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Abstract. Fixed point theory is a fundamental tool in mathematics and numerous scientific fields. This
study employs the concept of neutrosophic metric spaces as defined by Kirisci and Simsek to introduce fixed
point theorems related to neutrosophic -quasi contractions. We demonstrate that each 1-quasi contractions
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1. Introduction

In 1965, Zadeh [1] introduced fuzzy sets, enabling elements to have varying degrees of
membership. Despite initial skepticism, this concept became influential across many fields.
However, fuzzy sets faced limitations in solving certain problems. In 1986, Atanassov [2] pro-
posed Intuitionistic Fuzzy Sets, incorporating both membership and non-membership. Later,

Smarandache [3] advanced the theory further with Neutrosophic Sets, adding indeterminacy
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to membership and non-membership, providing a more robust framework for handling uncer-
tainty. These developments have significantly expanded the scope of applications in decision-
making and optimization.

In recent years, the study of fuzzy sets and their generalizations has garnered significant
attention due to their wide-ranging applications in decision-making and optimization. For
instance, |4] explored bipolar complex fuzzy soft sets and their practical applications, while [5]
investigated the normality and cosets of (v, 9)-fuzzy HX-subgroups. The concept of time fuzzy
soft sets and their role in decision-making was introduced by [6], and the influence of time
on fuzzy soft expert sets was further examined by [7]. By integrating time elements and
neutrosophic logic, [8] introduced the idea of time-effective fuzzy soft sets and examined some
of their applications, both with and without neutrosophic components, adding a new dimension
to the theory of fuzzy soft sets. In a different study, [9] introduced the idea of time-shadow
soft sets and examined their applications, further broadening the field of soft set theory and
its application in dynamic systems and decision-making processes. A thorough investigation
of complicated hesitant fuzzy graphs was presented by [10], which broadened the theory and
offered fresh perspectives on its uses in graph theory and decision-making. A numerical solution
to the fuzzy heat equation with complicated Dirichlet boundary conditions was described in
a later study by [11], providing a useful technique for dealing with fuzzy parameters in heat
conduction issues. Last but not least, [12] presented the idea of homomorphism of tripolar
fuzzy soft I'-semirings, a noteworthy advancement in the algebraic structure of fuzzy systems
that facilitates comprehension of their characteristics and their applications in a variety of
domains.

Neutrosophic sets, as a powerful extension of fuzzy sets, have demonstrated remarkable
utility across diverse domains. For example, [13] provided a detailed characterization of ef-
fective and optimal solutions for scalar optimization problems, including the derivation of
Kuhn-Tucker conditions for efficiency and proper efficiency. [14] initiated a new approach
known as possibility interval-valued neutrosophic soft sets (PIVNSSs) as a new development
in a fuzzy soft computing environment. Further, [15] explored applications of interval-valued
Q-neutrosophic soft matrices, while |16] introduced the concept of a mapping on classes of
complex multi-fuzzy soft expert sets, and studied the images and inverse images of complex
multi-fuzzy soft expert sets. |[17] Introduced a more flexible and extended approach to the
previously established concept of Interval-Valued Q-Neutrosophic Soft Matrix (IV-Q-NSM),
offering a broader generalization of existing mathematical frameworks.

Additionally, neutrosophic logic has been applied to address real-world challenges. For in-
stance, [18] utilized neutrosophic logic to navigate uncertainty in security events in Mexico,

and in [19], combined Neutrosophic Set Theory (NST) with machine learning (ML) to develop
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a novel hybrid methodology (NS-ML) aimed at enhancing breast cancer diagnosis. In the
agricultural domain, [20] introduced a multi-attribute neutrosophic optimization technique for
optimal crop selection in the Ariyalur District. Meanwhile, [21] presented an innovative tele-
medical framework by integrating vague Type-2 Neutrosophic Sets (T2NSs) with the Ordered
Weighted Continuous Multiplicative Ratio Assessment Method (OWCM-RAM) for intelligent
Medical 4.0 evaluations. These studies underscore the versatility and applicability of neutro-
sophic sets in addressing complex, real-world problems.

