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Abstract: One of the most fundamental ideas in chemical graphs is topological indices. Numerous
applications of the topological index, a wholly pictorial notion, may be found in the domains of
nanotechnology, chemistry, materials science, medicines, and other things. Neutrosophic graphs
are three-valued logic-based graphs. Although in some circumstances it is challenging to optimize
and model such utilizing fuzzy graphs, they may be regarded as a fuzzy graph. In this study, the
kinds of Sombor indices on neutrosophic graphs are first defined. A degree-based indicator called
the Sombor index was developed by Gutman. The formula for this index is SO(G) =

Yuver)Jdeg(w)? + deg(v)?. The following triad is the definition of the Sombor index for
neutrosophic graphs.

4 + 2507(G) — S0,(G) — 250:(G)

S0(G) = (S07(G),50,(G),S0x(G)),  |So(G)| = A

Keywords: Sombor index, Reduced Sombor index, Average Sombor index, Neutrosophic Graphs,
Topological indices, Complete neutrosophic graph, Regular neutrosophic graph.

1. Introduction

According to graph theory, the graph is an ordered pair G = (V,E), such that V is the set of
vertices and E isarelationon V when called edges. Here V and E both accept values belonging to
the set of natural numbers (N), thatis, |V| =n, and |E| = m such that n,m eN. In 1965, Zadeh [1]
revolutionized modern mathematics by defining fuzzy sets. This development was able to create a
new and practical branch of graph theory. Accordingly, m and n do not necessarily belong to natural
numbers (N), they can derive their values from real numbers (R). Thus fuzzy graphs were born and
human beings have witnessed many applications of this theory in recent years. Finally, in 1995, new
collections called neutrosophic collections were identified and introduced by Smarandach [16]. These
collections quickly spread to other areas of mathematical research. Those interested in graph theory,
like other researchers, generalized the concept of neutrosophy in graph theory and thus led to the
birth of a new subset of graphs called neutrosophic graphs. Neutrosophy is a new branch of
philosophy that studies the origin, nature, and scope of neutralities, as well as their interactions with
different ideational. It is the base of neutrosophic logic, a multiple-value logic that generalizes fuzzy
logic and deals with paradoxes, contradictions, antitheses, and antinomies [3, 21-23].
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The neutrosophic graph is an ordered pair G = (V,E), such that V is the set of vertices with
membership function N, when N is a neutrosophic function, and E is edges set, that defined with
neutrosophic function M as triad (T,I, F). For further study on the neutrosophic and neutrosophic
sets of graphs, see References [2,3,24-27].

Topological indices are quantities that, by attributing a numerical value to a graph or a network
according to its properties, help us greatly in analyzing, inferring, and comparing different graphic
structures. These indices are divided into two general types indices based on degree and indices
based on distance. Each of these types has its own applications. The Sombor index is a degree-based
index introduced by Gutman in 2020 [4]. After the introduction of this index, many researchers tried
to introduce and use this index and in a short time, several articles were presented about this index.
Here are some articles published in this field for further reading by those who are interested [5-15].
In short, it can be said that a topological index is a real number that is attributed to a molecular graph
and is stable with respect to the uniformity of the graph. They are used as a tool to determine the
chemical and physical properties of molecules. Also, currently, these indicators are widely used in
networks. The Wiener index, abbreviated as W, is the first topological index used in chemistry. This
index was introduced by Harold Wiener in 1947 to show the relationship between the physical and
chemical properties of organic compounds and their topological structure.

After the introduction of fuzzy graphs, the generalization of topological indices on this type of graph
and the investigation of its applications were very interesting for mathematical and computer science
researchers. In recent years, very beautiful and practical results have been obtained from this
research, so readers can refer to references [28-31] to learn more about a corner of this valuable
research.

In previous articles, we have thoroughly examined the connectivity index [17-19], and the Wiener
index [20] in neutrosophic graphs, and in this paper, we define the Sombor index on neutrosophic
graphs.

2. Preliminaries

In the section provides some definitions and theorems.

