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Abstract. In today’s rapidly evolving world, the shift towards multi-polarity is increasingly evident, signifi-

cantly influencing various scientific and technological domains, particularly in information and data sciences.

This study introduces m-polar Quadripartitioned neutrosophic sets and graphs, along with key results and

operations, such as the composition and Cartesian product of m-polar quadripartitoned neutrosophic graphs,

supported by illustrative examples to clarify the proposed concepts. Additionally, recognizing the complexity

of selecting a mobile network shaped by factors like coverage, data speed, pricing, and customer service-we

propose a novel decision-making approach using a score function within the framework of m-polar quadripar-

titioned neutrosophic sets. This methodology enables users to evaluate and compare multiple mobile networks

effectively across various criteria.

1. Introduction

An m-polar neutrosophic model is highly effective, offering greater precision, adaptabil-

ity, and comparability than classical, fuzzy, or neutrosophic graph models. In neurobiology,

multi-polar brain neurons demonstrate significant learning interactions with other neurons,

showcasing the relevance of multi-polar systems. Likewise, multi-polar technology finds appli-

cations in information technology for managing large-scale systems. However, challenges often

arise when dealing with unclear or ambiguous evaluations in the selection of reference sets.
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For example, in voting scenarios, individuals may vote in favor, vote against, or abstain [33].

The mathematical properties of m-polar fuzzy graphs are studied in [10], while the concepts

of m-polar valued graphs have been extended to various domains of fuzzy set theory [4,11,12].

In electrical engineering, we work with conductors and non-conductors, but some materials

act as insulators. Neutrosophic set (NS) theory offers an effective framework for handling such

scenarios. In many real-world applications, we encounter multipolarity, along with rankings of

truth, falsity, and indeterminacy for various alternatives. To address these uncertainties and

hesitations, we introduce the concept of an m-polar NS.

From a practical perspective, the applications of this model span a wide range of fields,

including decision-making systems, pattern recognition, image processing, medical diagnosis,

and risk management. For example, in decision-making systems, the m-polar quadriparti-

tioned neutrosophic model captures the complex nature of real-world choices, enabling more

robust and comprehensive analysis [30, 31]. Similarly, in image processing and pattern recog-

nition, where data may involve ambiguity or uncertainty, this model supports more accurate

classification and interpretation [14,28].

In medical diagnosis, where uncertainty arises from the complexity of biological systems

and variability among patients, the m-polar quadripartitioned neutrosophic model offers a

systematic framework for integrating diverse information sources, enabling informed decision-

making.

Similarly, in risk management, particularly in domains such as finance and insurance, where

accurate risk assessment is critical, this model enhances evaluation by addressing various

dimensions of risk, including probability, severity, and uncertainty [22]. Consequently, the m-

polar quadripartitioned neutrosophic approach not only strengthens the theoretical foundation

of neutrosophic set theory but also broadens its practical applicability to a wide array of

problems characterized by uncertainty and complexity [31].

While m-polar fuzzy sets (MPFS) define membership values within [0, 1]m to represent

an object’s m criteria, they fail to capture the indeterminacy and falsity components of the

object. Neutrosophic sets (NS), on the other hand, consider truth, falsity, and ambiguity for

a single criterion but lack the capability to integrate information from multiple sources with

varying polarities and multiple criteria. To address this limitation, we propose a novel model

-the m-polar neutrosophic set (MPNS) which combines the strengths of MPFS and NS. This

model accommodates multiple criteria while handling truth, indeterminacy, and falsity for

each alternative.

The MPNS builds upon earlier works such as the bipolar neutrosophic set by Deli et al.

[9] [18], representing an extension of these concepts. We establish various attributes and

operations of MPNS and introduce scoring functions for comparing m-polar neutrosophic
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numbers (MPNNs). Throughout the manuscript, we use ∆ as an indexing set. In the following

paper, [43] studies the concept of a novel neutrosophic multi-criteria decision-making (MCDM)

approach to improve the supplier selection process under uncertainty and ambiguity

The concept of single-valued neutrosophic sets was first introduced by H.Wang et al. [27]. By

dividing the indeterminacy component of NS into two parts-Unknown’ (neither true nor false)

and Contradiction’ (both true and false)-we derive four components: A (truth), C (unknown),

B (contradiction), and D (falsity). This leads to the quadripartitioned single-valued neutro-

sophic set, as proposed by Chatterjee et al. [8], rooted in Smarandache’s ”Four Numerical-

Valued Neutrosophic Logic” [24] and Belnap’s ”Four-Valued Logic” [5]. Neutrosophic graphs

were concisely explained in F. Smarandache’s book [25], while the degree, order, and size of

single-valued neutrosophic graphs (SVNG) were developed by S. Broumi et al. [6]. Recent

advancements include bipolar quadripartitioned neutrosophic graphs (BQNG) and quadripar-

titioned single-valued neutrosophic graphs (QSVNG) with real-world applications [16, 17, 34].

M-polar quadripartitioned neutrosophic sets, graphs, and their topological properties were

introduced by S.S. Hussain [29]

Interval neutrosophic graphs (ING), which represent membership, non-membership, and

indeterminacy using intervals, offer greater flexibility and ease of use compared to single-

valued neutrosophic graphs [19]. Recent studies onm-polar neutrosophic graphs (MPNG) have

explored metrics [1, 2] and isomorphism properties [15]. New operations such as join, union,

ring sum, and composition, along with six novel products for MPNG, have been introduced

in [20].