Fixed point theory plays a crucial role in both applied and theoretical mathematics. At
its core is the Banach contraction principle [22], introduced by Banach in 1922. Since then,
numerous researchers have extended and generalized this principle in various ways. Notably,
common fixed point theorems have been established in [23H25]. In [26,27], the authors explored
fixed point results in neutrosophic metric spaces. Additionally, [28]/29] investigated fixed points
by introducing new types of distance spaces. Additional research on fixed point theory in
generalized metric spaces can be found in the following studies: [30] introduced some results
on b-metric spaces and related it with results in metric and G-metric spaces, [31] established
fixed point results and investigated («, )-triangular admissibility within the framework of
complete extended b-metric spaces, and [32] introduced new type of contractions and proved
fixed point results based on extended quasi b-metric spaces, broadening the field of fixed point
theory. [33] contributed to the study of distance functions in nonlinear spaces by presenting
fixed point findings for nonlinear contractions with generalized )-distance mappings. Further
insights into G-metric spaces and their associated fixed point theorems were provided by [34].
Finally, [35] advanced the subject of fixed point theory by introducing common fixed point
theorems in G-metric spaces with {2-distance.

The following studies are cited for further research on fixed points in various distance spaces
and their uses in order to better grasp fixed point theory in partly ordered metric spaces, [36]
introduced tripled coincidence point theorems for weak ®-contractions. Important findings in
ordered b-metric spaces and graphic b-metric spaces were obtained by [37], who proposed co-
incidence and common fixed point theorems for four mappings fulfilling («(s), F')-contractions.
In a different study, [38] addressed asymptotic regularity and («, p)-convex contractions, pro-
viding a fresh perspective on regularity and convergence in fixed point theory. Fixed point re-
sults for Geraghty-type contractions with comparable distance were introduced by [39] through
a new type of distance spaces. [40] contributed to the study of approximating fixed point the-
ory by presenting a numerical scheme to approximate common fixed points for a wide class of

operators.
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2. Preliminary

In this document, we define the sets as follows: RT = [0,00) and I = [0, 1].
The following section revisits the definitions of triangular norms and t-norms, concepts
initially proposed by Menger [41] (see also [42]). These definitions are essential for the char-

acterization of neutrosophic metric spaces.

Definition 2.1. An operation e : I x I — I is called as continuous t-norm (CTN) if for each
k,k',7,7" € I it satisfies the following:
(1) kel =r,
(2)
(3) e is continuous,
(4)

If k <Kk and 7 <7/, than ke T < k' @ 7/,

e is commutative and associate.

Definition 2.2. An operation ¢ : I x I — I is called as continuous t-conorm (CTCN) if for
each x, k', 7,7 € I it satisfies the following:
(1) ko0 =g,
(2)
(3) ¢ is continuous,
(4)

Ifk <k and 7 <7/, than ko7 <K' o7/,

¢ 1s commutative and associate.

The concept of neutrosophic metric spaces was proposed by Kirigci and Simsek in the

following manner.

Definition 2.3. [42] A 6-tuple (Z,7,F,Z,e,0) is defined as a Neutrophic Metric Space
(NMS) when the set Z constitutes a non-empty arbitrary collection. In this context, e repre-
sents a continuous t-norm, while ¢ denotes a continuous t-conorm. Additionally, the elements
T, F, and Z are three fuzzy sets defined on the Cartesian product Z2 x (0, 00). These compo-
nents are required to fulfill specific conditions applicable to all elements (, o, c € Z and for all

positive real numbers 7, p.

(1) 0T 07 <1,0<F(( o) <1,0<Z(¢07) <1,

(2) 0<T(C07) +F(G07) +I(¢ey) <3,
(3) T(¢,0,v)=1,fory>0iff (=0p

(4) T(C 0,7) = H(o,¢,7), for v >0

(5) T(¢;0.7) @ T(0,¢,p) <T(C, 07+ p)

(6) T(¢,0,7): RT — I is continuous

(1) Jim T(C.07) =1

(8) (C,@ 7)=0iff (=¢

9) F(¢ 0,7) = F(o, ¢,
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10)
11)
12)
13)
)
)
)
)

(10) F(C,0,7) o F(o,¢,p) = F(Cc,v + p),
(

(

(

(14

(

(

(

(1

F(¢, 0,-) : RT — I is continuous
Jim n F(¢,07) =0
(C,QV)—O fory>0iff (=

T

Z(¢ 07) = Z(0: ¢, ),
15) T
I

16
17

(¢;0,7) ©Z(0,¢,p) > S(C,c,7v + p),
(¢,0,7) : R — I is continuous

hm n (¢, 0,7) =0

8) If’v <0, then T(¢,0,7) =0, F(¢,0,7) =Z(¢, 0,7) = 1
The functions T (¢, 0,7), F((,0,7), and Z((, 0,7) represent the degrees of nearness, neutral-

ness, and non-nearness between the elements ¢ and g in relation to the parameter =y, respec-

tively.

