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Abstract: This article aims to study the definite integrals of 2- refined neutrosophic functions and its
properties. The definite integrals of 2- refined neutrosophic functions are defined in this study, and
a set of theories are presented, including the Fundamental theorem of 2- refined neutrosophic integral
calculus, the mean-value theorem of 2- refined neutrosophic integral calculus with its two parts, in
addition to the properties of the definite integrals of 2- refined neutrosophic functions. Also, we used

the n-Refined AH-Isometry [11].
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1. Introduction and Preliminaries

As an alternative to the existing logics, Smarandache proposed the neutrosophic logic to
represent a mathematical model of uncertainty, vagueness, ambiguity, imprecision, undefined,
unknown, incompleteness, inconsistency, redundancy, contradiction, where Smarandache made
refined neutrosophic numbers available in the following form: (a,b;ly,b,l,,...,byl,) where
a,by,b,,...,b, € Ror C [1]. Agboola introduced the concept of refined neutrosophic algebraic
structures [2]. In addition, the refined neutrosophic rings I was studied in paper [3], where it
assumed that I splits into two indeterminacies I; [contradiction (true (T) and false (F))] and I,
[ignorance (true (T) or false (F))]. Abobala presented the papers on some special substructures of
refined neutrosophic rings and a study of ah-substructures in n-refined neutrosophic vector spaces
[6-7].

Alhasan.Y and Abdulfatah. R also presented a study on the division of refined neutrosophic number
[8].

There are papers presented in n-Valued Refined Neutrosophic Logic and Its Applications in Physics,
Neutrosophic Rings I [4-5] and studying the integral calculus according to the logic of neutrosophic
by presenting a set of papers on that [9-10].

In addition, the AH-Isometry was extended to n-Refined AH-Isometry by Smarandache & Abobala
in 2024 [11]
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2. The definite integrals of 2- refined neutrosophic functions

Theorem 1 (Fundamental theorem of 2- refined neutrosophic integral calculus)
Letbe f(x,1,1;) a continuous 2- refined neutrosophic function defined in [a + a;; + a,I,,b +
b1, + b,1,], and let F(x,1;,1,) be the anti-derivative of f(x,I;,1,), thatis

ff(x, L, L)dx =F(x,I,1,)

then:
b+byly+byly

f(x, 11, Iz)dx = F(a + a111 + azlz) - F(b + b111 + bzlz)

ataqlitazl,

Where a,a,,a,,b, by, b, are real number, I;,], represent indeterminacy.

Example 1
5-I1+1;
W |3+ 20de= [3he+ 21500,
~2+1 -1,
=[-8, L + 1) + (5 =1 + )] = [BL,(=2+ I, = L) + (=2 + ; — 1,)?]
=21-27L + 7,
%+n11+nlz x

2 f cos (x -l + %Iz) dx = [sin (x — il + %[2)]2+1TI1+1112

0
0

= [sin (g +nl, +nwl, -l + %Iz>] - [sin (—nl1 + g[z)]
= [sin (g + %12)] - [sin (—nll + %IZ)]

= sin (%) +1 [sin (%n) — sin CTH)] +1, [sin CTH) — sin (g)] — 1 [sin (— %) — sin (%)] — L,sin (%)

=1+v2L + (V2 -1)L,

o 23172+ I2
3) f —2x(4 = 2I; + 51, — x¥)%dx = [(4 -2I +3512 —x?)
21 .
2

_ [(4 —SL+4l,— (=241, — 12)2)3] [(4 — 5, + 41, — (21,)?)3
B 3 B 3

_ (4 - 511 + 412 - 4‘ + 511 - 512)3] (4 - 511 + 412 - 412)3]

3 3
—[_11] 64 651 B 64+651 11
37 3 347 3731 37
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242611 +251,
1 242611 +251,

) J- 2x—1-2I -1, = [ ¥—l-2h - 12]5+2911+612
5+291; +61,

=J2+26L+25,—1—-2I, — 1, —\/5+29L +6l,—1 -2, — I,

=1+ 24I, + 241, — /4 + 271, + 51,
=142l +4l, —2—3L —2I,
=-1-1+2I,
Theorem 2 (The mean- value theorem of 2- refined neutrosophic integral calculus_ part I)