Definition 1. [3] Let G = (N, M) is ansingle-valued Neutrosophic graph, where N is a Neutrosophic
seton V and, M is a Neutrosophic set on E, which satisfy the following

Ty (W, v) < min(Ty W), Ty(v)),

Iy(u,v) = max(IN(u), IN(U)),
Fy(u,v) = max(FN(u),FN(v)),

Where u and v are two vertices of G, and (u,v) € E is an edge of G.

Definition 2. [3] Given G = (N, M) be a single-valued neutrosophic graph and P is a pathin G. P
is a collection of different vertices, vy, vy, Vy, ..., V, such that (TM Wiy, v), Iyy(Wi_q,vy), Fyy (4, vi)) >
0 for 0 <i <n. P is aneutrosophic cycle if vy = v, and n = 3.

Definition 3. [3] Given G = (N, M) is a single-valued neutrosophic graph, and v € V is vertex of G.
the degree of the vertex v is the sum of the truth membership values, the sum of the indeterminacy
membership values, and the sum of the falsity membership values of all the edges that are adjacent
to vertex v, and is denoted by d(v), that

dw) = (dr (@), &), 4, @) = | D Ty@w, ) hy@w, ) Fyw |

VeV vevy vev
vEU vEU vFU
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Td(v) = (TdT(v), Td,(v), po(v))

= z Ty(w,u) + TN(U),Z Iy(v,u) + [N(U),Z Fy(v,u) + Fy(v) |

veV vev vev
v#EU vEU vEU

Definition 4. [3] Given G = (N, M) is a single-valued neutrosophic graph, and the d,,—degree of any
vertex v in G is denoted as d,,(v) where

dm(v>=< D TR, Y Rwv), ) qu,v)>

UFVEV u+vev u*vev

Here, the path v = vy, vy, v,, ..., v, = u is the shortest path between the vertices v and u, when the
length of this path is m.

Definition 5. [3] Given G = (N,M) is a single-valued neutrosophic graph, G is called a regular
neutrosophic graph if any vertex has the same degree, that is, for all u in V(G) we have d;(u) =
(dy, da, ds).

Definition 6. [3] Given G = (N,M) is a single-valued neutrosophic graph, G is called a totally
regular neutrosophic graph if any vertex has the same degree, that is, for all u in V(G) we have
TdG (u) = (dl, dz, d3).

Definition 7. [3] Given G = (N, M) is a single-valued neutrosophic graph, G is a complement
regular neutrosophic graph if it satisfies the following,

Z Tuy(v,u) =c, Z Iy(v,u) =c, Z Fy(v,u) =c,

v¥EU v¥EU v¥EU

Where c is a constant value.

Definition 8. [3] A neutrosophic graph G = (N, M) is called a complete neutrosophic graph if the
following conditions are satisfied:

Ty (uv) = min{Ty (w), Ty (v)},

Iy (uv) = min{ly(w), Iy(v)},

Fy(uv) = max{Fy(w), Fy(v)},
Forall u,v €V.

3. Mane results
This section provides some definitions and theorems.

Definition 9. let G = (N, M) be a neutrosophic graph. the Sombor index (S0) of the graph G is
defined by,

1 1
S0r@ =35 Y. T30y, () + T W), (W))2,

UVEE(G)

S0 =5 Y. (30 w) + {)da, )2

uUveE(G)

1 1
S0p(@) =5 ) (FRWy, (W) + FE()da, ()2

UveE(G)
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4 + 250,(G) — S0,(G) — 2S0(G)

50(6) = (Sor(6),50,(6),Sop(6)),  1S0(G)] = 3

Too, we have:

dy ) = (dyy (), g, (), d, () =< > TE@w), Y B, ) F,a,(u,v))

u*vev u+vev u*vev

Definition 10. Sombor index whit the totally degree of the graph G is defined as:
1 1
Sor(Gr) =5 ) (TR@Tdy () + T () Tdy, (),

UveE(G)

1 1
S0G) =5 D (RQOTdy () + F0)Tdy )7,

UVEE(G)

1 1
S0pG) =5 ) (FRWTdy,(w) + Ff()Tdy, (0))7.

UuveE(G)

4 + ZSOT(GT) - SO[(GT) - ZSOF(GT)
6 .