In this paper, we present the concept of MPQNS and its associated graphs, along with

key results. We introduce the composition and Cartesian product of MPQNG and provide

examples to illustrate the theoretical concepts. The following highlights the significance and

challenges addressed in this work.

Novelty of this paper:

• This paper provides a novel conceptual framework (m-polar quadripartitioned neutro-

sophic sets) to address uncertainty in decision-making, particularly in scientific and

technological domains.

• It introduces innovative operations (e.g., strong product, direct product) on neutro-

sophic graphs, enhancing analytical capabilities and expanding the toolkit for complex

system analysis.

• It explores fundamental concepts like Cartesian product, composition within the con-

text of m-polar neutrosophic graphs, contributing to theoretical understanding and

application.
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• It gives the properties and theorems of m-polar quadripartitioned neutrosophic graphs,

providing a solid theoretical foundation for further research and application.

• Finally, these graphs comprehensively capture decision criteria such as coverage, data

speed, pricing, and customer service, enabling a holistic view of mobile network options

which is crucial for the dynamic nature of mobile networks.

• The abstract nature of m-polar quadripartitioned neutrosophic sets and associated

operations have present challenges in interpretation and understanding, requiring spe-

cialized knowledge and expertise for effective utilization.

• In the application viewpoint, using m-polar quadripartitioned neutrosophic sets, utiliz-

ing the score function within this framework facilitates quantitative analysis, enabling

objective evaluation and comparison of mobile network options, leading to data-driven

decision-making.

The flowchart of the proposed QNG model is shown below:1

Figure 1. Flow Chart

2. Operation on m-polar Quadripartitioned Neutrosophic Graphs

Definition 2.1. A graph G = (VG, β,Γ) of the graph G′ = (VG, EG), where β =

(Aβ,Bβ, Cβ,Dβ), and Γ = (AΓ,BΓ, CΓ,DΓ) is called m-polar QNG if, for each i = 1, 2, ..,m,

(1) 0 ≤ χi(Aβ(r)) + χi(Bβ(r)) + χi(Cβ(r)) + χi(Dβ(r)) ≤ 4,∀r ∈ VG

(2) AΓ : EG → [0, 1]m,BΓ : EG → [0, 1]m, CΓ : EG → [0, 1]m,DΓ : EG → [0, 1]m are the TMF,

CMF, IMF and FMF of the edge rs respectively, such that

χi(AΓ(rs)) ≤ χi(Aβ(r)) ∧ χi(Aβ(s)), χi(BΓ(rs)) ≤ χi(Bβ(r)) ∧ χi(Bβ(s)) χi(CΓ(rs)) ≤
χi(Cβ(r)) ∨ χi(Cβ(s)), χi(DΓ(rs)) ≤ χi(Dβ(r)) ∨ χi(Dβ(s)) for all rs ∈ EG

Definition 2.2. The Cartesian products of two m-QNGs G = (VG, β1,Γ1) and H =

(VH, β2,Γ2) of the graph G′ = (VG, EG) and H′ = (VH, EH) respectively, is denoted by G × H
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and is explained as (VG ×VH, β1 × β2,Γ1 × Γ2) where β1 × β2 = (Aβ1 ×Aβ2 ,Bβ1 ×Bβ2 , Cβ1 ×
Cβ2 ,Dβ1 × Dβ2) and Γ1 × Γ2 = (AΓ1 × AΓ2 ,BΓ1 × BΓ2 , CΓ1 × CΓ2 ,DΓ1 × DΓ2) s.t for each

i = 1, 2, 3, ...,m.

(1) χi((Aβ1 ×Aβ2)(r, s)) = χi(Aβ1(r)) ∧ χi(Aβ2(s))

χi((Bβ1 × Bβ2)(r, s)) = χi(Bβ1(r)) ∧ χi(Bβ2(s))

χi((Cβ1 × Cβ2)(r, s)) = χi(Cβ1(r)) ∨ χi(Cβ2(s))

χi((Dβ1 ×Dβ2)(r, s)) = χi(Dβ1(r)) ∨ χi(Dβ2(s))

for all (r, s) ∈ VG × VH,

(2) χi((AΓ1 ×AΓ2)(α, r)(α, s)) = χi(Aβ1(α)) ∧ χi(AΓ2(rs)

χi((BΓ1 × BΓ2)(α, r)(α, s)0 = χi(Bβ1(α)) ∧ χi(BΓ2(rs))

χi((CΓ1 × CΓ2)(α, r)(α, s)) = χi(Cβ1(α)) ∨ χi(CΓ2(rs))

χi((DΓ1 ×DΓ2)(α, r)(α, s)) = χi(Dβ1(α)) ∨ χi(DΓ2(rs))

for all α ∈ VGand ∀rs ∈ EH

(iii) χi((AΓ1 ×AΓ2)(r, α)(s, α)) = χi(AΓ1(rs)) ∧ χi(Aβ2(α))

χi((BΓ1 × BΓ2)(r, α)(s, α)) = χi(BΓ1(rs)) ∧ χi(Bβ2(α))

χi((CΓ1 × CΓ2)(r, α)(s, α)) = χi(CΓ1(rs)) ∨ χi(Cβ2(α))

χi((DΓ1 ×DΓ2)(r, α)(s, α)) = χi(DΓ1(rs)) ∨ χi(Dβ2(α))

for all α ∈ VHand ∀rs ∈ EG

(iv)χi((AΓ1 ×AΓ2)(r, s)(α, δ)) = 0

χi((BΓ1 × BΓ2)(r, s)(α, δ)) = 0

χi((CΓ1 × CΓ2)(r, s)(α, δ)) = 0

χi((DΓ1 ×DΓ2)(r, s)(α, δ)) = 0

(r, s)(α, δ) ∈ (VG × VH)
2 − E .

