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Abstract. The main aim of this manuscript is to establish for the first time the reduction formulae of 2-refined
neutrosophic indefinite integrals (shortly, RF2RNII) which have double indeterminacy I1 and I respectably.
We then verify reduction formulae with appropriate examples and also apply reduction formulae to evaluate
definite integrals in 2-refined neutrosophic environment. The reduction formula of 2-refined trigonometric func-
tions in 2-refined neutrosophic integrals (shortly, RF2RNI) is a useful mathematical technique for calculating
and deriving a simplified version of integrals. We also classify these reduction formulae by investigating various

cases of 2-refined neutrosophic integrals (shortly,2RNT).
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1. Introduction and literature review

It was observed from historical background that classical logic is a nineteenth and twentieth
century innovation. Thereafter fuzzy logic [31] opened up a new research area in the branch
of mathematical science since 1965. Smarandache [25] initiated a new type of logic, known
as neutrosophic logic [25]. In the light of this new logic he formulated a mathematical model
of uncertainty,ambiguity,inconsistency, undefined, unknown, contradiction and so on. This
novel concept of neutrosophy opened up a new dimension of philosophy due to Smarandache
(see [26], [27], [28]) which has wider of applications in various fields like multi criterion decision

making problem, pattern recognition, medical diagnosis and classification problems especially
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problems with more than one decision makers (see |17] , [16], [13], |18], [24]).This new theory
will also be a useful tool in decision and ranking problems such as robot selection,green supli-
ers selections, solid waste landfill site section problems etc.He presented refined neutrosophic
number [29] in the form: (a,b1I;, bals,bsls,....., b1, ), where a,by, ba,bs,....., b, € R or C.In the
modern age, science and technology had been significantly dealing with intricate phenomena
and processes for which there is inadequate information. In such circumstances, these models
are invented for dealing with different types of systems that have uncertain, vague, imprecise,
incomplete and redundant components. Many of these models, like Fuzzy model [31], Intu-
itionistic fuzzy model [12],Neutrosophic model [25] and many more are built on the extensions
of standard set theoretic models.

Zadeh [31] proposed the concept of fuzzy set (FS) when he handled vague, imprecise and
uncertain data set. As a generalisation of fuzzy set, Atanassov [12] created intuitionistic
fuzzy set (IFS) in 1986. His theory thereafter became widely acknowledged as an essential
resource in real life applications. In 1995, neutrosophic set (in short,NS) was proposed by
Smarandache [26] as for generalization of intuitionistic fuzzy set.This theoretical framework
demonstrates itself to be a strong tool for addressing the complex web of unclear and conflict-
ing data that permeates our everyday environment. He also defined the notion of standard
form of neutrosophic real number and the condition for division of two neutrosophic real num-
bers to exist.

Neutrophic logic [26], neutrosophic vector space [1], neutrosophic topological space [22], neu-
trosophic group theory [23], neutrosophic ring theory |2, and dombi neutrosophic graph [20)]
are only a few of the many academics who have contributed to the field of neutrosophic theory.
In 2015, Agboola [3] introduced the notion of refined neutrosophic algebraic structures. The
refined neutrosophic ring (I) was studied by Adeleke et al. [5], where (I) was splited into two
indeterminacies I; and Iy so that I; (stands for contradiction(T) and false(F)) and I (stands
for ignorance(T) or False(F)). From which logically it implies that: I; x I;}=Iy; Iy x Io=Iy; Ij
x Is=Iy; Iy x I;=I;. In networking problem and shortest path problems, Chokraborty [14L15]
proposed pentagonal neutrosophic numbers. In 2021 and 2022, Alhasan (see 4], [6], [7], [8])
developed various method of integration such as by parts method, definite integrals and partial
fraction methods in the neutrosophic environment with single indeterminacy (I). Alhasan, Y.
A. et al. |9] initiated the indefinite integrals of trigonometric functions in refined neutrosophic
model. Subsequently Manshath et al. [21] studied the concept of neutrosophic integrals by
reduction formula and partial fraction methods for indefinite integrals and very recently Yesar
et al [11] proposed the differential and integrals of 2-refined hyperbolic functions. Lots of work
had also been studied in the field of neutrosophic logic in statistics and others ( [19], [30]).
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Inspiring upon the work cited above we are for the first time focusing our research on reduction

formulae of 2-refined neutrosophic integrals and their applications.

