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Abstract. In 1995, Smarandache talked for the first time
about neutrosophy and he defined one of the most important
new mathematical tool which is a neutrosophic set theory as a
new mathematical tool for handling problems involving im-
precise, indeterminacy, and inconsistent data. He also defined
the neutrosophic norm and conorms namely N-norm and N-

conorm respectively. In this paper we give generating theo-
rems for N-norm and N-conorm. Given an N-norm we can
generate a class of N-norms and N-cnorms, and given an N-
conorm we can generate a class of N-conorms and N-norms.
We also give bijective generating theorems for N-norms and
N-conorms.
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1 Introduction

Since Zadeh [10] defined fuzzy set with min and max as
the respective intersection and union operators, various
alternatives operators have been proposed Dubois & Prade
[2]; Yager [9]. The proposed operators are examples of the
triangular norm and conorm (#norm and f-conorm or s-
norm) and hence fuzzy sets with these t-norms and s-norms
as generalization of intersection and union are discussed in
Klement [5], Waber [7], Wang [8] and Lowen [6]. In 2007
Alkhazaleh and Salleh [1] gave two generating theorems
for s-norms and #-norms, namely given an s-norm we can
generate a class of s-norms and f-norms, and given a t-
norm we can generate a class of #-norms and s-norms. We
also give two bijective generating theorems for s-norms
and f-norms, that is given a bijective function under certain
condition, we can generate new s-norm and f-norm from a
given s-norm and also from a given #-norm. In 1995, Sma-
randache talked for the first time about neutrosophy and he
in 1999 and 2005 [4, 3] defined one of the most important
new mathematical tools which is a neutrosophic set theory
as a new mathematical tool for handling problems involv-
ing imprecise, indeterminacy, and inconsistent data. He
also presented the N-norms/N-conorms in neutrosophic
logic and set as extensions of T-norms/T-conorms in fuzzy
logic and set. In this paper we give two generating
theorems for N-norms and N-conorms, namely given an N-
norm we can generate a class of N-norms and N-conorms,
and given a N-conorm we can generate a class of N-
conorms and N-norms. We also give two bijective
generating theorems for N-norms and N-conorms, that is
given a bijective function under certain condition, we can
generate new N-norm and N-conorm from a given N-norm
and also from a given N-conorm.

2 Preliminaries

In this section, we recall some basic notions in fuzzy set
and neutrosophic set theory.
For a fuzzy set we have the following s-norm and t-norm:

Definition 2.1 The function s:[O,l]x[O,l]—>[0,l] is

called an s-norm if it satisfies the following four require-
ments:

Axiom s1. s(x,y) = s(y,x) (commutative condition).
Axiom s2. s(s(x, y), z) = s(x, s(y, z)) (associative condition).
Axiom s3. If x, 2x, and y, 2 y,, then s(x,,y,)=5(x,,¥,)
(nondecreasing condition).

Axiom s4. s(1, 1) = 1, s(x, 0) = s(0, x) = x (boundary
condition).
Definition 2.2  The function t:[O,l]x[O,l]—)[O,l] is

called a t-norm if it satisfies the following four
requirements:

Axiom tl. t(x, y) = t(y, x) (commutative condition).

Axiom t2. t(t(x, y), z) = t(x, {(y, z)) (associative condition).
Axiom t3. If x, 2 x, and y, 2 y,, then t(x,,y,) 2t(x,,,)
(nondecreasing condition).

Axiom t4 t(x, 1) = x (boundary condition).

S-norm t-norm
Basic max(X,y) min(x,y)
min(x+ y,l1 max(x+y—10
Bounded ( Y ) ( 7 )
Algebraic X+y—xy xy

Definition 2.3 [6] A neutrosophic set A on the universe of
discourse X is defined as
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A={<x,T,(x),1,(x),F,(x)>xeX} where T, I,
F:X>10,1I'[ and 0T, (x)+1,(x)+F,(x)<3".