Here E = {(r, α)(s, α) : rs ∈ EG, α ∈ VH} ∪ {(r, α)(r, δ) : r ∈ VG, αδ ∈ EH}.

Theorem 2.3. The Cartesian Product (G×H) = (VG×VH, βG×βH,ΓG×ΓH) where βG×βH =

(AβG
×AβH ,BβG

×BβH , CβG
× CβH ,DβG

×DβH) and ΓG × ΓH = (AΓG
×AΓH ,BΓG

×BΓH , CΓG
×

CΓH ,DΓG
× DΓH) of two m-polar QNG G = (VG, βG,ΓG) and H = (VH, βH,ΓH) of the graphs

G′ = (VG EG) and H′ = (VH EH) is an m-polar quadripartitioned neutrosophic graph of G′×H′
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Proof. Let α ∈ VG and rs ∈ EH then for each i = 1, 2, 3, ..,m.

χi((AΓG
×AΓH)((α, r)(α, s))) = χi(AβG

(α)) ∧ χi(AΓH(rs))

≤ χi(AβG
(α)) ∧ {χi(AβH(r)) ∧ χi(AβH(s))}

= {χi(AβG
(α)) ∧ χi(AβH(r))} ∧ {χi(AβG

(α)) ∧ χi(AβH(s))}

= χi((AβG
×AβH)((α, r)) ∧ χi((AβG

×AβH)(α, s)))

∴ χi((AΓG
×AΓH)((α, r)(α, s))) ≤ χi((AβG

×AβH)((α, r)) ∧ χi((AβG
×AβH)(α, s)))

χi((BΓG
× BΓH)((α, r)(α, s))) = χi(BβG

(α)) ∧ χi(BΓH(rs))

≤ χi(BβG
(α)) ∧ {χi(BβH(r)) ∧ χi(BβH(s))}

= {χi(BβG
(α)) ∧ χi(BβH(r))} ∧ {χi(BβG

(α)) ∧ χi(BβH(s))}

= χi((BβG
× BβH)((α, r)) ∧ χi((AβG

×AβH)(α, s)))

∴ χi((BΓG
× BΓH)((α, r)(α, s))) ≤ χi((BβG

× BβH)((α, r)) ∧ χi((AβG
×AβH)(α, s)))

χi((CΓG
× CΓH)((α, r)(α, s))) = χi(CβG

(α)) ∨ χi(CΓH(rs))

≤ χi(CβG
(α)) ∨ {χi(CβH(r)) ∨ χi(CβH(s))}

= {χi(CβG
(α)) ∨ χi(CβH(r))} ∨ {χi(CβG

(α)) ∨ χi(CβH(s))}

= χi((CβG
× CβH)((α, r)) ∨ χi((AβG

×AβH)(α, s)))

∴ χi((CΓG
× CΓH)((α, r)(α, s))) ≤ χi((CβG

× CβH)((α, r)) ∨ χi((AβG
×AβH)(α, s)))

χi((DΓG
×DΓH)((α, r)(α, s))) = χi(DβG

(α)) ∨ χi(DΓH(rs))

≤ χi(DβG
(α)) ∨ {χi(DβH(r)) ∨ χi(DβH(s))}

= {χi(DβG
(α)) ∨ χi(DβH(r))} ∨ {χi(DβG

(α)) ∨ χi(DβH(s))}

= χi((DβG
×DβH)((α, r)) ∨ χi((AβG

×AβH)(α, s)))

∴ χi((DΓG
×DΓH)((α, r)(α, s))) ≤ χi((DβG

×DβH)((α, r)) ∨ χi((DβG
×DβH)(α, s))
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Let α ∈ VH and rs ∈ EG then for each i = 1, 2, 3, ..,m.

χi((AΓG
×AΓH)((r, α)(s, α))) = χi(AΓG

(rs)) ∧ χi(AβH(α))

≤ {χi(AβG
(r)) ∧ χi(AβG

(s))} ∧ χi(AβH(α))}

= {χi(AβG
(r)) ∧ χi(AβH(α))} ∧ {χi(AβG

(s)) ∧ χi(AβH(α))}

= χi((AβG
×AβH)((r, α)) ∧ χi((AβG

×AβH)(s, α)))

∴ χi((AΓG
×AΓH)((r, α)(s, α))) ≤ χi((AβG

×AβH)((r, α)) ∧ χi((AβG
×AβH)(s, α)))

χi((BΓG
× BΓH)((r, α)(s, α))) = χi(BΓG

(rs)) ∧ χi(BβH(α))

≤ χi(BβG
(r)) ∧ {χi(BβG

(s)) ∧ χi(BβH(α))}

= {χi(BβG
(r)) ∧ χi(BβH(r))} ∧ {χi(BβG

(s)) ∧ χi(BβH(α))}

= χi((BβG
× BβH)((α, r)) ∧ χi((BβG

× BβH)(s, α)))

∴ χi((BΓG
× BΓH)((r, α)(s, α))) ≤ χi((BβG

× BβH)((r, α)) ∧ χi((BβG
× BβH)(s, α))

