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Abstract. Let (ZU.7) be a commutative ring and let T'(Z,,) be the neutrosophic zero-divisor graph of R, where
the vertex set of Z, are non-zero zero divisors with (.7,.#,.%) truth, indeterminacy, and falsity membership
functions such that the two vertices u, v are adjacent if n divides uv. In this article, we introduce decomposi-
tion of the neutrosophic zero-divisor graph of a commutative ring and also discuss some special neutrosophic

zero-divisor graphs of T'(Z,) where n is a prime number, such as f(Zzzpz), f(232p2), f(Zszpz), and f(ZPqu).
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1. Introduction

To reveal the inherent algebraic structures and characteristics within ring, the zero divisor
graph proves as a valuable instrument. Beck introduced the concept of zero divisor graph for
a commutative ring R and constructing graph for it containing vertex set and edge set [1].
Selvi et al., discussed cyclic path that covers in zero divisor graphs through theorems [2]. Kup-
pan et al., discussed the zero divisor concept in a commutative ring in the field of fuzzy [3].
We extent, the zero divisor graph concept in the field of neutrosophic graph by using the
following references. Smarandache presented the logic of neutrosophic sets for the basic un-

derstanding [4]. Jun et al., presented the algebraic structures which includes neutrosophic zero
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divisors with examples [5]. Smarandache et al., presented a editorial volume contains alge-
braic structures like, ring, commutative ring, modules with their application [6]. Kandasamy
et al., gave the basics definitions and terminologies for fuzzy and neutrosophic graphs in un-
certainty through modelling graph structures [7]. Vasantha Kandasamy et al., gave a new
dimension to graph theory as a neutrosophic graph theory through basic definition of neu-
trosophic graph with examples [§]. Vasantha Kandasamy et al., presented a book containing
the basic concepts of neutrosophic ring with example and theorem [9]. Rozina ali presented
a review related on the study of neutrosophic groups and their generalizations [10]. Ali et
al., discussed the fuzzy zero divisor graph in multiset dimension associated with commutative
ring [11]. Panda et al., gave the overview of neutrosophic sets in graph theory to understand-
ing the concept of neutrosophic set logic [12]. [13] refers tothe structure and properties of L
A —TI'— semigroups and its generalization by incorporating I'— semigroup theory. the models
established algebraic operations and homomorphism properties implementing computational
applications. [14] resolves the starphene structure and graphene structure through resolvabil-
ity theory, the mathemaical models and its applications in electronics were discussed. [16]
introduced neutrosophic zero divisor rings by incorporating neutrosophic logic with rign by
addressing uncertainty in algebraic structures, the basic definitions and properties were dis-
cussed with neutrosophic mathematics. [15] represents the hyper ring framework by extending
the zero divisor by addressing new structural properties. The results are given for general
classical non-commutative and hyperstructures. |17] discussed the automorphism of connec-
tivity, diameter and domination properties in algebraic graph theory by zero divisor graph of a
ring. [18] re-evaluated the neutrosophic graphs includes zero divisor graph, layered graphs and
weak graphs with its application in artificial intelliegence, decision making, chemistry. These
concepts and ideas motivated to extend the neutrosophic zero divisor graph for decomposition
of zero divisor graph into cycle, star and bipartite for specifically prime powers. So, initially
the article discuses for prime numbers 2, 3, 5, 7. Also, the evaluation of its examples were
taken into MATLAB to visualize the graph of it to apply future scope. In this article, we
introduce the concept of neutrosophic zero divisor graph for decomposing into neutrosophic

cycles and complete neutrosophic bipartite graph through theorem with examples.

1.1. Preliminaries

The following definitions [1.1 — 1.7] we refer[ [4], [9], [10], [12]] are used to formulate the

theorems in section 3.

Definition 1.1. A graph 9(¥,&,.7,.7,.%) is said to be a neutrosophic graph if:
(1) 7 :v —=|[0,1], & : ¥ — [0,1], and . : ¥ — [0,1] such that 0 < 7, + &, + %, <
3 Ywe?.
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(2) For any edge e = (u,v) € &, F : & = [0,1], & : & — [0,1], and .F : & — [0,1] such
that 0 < 7 + S + F. < 3.