1.1. Research gaps and motivation

(i) Neutrosophic differentials and neutrosophic indefinite integrals have almost been estab-
lished. However, a very little study has been addressed on neutrosophic 2-refined indefinite
integrals involving double indeterminacy.

(ii) We noticed that no papers are found in literature which uses reduction formula for 2-
refined neutrosophic indefinite integrals. This motivates us to introduce reduction formulae
for 2-refined neutrosophic integral approach to describe double indeterminacy model in neu-

trosophic framework

1.2. Structure of the paper

The present paper is organized in the following manner: 1st section provides the introduction
which represents the literature review of neutrosophic logic and calculus. Second Section
focuses into common definitions and preliminaries. Third Section describes the derivation
of reduction formulae of 2-refined neutrosophic indefinite integrals (shortly, RF2RNII) and
classify them by investigating various cases of 2-refined neutrosophic integrals. In section
four, we verify some of the reduction formulae with appropriate examples and apply reduction
formulae to evaluate 2-refined neutrosophic definite integrals in neutrosophic environment of

double indeterminacy.

2. Mathematical prelimineries

This section consists of some common notations and definitions which have been involved
in the course of the paper.
Definition 2.1. Neutrosophic set: [26] Let X be a Universe of discourse. Then the neutro-
sophic set is defined by N= {(x, 7(x), A(x), n(x)), x€X, where, 7, A\, n € [0,1], indicating the
degrees of truth, indeterminacy and falsehood respectively that satisfy 0 < inf(7) + inf(A)+
inf(n) < sup(r) + sup(A)+sup(n) <3}
Definition 2.2.Neutrosophic real numbers: [27] Suppose that w is a neutrosophic number,
then it takes the followinng form w =a+bl, where a,b are real coeflicients, and I represents
indeterminacy such that 0.I=1.0=0 and I.n=n.I=I for all neN.

a+bl

Suppose that U=a+bl and V=c+dI be two neutrosophic real numbers. To find £ Ta7 We as-

sume that ‘C’iﬁ = x+yl = a+bl= (x+yl)(c+dl) = a+bl= cx+(cy+xd+yd)I

Comparing the coefficients we get, a=cx and b=xd+y(c+d). For unique solution we must

have c(c+d)#0. Hence, ¢#0 and ¢ #-d are the conditions for the division of two neutrosophic
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at+bl __a + cb—ad
' c+dl T c(ct+d)™

Definition 2.3. Neutrosophic 1ndeﬁnite integral: [27] We just extend the classical defi-

real numbers to exist. Then

nition of anti-derivative. The neutrosophic antiderivative of neutrosophic function f(x) is the
neutrosophic function g(x) such that g’ (x)=f(x).

Definition 2.4. Neutrosophic indefinite integral: [4] Let f: D;CR— Ry U {I}, to eval-
uate the integral ff Ydz. For that put x=g(u) = dx=g (u)du. By substituting we get,
J f(z)dz=] f(u)g (u) du. Then we can directly integrate it.

Theorem 2.5. [4] Ifff z,I)dz=¢(x,I) Then [ f((a+ bl)x +c+dl)dx

:(% — [a(ab+b 1I) x ¢((a+bl)x+c+dl) + C, where C is indeterminate real constant, a#0, aZ-b
and b,c,d are real numbers, while I is indeterminacy.

Definition 2.6. 2-refined neutrosophic indefinite integral: [10] Let f: R( I;,I2) —
R(I, I2), to evaluate the integral ff z, 1, I)) dz. Put x=g(u) = dx=g (u)du. By substitut-
ing we get, [ f(z,I1,I2)dz=] f(u)g (u) du. Then we can directly integrate it.

Theorem

2.7. [10)If [ f(z, [1, ) de=¢(x, I1,I5), then [ f((a+bly + cl)x + s+t +uly)dr =(1 —
[m]h + [a(a+c)]12) X ¢((a+bl1+cly)x+s+tl +uly) + C, where C is indeterminate
real constant (i.e. constant of the form p+ql; + I, where p,q,r are real numbers), a#0, a—b
, a%—b—c and b,c,d are real numbers, while I;andl; are two indeterminacy.