χi((CΓG
× CΓH)((r, α)(s, α))) = χi(CΓG

(rs)) ∨ χi(CβH(α))

≤ χi(CβG
(r)) ∨ {χi(CβG

(s)) ∨ χi(CβH(α))}

= {χi(CβG
(r)) ∨ χi(CβH(α))} ∨ {χi(CβG

(s)) ∨ χi(CβH(α))}

= χi((CβG
× CβH)((r, α)) ∨ χi((CβG

× CβH)(s, α)))

∴ χi((CΓG
× CΓH)((r, α)(s, α))) ≤ χi((CβG

× CβH)((r, α)) ∨ χi((CβG
× CβH)(s, α))

χi((DΓG
×DΓH)((r, α)(s, α))) = χi(DΓG

(rs)) ∨ χi(DβH(α))

≤ χi(DβG
(r)) ∨ {χi(DβG

(s)) ∨ χi(DβH(α))}

= {χi(DβG
(r)) ∨ χi(DβH(α))} ∨ {χi(DβG

(s)) ∨ χi(DβH(α))}

= χi((DβG
×DβH)((r, α)) ∨ χi((DβG

×DβH)(s, α)))

∴ χi((DΓG
×DΓH)((r, α)(s, α))) ≤ χi((DβG

×DβH)((r, α)) ∨ χi((DβG
×DβH)(s, α))

Let (r, s)(α, δ) ∈ (VG × VH)
2 − E . Then,

χi((AΓG
×AΓH)((r, s)(α, δ))) = 0 ≤ χi((AβG

×AβH)(r, s)) ∧ χi((AβG
×AβH)(α, δ))

χi((BΓG
× BΓH)((r, s)(α, δ))) = 0 ≤ χi((BβG

× BβH)(r, s)) ∧ χi((BβG
× BβH)(α, δ))

χi((CΓG
× CΓH)((r, s)(α, δ))) = 0 ≤ χi((CβG

× CβH)(r, s)) ∨ χi((CβG
× CβH)(α, δ))

χi((DΓG
×DΓH)((r, s)(α, δ))) = 0 ≤ χi((DβG

×DβH)(r, s)) ∨ χi((DβG
×DβH)(α, δ))
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for each i = 1, 2, 3, ...,m.

Definition 2.4. The composition G ◦ H = (VG × VH, βG × βH,ΓG × ΓH) where (βG ◦ βH) =
(AβG

◦ AβH ,BβG
◦ BβH , CβG

◦ CβH ,DβG
◦ DβH) and (ΓG ◦ ΓH) = (AΓG

◦ AΓH ,BΓG
◦ BΓH , CΓG

◦
CΓH ,DΓG

◦ DΓH) of two m-polar QNG G = (VG, βG,ΓG) and H = (VH, βH,ΓH), where

βG = (AβG
,BβG

, CβG
,DβG

), βH = (AβH ,BβH , CβH ,DβH) , ΓG = (AΓG
,BΓG

, CΓG
,DΓG

), ΓH =

(AΓH ,BΓH , CΓH ,DΓH), of the graphs G
′ = (VG, EG) and H′ = (VH, EH) respectively, is explained

as follows: for each i = 1, 2, ..,m,

(i) χi((AβG
◦ AβH)(rs)) = χi(AβG

(r)) ∧ χi(AβH(s))

χi((BβG
◦ BβH)(rs)) = χi(BβG

(r)) ∧ χi(BβH(s))

χi((CβG
◦ CβH)(rs)) = χi(CβG

(r)) ∨ χi(CβH(s))

χi((DβG
◦ DβH)(rs)) = χi(DβG

(r)) ∨ χi(DβH(s))

for all rs ∈ VG × VH

(ii) χi((AΓG
◦ AΓH)(α, r)(α, s)) = χi(AβG

(α)) ∧ χi(AΓH(rs))

χi((BΓG
◦ BΓH)(α, r)(α, s)) = χi(BβG

(α)) ∧ χi(BΓH(rs))

χi((CΓG
◦ CΓH)(α, r)(α, s)) = χi(CβG

(α)) ∨ χi(CΓH(rs))

χi((DΓG
◦ DΓH)(α, r)(α, s)) = χi(DβG

(α)) ∨ χi(DΓH(rs))

for all α ∈ VGand (rs) ∈ EH .

(iii) χi((AΓG
◦ AΓH)(r, α)(s, α)) = χi(AΓG

(rs)) ∧ χi(AβH(α))

χi((BΓG
◦ BΓH)(r, α)(s, α)) = χi(BΓG

(rs)) ∧ χi(BβH(α))

χi((CΓG
◦ CΓH)(r, α)(s, α)) = χi(CΓG

(rs)) ∨ χi(CβH(α))

χi((DΓG
◦ DΓH)(r, α)(s, α)) = χi(DΓG

(rs)) ∨ χi(DβH(α))

for all α ∈ VHand (rs) ∈ EG.