As a generalization of T-norm and T-conorm from the
Fuzzy Logic and Set, Smarandache introduced the N-
norms and N-conorms for the Neutrosophic Logic and
Set. He defined a partial relation order on the neutrosoph-
ic set/logic in the following way:

x(T,, I, ) <y, L,, K)iff T<T,L[21,F2F
for crisp components. And, in general, for subunitary set
components:

x(T,, I,, F) < W(T,, I,, F,) iff

inf 7} < inf 7,, sup 7, < sup T,,
inf [, > inf 1,, sup I, > sup 1,,
inf £, > inf F,, sup F; = sup F,.

Definition 2.4 [4] N-norms

N, (Tor[xJor[x]or[)— (Jor[x]or[x]or])
N, (0.1, R), (T, 1, F)) = (N,T(x,y), NI(x,), NF(x,y)),
N,T(..), NJI(..), N,F(..) the  truth
/membership, indeterminacy, and respectively falsehood
/monmembership components. N, have to satisfy, for any

where are

X, v, z in the neutrosophic logic/set M of the universe of

discourse U , the following axioms:
a) Boundary Conditions: N, (x,0) =0, N, (x,1) = x.

N, (y, x).
¢) Monotonicity: If x < y, then N, (x, z) <N, (y, Z).
d) Associativity: N, (N,1 (x, ), z) =N, (x, N, (», z))

N, represent the and operator in neutrosophic logic, and

n

b) Commutativity: N, (x, y) =

respectively the intersection operator in neutrosophic set
theory.

Definition 2.5 [4] N-conorms

N (TOr[x]or[x] o) — (Jor[x]or[x]or])
N (X(T,1,,F), W(T,,1,,F,)) = (NT(x,p), N (x,y), NF(x,y)),
NT(..), NA(..), N.F(..) the  truth
/membership, indeterminacy, and respectively falsehood
/monmembership components. N_have to satisfy, for any

where are

X, v, z in the neutrosophic logic/set M of the universe of

discourse U , the following axioms:
a) Boundary Conditions: N, (x,0) =x, N.(x,1) = 1.

N, (y, x).
¢) Monotonicity: If x < y, then N, (x, z) <N, (y, z).
d) Associativity: N, (NC (x, y), z) =N, (x, N. (y, Z))

A general example of N-norm would be this.

b) Commutativity: N, (x, y) =

Let x(7;, 1,, F;)and y(T,, I;, ;) be in the neutrosophic
set/logic M. Then: N, (x, y) = (T, ATy, I, vI,, FVE,).

A general example of N-conorm would be this. Let
x(T, 1,, F) and y(7T}, I,, F;) be in the neutrosophic
set/logic M. Then: N, (x, y) = (T, vTy, I, ALy, F, A F)
where the “/\” operator, acting on two (standard or non-
standard) subunitary sets, is a N-norm (verifying the above
N-norms axioms); while the “V” operator, also acting on
two (standard or non-standard) subunitary sets, is a N-
conorm (verifying the above N-conorms axioms). For ex-
ample, /\ can be the Algebraic Product T-norm/N-norm, so
TIAT2 = T1-T2; and V can be the Algebraic Product T-
conorm/N-conorm, so T1VT2 = T1+T2-T1-T2. Or /\ can be
any T-norm/N-norm, and V any T-conorm/N-conorm from
the above and below; for example the easiest way would
be to consider the min for crisp components (or inf for sub-
set components) and respectively max for crisp compo-
nents (or sup for subset components).