2.8. Some standard 2-refined neutrosophic indefinite integrals: [10]

(1) f((a + bIl + CIQ)$ —I—p+ qu + ’I"IQ)” dw

((a+bIy+clz)z+p+qli+riz)? ! +C (n#*l)

X D)

=G ~ [eronmalh + e )
(ii) fe((a+bll+Clz)x+p+qll+rj2) d

:(% N [(a+c)(a+b+0)]ll + [a(ac—i—c)]j2) xXe
1

(iii) [ ((atbltcl)etptal+rl2) dx

=(5 — [(a+c)(a+b+c)]ll + laaraglle) X In|((a+bh +ch)z+p+qh +rh)| + C
(iv) [sin((a+ bl + clo)x 4+ p+ gl +rly) dx

= —(é - [m]h + [a(a+c)]12) x cos((a+bly + cly)x +p+qlL +rlz) + C
(v) [cos((a+ bl + cly)x+p+ gl + rly) dx

=(1- [(a+c)(a+b+c)]~’1 + [aggll2) x sin((atbly + clo)x +p+qly +1l3) + C
(vi) [ sec*((a+ bl + cla)x +p+qlh +rl)dx

= (% - [(a—l—c)(z—i—b-i-c)]ll + [a(a(is—c)]b) x tan((a+bly +cla)r +p+qly +rlz) + C
(vii) [cosec®((a+ bl + clo)x+p+qly +rlp)dz

= (1 [W]h + [a(a+c)]lg) x cot((a+bly + clo)x +p+ql1 +1rl) + C

a

((atblitclz)z+pt+qhitrlz) 4 (O
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3. Refined reduction formula of neutrosophic indefinite integral

It is observed that the reduction formula for refined trigonometric, algebraic and exponential
functions in refined neutrosophic integrals is a useful mathematical technique for calculating
and deriving a simplified version of integrals. In this section we derive the reduction formulae
of 2-refined neutrosophic indefinite integrals of neutrosophic trigonometric functions which
involves double indeterminacies I; and I respactbly. We also classify them by investigating
various special cases.

3.1: Obtain the reduction formula for the 2-refined neutrosophic integral
[((a+bI + el)x + p+ql + rIp)Pe(+thtule)(atbhitela)e+p+alitrls) go

Solution: Let J,=[((a + bl1 + cla)x + p+ gl + TIQ)”6(5+t11+“I2)((“+bll+d?)m‘*'p‘“ﬂl‘”[?) dx
We put v=(a+bl;+cla)x +p+ql;+rly, k=s+tl;+uly, then dv=(a+bl;+clp)dx

= dv=dx

1
a+bly+cls
_ 1 k
Then Jn— m fv”e v dv
Integratig by parts we have,
— 1 1 kv_ 1 —1 k
In= Greneny [f V" Mg ST e du)

_ 1 n kv _ n—1_kv
=TT Ten) [ v e [ " te™ du]

_ 1 k
Sl £ ey o) ey owwr oy [ v e"—n(a+bl;+cly)

1 n—1_kv
X(a+bh+c[g)f V" e dv]

v e~ n(a+bly+clp)J, 1]

— 1
~ (as+(at+bt+ct+bs+bu) 1 +(autcu+tcs)lz2) [

— 1
~ (as+(at+bt+ct+bs+bu) 1 +(autcu+tcs)Ia2) [(<a+bII+C12)X +p+qu+rI2)n
Xe(s+t11+ulg)((a—i—bh+CIQ)x+p+qI1+T12)7n(a+b11+CIQ)J

nfl]

(1 (at+bt+ct+bs+bu) au+cu+tcs
Hence, J”_(as [(as+au+cu+cs)(as+at+bt+ct+bs+bu+au+cu+cs)]Il + [aS(as+au+Cu+CS)]12)

% [((a—i—bIl—i—ch)x —i—p—i—qh—i—rlg)”’l e(s+t11+u12)((a+bI1+ch):v+p+qI1+r12),n(a_|_b11_i_CIQ)Jn_l],(l)

Equation (1) is the required reduction formula for the the given 2-refined neutrosophic inte-

gral. O
Remark 3.1(a): 2-Refined neutrosophic integral is the generalization of neutrosophic inte-
gral and neutrosophic integral is the generalization of real integral which can be seen from the
following cases:

Case-I: In (1), if we put p+ql;+rla=0, then the 2-refined neutrosophic integral reduces to
the reduction formula

In=[((a+ bl + clp)z)e(sHhtula)(atbh+el2)z) g

_(i _ [ (at+bt+ct+bs+bu) ]I + [ au-cu+tcs ]I )
“\as (astau—tcutcs)(as+at+bi+ct+bs+butautcutes)i L as(ast+autcutes)i”?2
x [((a+bly+cly)x) 1 elstthtul2)(atbhitel2)s) p(atbli4cly) T, ] 1(a)