Satham Hussain S, m-Polar Quadripartitioned Neutrosophic Graphs with Applications in Decision-Making

for Mobile Network Selection

Neutrosophic Sets and Systems, Vol. 82, 2025                                                                                465



(iv) χi((AΓG
◦ AΓH)(r, s)(α, δ)) = χi((AΓG

(rα))) ∧ χi((AβH(s)) ∧ χi(AβH(δ)))

χi((BΓG
◦ BΓH)(r, s)(α, δ)) = χi((BΓG

(rα))) ∧ χi((BβH(s)) ∧ χi(BβH(δ)))

χi((CΓG
◦ CΓH)(r, s)(α, δ)) = χi((CΓG

(rα))) ∨ χi((CβH(s)) ∨ χi(CβH(δ)))

χi((DΓG
◦ DΓH)(r, s)(α, δ)) = χi((DΓG

(rα))) ∨ χi((DβH(s)) ∨ χi(DβH(δ)))

for all (rs)(αδ) ∈ E0 − E

(v) χi((AΓG
◦ AΓH)(r, s)(α, δ)) = 0

χi((BΓG
◦ BΓH)(r, s)(α, δ)) = 0

χi((CΓG
◦ CΓH)(r, s)(α, δ)) = 0

χi((DΓG
◦ DΓH)(r, s)(α, δ)) = 0

for all (rs)(αδ) ∈(VG × VH)
2 − E0

Here E = {((r, α)(sα)) : rs ∈ EG, α ∈ VH} ∪ ((r, α)(rδ)) : r ∈ VG, αδ ∈ EH and E0 =

E ∪ {(r, α)(s, δ) : rα ∈ EG, α ̸= δ ∈ VH}

Theorem 2.5. The composition (G◦H) = (VG ◦VH, βG ◦βH,ΓG ◦ΓH) where βG ◦βH = (AβG
◦

AβH ,BβG
◦BβH , CβG

◦CβH ,DβG
◦DβH) and ΓG◦ΓH = (AΓG

◦AΓH ,BΓG
◦BΓH , CΓG

◦CΓH ,DΓG
◦DΓH)

of two m-polar QNG G = (VG, βG,ΓG) and H = (VH, βH,ΓH) of the graphs G′ = (VG, EG) and
H′ = (VH, EH) is an m-QNG of G′ ◦H′

Proof. Let α ∈ VG and rs ∈ EH then for each i = 1, 2, 3, ..,m.

χi((AΓG
◦ AΓH)((α, r)(α, s))) = χi(AβG

(α)) ∧ χi(AΓH(rs))

≤ χi(AβG
(α)) ∧ {χi(AβH(r)) ∧ χi(AβH(s))}

= {χi(AβG
(α)) ∧ χi(AβH(r))} ∧ {χi(AβG

(α)) ∧ χi(AβH(s))}

= χi((AβG
◦ AβH)((α, r)) ∧ χi((AβG

◦ AβH)(α, s)))

∴ χi((AΓG
◦ AΓH)((α, r)(α, s))) ≤ χi((AβG

◦ AβH)((α, r)) ∧ χi((AβG
◦ AβH)(α, s))
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χi((BΓG
◦ BΓH)((α, r)(α, s))) = χi(BβG

(α)) ∧ χi(BΓH(rs))

≤ χi(BβG
(α)) ∧ {χi(BβH(r)) ∧ χi(BβH(s))}

= {χi(BβG
(α)) ∧ χi(BβH(r))} ∧ {χi(BβG

(α)) ∧ χi(BβH(s))}

= χi((BβG
◦ BβH)((α, r)) ∧ χi((AβG

◦ AβH)(α, s)))

∴ χi((BΓG
◦ BΓH)((α, r)(α, s))) ≤ χi((BβG

◦ BβH)((α, r)) ∧ χi((BβG
◦ BβH)(α, s))

χi((CΓG
◦ CΓH)((α, r)(α, s))) = χi(CβG

(α)) ∨ χi(CΓH(rs))

≤ χi(CβG
(α)) ∨ {χi(CβH(r)) ∨ χi(CβH(s))}

= {χi(CβG
(α)) ∨ χi(CβH(r))} ∨ {χi(CβG

(α)) ∨ χi(CβH(s))}

= χi((CΓG
◦ CΓH)((α, r)) ∨ χi((AΓG

◦ AΓH)(α, s)))

∴ χi((CΓG
◦ CΓH)((α, r)(α, s))) ≤ χi((CβG

◦ CβH)((α, r)) ∨ χi((CβG
◦ CβH)(α, s))

χi((DΓG
◦ DΓH)((α, r)(α, s))) = χi(DβG

(α)) ∨ χi(DΓH(rs))

≤ χi(DβG
(α)) ∨ {χi(DβH(r)) ∨ χi(DβH(s))}

= {χi(DβG
(α)) ∨ χi(DβH(r))} ∨ {χi(DβG

(α)) ∨ χi(DβH(s))}

= χi((DΓG
◦ DΓH)((α, r)) ∨ χi((AΓG

◦ AΓH)(α, s)))

∴ χi((DΓG
◦ DΓH)((α, r)(α, s))) ≤ χi((DβG

◦ DβH)((α, r)) ∨ χi((DβG
◦ DβH)(α, s))

Let α ∈ VH and rs ∈ EG then for each i = 1, 2, 3, ..,m.