In the folowing we recall some theorems and corollaries
given by Shawkat and Salleh 2007 in [ 1]

Theorem 2.6 For any s-norm s(x, y) and for alla >1, we
get the following s-norms and t-norms:

1. Si;(x,y)=\“/S(x“,y“) ,

2. T (%) =1-¢s((1—x)", (1= yF").

Theorem 2.7 For any t-norm t(x, y) and for all a>1, we
get the following t-norms and s-norms:

1' Tci(st/)Z\Ia t(xa7ya) )

20 8,6 p) =1 -x)", (1))

Theorem 2.8 Let f, g: [0,1] - [O,l] be bijective functions
such that f(0)=0, f()=1, g(0)=1 and g(1)=0. For
any s-norm s(x,y) we get the following s-norm and t-
norm:

LS (x) =/ [s(f(x).s ()]
2. Ty =g [s(g(x).2(»)]-

Corollary 2.9 Let f(x) =sin%xand g(x) = cos%x
then

, 2 . . .
1S5 (%) =;Sln ] s(sm%x, sm%yj is an s-norm

cos

. 2 .
2. T (x,y)=—cos's coszx,coszy is a -norm
V4 2 2

Theorem 2.10 Let f, g:[O,l]—)[O,l] be bijective func-
tions such that f(0)=0, f(1)=1, g(0)=1 and g(1)=0.
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For any t-norm t(x,y) we get the following t-norm and s-
norn:

LT (xy)=/ " [1(F(x).7 ()]
2. Si(xny)=g" [t(g(x),g(y))]

Corollary 2.10 Let f(x)=sin%x and g(x)= cos%xthen
1. T (x )—zsin'l t(sinzx sin~ j is a -norm
. sin >V T 2 b 2 Yy
t 2 1 V4 T .
2. 8l (x,y)="cos t[cos—x, cos—yj is an s-norm
V4 2 2

3 Generating Theorems

In this section we give two generating theorems to
generate N-norms and N-conorms by using any N-
norms and N-conorms. Without loss of generality, we
will rewrite the Smarandache’s N-norm and N-conorm as
it follows:

Definition 3.1

T (Tor[x] o [x] o) > (Jor[x]or[x]or])
T (x(T,1,F), y(T,1,F))= (t(xr,yr), s(x,0;), s(xF,yF)),

where  #(x;,y;), s(x;,3,), s(xz,y) are the truth

/membership, indeterminacy, and respectively falsehood
/nonmembership components and s and ¢ are the fuzzy s-
norm and fuzzy t-norm respectively. T have to satisfy, for

any x, y, z in the neutrosophic logic/set M of the universe
of discourse U , the following axioms:

a) Boundary Conditions: 7,(x,0) =0, T,(x,1) = x.

b) Commutativity: 7, (x, y) =T (y, x).

¢) Monotonicity: If x < y, then T, (x, z) <T (y, z).

d) Associativity: T, (7:Z (x, »), z) =T (x, T (», z))

Definition 3.2 N-conorms

S (Tor[xIor[x]or[) - (Jor[x]or[x] o)
S, (X(T,1F), p(T,1,F)) = (s(xp.9, ), t(x.0,)s t(xp00))s
where  s(x.,¥;), t(x,,,), t(xz, ) are the
/membership, indeterminacy, and respectively falsehood
/monmembership components and s and ¢ are the fuzzy s-
norm and fuzzy t-norm respectively. S, have to satisfy,

truth

for any x, y, z in the neutrosophic logic/set M of the un-

iverse of discourse U , the following axioms:
a) Boundary Conditions: S, (x,0) =x, S,(x,1) = 1.

b) Commutativity: S, (x, y) =S, ( ¥, x).
¢) Monotonicity: If x < y, then S, (x, z) < S, (y, z).

d) Associativity: S, (S, (x, ), z) = S,(x S, (» 2)).

From now we use the following notation for N-norm and

N-conorm respectively 7, —(x,y)and S, —(x,»).
Remark: We will use the following border:

0(0,1,1)and 1(1,0,0).

Theorem 3.3. For any S, —(x,y) and for alla>1, by

using any fuzzy union s-norm we get the following
S, —(x,y)and T, —(x,y):
a\As(xTahyTa)’
187 (e ) = 1=gs(@=x)". 1=y,
1=gfs((=x.)", (1= y,))

l-¢ S((l—xr"),(l_yra))’

2. T ey = gfs(x ),
L S(xFaayFa)

Where s any s-norm (fuzzy union).