Definition 1.2. Let % be any ring. Then, (#Z U .#) is a neutrosophic ring generated by %
and . under the operations of Z.

Example 1.1: Consider # as the ring of real numbers. Then, (#Z U .¥) is the neutrosophic

ring of real numbers.

Definition 1.3. Consider (#Z U .#) as a neutrosophic ring. If Vo, y € (ZU .Z), xy = yx, then
(Z U .7) is a commutative neutrosophic ring.

If xy # yx, then (Z U .#) is a non-commutative neutrosophic ring.

Definition 1.4. Consider (#Z U .#) as a neutrosophic ring. An element x € (#Z U .¥), where
x = c+d¥ and ¢ # d or —d, is said to be a neutrosophic zero divisor if there exists y = a+b.%

with a # b or —b, such that zy = yx = 0.

We associate Z(Z), a simple graph to the ring %, with vertices Z(#)* = Z(%) \ {0}, the
set of all non-zero zero divisors of . For distinct u,v € Z (Z)*, vertices u and v are adjacent
if and only if uv = 0. 9(Z) is an empty graph if and only if Z is an integral domain.

The following figure [T] represents the neutrosophic zero divisor graph associated with truth,

indeterminacy and falsity mambership values on it.

(0.2, 0.7, 0.1)

D

@
’ 0'1) Zero

FiGURE 1. Neutrosophic zero divisor graph

By the theorem [10], let (#Z U .#) be a neutrosophic ring. Then, (Z U .#) is a ring. We use

Z as the ring of reals in the following theorems.

Definition 1.5. Let the neutrosophic graph ¢ be partitioned into a set of neutrosophic sub-
graphs {41,92,95,...,9} such that:
(1) Each ¥4; = (%, &, F;, S, .F;) satisfies the bipartite or cycle conditions.
(2) The union of the &; covers the entire neutrosophic graph, i.e., 4 = Ule 4,, where
E=U G and &NnE =0 Vi#j.
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Definition 1.6. Let (7, &) be a neutrosophic graph with vertex set ¥ and edge set &. A
neutrosophic cycle in ¢ is defined as a closed circuit in the neutrosophic graph if it satisfies
the following:

(1) Let v, v2,...,vn,v1 form a circuit where v; € ¥ for 1 < i < n.

(2) (vi,vig1) €& for 1 <i<n—1and (v,,v1) € &.

(3) For each edge e = (u,v) in the cycle, the neutrosophic values of the edge are

(T, Ior F2).
(4) Except for the initial vertex at the starting and ending points, no vertex is repeated

in the cycle.

The cycle is represented as:
C=v)—>v3—... > v, =V
Consider C as a cycle with edges e1, e, ..., e,. Then, the cycle is represented as:
C ={(e1, Toyy Iy, Fer)s (€2, Togs Ieyy Fey)s - s (€ns Tor s Fer s Fer )}
The characteristics of truth, indeterminacy, and falsity of the cycle C are given by:
Tm=min{ T, , Teg, -y T, }s
Im=min{ I, Feys -y e, |
Fm=min{Fe,, Zey, .-, Fe, }

Example 1.2: The following figure [2|is an neutrosophic cycle, edges associated with truth,

indeterminacy and falsity values.

(0.8, 0.1, 0.1)

F1GURE 2. Neutrosophic cycle of neutrosophic zero divisor graph

Definition 1.7. The neutrosophic bipartite graph (%, ¥, &, .7, % ,.F) is defined as follows:

(1) % Ny = for two disjoint vertex sets % and ¥.
(2) & ={ee€ & |e=(u,v) where u € %,v € V}.
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(3) (7,7,%)€0,1], where .7, .#, and .% represent the truth, indeterminacy, and falsity
degree associated with each edge in &.

A neutrosophic bipartite graph 4 (%, ¥, &, 7, %, F) is complete if for every pair (u,v) where

u € % and v € ¥, there exists an edge e = (u,v) € &. Therefore, the total number of edges

is |%|=m and |¥| = n, and is denoted by K, (7 7 7)-

Example 1.3: The figure |3| neutrosophic graph is an example of a complete neutrosophic
bipartite graph with % = 4 distinct vertices and ¥ = 4 distinct vertices. The e = (F, %, %)

values of each edge are given as a label for each edge.