χi((AΓG
◦ AΓH)((r, α)(s, α))) = χi(AΓG

(rs)) ∧ χi(AβH(α))

≤ χi(AβG
(r)) ∧ {χi(AβG

(s)) ∧ χi(AβH(α))}

= {χi(AβG
(r)) ∧ χi(AβH(α))} ∧ {χi(AβG

(s)) ∧ χi(AβH(α))}

= χi((AβG
◦ AβH)((r, α)) ∧ χi((AβG

◦ AβH)(s, α)))

∴ χi((AΓG
◦ AΓH)((r, α)(s, α))) ≤ χi((AβG

◦ AβH)((r, α)) ∧ χi((AβG
◦ AβH)(s, α))
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χi((BΓG
◦ BΓH)((r, α)(s, α))) = χi(BΓG

(rs)) ∧ χi(BβH(α))

≤ χi(BβG
(r)) ∧ {χi(BβG

(s)) ∧ χi(BβH(α))}

= {χi(BβG
(r)) ∧ χi(BβH(α))} ∧ {χi(BβG

(s)) ∧ χi(BβH(α))}

= χi((BβG
◦ BβH)((r, α)) ∧ χi((BβG

◦ BβH)(s, α)))

∴ χi((BΓG
◦ BΓH)((r, α)(s, α))) ≤ χi((BβG

◦ BβH)((r, α)) ∧ χi((BβG
◦ BβH)(s, α))

χi((CΓG
◦ CΓH)((r, α)(s, α))) = χi(CΓG

(rs)) ∨ χi(CβH(α))

≤ χi(CβG
(r)) ∨ {χi(CβG

(s)) ∨ χi(CβH(α))}

= {χi(CβG
(r)) ∨ χi(CβH(α))} ∨ {χi(CβG

(s)) ∨ χi(CβH(α))}

= χi((CβG
◦ CβH)((α, r)) ∨ χi((CβG

◦ CβH)(s, α)))

∴ χi((CΓG
◦ CΓH)((r, α)(s, α))) ≤ χi((CβG

◦ CβH)((r, α)) ∨ χi((CβG
◦ CβH)(s, α))

χi((DΓG
◦ DΓH)((r, α)(s, α))) = χi(DΓG

(rs)) ∨ χi(DβH(α))

≤ χi(DβG
(r)) ∨ {χi(DβG

(s)) ∨ χi(DβH(α))}

= {χi(DβG
(r)) ∨ χi(DβH(α))} ∨ {χi(DβG

(s)) ∨ χi(DβH(α))}

= χi((DβG
◦ DβH)((α, r)) ∨ χi((DβG

◦ DβH)(s, α)))

∴ χi((DΓG
◦ DΓH)((r, α)(s, α))) ≤ χi((DβG

◦ DβH)((r, α)) ∨ χi((DβG
◦ DβH)(s, α))

Let (r, s)(α, δ) ∈ (VG ◦ VH)
2 − E . Then for each i = 1, 2, 3, ...,m.

χi((AΓG
◦ AΓH)((r, s)(α, δ))) = 0 ≤ χi((AβG

◦ AβH)(r, s)) ∧ χi((AβG
◦ AβH)(α, δ))

χi((BΓG
◦ BΓH)((r, s)(α, δ))) = 0 ≤ χi((BβG

◦ BβH)(r, s)) ∧ χi((BβG
◦ BβH)(α, δ))

χi((CΓG
◦ CΓH)((r, s)(α, δ))) = 0 ≤ χi((CβG

◦ CβH)(r, s)) ∨ χi((CβG
◦ CβH)(α, δ))

χi((DΓG
◦ DΓH)((r, s)(α, δ))) = 0 ≤ χi((DβG

◦ DβH)(r, s)) ∨ χi((DβG
◦ DβH)(α, δ))
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Let (r, s)(α, δ) ∈ E0 − E . Then for each i = 1, 2, 3, ...,m.

χi((AΓG
◦ AΓH)(r, s)(α, δ)) = χi((AΓG

(rα))) ∧ χi((AβH(s) ∧ AβH(δ)))

≤ {(χi(AβG
(r)) ∧ χi(AβG

(α)))} ∧ {χi((AβH(s)) ∧ χi(AβH(δ)))}

= {χi((AβG
(r)) ∧ χi(AβH(s)))} ∧ {χi((AβG

(α)) ∧ χi(AβH(δ)))}

= χi((AβG
◦ AβH)(r, s)) ∧ χi((AβG

◦ AβH)(α, δ))

∴ χi((AΓG
◦ AΓH)(r, s)(α, δ)) ≤ χi((AβG

◦ AβH)(r, s)) ∧ χi((AβG
◦ AβH)(α, δ))

χi((BΓG
◦ BΓH)(r, s)(α, δ)) = χi((BΓG

(rα))) ∧ χi((BβH(s)) ∧ χi(BβH(δ)))

≤ {χi((BβG
(r)) ∧ χi(BβG

(α)))} ∧ {χi((BβH(s)) ∧ χi(BβH(δ)))}

= {χi((BβG
(r)) ∧ χi(BβH(s)))} ∧ {χi((BβG

(α)) ∧ χi(BβH(δ)))}

= χi((BβG
◦ BβH)(r, s)) ∧ χi((BβG

◦ BβH)(α, δ))

∴ χi((BΓG
◦ BΓH)(r, s)(α, δ)) ≤ χi((BβG

◦ BβH)(r, s)) ∧ χi((BβG
◦ BβH)(α, δ))

χi((CΓG
◦ CΓH)(r, s)(α, δ)) = χi((CΓG

(rα))) ∨ χi((CβH(s)) ∨ χi(CβH(δ)))

≤ {χi((CβG
(r)) ∨ χi(CβG

(α)))} ∨ {χi((CβH(s)) ∨ χi(CβH(δ)))}

= {χi((CβG
(r)) ∨ χi(CβH(s)))} ∨ {χi((CβG

(α)) ∨ χi(CβH(δ)))}

= χi((CβG
◦ CβH)(r, s)) ∨ χi((CβG

◦ CβH)(α, δ))