Proof. 1.
Axiom 1.
§s(0%,x,%),
S:(O,x)= 1-¢s(1-D*,(1-x,)%), =x(xT,x,,xF).

I=gs(@=D%, A =x,)")

s, x,),
S (Lx)=( 1-¢s((1-0)*,(1-x,)"),
N R RS )

%‘/S(xf“,yr“),
1=¢s((1-x,)" . (1= y,)"),
1=gs((1—x,)" . (1= y,)")
s x, ),
1=gs((1=y,)", (1= x,)),
1= gs((-y, )", (A=x,)")

a

=S, (»,x)

=1(1,0,0)

Axiom 2.

S (x,y)=

/\

Il
/\

%)
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Axiom 3. Let x(x, X,, ;)< ¥(»,, ¥,, v;) then

XSV, X 2Y,, X2, ands(x{”,zf’)Zs(yI“,zl") which

implies (’/S(xla,zla) Zg/s(yf,zf). 1)

Also we have (1-x,)” <(1—y,)” then

s((1=x)".(1=2)") < s((1=3,)" > (1=2,)"), which im-

plies that

= {0-n) =) )2 {002 ) @

And we have (1—-x,)* <(1-y,)” then

S((l—x3)a,(1—23)a)£s((1—y3)a ,(1—23)a) , which im-

plies that

1go{(1-)" -2 )2 1ge{ )" 02 )@

From (1), (2) and (3) we have S7 (x,z) =S8 (y,z) .

K s

Axiom 4.

\als(xrasyra)a W
1=gfs((1=x,)*,(1=y)"), ).z
R T T Oy

=8 (x, AN (y,z))

Therefore S¢(x,y) is an N-conorm.

s

2. The proof is similar to Proof 1. [J

Theorem 3.4. For any T, —(x,y) and for alla>1, by

using any fuzzy intersection t-norm we get the following
S, —(x,y)and T,—(x,y):

1.8 (x,y)=( ¢ t(x1a,y,a),

2. T (x,y)=

Where ¢ any t-norm (fuzzy intersection).

Proof. The proof is similar to Proof of theorem 3.3. []

4. Bijective Generating Theorems

In this section we give two generating theorems to generate
N-norms and N-conorms from any N-norms and N-
conorms. By these theorems we can generate infinitely
many N-norms and N-conorms by using two bijective
functions with certain conditions.

Theorem 4.1. Let f, g:[O,l]—)[O,l] be bijective func-
tions such that f(0)=0, f(1)=1, g(0)=1 and g(1)=0.
For any S, —(x,y) and by using any fuzzy union s-norm
—(x,y) and T, —(x,y) :

[(()())

-{ e bhetnstl )
| (

g '[s(e

we get the following S,

x!

v\_/

xF)
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Proof. 1.

Axiom 3. Let x<y. Since / is bijective on the interval

[0,1] and by Axiom s3 we have

s(f () S (20)) <5 (S () f(zf)) then

f71 [S(f(xr ZT :'<f [ f(ZT))] (1)
Also since g is bijective on the 1nterva| [O 1] and by
Axiom t3 we have

s(g(x ) ( )) s(g(y )g(zz)) then
¢'[s(e(x)-2(z))]2&"[s(e()2(=)] @
And

s(g(xF)g( )) s(g(yr)-2(2)) then
g'[s(g z)]ze " [s(g(vr).2(2))] B
From (1), (2) and (3) we have S (fx z)<S (f )

Axiom 4.

Therefore S; (x,
f.g

y)isan S, —(x,y)L
2. The Proofis similar to Proof 1.

Corollary 4.2. Let f(x) =sin%x and g(x) = cos%x

then

2 . . .
—sin~ s| sin—x,,sin—y, |,
T 2 2

cos's| cosZx,,cos Xy
- POE) p Ak
2 2

0 V4 V4
—CoS™ §| COS—X,CO08— Yy
4 2 2

isan S, —(x,y)
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2 V4 V4
—cos~ s cosExT,cos—yT ,

r
2. T (x,y)= zsinls(sinle,sinzy,j,
sin, cos Vs 2 2
gsinls(sinExF,sinzij
V2 2 2
isa 7, —(x.)