FIGURE 3. A complete neutrosophic bipartite graph

el: (0.5,0.4,0.6) €2 (0.7,0.2,0.5) e3: (0.3, 0.2, 0.3)
ed: (0.4,0.4,0.4) ¢b: (0.8,0.4,0.3) e6: (0.2, 0.2, 0.4)
e7: (0.8,0.5,0.1) e8: (0.5,0.3,0.6) €9: (0.4, 0.2, 0.8)
e10: (0.1,0.3,0.3) ell: (0.3,0.3,0.2) el2: (0.7, 0.2, 0.8)
el3: (0.5,0.2,0.7) eld: (0.6, 0.4, 0.2) el5: (0.7, 0.5, 0.1)
el16: (0.8, 0.3, 0.3)

Theorem 1.8. [2/ For any distinct prime numbers p and q, T(qu) can be decomposed into

(¢ —1)Cp_1, where ¢ > p.
2. Neutrosophic zero-divisor graphs

The following theorems (2.1 — 2.4) discusses special cases of T(Zn) where n is a prime

number, such as f(Zgzpz), f(232p2), f(252p2), and f(szqz).

Theorem 2.1. Let p be a prime number greater than 2. The neutrosophic zero divisor graph

7172@,1) 18 decomposed into:
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(1) a copy of Flg(p_l) neutrosophic star graph,
(2) a copy of Fg(p_l) complete neutrosophic graph, and
(3) p(p — 1) copies of neutrosophic cycle Cl.

Proof. Consider p, p > 2 be any prime number, and T(Z(szz)) be a neutrosophic zero-divisor
graph. Its vertex set and edge set are defined as follows:

The vertex set ¥ 7, 7 #) is given by:
Na,o.7) =i, %, I3, Fi) |vi € V', T, I3, Fi € 0,1], and 0 < T + I + F; < 3}
Similarly, the edge set &7 s 7) is defined as:
& 7,.0,7) = (ks T, Iy Fi) | ex € &, They Ik, Fi, € [0,1], and 0 < Fp + I + F, < 3}
of f(Z(szz)), where 7, 7,.% are truth, indeterminacy, and falsity membership values of the
vertex and edge sets of Z(sz2). The vertex set ¥ 7 s 7) € (f(2(22p2))) is given by:
N 7.7 T(Zozpe) = {2.4,...,2%p" — 2,p,2p,3p, ..., 2%p* — p}
Case (i): Let Y17 s 7), Ya(7,0.7), V3(7,7,7) € V(7,.7,7) Where
W7 = {20°},
Voz,0.7)=14,8,12,...,4p(p — 1)},
V7,07 =1{2,6,10,...,2(2p° — )} \ Yo7 s, 7)-
So,
Y702 =1, [Yaz.sm|l=00—-1), V37,07 =plp-—1).
The vertex set #1(7 s #) is the middle of a neutrosophic star graph, and v1 € 7}z s #) is

adjacent to all vertices of vertex sets ¥j(7 s ) and Y57 s 7). It clearly states that there

exist two neutrosophic star graphs such as F(Lp(p,l)) and F(zp(pq)), respectively. Hence,

K (1 2p(p—1y) With 2(p — 1) edges.
Case (ii): Let Yi(7.7,7) C ¥ 7.7,7) € T(Za2,2) be a subset, and

Yuz.0,7) = {2p,4p,6p, ..., 2p(2p — 1)}.

If for any vertices u and v, where u,v € Y7 s 7), u is adjacent to v, then there exists
e € 87,7 7, an edge between u and v.
Thus, it is clear that the vertex set ¥}z s #) forms a complete neutrosophic graph Kop1

with 2(p — 1) vertices.

Case (iii): The neutrosophic zero-divisor graph f(Zzgpz) decomposes into three types of

complete neutrosophic bipartite graphs:

?2(17*1),(27*1)7 72(10*1)7 and Flp(pfl)'
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By Theorem 2.1, these three complete neutrosophic bipartite graphs are covered in p(p — 1)

copies of Cy. Hence, the theorem.

Example: Let p = 5 > 2, then the following Figure 4| is the decompositions of f‘(22252)
into a neutrosophic star graph with 8 vertices, a complete graph with 8 vertices and 48 edges

and 20 copies of neutrosophic cycle.