∴ χi((BΓG
◦ CΓH)(r, s)(α, δ)) ≤ χi((CβG

◦ CβH)(r, s)) ∨ χi((CβG
◦ CβH)(α, δ))

χi((DΓG
◦ DΓH)(r, s)(α, δ)) = χi((DΓG

(rα))) ∨ χi((DβH(s)) ∨ χi(DβH(δ)))

≤ {χi((DβG
(r)) ∨ χi(DβG

(α)))} ∨ {χi((DβH(s)) ∨ χi(DβH(δ)))}

= {χi((DβG
(r)) ∨ χi(DβH(s)))} ∨ {χi((DβG

(α)) ∨ χi(DβH(δ)))}

= χi((DβG
◦ DβH)(r, s)) ∨ χi((DβG

◦ DβH)(α, δ))

∴ χi((BΓG
◦ DΓH)(r, s)(α, δ)) ≤ χi((DβG

◦ DβH)(r, s)) ∨ χi((DβG
◦ DβH)(α, δ))

3. Application: Network Selection for Mobile Service

In this section, m-polar quadripartitioned neutrosophic decision making model for “Network

Selection for Mobile Service”. The criteria are:
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1. Coverage and Signal Strength

2. Data Speed and Performance

3. Service Plans and Pricing

4. Customer Service and Support

Let N = {N1,N2, . . . ,Nm} be the set of alternatives and C = {C1,C2, . . . ,Cn} be the set of cri-

teria. We consider that ωj be the weight corresponding to the criteria Cj , (j = 1, 2, . . . , n). In

the decision making problem, the evaluation information of the alternativeNi, (i = 1, 2, . . . ,m)

on the criteria is represented by the form of a quadripartitioned neutrosophic number. Cover-

age and signal strength are fundamental criteria for mobile network selection, ensuring reliable

connectivity across different geographical areas. Consumers prioritize networks with extensive

coverage, minimal dead zones, and strong signal strength, enabling uninterrupted communi-

cation and data access. Data speed and performance significantly impact the user experience,

especially for tasks such as streaming, downloading, and online gaming. Buyers seek networks

with high-speed data connections, low latency, and consistent performance, allowing for fast

and seamless browsing, streaming, and data transfer. Service plans and pricing play a crucial

role in network selection, with consumers considering factors such as monthly fees, data al-

lowances, contract terms, and additional charges. Customers look for cost-effective plans that

offer value for money, competitive pricing, and flexibility to meet their usage requirements.

Customer service and support are essential considerations, as users may require assistance with

billing inquiries, technical support, or network-related issues. Buyers prefer networks with re-

sponsive customer service, accessible support channels, and knowledgeable representatives who

can address their concerns promptly and effectively.

3.1. Algorithm:

Step-1: Define Criteria and Weights

Step-2: Collect Neutrosophic Evaluations and construct single-valued quadripartitioned neu-

trosophic decision matrix D:

D = (ai,j)m,n =


(T1,1, C1,1, U1,1, F1,1) (T1,2, C1,2, U1,2, F1,2) . . . (T1,n, C1,n, U1,n, F1,n)

(T2,1, C2,1, U2,1, F2,1) (T2,2, C2,2, U2,2, F2,2) . . . (T2,n, C2,n, U2,n, F2,n)
...

...
. . .

...

(Tm,1, Cm,1, Um,1, Fm,1) (Tm,2, Cm,2, Um,2, Fm,2) . . . (Tm,n, Cm,n, Um,n, Fm,n)


Step-3: Aggregate Evaluations- Aggregate the evaluations using a neutrosophic arithmetic

average operator

Step-4: Calculate Scores and Rank Networks - Compute the score and accuracy value for

each networks based on the aggregated evaluations. We determine some score function for
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the ranking of mQNs, in order to solve the problems with multi-criteria decision-making with

m-Polar quadripartitioned neutrosophic numbers (mQNNs).

The mQNS score function defined as

S(Q) =
m

2
+

m∑
i=0

ωT · Ti + ωC · Ci + ωU · Ui + ωF · Fi

ωT + ωC + ωU + ωF

A(Q) =

m∑
i=0

√
(ωT · Ti)2 + (ωC · Ci)2 + (ωU · Ui)2 + (ωF · Fi)2

2

Step-5: Make Decision - Rank the Networks based on their scores and select the one with

the highest rank as the best option.

For our calculation, we are considering the data for 4-polar QNs are given as follows:

Network N1:

1. Coverage and Signal Strength - (0.4, 0.3, 0.2, 0.1)

2. Data Speed and Performance - (0.4, 0.6, 0.2, 0.1)

3. Service Plans and Pricing - (0.2, 0.5, 0.1, 0.2)

4. Customer Service and Support - (0.1, 0.2, 0.5, 0.2)

Network N2:

1. Coverage and Signal Strength - (0.8, 0.4, 0.4, 0.1)

2. Data Speed and Performance - (0.6, 0.2, 0.7, 0.1)

3. Service Plans and Pricing - (0.7, 0.3, 0.8, 0.1)

4. Customer Service and Support - (0.1, 0.4, 0.7, 0.1)

Network N3:

1. Coverage and Signal Strength - (0.9, 0.1, 0.1, 0)

2. Data Speed and Performance - (0.6, 0.3, 0.2, 0.1)

3. Service Plans and Pricing - (0.8, 0.8, 0.2, 0.2)

4. Customer Service and Support - (0.4, 0.7, 0.1, 0.1)

Network N4:

1. Coverage and Signal Strength - (0.7, 0.4, 0.1, 0)

2. Data Speed and Performance - (0.5, 0.3, 0.7, 0)

3. Service Plans and Pricing - (0.8, 0.1, 0.3, 0)

4. Customer Service and Support - (0.8, 0.4, 0.2, 0.1).

Now, this Figure 2 generate the given data with each group representing a criterion and each

bar within a group representing a network.
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Figure 2. Membership values for each Criterion and Network

The weights are given as ω = (0.4, 0.5, 0.2, 0.1). Here in D each row represents a networks,

and each column represents a criterion.