Theorem 4.3. Let f, g:[0,1]—>[0,1] be bijective func-
tions such that f(0)=0, f(1)=1, g(0)=1 and g(1)=0.
For any T, —(x, y) and by using any fuzzy intersection t-

norm we get the following S, —(x,y)and T, —(x,y):
g [t(g(x).g(n))];
LS (xy)= S D)) ] )
s )]

t
t

A
S

Proof. The proof is similar to Proof of theorem 4.1. [

Corollary 4.4. Let f(x) =sin%x and g(x) = cos%x

then
2 V4 V4
—cos™ t| cos—x,,cos— Yy, |,
V4 2
2 . . T . T
1. 8 (x,y)={ =sin"'¢|sin=x,,sin=y, |,
sin, cos T 2 2

2sin’]z‘ sin” sin”
- — X, -V
r 2772 r

isan S, —(x,)

2 . ,(. & .
—sin™ ¢| sin—x,,sin—y, |,
V4 2

2 T T
2. T'(x,y)={ =cos't|cos=x,,cos—y, |,
nsi(n,cosy) T ( 2 ! 2 ylj
gcos’lt cosZx. . cos >
P 2 F 2yF
isa T, —(x,y)

5. Examples

In this section we generate some new S, —(x,y) and
T, —(x,y) from existing S, —(x,») and T, —(x,y) using
the Generating Theorems and the Bijective Generating

Theorems.

5. 1. BOUNDED SUM GENERATING CLASSES
New S, —(x,y)and T, —(x,y) from the bounded sum s-

norm.
gmin(x,” +y,%,1),
S (x,p)=( 1=gmin((1-x,)* +(1-y)".1),
1= g/min((1—x, )" +(1—y,)%,1)
1_4mm((1_x,)“+(1_ ).
Tna(xay): amin(x1a+y1aal)a
bs
g/min(xF“ +yF“,l)
gsin’1 min| | sinZx, |+|sinZ 1
z 277 2]
s 2 . V4 T
Sjsig_f:sy)z ;cos 1(mln[(cos;x,)-&-[cos;y,j,lD,

: i . ( > ] [ > ]
—cos™ | min| | cos—x, |+| cos—y, |,]
V4 2 2
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—cos
T

]—;’bs (x,y

sin,cos

2 .
—sin
V4

5.2. ALGEBRAIC SUM GENERATING CLASSES

‘(min[[cos%xfj+(cos z yjln
| o))
({5 ) )

JU—%Y+O—%V
VI+A-x)"(1-p)"

Sna (X,y) -

X +yT
1+xT v
1-
LA -y

i+ =x) =y,

I(l—xT)a+(l—yT)a

5.3. EINSTEIN SUM GENERATING CLASSES

New S,

_(x>y

norm.