The topologies concepts including convergence, Cauchy sequences, and completeness in

NMS, are outlined as follows.

Definition 2.4. [42] Let ((,) be a sequence in a NMS (2,7, F,Z,e,¢). Then

(1) (¢n) converges to ¢ € Z iff for a given € € (0,1), v > 0 there is ny € N such that for

each n > ny

T(CH)C77) >1- €, f((na(v/y) < €, I(CnaCa/y) <e€
ie.,
lim 7(Gr, (7)) = 1, lim F(Gn, €,7) = 0, lim Z(Gn, ¢,) =

(2) (¢pn) is called Cauchy iff for a given € € (0,1), v > 0 there is ng € N such that for each

n,m > ng

T(Cm(mﬁ) >1—e F(CnaCm,’Y) <e, I(Cnv(ma’)/) <e

ie.,

n.m—oo

(3) (Z,T,F,Z,e,0) is called complete if each Cauchy sequence is convergent to an element
in Z.

In the research conducted by Simsek and Kirisci [43], the concept of NC-contractions was
presented in the setting of neutrosophic metric spaces, establishing that every NC-contraction
in a complete neutrosophic metric space has a distinct fixed point when certain conditions are
met.

The following useful lemma presented in [44].
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Lemma 2.5. [44] Let (Z,T,F,Z,0,0) be an NMS. Then

(1) T(¢,0,) : R — R is non-decreasing
(2) F(¢,0,-) : R — R is non-increasing
(3) Z(¢, 0,°) : R — R is non-increasing

Bataihah and Hazaymeh [44] established fixed point results for quasi-contractions within the
framework of neutrosophic fuzzy metric spaces. Building upon this foundation, we introduce
the concept of neutrosophic ¥-quasi contractions, a broader class of mappings that generalizes
and unifies various contraction conditions. We prove that such contractions, under suitable
assumptions, guarantee the existence of a unique fixed point. Our results not only extend sev-
eral well-known types of contractions but also contribute to the ongoing development of fixed
point theory in neutrosophic settings, offering potential applications in diverse mathematical

and applied sciences.

3. Main Result

In this section, we introduce the concept of neutrosophic ¥-quasi contractions within the
framework of complete neutrosophic metric spaces (NMS). We then establish a fixed point
theorem, proving the existence and uniqueness of fixed points for such mappings.

To facilitate our analysis, we first present the following necessary notations and definitions:

IfG: 22 xR — R, and f is a self-map on Z, then

(1) Ag,5(C,0,7) =
max 1 -1 1 -1 1 -1 1 -1 1 —1}
G(¢. o) GGy U Glefoy) TG foy) T G(fC 0,7) ’

(2) AG,£(¢,0,7) = max{G((, 0,7).G(C, f¢,7). G0, fo,7),G(C, fo,7),G(fC 0,7)} -

And
1
® 860 = e e

(2) (Tg(<7 f>7) = ZIEQDN( {g(fZC> fj<7’7)} .

Definition 3.1. [45] A function ¢ : RT — R™ is called comparison function if it fullfiled the
following:

(1) Where ¢ : Rt — R™ is monotone increasing
(2) lim,, o "™ (a) = 0 for each a > 0.

Remark 3.2. [45] If ¢ is comparison function, then
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(1) ¥(0) =0
(2) ¥(a) < a for each a > 0

We will now present the concept of neutrosophic -quasi contractions.

Definition 3.3. Let (Z,7,F,Z,e,0) be a NMS. A mapping f : Z — Z is called neutrosophic

1-quasi-contraction if for each (, o € Z and each v > 0, we have

1

m —-1< 1/’(///7’7]‘@» 0, 7))7

]:(fC;fQ”Y) < w(JV]:,f(Cv QaW))?

and

Z(f¢, fo,v) <v(A7,(C 0,7)).