D =


(0.4, 0.3, 0.2, 0.1) (0.4, 0.6, 0.2, 0.1) (0.2, 0.5, 0.1, 0.2) (0.1, 0.2, 0.5, 0.2)

(0.8, 0.4, 0.4, 0.1) (0.6, 0.2, 0.7, 0.1) (0.7, 0.3, 0.8, 0.1) (0.1, 0.4, 0.7, 0.1)

(0.9, 0.1, 0.1, 0) (0.6, 0.3, 0.2, 0.1) (0.8, 0.8, 0.2, 0.2) (0.4, 0.7, 0.1, 0.1)

(0.7, 0.4, 0.1, 0) (0.5, 0.3, 0.7, 0) (0.8, 0.1, 0.3, 0) (0.8, 0.4, 0.2, 0.1)


To aggregate the evaluations, we shall compute the quadripartitioned neutrosophic arithmetic

average for each criterion across all networks. This will give a single quadripartitioned neu-

trosophic value for each criterion.

Let’s denote the aggregated quadripartioned neutrosophic values as Qi for each criterion i.

Q1 =
(
0.4+0.4+0.2+0.1

4 , 0.3+0.6+0.5+0.2
4 , 0.2+0.2+0.1+0.5

4 , 0.1+0.1+0.2+0.2
4

)
=

(0.275, 0.4, 0.25, 0.15).

In the similar fashion, we can also compute:

Q2 = (0.55, 0.325, 0.65, 0.025),

Q3 = (0.675, 0.475, 0.15, 0.1),

Q4 = (0.7, 0.3, 0.325, 0.025).

Now, let’s calculate the scores and accuracy values for each network based on these aggre-

gated values.

To calculate the scores and accuracy values for each networks, we shall use the aggre-

gated quadripartitioned neutrosophic values obtained in the previous step. The score function
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S(Q1) = 0.729

S(Q2) = 0.8458

S(Q3) = 0.8745

S(Q4) = 0.8313.

The accuracy function A(Q1) = 0.166

A(Q2) = 0.219

A(Q3) = 0.257

A(Q4) = 0.221

Now, let’s rank the networks based on their scores and select the one with the highest rank as

the best network (in Fig 3). Based on the calculated scores and accuracy values, we can rank

the networks as follows: N3 > N2 > N4 > N1 Hence the best network is N3.

Figure 3. Scores of the networks

Limitations

Quadripartitioned neutrosophic graphs (QNGs) are an advanced mathematical tool with

potential applications in decision-making and uncertainty modeling. However, like any emerg-

ing concept, QNGs have certain limitations, including:

Complexity in Computation:

Handling and analyzing QNGs requires significant computational effort, especially for large-

scale graphs, as they involve multiple degrees of membership (truth, indeterminacy, falsity,
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and hesitation).

Interpretability Challenges:

The interpretation of results derived from QNGs can be complex for non-specialists, limiting

their applicability in real-world scenarios where stakeholders may lack technical expertise.

Data Dependency:

QNGs rely on accurate and detailed input data for constructing membership functions. Any

bias or error in the data can significantly affect the reliability of the results.

Limited Theoretical Development:

As a relatively new field, QNGs lack comprehensive theoretical frameworks, algorithms, and

tools compared to traditional graph theories, which limits their widespread application.

Scalability Issues:

The practical implementation of QNGs on large datasets, such as social networks or supply

chain systems, faces scalability problems due to their mathematical and computational com-

plexity.

Integration with Existing Models:

Integrating QNGs with other models or frameworks, such as machine learning or optimization

techniques, is still underexplored, which restricts their versatility.

Conclusion

In this work, we introduced and established the concept of m-polar neutrosophic struc-

tures (m-PNS) and their corresponding graphs, accompanied by several foundational results.

Operations such as the Cartesian product and composition of m-polar neutrosophic graphs

(m-PNGs) have been systematically defined and explored, demonstrating their applicability

through illustrative examples. These developments provide a robust framework for modeling

and analyzing complex systems involving uncertainty and multi-polarity.

Looking ahead, we aim to extend this study to investigate the algebraic properties of m-polar

quadripartitioned neutrosophic graphs, focusing on their structural behavior and potential

applications in real-world problems. The incorporation of score functions further enhances

decision-making processes by providing a comprehensive assessment that balances the relative

importance of multiple criteria. This ensures that decisions are not only mathematically sound

but also aligned with users’ preferences and priorities.
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Through our proposed framework, practical applications such as mobile network selection

can be significantly improved, enabling users to make informed decisions that optimize perfor-

mance, affordability, and overall satisfaction. Additionally, we foresee the application of these

concepts in diverse fields, such as supply chain management, social network analysis, and

computational biology, paving the way for further advancements in the study of neutrosophic

graphs
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