Case-II: In (1), if we put p+ql;+rlo=0, s+tl;+uly=1,(i.e. s=1,t=u=0), then the 2-refined
neutrosophic integral reduces to the reduction formula
Jn=/((a+ bl + Cfg)a:)”e(a%h“‘d?)”" dx

=G~ lararmrg It laara 2) * [((a+blitcly)x) ! eltHPhFel)r n(atbly +cly) J,1]-1(b)
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Case-III: In (1), if we put p+qli+rle=0,s+tI;+ule=1, c=0, I;=I(indeterminacy), then the
2-refined neutrosophic integral reduces to the neutrosophic reduction formula

Jo=[((a + bI)z) @+t o= a+b[ x [((a+bl)x)*~1 elatbDz g, ]

(4 = o)D) * (@D e n(at b, 1)
Case-IV: In (1), if we put p+ql; +rlo=0,s+tI;+ulo=1, a=1, b=c=0, then the 2-refined neu-

trosophic integral reduces to real integral having reduction formula
Jp=/[2"e® dz= [x""! e*nJ,_1], -1(d)

3.2: Obtain the 2-refined neutrosophic reduction formula for the following inte-

grals

(a) [tan™[(a+ bl + clo)z + p + ql1 + rh] dx

(b) [cot™[(a+ by + cls)x + p + qI1 + 1] dz,where n is a positive integer.
Solution:(a) Let J,,=[ tan"[(a + bl; + clz)x + p + ¢l + 1] dx
We put v=[(a+bl;+cls)x+p+qly+rls], then dv=(a+bl;+cly)dx =
Then J )ftan”v dv J tan™2vtan®v dv

_ 1 _ 1
N~ (a+bl1 +clz “ (atblitcl2)
[ tan"2v(sec?v — 1) dv

1 _
(a+bl1+cl2) dv=dx

_ 1

- (a+b[1 +CIQ)
n—2 2 o 1 n—2

J tan™*vsec*v dv 7(a+b11+c12)ft‘m v dv

[t"=2dt ~J,_o [Take tanv=t = sec’vdv=dt]

n—1
v
7Jn 2

_ 1
~ (a+bly +012

Jn (a+b]1 +CIQ
J = tan
Jn=

n— (a+b11+012) (n—1)

n= (¢ ~ laraemra/h + liazg )
tan™~ 1[(a+b11(tlc_121))$+1>+q[1+7"[2] . 2(a)

Special cases: Case-I: In 2(a), if we put p+ql;y +773=0, c=0 and I;=I(indeterminacy), then

X

the 2-refined neutrosophic integral reduces to neutrosophic integral whose reduction formula
is given by
tan™ " [(a+bl .
Jp=/tan"[(a + bI)z] de=(% — [a(%rb)]l) X %ﬂlﬁm ~Jp_o—2(a)(i)
Case-1I: In 2(a), if we put p+ql; + rIo=0, b=c=0, then the 2-refined neutrosophic integral
reduces to real integral whose reduction formula is given by
n—1

Jn=[tan™ax dx= t”gzn_l‘ix ~Jpn—2 2(a)(ii)
Case-III: In 2(a), if we put p+ql; + rIo=0, a=1, b=c=0, then the 2-refined neutrosophic

integral reduces to real integral whose reduction formula is given by
Jn=/[tan"x dz="* 0 1)96 L) 2(a)(iii)
(b) Let J,=[ cot™[(a + b1 + clo)x + p+ qh + r1o] dx

We put v=[(a+bly + cl2)x + p+ ¢l; + rls], then dv=(a+bl;+clp)dx = m
Then J":mf cot™v dv :mf co

t"2v(cosec’v — 1) dv

dv=dx
t"2pcot?v dv
_ 1

- (a+b[1+c[2) f co

_ 1 n—2 2 o 1 n—2
= 7(a+b11+cl2)f00t veosec v dv 7((1-1—1)[1-1—6[2)«[601: v dv

Jn= fo u" 2 du —J,_o [Take cotv=u = —cosec?vdv=dul]
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- 1 cot" Ly _J
(a+bl1+clz) (n—1) n—2

Jn=

In= G ~ [araerra b + s )l2)
v cot”’l[(a+b[1z;c£21)x+p+qf1+7”[2] _Jn72 2(b)