(b)

FIGURE 4. a) A neutrosophic star graph b) complete neutrosophic graph c)

neutrosophic cycle

Theorem 2.2. If p,p > 3, is any prime number, then f(232p2) is decomposed into:

(1) I-copy of a complete neutrosophic graph Ksp_1:
This graph has 3p — 1 wvertices associated with & ,.% . F and

(Bp—1)(3p—2)
2

edges described by (T, Sij, Fij)-
(2) %-copies of Cy4, the neutrosophic cycle:

Each cycle has the degree of truth membership defined as:
y€4 = min {Zlv %27 L?637 %4}7

where e, € 87 7 7), k=1,2,3,4.
Then,

9p(p — 1)
e€£’<97,g,g)
Proof. Let p be any prime number and p > 3. Let f(232p2) be a non-zero neutrosophic
zero-divisor graph. The vertex set of f(232p2) is defined as:
/7/((7,ﬂ,=»6/\) = {37 67 97 ey 3(3p2 - 1)7 D, 2p7 3p7 s 7p(9p - 1)}
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Case (i): Let (7, s,2) C ¥ 7,s,7), Where
N(z,7,7) = {3p,6p,9p,...,3p(3p — 1) }.

Therefore, the cardinality of ¥j(7 s ) is 3p — 1. The total number of edges in Kap_q is:

<3p - 1) _Bp-1)Bp-2)

2 2 ’
and each edge contributes to the degree of the truth function .7;. The total contribution is

given by:

5?31)71(97‘%7'?) - Z Zj'
(i,j)€?3p71
If any two vertices v1,v2 € ¥1(7 s ) are adjacent, then the vertex set ¥y(7 s #) forms a
complete neutrosophic graph K3, ; with 3p — 1 vertices.
Case (ii): Let Y7 s 2), Y37,.0.2) Yu7,9.7) Vs(7,9,.7) Y(7,9,7) Vo7,.7.7) C
N7,.9.7) (f‘(232p2)) be vertex subsets, where:

Vo707 = YVaz,5.7) \ Vi(7.7.7) = {P,2p,3p,....8p}, |Yaz.7.7)| =6(—1),

4//3(,7”,“,3[) = {9p7 181%2710;79]7(1’_1)}7 ’7/3( ’ - _1
Vaz,r7) = 0".20%30%...,80°},  |Yaz.r5)| =6,

Vo707 =19,18,27,...,90* = 1)}, %709 =p(0—1),
Yo(7,9,.7) = Vo(7,9,7) \ Vs(7 ={3,6,9,....33p° -1}, |Yz.r5| =200 1),

Vaz,0.7) = 30°,60°},  |Vaz.05)| =2
If
(Ya(z,0.2): V32,9.7)) Va(7,.7,7), Vaz,0.7)) Vaz,0.7), Vs(7,7,7));
(Y5(7,.7,7), Yo(7,0,.7) and (Vo7 7 7), Ve(7,7,7))
are pairs of adjacent vertex sets, then there exist the following complete neutrosophic bipartite

graphs in f(Zgzpz ):

Ft‘)(pfl),(pfl)(ﬂ,ﬂ,g“ﬁ F(pfl),ﬁ(?,/,gi)v F&p(pfl)((?,ﬂ,g?)v Fp(pfl),Z(:7,f,37)7 and

Kooptp-1)(7,9.7)-
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The complete neutrosophic bipartite graphs in f(232p2) are given as follows:

I74 _ 6(p—1)(p—1) 174 _ 6(p—1) 74 _ 6p(p — 1)

(6(p—1),(p—1))(F, 7, F) — 4 ’ (p—1),6(7,9,%) — 4 ’ 6,p(p—1))(T, I, F) — 4 )
— 2p(p—1) & Ap(p — 1)
Kopp-nozs9) =71 Kewe-y)ywr9=—"71

Each of these bipartite graphs is a copy of the complete neutrosophic cycle Cy in f(232p2).