If f(x,1;,1,) is continuous on an interval, then we say that f(x,I;,I,) has an anti- derivative on that
interval. In specific, if a + a,1; + a,l, is any point in the interval, then f(x,1;,1,) defined by:

X

d
(1) a f f(tv [1'12)dt = f(xv [1'12)

a+aqili+azl,
a+aili+azl,
d
(2) a f f(t, Il,lz)dt = _f(xl Ill 12)

Example 2

d
€)) P f (tan?t + 2 — 31, + 4L,)dt| = tan’x + 2 — 31, + 41,

T
3

T

_TI+ 3

I1+—71,

d
(2) a J \[511t+412dt =4/ 511x+412

| 9-51;+71,

—6+I;—1

d
(3)5 f (5Lt3 + Lt +t— 21, + 5L,)dt| = =5I,x3 — LLx? — x + 21, — 51,

X

Remarks 1

g(x,Iq,12)

d
W = J 1, Ldt | = f(gCe 1y, 1) g L, 1)

ataqlitazl,

Proof:
g(x,1,12)
i f(t' IllIZ)dt = i [F(g(x, 11'12))]
dx dx
at+aqli+azly

= F(g(x' 11' IZ))Q(x' 11' 12)

Yaser Ahmad Alhasan, Mohamed Elghazali Ali Mohieldin Mohame and Raja Abdullah Abdulfatah, The definite integrals
of 2- refined neutrosophic functions and its properties



Neutrosophic Sets and Systems, Vol. 82, 2025 171

= f(g(X, 11; 12))9,(9(: 11; 12)

ataqli+azl,
d
(Z)a j f(t 1, L)dt| = _f(g(x; 11.12)).9'(35, I,1;)
g(x,Iq,12)
Proof:
ataqlitazl,
d d
a f f(t: Ilylz)dt = a[—F(g(X, 11.12))]
g(xl02)
= _F(g(x! Ill Iz))g(x! Ill 12)
= _f(g(x' 11’ 12))g(x' 11’ 12)
p g2(x11,12)
3) dx f f@t L, L)dt| = f(gz(X, 11,12)) 92(x, 1y, 1) — f(91(x. 11,12)) 91(x, 1, 1)
g1(x,I1,12)
Proof:
p g2(x11,12) P 04011401 g2(x.I1,12)
a f f(tlll’ IZ)dt = El f f(t’ll'lz)dt + f f(t'11112)dt
g1(x,I1,12) g1(xI1,12) 0+011+01;
= f(gZ(xl 111 12)) gZ (xl Ill 12) - f(gl(x! [1I 12)) (g,l(xl Il! [2)
Example 3
[ cos (x+%11+1112)
d T ) T
€)) P (t3 =1, + 7I,)dt| = —(cos3(x + Ell +1l,) — I + 71,)sin (x + 511 + 1l,)
1+1; +1,
[ /I;+31,—5x

d -5

dx 2./I, + 31, — 5x
—9—I,+6I;

5+211+1,
d 1
3) — tdt|=————— In(x+ 4+ 1, + 1
®) % x+4+1L+1, n(x 1+ h)
| In(x+4+11+13)
[ 6x2-21,+1,
dx 2t + 1, +3, | 12x2—4L +2I, +1, + 31, —14x +2I; + 81, + I, + 31,
—7x+Iy+41;
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Theorem 3 (The mean- value theorem of 2- refined neutrosophic integral calculus_ part II)

If f(x,I,1;) is continuous on a closed 2- refined interval [a + a,I; + a,l,, b + by I, + b,1,], then
there is at least one point x* = xo + x;1; + x,1, in [a + a;]; + ay1;, b + byI; + b, 1] such that:

b+b1l1+byl,

fQe 1y, L)dx = f(x*, 1, Iz)(b +bil; + byl; — (a+ayl; + azlz))

ataqli+azl,

Example 4
If f(x,1;,1;) = 4x + 51, let’s find x* that satisfy the mean-value theorem of f on
[2+; + 31,4+ 1, + 5L,].
b+byly+byl,
fOo L, L)dx = f(x*, 1, 1)(b + by, + b1, — (a + a1l; + ay1,))

ataqlitazl,

4+1,+51,

2+11+3I;
[2x2 + 5L x4 oa = (4x™ +50)(2 + 21)
[2(4+ 1 +50,)2 + 5L, (4 + I, + 51,)] — [2(2 + I, + 31,)2 + 51,(2 + I, + 31,)] = (4x* + 51,)(2 + 21,)