So(Gr) = (SOT(GT)'SOI(GT)'SOF(GT)); [So(Gr)| =
Too, we have:

Tdy () = (Tdy, (W), Tdy, (), Tdy, ()

=< Z Ta(u,v) + T2 (w), Z 15 (w,v) + I3 (w)), Z F,ﬁ(u,v)+F,§(u)>.

UFVEV U*vevV U*VveV

Definition 11. The Reduced Sombor index of the graph G is defined as:
1 1
Sopear(@ =5 Y. (T3 dasear (@) + T (W) dopeq, 0,

UveE(G)

1 1
Sorear(©) =5 Y (AW dzreq, @) + (@) dpeq, )2,

UveE(G)

1 1
SoRear(@ =5 D (P darear (@) + Fi(0)dzpea, (V)2

uveE(G)

S0geq(G) = (SORedT(G)rSORedI(G): SORedF(G)),

4+ 250Rear(G) — SOReqr (G) — 250p0qr (G)

|Soreq (G)] = 6

Too, we have:
drea(W) = (dZRedT(u)'dZRedl(u): dZRedp(u))

=(Z

u+vev

TZ(u,v) — T# () z Ffi(w,v) — F§(w)

U*VvevV

> ) -

u*vev

’ ’

Definition 12. The Average Sombor index of the graph G is defined as:

1 1
SOAng(G) = E Z (Tlg (u)dZAng (u) + TI\% (U)dZAng(V))ZI
UVvEE(G)

1 1
oo (@) =5 D (FW 406,00 + ()00, )2

UveE(G)
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1 1
Somgr(@ =5 D (Fi a0, @) + F3(0)daa0g, ()2

UVEE(G)
S04pg 6) = (SOAng(G), S0uvgi (@, SOAng(G));

4+ 2504097 (G) — S04y1(G) — 250,447 (G)

|SOAvg(G)| = 6

Too, we have:

d2a0g W) = (dZAng (w, dZAvgl(u)r dZAng(u))

2 Yower(e) Tn(uv)
= < Z T2 (u,v) — ZWE ( )T OBk Z 14 (u,v)
u*vev uev(G) °N u*vevV
_ 2 Zuw—:E(G) Iy (uv) Z F2(u,v) — 2 ZuveE(G) Fy (uv)
YuevieyIn@w) |’ = M Yueviey Fn @) |/

Example 1.Let G = (N, M) be the neutrosophic graph with V = {a, b, c,d, e} where (Ty, Iy, Fy)(u;) =
(0.1,0.2,0.5), (Ty,Iy,Fy)(uy) =(0.2,0.7,0.3), (Ty,Iy, Fy)(usz) =(04,03,0.7) , (Ty, Iy, Fy)(us) =
(0.5,0.2,0.4), and (Ty,Iy,Fy)(us) =(0.4,0.5,0.3), The edge set contains (Ty, Iy, Fp)(us,u,) =
(0.1,0.2,0.5), (Tw, Iy, Fpp) (us, uy) = (0.1,0.2,0.6) ,  (Ty, Iy, Fap) (ug, uy) = (02,0.3,0.8)
(Tw, Iy, Fap) (us, uz) = (02,0.5,0.3). (Figure 1)

, and

up = (0.2,0.7,0.3) uy = (0.1,0.2,0.5)

.L (0.1.0.2.05) ®

'r};.:;:%?"':--.._\__\_
| J'.J‘ f"‘_::j;:;%""‘--u_,__\_

(0.1.02,06)/ e

us = (0.4,0.5,0.3)
(0.2.03,0.8)
®

ug = (0.4,0.3,0.7) uy = (0.5,02,0.4)
Figl. G = (N, M) be the neutrosophic graph with V = {a, b, c,d, e}.

By direct calculations,
d(u;) = (0.1,0.2,0.5),
d(uy) =(0.1+0.2+0.1,0.2 + 0.2 + 0.5,0.5+ 0.3 + 0.6) = (0.4,0.9,1.4),
d(us) = (0.1 +0.2,0.2 + 0.3,0.6 + 0.8) = (0.3,0.5,1.4),
d(w,) = (0.2,0.3,0.8),
d(us) = (0.2,0.5,0.3).
By definition of d,,(v), we have

dz(v>=< D Thww, Y ), Fﬁ(um))

U+VveV U+vev U+VeV
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Therefore
d,(uy) = (0.01,0.04,0.05), d,(u,) = (0.06,0.33,0.5),  d,(us) = (0.05,0.13,1),
d,(u,) = (0.04,0.09,0.64),  dy(us) = (0.04,0.25,0.09).