The sum of the complete neutrosophic bipartite graphs is given by:

Fﬁ(p—l),(p—l) + F(p—l),ﬁ + f671@(19—1) + Fp(p—l)ﬂ + F272p(p—1)
_6p—-1)(p—1)  6(p—1) 6plp—1) 2p(p—1)  4p(p—1) 9p(p—1)
n 4 + 4 + 4 + 4 + 4 a 2 ‘

The values of the edges of the cycle Cy are (7, #,.%). The truth values are defined by:

364 = min{ﬂ(el), 9(62), 3(63), e?(64)}, e € E(y7j7g:)(f(2(32p2))), k= 1,2,3,4.

The total sum of the truth values is:

Eg sm= ), %

€l 7, g.7)

By Theorem 2.1, since C4 has op (2_1) copies of complete neutrosophic bipartite graphs, we
have:

Ip(p — 1)
Eorm=—"75

Example: Let p = 5 > 3. Then, the following figure [5| neutrosophic graph occurs for the

decomposition of T'(Zs252):
K3 1=K,

with 91 edges and 90 copies of Cj.

FIGURE 5. a) A neutrosophic complete graph K14 b) neutrosophic cycle
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Theorem 2.3. Ifp > 5 is any prime number, then the complement of the neutrosophic graph
f(252p2) is decomposed into:
(1) 1-copy of the complete neutrosophic graph I_(5p_1 with bp — 1 wvertices associated with
(7, J7,F), and
(2) 15p(p — 1)-copies of the neutrosophic cycle Cy.

Proof. Let p be any prime number and p > 5. Let f(252p2) be a non-zero neutrosophic zero

divisor graph with vertex set defined as:
41/(,7,:%,37) = {57 107 ]-57 tee 75(5p2 - 1)’ b, 2p7 3p7 s 7p(25p - 1)} € 1_1(252;02)7

where for every v € ¥ 7 s 7), (7,7, F) € [0,1].

Case (i): Let Y7 s,7) C ¥ 7,4 7), Where: V(7 s 7) = {5p,10p,15p,...,5p(5p — 1)}.
Therefore, the cardinality of 12 s #)is: [#1(7 s 7) = 5p—1. If v1-v2 = 0 (mod 52p?), then
v1 is adjacent to v in f(252p2), and this forms a complete neutrosophic graph Kj,_1.

Case (ii): Let Y47 s 7). 37.0.9) Yo 7.9.7) V5(7.7.7) Yo(7,.9.7), Vo757 C
No7,.9.7) € (f(232p2)), where the cardinalities are defined as:

Yo7, 7,7) = P, 2D, 3p, . . ., 24p}, Va7, 7.7l =20(p — 1),
Va(7,.0,7) = {25p,50p, T5p, ..., 25p(p — 1)}, Y37,.7,.7)| = (p—1),
Vir,r.7) = {p% 207, 3p%, ..., 24p°}, Yiz,.7.7)| = 20,
Vs7.0,7) = 125,50,75,...,25(p> — 1)}, V57,07 = p(p—1),
Yo(7,7.7) = {5,10,15,...,5(5p> = )} \ Y57 7, 5), Ye(7,07,7)| = 4p(p — 1),
Vaz.0.7) = {5p°, 10p*, 15p*, 20p°}, Va(7,0.7) =4

If the pairs (Y7, 7,7), V3(7, 7,.7)) (Y37, 7,7) Va7, 7.7))

Yz, 7.7), Vs(7, 7,.7)), Vo7, 7.7), Va7, 7,.7), and (Yo7, 7 7)., Vo7, 7,7)) are pairs of ad-
jacent vertex subsets, then there exist the following complete neutrosophic bipartite graphs:

Kaop-1),0-1)» Kp-1),200 Ko0,p(p-1) Kp(p—1),4: Kaap(p—1)- By Theorem 2.1, each K, , . con-
tains cycles Cy. The total number of such cycles is:

20(p-D(p—1) 20(p—1) 20p(p—1) 4p(p—1)  16p(p—1)
4 te vttt

= 15p(p — 1) copies of Cy.

O

Example: Taking p =7 > 5, we get the following complete neutrosophic graph in figure [6}
I_{(5p_1) = K34, where 5p — 1 = 34 vertices.