Special cases: Case-I: In 2(b), if we put p+ql; +712=0, c=0 and I;=I(indeterminacy), then
the 2-refined neutrosophic integral reduces to neutrosophic integral whose reduction formula
is given by J,= [ cot"[(a + bl )z] dz= (% — [a(aber)]I) X COtn_(;[(_aSbI)x} ~Jp—2 2(b)(i)

Case-1I: In 2(b), if we put p+qly + rl2=0, b=c=0, then the 2-refined neutrosophic integral

reduces to real integral whose reduction formula is given by

Jn= cot™az dx= 7% ~Jn—2 2(b)(ii)

Case-III: In 2(b), if we put p+qly + rl2=0, a=1, b=c=0, then the 2-refined neutrosophic

integral reduces to real integral whose reduction formula is given by

Jn=[ cot"x dw= = — 3, 2(b) (iii)

3.3: Prove that the reduction formula for the 2-refined neutrosophic integral

[elatbhitel2)zeogn(p 4 gIy + rly)z dz is given by

J _e(a+bf1+612)z(;05"*1(p+q]1+r12)m[(a—f—b[l—f—clg)cos(p-i-qll+r12)a:+n(p+ql1+7‘12)Sin(P+q11+7"I2)x}+
n — n?(p+ql1+r12)?+(a+bl1+cl2)?
n(n=1)(p+gl+rls)? J
(2 (p+qli+712)2+(a+bl1 +clz)2) “n—2*

Proof: Let J,=/[ elotblitel)zeosn (4 gl 4 ry)z dx

We put u=a+bl; + ¢l and v=p+ql; + rls

Jn= e"*cos"vz dx

Applying 2-refined neutrosophic integration by parts we have,

uxr n — .
Then J,= “—22=% + 7% x feuxcosn Lyx x sinve dz

n—lyzxsinve

e“Tcos™vx +rw % [e“zcos
u

u

1

u
1 —2 . . —
+ [ e"[(n — 1)cos" *va(—sinvz).v.sinve + cos" lvacosva - v] dx]

e“Tcos"vx +m; % [e“”cos”_1
u u

VI X STNVT
u

L [eur(n — 1)cos" 2vx(—sinvz).v.sinve dz

f% J e%cos" tvrcosvr - v d]

_ e"Tcos™vx nve®cos™ vz x sinve | nv? ux n—2 002 nv?
= &£« 4 — +25 [e" x (n—1)cos" Pvx x sin*vr do—"5
| e“Feos™vx dx

uz n uT n—1 . n(n—1)v2 _ 2
_ e CZS VT + nve* cos — vasznvm+ ( u2) feua: X cos™ 2’U$(1 _ COSQU.Z‘) dCE*rLUQ

| e“Fcos™vx dx
ux n uT n—1 ; n(n—1)v2 _ 2,2
e CZS vx 4 nve“*cos u2vx><smva:+ ( u2) feux_cosn 2,del.7nu12) feuxCOSn’del'
% cos™ v nvet®cos" lvzxsinvz | n(n—1)v? n2v?
Jn= " + w2 + ( u2) Jn—2 = w2 Jn
2,2 ux n ux . — 2
n<v __e*cos"vx nve“'"cos VI X SINVT n(n 1)U
(14 Z4) J, =<—costr 4 o + B Jne
2,2 .2
nev +u
(*=2) Jn
_e"* cos™ Loz
u2

n—1

n—1

. —1)v?
[ucosvx +nvsinvx|+ "(nuiQ)”

elatbli+el)zcosn—1(pi gl +rlo)x[(a+bli+clz)cos(p+qli+rla)z+n(p+qli+rls)sin(p+qli+ria)z]
n?(p+ql1+r12)%+(a+bl1+cl2)?

Jn_9, which is the required reduction formula.

Jn—2

Hence, J,, =

n(n—1)(p+ql1+rlz)?
(p+ql1+r12)2+(a+bl1 +cl2)?)