Also, for u;u; € E(G),
1 2 2 1
Sor(6) =3 E (TR Wda, (W) + Ty (v)d,, (v))Z = 0.148,

UveE(G)
S0,(G) = % Z (3 (W dy, (W) + B (W)dy, ))2 = 0771,
UvEE(G)
1 1
50p(6) = 5 Z (F3(wdy, (1) + F3(v)dy, (1))Z = 0.987,

UveE(G)

S0(G) = (So7(G),S0,(G),S0r(G)) = (0.148,0.771,0.987).

4+ 2507(G) — S0;(G) — 2507(G) 4 +2(0.148) — 0.771 — 2(0.987)
6 B 6

1So(@)] = = 0.2585.
Theorem 1: let G be the Neutrosophic Graph, and H is the Neutrosophic subgraph of G such that
H =G —u then

SO(H) < S0(G).

Proof: Given that by omitting a vertex of G, a positive value, the sum is lost, so the proof is obvious.
(]
Theorem 2. Let G; = (N;, M;) be isomorphic with G, = (N, M;). Then all of the following equations
are established.

Sor(Gy) = Sor(Gy),

50;(Gy) = S0,(Gy),

Sop(Gy) = Sop(Gy),
Also, we have S0(G;) = So(G,).

Proof. Let G; = (N1, M;) be isomorphic with G, = (N, M,), and f:V; — V, Dbe the bijection from
V, to V, such that

Tv,W) = Ty,(fW), Iy, = Iy,(fW),  Fy,(w) = Fy,(f(W),
Forall u €V, and
To,uv) = Toy, (FF ), Ty, uv) = Ly, (FDF(v)),  Fp, (uv) = Fap, (f () f (v)),

For all uv € E;. Since G, isomorphic with G,, any edge between two vertices, for example, u and v
in G, are equal to that between f(u) and f(v) in G,. Hence

dzTG1 (W) = dzTG2 (f(u)), dzIG1 w = dZIGZ (f(u)); d2FG1 w = dZFGZ (f W),
For u,v € N;. Therefore

Sor(Gy) = Sor(Gy), S0;(Gy) = So,(Gy), Sop(Gy) = Sop(Gy),
And

4’ + ZSOT(Gl) - ZSOF(Gl) - SOI(Gl) _ 4’ + ZSOT(Gz) - ZSOF(Gz) - 501(62)

So(Gy) = 6 6

= S0(G,).
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O

Theorem 3. Let G = (N, M) be a complete neutrosophic graph whit V = {vy,v,, ..., v,} suchthat t; <
tp < Sty L Sip< <ipand fi=f, = =f, where t; = TN(vj), ij = IN(vj) and f; =
Fy(vj) for j =1,2,..,n. Also, G is the regular neutrosophic graph of the second rank (that is, for
each vertex u in V(G),d,(v;) = (dy, d3, d3)). Then

N

1
Sor(@ =Y1 Y (¢ + 6B,

1<j<k
2sksn

Vd; . oL
2 (i} + i)z,

1<j<k
2<ksn

1
PNGRYAE
15)<k
2sksn

So,(G) =

Sop(G) =

/7
2
Too, we have for u in V(G):
d,(v;) = (dzT(vj)’ dz, (v)), sz(”j)) = (dy, dz, d3).

Proof: Suppose G is a complete neutrosophic graph, we have

Sor(@) =3 Y. (TR0 + TR, W)= 3 Y (T§ad; + T3)dy)?