) and 7T, —(

X, y) from the Einstein sum s-

-« )
New S, —(x,y)and 7, —(x,y) from the algebraic sum s- \il+(l—xT) (1-y,)
norm. } “ gy
T;l ('x’y) - 1 o la s
es 1+x1 yl
g/xr{l*'yra —x 5, 4y
F F
S = 1=4(1-x) (1= (= ) (13, ) \/—1+xF »
1=g(1-x, ) +(1-2, ) ~(1-x,)".(1-3,)"
zr
) (sm x; (szyTJ
a a a a a Lol
1=q=) (=2, = (=5, (1=, )" o2
Y ~ ~ — 1+(sm X; (sm ]
I (x,y)= %/x1 Ty XY 2 2
{‘/xF“+y,,.“—xF“.yF“ ) (cos—x, (cos% )
S”(x,y)= ~cos™
simeos d [cosﬂx, [cosz J
2 2
gsin’l [[sinzx j+(sinﬂy J (sinﬂx j(sinﬁy )j ( (Cosﬁy
2 T E T | E T E T ~Vr
72[ gcos’ 2
Sy (xy)= ;90571 ([COS%%)*[COS%)’:]—(COS%XIJ(COS%%D, 4 1+(cos—xF (cos;[
ECOSi1 (COSEX J"’(COSz )—(COSEX ][COSz j
T 2 F 2yF 2 F 2yF
T T
cos = x, cos—
| ) ( )
Zcos™ [(cos%xrJ+(cos%yrj—(cos%xrj(cos%yrn, ;COS q ( T j
T + cos—xT cos
TP (x,y)= 3s.in"[[sin%x,]-%—[sin%y,)—[sin%x,)[sin%y,jj, 2
e i (sinle + s1n”y1
Zsin™ ([sin%xﬁ.]+(sin%yfjfﬂsingxf.j(sin%y,,j] T (x,y) Esm ! 2 2
T "
simcos 4 1+(s1nﬂx,j sm”y,
2 2
. 4
) sm—xF + s1n2yF
—sm
T
1+(sm—ij(smEij

5. 4. BOUNDED PRODUCT GENERATING CLASSES

New S, —(x,y)and 7, —(x,y) from the bounded product
t-norm.
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f{/max(xra -1, 0
T (x,y)= l—g/max«l—x, )+ (
bp
l—%/max«l—xp)a +(1-
1-¢ max((l—xr)a +(1-
Se(x,y)= g/max(x,“ +y,° —1,0),
bp
g/max(x‘,“ + 3.7 —1,0
gsin’1 [max((sinzxrj+ sin— yr I,OD
T 2
Tnbpv(x,‘y): %cos [max([cos%x,}L cos%y, 1,0]]
zcos’l [max((coszxpj+ cos—yF I,OD
Vg 2
2
;cos 1[max[(cos%ij-r(cos%yTj—l,OD,
S! (x,y) = %sin’l [max [(sin%x, +sin%y,)—l,0j],

Esin’l (max ([sm i Xp +sm ] 1 OJ]
T 2

5.5. EINSTEIN PRODUCT GENERATING CLASSES
New S, —(x,y)and T, —(x,y) from the Einstein product
f-norm.

J Xy’
VZ_(xTa+yTa_xrayra)
“x.p)= I (l_x )a(l_y[)a
e i]z_((l_x,)f’+(1_y,)“_(1_x,)“(1_y,)“)’
1_(11 (1=x) (1-y)*
Vz_((l_xF)a+(1_yF)a_(1_xF)d(1_J’F)a)

s

(1-x) (1-y,)"

a
_ I Xy
)=\ s ey
e 2_(x1 TV =X )
Xy
iy a a a a
Vz_(xF Ve —Xp Ve )
sinZx, || sinZ
2 2\
—sin >
b4 . T .7 . LT
2—{(sm5x,]Jr[smzyrjf(smzxr)[smzy,jj
coszx cosZ
) . 53 SV,
): Zcos
V4 T T T L4
2 ((coszx,) (coszy,] (coszx,)(coszy,D
cosZx, || cosZ
2 . 0 ZyF
—cos
T 3 T 4
2—[(cosExF)+(cosEyF)—(cosExF](cosEyFD
cosZx, || cosZ
. o 2)’1
—cos >
T T T T
2—[(coszxr}r(cos;y,)—(coszx,j[coszyrjj
(sinﬂx j(sinﬂy j
Y el
s?(x,) 2 gin 2 2
z . ( (Sm r’)

(o3 Hongeom5 )]
| (7 on )
o ([ o[ |- (o2 Ju )

Remark. Note that for the s-norms max and drastic sum
and #-norms min, algebraic product and drastic product we
get the same norms

6 Conclusion

In this paper, we gave generating theorems for N-norm and N-
conorm. By given any N-norm we generated a class of N-
norms and N-cnorms, and by given any N-conorm we gener-
ated a class of N-conorms and N-norms. We also gave bijec-
tive generating theorems for N-norms and N-conorms.
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