Theorem 3.4. Let (Z,7T,F,Z,e,0) be a complete NMS, Suppose that f : Z — Z is neutro-

sophic -quasi-contraction. Also, assume that one of the following holds true:

(a) f is sequential continuous i.e if (, — C, then f¢, — fC,

(b) the fuzzy sets T, F and I are continuous in the first two coordinates.

Consequently, the function f possesses a unique fixed point.

Proof. Let (p € Z represent an arbitrary point. We examine the Picard sequence ((,) charac-

terized by the relation (,11 = f"(p for all n > 0. By Definition we have for all 4,7 € N

_1’
_]_7

1 1
-1 =9 maX{T(f"“*lCo,f"”*lCoﬁ/) — L mran

1 1

T Tl am 5 T =16 i)
1

T(f =10, f7 Co,y) L},

1
T(fn+Co, /™17 ¢o,7)

F(f" o, M ¢0,y) < max {F(f" o, [0, 7), F(f" o, f7C0, ),
F(fr=1¢o, [0, ), F(f"H 1o, f71¢0,7),

F(frH71¢, f"¢,7) },
and

Z(f™ o, [ C0,7) < ¢ max {Z(f" 1o, 110, ), Z(FT o, fT 0, 7).
I(fn+j_1<07fn+jC07/7)7I(fn+i_1<..07fn+j<0a7)7
I(fn+j71<07 fnJriCOa ’Y) } :

Thus, we conclude

67—(fnC07 f7 ’7) < 1/1 57_(]071—1(07 fa ’7)7

UJ-‘(f”COyfa’Y) < w U.F(fn_1€07f77)7
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and

UI(fnCmf?’Y) < 1/} O'Z(fnilcoafuf”'

Hence, we deduce that for all n > 1

57'(][%(07]0)’7) < ¢n 6T(C0>f7 ’7)7
U]:(fnC(),f,")/) < ’(/Jn J]:(Covf77)7

and

UI(fnC(],f,'}/) < ¢n UI(Cvaaﬁ)/)'

From the above inequalities, we have

1 n n
T(fng(],fn—l-mg(]’,y) —1 < 5T(f COafa’Y) < d} 57—(<07f7 ’7)7

]:(fnC()v fn+m<0a 7) < o-f(fn<0a f7 7) < wn Uf(<0a fa 7)7

and

I(fng()?fn—"_mCO?rY) < O-I(fngovf)r)/) < ¢n UI(CO,f,’Y)o

By taking the limit when both n,m approach oo, we get

lim T (f"Co, [ C0,7) = 1,

n,m—00

lim  F(f"Co, f"™Co,y) =0,
n,Mm—00

lim I(fana fn+mC07 ’7) =0.
n,M—00

Hence (f"(p) is a Cauchy sequence, thus, there is u € Z such that f"(y — u.
mathcallf (a) holds, then "¢y = ff"Co — fu and so, u = fu.
mathcallf (b) holds, then Definition [3.3| implies that

-1 Swmax{ -1

1 1 1 1 1
T(umfng()?’)/) ’ T(uvfuf)/) ’ T(f"CO,f"+1CO,'7) ’
1

1
TP ) — L TomeoFam) — L1

1
T(fu,f"+1 CO"Y)

F(fu, f"0,7) < max {F(u, f*Co,7), F(u, fu,v), F(f*Co, [0, 7),
F(u)fn—i_lg()a’y)vf(fncmfu77) }7

and
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I(fuv fn+1COa’Y) < ¢ max {I(uafnCO’fy)vI(uv fu7’7)7z(fn<.0>fn+1<-0a7)v
I(”? fn+1c077)71'(fnC07fu7’7) }

By taking the limit, we get

1 1

TGuay = YF

Guuy)

F(fu,u,y) < O(F(fu,u,v)),

Z(fu,u,y) < P(Z(fu,u,7))-

If one of W — 1, F(fu,u,7),Z(fu,u,7) not equal 0, then

1 1
R P Y
T (fu,u,”) T (fu,u,7)
or
F(fu,u,y) < F(fu,u,7),
or

Z(fu,u,y) < Z(fu,u,).
Which leads to a contradiction in each case. Hence u = fu.
Now, let w € Z with w = fw. If u # w, then from Definition it follows that