UVEE(G) uveE(G)
1 1 d 1
=y \/d_l(TAz,(u)+T,§(v))2=Q > (T + TEw)?
uveE(G) uveE(G)

Jd
=Tl(\/t12+t§+\/tf+t§+---+\/tf+t,21+\/t§+t§+---+ /t§+t,%+---

Jd 1

+ \/tﬁ_z +t2_, + \/tﬁ_z +t2+ \/t,ﬁ_l + t,zl) = Tl Z (t? + t3)z.
15j<k
2sksn

Using the same argument, we can prove the other two cases.
O

Theorem 4. Let G = (N, M) be a complete neutrosophic graph whit |V| = n. Then,

If M is a constant function, thatis, M(uv) = (t,,, i, fin), for uv € E(G). Now, we have:

Vn—1 1
S0r(6) =o—tm Y. (TH) + T2,
uveE(G)

S0 =i Y URG) + RO,
UveE(G)

Vn—1 1

S0p(6) =t ). (FR(W)+ FE(W))2.
UVEE(G)

If Mand N are the constant function, that is, M(uv) = (t,,, im fin), for uv € E(G), and N(u) =
(tn, in, fr), for u € V(G). Now, we have:

3
nn—1)2
So;(G) = Z—ﬁtm- Ly,
3
nn-1z
SOI(G) = ——TEQET——lnrln,
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3
— 1)z
S0n(6) = %fm.fn.

Also,

3
n(n—1)2 o 2
W(Ztm tn —lm-lp — mefn) + §

If Mand N are the constant and the same function, that is, M(uv) = (t,i,f), for uv € E(G),
and N(u) = (t,i, f), for u € V(G). Now, we have:

1So(G)] =

3
_ne -1z,
Sor(G) = Wi 3 te,
_nn—-1)2 ,
So,(G) ——2\/2 31 ,
—1)2
S0p(6) =" =
Also,
3
|So(6)] = %(th —i2-2f2) + g

Proof: In the first case, suppose G is a complete neutrosophic graph, with |V| = n. Also, uv € E(G),
we have M(uv) = (t,,, im, fm)- Therefore,

dy ) = (day (), do, (), dy, (1)) =< > TE@w), Y v, ) Fﬁ(u.v))

u*vevV u+vev u+vev

= ((n—Dt2, (n—Di2, (n — Df2).

Now, by placing d,(u) in relation to the Sombor index we get:

1 11 1
S0r(@ =3 Y T3y, () + TEWdoy WNZ =5 Y (TR0 = Dt + TE ) — D)2

UVEE(G) UveE(G)
1 1 1 1 1 1
=5 ((n = DEE2(THW) + T{())2 =5 ((n — Dtf)? (Ti (W) + T§(v))2
2 quZE(G) 2 uv;:((;)
Vn—1 1
=t ) T + TE)E

uveE(G)

In the second case, consider Mand N are the constant functions, such that, M(uv) =
(tms Ims fin), and N(u) = (t,, in, f»). In this state, we have for u € V(G),

dy () = (day (W), d, (), dz, (1)) =< > TE@w), Y v, ) F@(u.v))

U*VveV U*VveV u+vev

= ((n—Dt2, (n—Di2, (n — Df2).

by placing d,(u),

1 11 1
S0r(@) =5 ) (ThWdy, () + Ty WD =5 Y (T30 = Dt +TE)n — D)2
UvEE(G) uveE(G)
3
nn—1)2
7 tm Lo

1 1
=3 Z (tatn = Dg, + ti(n — D)2 =
UVEE(G)

S.N. Gambhire, Masoud Ghods" Zahra Rostami, Sombor Index in Neutrosophic Graphs



Neutrosophic Sets and Systems, Vol. 82, 2025 439

The same can be proved for So,;(G) and So.(G). Also, by direct placing in |So(G)|,

4+ 2507(G) — S0,(G) — 2505(G)

1So(6)] =

6
3
n(n—1)2 n(n —1)2 N _,nn 1
=4+2 2\/_ -ty — 2\/— LM'ln 2———F= 2\/_ fmfn
_ nn— 1)% VT E

To prove the third case, it is enough to consider d,(u) like the previous parts and then replace
the value of M(uv) = (t,i, f),and N(u) = (t,i, ). The proofs for So;(G) and Sor(G) are similar to
the case for Sor(G).