The number of edges in a complete graph K, is given by:
n(n—1)
—
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Substituting n = 34, we get:

o 34(31;— 1) _ 34;)3 L

Thus, K34 has 561 edges.
The total number of Cy4 cycles in a complete graph K, is given by:

Number of Cy = <Z>

Substituting n = 34, we calculate:

34\ 34-33-32-31 34-33-32-31
4)  4-3.2.1 24

= 46,376 = 24 = 630.

Thus, K34 forms 630 copies of Cy.

(a) (b)

FIGURE 6. a) A neutrosophic complete graph b) Neutrosophic cycle

Theorem 2.4. Let p and q, with p < q, be any distinct prime numbers. Then the neutrosophic

zero divisor graph f(szqz) is decomposed as follows:

(1) A copy of the complete neutrosophic graph I_(pq_l, where pg—1 is the number of vertices.

(2) w copies of the neutrosophic cycle Cy.

Proof. Let p and ¢, with p < ¢, be distinct prime numbers. The vertex set of the neutrosophic

zero divisor graph f(szqz) is defined as:

Vz.r.7) = {p:20,3p,...,p(pa* — 1); ¢,24,3q, ..., q(p°q — 1)},

where each v € ¥ 7 » 7) is associated with neutrosophic components (7, .7, %) € [0, 1].
Case (i): Let #1(2,s,7) C ¥ 7,s,7) be a subset defined as:

V(7,77 = P2, 24, 3pq, - .. ,pq(pg — 1)}

The cardinality of ¥ (7 s #)i8|%1(7,.7,2)| = pg—1. lfv1,v2 € ¥ 7 s 7), then vi-vy mod p?¢® =
0, hence v; is adjacent to vg in f‘(szqz). Therefore, #1(7 s 7) forms a complete neutrosophic

graph R'pq_l.
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Case (ii): Let %7 s 7). V3(2,0.7) Ya(7,7,7), Vs(7,7,7) C Y 7,s,.7) be the remaining

vertex subsets with their cardinalities defined as follows:

Vo7,7,7) =D, 2p,3p, ..., p(pg — 1)}, Ya7,0,.7)| =alp—1),
Vaz,0.7) = {0:2¢,3¢,...,q(@* = 1)}, Y3(7,7,7)| = plqg —1),
Yoz, r.7) = {p%20%30% ... p* (¢ — 1)}, V7,07 =q-1,
Vo707 = {0, 24°,3¢%, ..., > (p — 1)}, |V5(7,7,.7)| =p—1.

The subsets %57 s 7) and Y37 s 7), V3(7,7,7) and Yyz s ), and Yy 7 s 7) and
Vs5(7.s,7) are pairwise adjacent and form complete neutrosophic bipartite graphs as fol-
lows: I_(q(p_l)p(q_l), I_(p(q_l),(q_l), K(4-1),(p—1)- The edge weights are associated with

(7, 7,%)=(1,0,0).
By Theorem 2.1, the number of neutrosophic cycles Cy contributed by each bipartite graph

is given by:
Rypnptan = L= ;Lp(q =l
Kp(qfl)»(qfl) - pla= 1)4' i 1),
Rigon oy = =01

The total number of neutrosophic cycles Cy is:

- - 5 3pa(p —1)(g — 1)
Kop-1)pa-1) T Kp(g-1),a-1) T K(g-1),-1) = 1 :

3. Conclusion

In this article, the decomposition of the neutrosophic zero divisor graph f(Zn), where n is
a prime number, into cycles and complete neutrosophic graphs is discussed for special cases.

Specifically, the following graphs are examined:
T(Zy2p2), T(Zs2p2), T(Zs2y2), and T(Ze,2).

For each case, example graphs are provided, which illustrate the decomposition into complete
neutrosophic graphs and neutrosophic cycles. These example graphs were generated using
MATLAB. These theorems and its examples contribute to a depth understanding of neutro-
sophic graph structures and their decomposition properties, potentially benefiting mathemat-
ical modeling in uncertain and fuzzy environments.

Future study: Generalization to higher-order prime powers by extending these outcomes to
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more complex structures, where n is higher powers of prime numbers or mixed prime com-

positions. The structural properties of the graph structures developed can be explored for

cryptographic key generation and secure communication systems, ehancing visualization tech-

niques for large-scale neutrosophic graphs involving advanced computational tools beyond

MATLAB, such as Python or TensorFlow and implimenting in applied sciences.
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