1 _ 1 1 1 1
Twon) ~ 1= TGujuy —1 =¥ max { Twom) 4 Taay ~ b Twey b
T( 1 _ 17 1 _ 1 }
u7w7’y) T(w7u7/y)

= (7t - 1)

]-'(u’w’fy) :]:(fuafan) < max{]:(u,w,fy),]:(u,u,v),]:(w,w,’y),
Fu,w,v), F(w,u,7) }

= "/} “F(w7 u’ 7)7
and

Z(u.w,7) = Z(fu, fw,5) <o max{Zu,w,), Z(uu,7), Z(w,w,7),
Z(u,w,v), Z(w,u,) }
= Z(w,u,").
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Therefore, by the same argument as in the previous step, we conclude that v = w.

4. Examples and Consequences

In this section, we provide some of illustrative examples to demonstrate the applicability
of our primary theorem in various contexts. These examples will highlight the significance
of the conditions imposed in the theorem and showcase different scenarios where the results
hold. Following this, we derive several interesting consequences and related findings, further

emphasizing the theoretical and practical implications of our main result.

Example 4.1. Let Z = [0, 1] and define the neutrosophic metric 7, F,Z as follows:

_ Y
I
¢ — ol
7 =S
(C,Q,’Y) ’y—i—\{—g\

Then, (Z,7T,F,Z,e,0) is a complete NMS where o and ¢ are as follows: e(a,b) = min(a,b)
and o(a, b) = max(a,b).
Define the mapping f : Z — Z as: f({) =
Let ¢ : Rt — R be defined as ¥(a) = §. Then, 1 is a comparison function.

[N]7aN

Proof. Now, we verify the conditions for f being a neutrosophic i-quasi-contraction.

For any (, p € Z and any v > 0, we have

v 6202l (-l
T(f¢ o) v 2y
On the other hand: ] 1 1
= X4 ————1 -1 —1
Mrs(C 7)) =ma T(Cvfﬁ) ’T(C,f%v) Tle foy)
1 —1}.

T(C fo,v) T T(fC 0,7)
Since f is a contraction, it can be shown that:

1

Similarly, we can verify:
]:(fCa an’Y) < QJZ) (N]-',f(C; 977)) )
Z(va fga’y) < ¢ (NI,f(Ca 977)) .

Moreover, the mapping f is sequential continuous because if (;, — (, then f(, = %” — %

f¢. Additionally, the fuzzy sets T, F,Z are continuous in the first two coordinates.
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Hence, by Theorem the mapping f has a unique fixed point. In this case, the fixed
point is ¢ = 0, since f(0) =0. g

Example 4.2. Let Z = {Z- : n € N} U {0} with the standard metric by d(¢,p) = |[¢ — pl.
Also, Let the t-norm and t-conorm be defined as follows ¢ ¢ p = min{(, p}, ¢ ® p = max{(, p}.
Additionally, let the fuzzy sets be defined as follows:

_ " _ A& p) _ A p)
Let ¢ : RT — R be defined as ¢(a) = 3a.

Define f: G — U by

f(C)={01 =0

gt 5 (=3
Then, f, has a unique fixed point.

Proof. From [42], the six-tuple (Z,7,F,Z,e,¢) represents a complete NMS. Now, for any

elements ¢ and p in Z and for any v > 0, we have.

1 1 1
716, 07) = max TCen) DTS P Teen)

TClon TUcen )

:max{\c—@\ €= f¢l le—fol €~ fol !fC—@!}
’.)/ Y 7 J ’.)/ ) ”)/ 9 ")/ .

If (=0=0, then 0 = (m - 1) < w(///T,f(C,Qa’Y)) = 0.

If (=0, g::,%m,then

|gmer ] 1 =l Igmer| |gmerl
= -1 Sw(///?',f(CaQa’Y)):*maX ~ ) ) .

Y T(fC, fo,v) Y Y

If ( = 5, 0= 5, then

T(f¢, fo,v) 3 0y
Also,

1

1 5 — 5| |zom| |gm| lgr = gl |m — g
V(AT (S, 0,7)) = 5 max § HE—F, S, S S LS
2 g v v v

So,

1
<T(f€3f9,7) - 1) < (AT ,1(C,0.7))-

Also, we have
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YA f(C0m) = g max {F(C o). F(C F6A), Flor fo.), F(C o), F(fG 0.)