O

Theorem 5. Let G = (N, M) be a complete neutrosophic graph whit |V| = n. Then,

If Mand N are the constant functions, that is, M(uv) = (t,,, im fin), for uv € E(G),and N(u) =
(tw i, fn), for u € V(G). Now, we have:

-1
Sor(Gr) =" (= Dt + D
-1
S0,(Gr) =" =2 in(n = i + D),
S0r(6r) = "2 (= D +
Also,
1S0(Gr)| = "(1"2—%1)(2%(@ — D+ )2 — iy (= DiZ + D)2 = 26 (- DfE+ £2)2) +

If Mand N are the constant and the same functions, that is, M(uv) = (t,i,f), foruv €
E(G),and N(u) = (t,i, f), for u € V(G). Now, we have:

Sor(G) = & _2\1}(")2 ,
S0¢(Gy) = %Jf
Also, ,
1S0(Gp)| = ("%/)E(")i(zﬁ 2o 2f7) 4 %

Proof: Suppose G is a complete neutrosophic graph, with |V| = n. Also, uv € E(G). The first case,
we have M(uv) = (ty, im fm), for uv € E(G),and N(u) = (t,, in, fn), for u € V(G). Therefore,

Tdy () = (Tdz, (W), Tdy, (W), Tdy,, (W)

=< Z T2(u,v) + T2(u), z 12w, v) + 2 (W), Z F,E,(u,v)+F,§(u)>.
U+VveEV U#VEV U*VEV

= ((n— D& +t2,(n— DiZ + 2, (n— Df2 + £2).
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Now, by placing Td,(u) in relation to the Sombor index we get:

1 1

Sor@r) =5 Y. (TROOTdy () + T (W)Tdy, ()2
quE(G)1 :
=3 D @ =Dtk + ) + T~ Ve + )2

UVEE(G)

1 1
=3 D (= Dtk + D TFW + TE))?

UveE(G)
1 1 nn-1
=5 Z (= Dtz + ) (tn + 2))2 = %tn((n — Dt} + D)2,
UVEE(G) 2V2

It is similarly possible for the other two modes.

4’ + ZSOT(GT) - SOI(GT) - ZSOF(GT)

1S0(Gr)| = .
44220 D e (-1 + )Y - D (- Dig + i - 220 - D+ e
44 (2\/_1) 2t ((n — 1)t2, + t2) Y2 _ in((n— 1)z:+ i2) 2 _ 2f,((n = DfE + £2) 2)
_nn-1) (2ta((n = DG + )2 = i((n —61)i3n +i2)2 = 2 (= DFE + fD)V2) + :
12v2 3

For case 2: we have M(uv) = (t,i,f), foruv € E(G),and N(u) = (t,i, f), for u € V(G), henc:

Tdy(u) = (Tdy, (W), Tdy, (w), Td,, () )

:( Z T2(u,v) + T2(u), Z 12w, v) + 2 (W), Z F@(u,v)w,a(u)).
UFVEV UFVEV UFVEV

=((n—Dt2+t2,(n—1i2+i% (n—1Df2+ f2) = (nt?,ni%, nf?).

Sor(G) =5 Y (THWTda () + TEOTdyy )F =3 Y (TFEO(ML) + THE) ()2

UVEE(G) UvEE(G)
1 11 1 1 -1 2
=3 D @+ NE =S Y ()T = (= D2

2 2 22

uveE(G) UveE(G)
It is similarly proved for the So;(G;) and Sor(Gr). Also,
4+ 2Sor(Gr) — So0,;(Gr) — 2S0R(G
1S0(Gp)| = or(Gr) 21( T) op(Gr)
(n— 1)(71)2 _(n- 1)(”)2 ,(n= 1)(n)2 2
442 t? S
22 22 2z

6

3
M=D@)? 52 2 pp
=4+ 2\/5 (2t l zf):(n—l)(n)%(th_i2_2f2)+z
; 2 s

The proof is complete.
O
Conclusion

S.N. Gambhire, Masoud Ghods" Zahra Rostami, Sombor Index in Neutrosophic Graphs



Neutrosophic Sets and Systems, Vol. 82, 2025 441

In this paper, for the first time, Sombor indices for neutrosophic graphs are defined. Here, in addition

to defining Sombor indices, we have calculated and studied these indices for complete neutrosophic
graphs, which are an important category of neutrosophic graphs. In the following, we will generalize
these indicators and in our next articles, we will discuss another group of neutrosophic graphs, called
neutrosophic regular edge graphs, and then we will discuss its applications.
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