 12, 0), (_1 - 11 - 12, 0)

Or:
(1+51 —31,0),(—1-5I, + 31,,0)
Or:
(1-1,-3L,0),(-1+1,+31,,0)
Or:

(1 - 511 + 12, O), (_1 + 511 - 12, 0)

FO]TZ (1 + Il + 12, 0), (_1 - Il - 12, 0)
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1+1+1, 1+51;+31,—x2 1+11+1,
A= f f dydx — f y é+511+312—x2dx
—1-1;-1I, 0 -1-1,-1,
141y +1,
= f (1+511+312 _xz)dx
—1-11-1I,
1+1;+1,
%3
—1-1—1,
1+ +1,)3 -1-1,-1,)3
=@ +5L+3L)QA+L+1,) - %} — [(1 +50 +3L)(-1—1; — I,) — %

1+5L+1L)°

14191 + 71,
=2 [1 +19L + 71, — (—)]

3
Al B0
3 31737
b 4>04+28>0 d4+76+28 definition 1
ecous.: 3 ,3 3 an 3 3 3 ,see eflnl on
For: (1 + 5]1 - 312, 0), (_1 - 511 + 3]2, 0)
1+51;—31, 1+5I;+3I,—x? 1+511-31I,
4= f f dydx = f y (1J+511+312_x2dx
—-1-51;+3I;, 0 —-1-51,+3I;,
1+511 =31,
—1-51;+3I,
1+51; =31,
x3
—1-5I11+31;

1+ 50 —31,)3

3

—1—5I, 4+ 31,)3
- [(1 + 51, +3L)(—1 — 51, + 31,) — ( 1+ 307) ]

3

1+ 51, — 31,)3
=2 [(1 + 51, + 3L)(1 + 51, — 31,) —%}

=2[1+3511—912—( 3
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4 140 .
=3 + Tll — 121, (rejected)
For: (1 -1, —31,,0),(-1+ 1, + 31,,0)
1-1;-3I;, 1+5I;+3I,—x? 1-1;-3I,
A= f J- dydx — f y (1]+511+3Iz—x2dx
—1411+31, 0 —1+1;+31,
1-1,-3I,
—1+1;+31,
1-1;-3I
%3
—1+1143I;

— — 3
- [(1 +5L +3L)(1 -6 =30, — %}

-1+ +30L)3

=2 [(1 +50,+3L)(1 -1, - 3L,) — w}

3

1—191, — 91,
=2 [1 — 191, — 91, — (f)]
4 76

=3- ?11 — 121, (rejected)

For: (1-5I;+1,,0),(-14+5I, — I,,0)

1-51;+1;, 1+51;+3I,—x2 1-5I1;+1,
12
A= f J- dydx — f y é+511+312 X dx
—1+511—1, 0 —1+511—1,
1-5I;+1,
= J (1 + 511 + 312 - xz)dx
—1+511—1,
1-5I1+I,
X
—1+51, -1

1-5I +1,)3
= [(1+511+312)(1—511+12)—%

-1+5L —L,)3
- [(1 +50 +3L)(-1+ 51, — I,) — %}

(1 - 511 + 12)3
3
3

=2[1—3511+712—(
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4 1401+28I( ected)
=5~ —3 h+5 L (rejecte

3. Conclusions

The paper presented an important study on the double integrals of 2- refined neutrosophic
functions and its applications, where it presented a set of theorems in the double integrals of 2-
refined neutrosophic functions, discussed several methods to calculate these integrals using the
vertical slice or the horizontal slice, where we obtained the same results in both methods. Finally, we
presented applications of the double integrals of 2- refined neutrosophic functions to calculate the
area of region, and concluded that we take positive values by using the definition of the positive 2-
refined neutrosophic number.
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