1 { ¢ —d ¢ —fdl lo— fel ¢ = fel /¢ — el }

T2 G F = v = f v o= fal v+~ fal v+ ¢ —d

If ( =0=0, then 0 = F(f¢, fo,v) < Y(AF(¢0,7)) = 0.

If¢=0, ngim,then

| 1 Ea | 3| | g
- 1 = ‘F(f<7fg77) S w('/V]:,f(Cu Qvfy)) = s Inax 3 ’ 3 ’ 3 .
v+ |zt 2 Y+ 5=l v+ 52 v+ |
If(z%m ngim,then

|gmrr — gt

v+ g — gl
Also,
A 2 T+l — 5=l v+ gl v+ gl Y+ 5w - el v+ 3 - e
So,

The remaining portion can be illustrated in a similar fashion.

The following corollaries are direct consequences of the main theorem, extending its appli-

cability to specific cases and providing further insights into its implications.

Corollary 4.3 (Fixed Point for Quasi-Contractions). Let (Z,7T,F,Z,e,o) be a complete NMS,
Suppose that there is k € [0,1) such that for each (,0 € Z and each v > 0 the self map
[ 2 — Z satisfies the following:

1

m —-1<k ///T,f(C,Q»V)a

F(f¢ fo,y) <k Ars(C0,7),
and
I(f¢ fo, ) < k Az p(Co0,7)
Also, assume that one of the following holds true:
(1) f is sequential continuous,
(2) the fuzzy sets T,F and I are continuous in the first two coordinates.

Therefore, the function f has a unique fized point.
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Corollary 4.4 (Fixed Point for Contraction Mappings). Let (Z,7T,F,Z,e,0) be a complete
NMS, Suppose that there is k € [0,1) such that for each ¢, 0 € Z and each v > 0 the self map
f: Z — Z satisfies the following:

1 1
TUcfoy) L =F (T(C,m) B 1) ’
F(f¢, fo,v) <k F(C 0,7),

and
I(f¢, fo,v) < k Z(C, 0,7)-
Also, assume that one of the following holds true:
(1) f is sequential continuous,
(2) the fuzzy sets T, F and I are continuous in the first two coordinates.

Therefore, the function f has a unique fixed point.

Corollary 4.5 (Fixed Point for Kannan-Type Contractions). Let (Z,7T,F,Z,,0) be a com-
plete NMS, Suppose that there is k € [0,1) such that for each (,0 € Z and each vy > 0 the self
map f: Z — Z satisfies the following:

1 k 1 1
TUC Ty =2 <T(C,fC,7) Y T fen 1> ’
FUC fon) < & (FIG67) + Flo, fo.),
and
T(F¢, fon) < & (TG, £67) + Tlo, fo. 7).
Also, assume that one of the following holds true:
(1) f is sequential continuous,

(2) the fuzzy sets T,F and I are continuous in the first two coordinates.

Therefore, the function f has a unique fized point.

Corollary 4.6 (Fixed Point for Chatterjea type contraction). Let (Z,7,F,Z,e,¢) be a com-
plete NMS, Suppose that there is k € [0,1) such that for each ,0 € Z and each v > 0 the self
map f: Z — Z satisfies the following:

1 Lk <1_1+1_1>
T(fC foy)  — — 2 \T({ fo) T, fo,7) ’

FUC. fon) < & (F¢. fo) + Flo. 16.7).

and

k
I(f¢, fom) < 5 (Z(C. fo.v) + (e, £C,7))-
Also, assume that one of the following holds true:
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D.

(1) f is sequential continuous,

(2) the fuzzy sets T, F and I are continuous in the first two coordinates.

Therefore, the function f has a unique fized point.

Conclusions

The fixed point theory is a crucial tool in mathematics and various scientific fields. This

paper discusses fixed point results in the context of complete neutrosophic metric spaces,

focusing on the concept of neutrosophic -quasi contractions, with an example provided to

demonstrate the main theorem. Additionally, we build upon previous findings documented in

the literature. Future research may aim to generalize the primary results to encompass broader

neutrosophic metric spaces and other abstract spaces. Another avenue for future investigation

could involve exploring applications to fractional differential equations through the lens of

neutrosophic sets, as referenced in [46-48].
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