24 4 221, — 61, = (4x* + 51,)(2 + 21,)

24 + 361, + 881,

2

12 + 181, + 441,

Sk =TT
2

4x* + 51, = 12 + 91, + 161,
4x* =12 + 411 + 1612
x*=3+11+412 E[2+Il+312,4+11+5[2]

Example 5
If f(x,I;,1;) = 9vVx let's find x* that satisfy the mean-value theorem of f on [0+ 0I; + 0,1 +
121, + 31,].

b+byl+byl,
fQe I, L)dx = f(x*, 1, Iz)(b + bil; + byl; — (a+ail; + azlz))

ataqli+azl,

141214 +31,

9Vx dx = 9(1 + 121, + 3L)Vx*

04017401,
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[6xvx] 202 — 9(1 4 121, + 3L,)Va"

0+01I1+01

6(1 + 121, 4 31,)/1 + 12, + 31, = 9(1 + 121, + 3L,)Vx*
i 21+ 121, + 31,

- 3

. 4(1+121 +3L)  4+48l, + 121,
B 9 - 9

X

4 16 4

3. Properties of the definite integrals of 2- refined neutrosophic functions

Let f(x,I;,I;) and g(x,1;,1,) then:

b+by11+b31, b+by11+b31;
(1) f f(xl Illlz)dx = J‘ f(t,[l,lz)dt
a+aqli+azl, a+aqli+azl,
b+byl1+b21; ct+cylytezly b+b1l1+by1,
@ | senpd= [ fehpas [ pnbd
a+aqli+azl, a+aqli+azl, ctcili+czl,

where: a4+ al; +a,l, < ¢+ ¢y +cyl, < b+ byl; + byl

ataqli+azl,
@ [ fehbax=0
ataqli+azl,
b+bql1+byI, ataqli+azly
@ [ rewpa=- [ @b
ataqli+azly b+bqI1+b3y1;
b+byI1+b3l, b+byl1+bzl,
(5) j (C + C]_I]_ + Czlz)f(x, Ili Iz)dx = (C + C]_Il + Czlz) j f(x, 11, Iz)dx
ataqli+azl, at+aqli+azl,
b+byly+byI,
© | euhi) tgGuh s
ataqli+azl,
b+byl;+byl, b+byl1+byl,
SR ARSI I ICTWALE
at+aqlitazl, ataqlitazl,
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ataqli+azly

@ | fwhbi

—(a+aql1+azly)

a+aqli+azl,
_ {2 j fQx, I, I)dx ;if f(x,1,,1;) is even function

0
k 0 ;if f(x, I, 1) is odd function
Example 6
9+41,-71,
1) j 3+ @+ 1 +3L)t2— 121, —9,)dx =0
9+41;-71
sl —3l
2) f —71I, sin”x cos®x dx
—m—Tl 45l
Put: f(x,1;,1,) = =71, sin”x cos®x , then:

f(=x,1,,) = =71, sin” (—x)cos®(—x)
= —7L(sin(—x))” (cos(—x))® = 7I, sin”x cos®x
=—f(x,I,1)
Hence f(x,1) is odd function, so by property 7, we get:

M, T
n+ﬁl1—§lz

—71, sin”x cos®x dx = 0

T,
—n——11+§

1211+3l

3. Conclusions

This paper introduced the concept of the definite integrals of 2- refined neutrosophic functions
and its properties, by discussing a set of theorems related to the definite integrals of 2- refined
neutrosophic functions, where these theorems were proven. Also, the properties of the definite
integrals of 2- refined neutrosophic functions were studied, which facilitated finding the result of the
integrals of 2- refined neutrosophic function faster and directly. In addition, the importance of this
paper comes from the fact that it facilitates many studies in the field of the neutrosophic integrals
calculate.
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