(3) m

+ 2
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Special cases: Case-I: In (3), if we put c=r=0 and I;=I (indeterminacy), then the 2-refined

neutrosophic integral reduces to neutrosophic integral whose reduction formula is given by

(at+bD)z co5n—1(piql +bI +ql)x+n(p+ql)sin(p+ql
J,= fe(“erI)"”cos”(p—i—qI):c de =€ cos™ ! (pt+q )Zg((czﬁql))c;j((z;#))g n(p+gl)sin(p+q )$]+

n(n—1)(p+ql)?
w2 tal2 oD Tn-2s 3(a)

Case-1I: In (3), if we put b=q=c=r=0, then the 2-refined neutrosophic integral reduces to

real integral whose reduction formula is given by

€ cos™ px[acospr+npsinpz) n(n—1)p?
n2p? a2 + (n2p?+a?) JTL*27 '3(b)

Jn= [ e™cos"px dx =
Case-III: In (3), if we put a=1,b=q=c=r=0, then the 2-refined neutrosophic integral reduces
to real integral whose reduction formula is given by

Jn= [ €*cos"px dx :emcosn_lﬁf J;‘;fff;”p sinpa] | &(%Ei)fj) Jn_2, 3(c)

Case-IV: In (3), if we put p=1, b=q=c=r=0, then the 2-refined neutrosophic integral reduces

to real integral whose reduction formula is given by

e cos" " Lx[acosx+npsine n(n—1
Jn= [ ecos"z dx = n[2+a2 psina] 4 (n(2+a2)) Jn—2, 3(d)

Case-V: In (3), if we put a=p=1, b=q=c=r=0, then the 2-refined neutrosophic integral re-

duces to real integral whose reduction formula is given by

e®cos" " Lx[cosx+nsinx n(n—1
J’I’L: f@xcosnév dﬂ? - TL2[+12 }‘i_ (TL(2+12)) Jn—?, -3(e)

Case-VI:
In (3), if we put (a+blj+clz)=1, then the 2-refined neutrosophic integral reduces to J,=

x n—1 3
x n __e%cos (p+ql1+rIz)z[cos(p+qli+rI2)z+n(p+qli+riz)sin(p+qli+riz)z]
[ ecos™(p+ qli + rly)xdr = W2 (p+qh4rT2)2 412 +
n(n—1)(p+qli+rl2)?
2 (prah T2 +17) In-2) 3(f)

Case-VII: In (3), if we put (a+bl;+cla)=1,r=0,I;=I (indeterminacy), then the 2-refined neu-

trosophic integral reduces to neutrosophic integral whose reduction formula is given by

T eos 1 I 1 I)si I —1 1)?
Jn= [ €"cos™ (p + ql)o do =R A et R T

3(g)
Case-VIII: In (3), if we put (a+bl;+cly)=1,q=r=0, then the 2-refined neutrosophic integral

reduces to real integral whose reduction formula is given by

T n—1 ; — 2
J,= fexCOSanJ dop —&5cos p:p[cosglz;;gi)iv2+n(p+q1)sznpx]+ &(%2i)£) Tno, 3(h)

Case-IX: In (3), if we put (p+ql;+rla)=1, then the 2-refined neutrosophic integral reduces

a+bl+cly)x n—1 . _
_ (a+bli+clp)z ., o1 _elatblitel)z oogn—1g[(q b +cla)cosz+nsing] n(n—1)
to Jn= fe cos"rdr = n?+(a+bl +cl2)? + (n?+(a+bl1+cl2)?)
Jn—2, -3(i)

Case-X: In (3), if we put (p+ql;+rls)=1, ¢c=0,I;=I (indeterminacy), then the 2-refined neu-

trosophic integral reduces to neutrosophic integral whose reduction formula is given by

(a+bl)x n—1 +bI +nsi —1 .
J,= fe(a_,_b])mcosnx dr =¢ cos anE(CLibI))zcos;r nsma:]_’_ (nzi(&+b)f)2) Jn—2, 3(_])

Case-XI: In (3), if we put (p+qli+rla)=1, b=c=0, then the 2-refined neutrosophic integral

reduces to real integral whose reduction formula is given by
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ax n—1 ; _
J,= feaxCOSnlL‘ dp = &Zcos ;Jic;;x-i-nsznx]_‘_ (7;(271+a12)) Tpo, 3(k)
Theorem 3.4: Prove that the reduction formula for the 2-refined neutrosophic

integral [ el@tbh+el2)zgin(p 4 qIy 4+ rly)x dx is given by

J. = elatblitel)z ginn—1(pi gl 4rlo)x[(a+bly+clz)sin(p+qli+rIa)z—n(p+qli+rilz)cos(p+qli+rla)zx]
n n?(p+ql1+r12)%+(a+bl1+cl2)?
+ n(n—1)(p+ql1+ri2)? J
(2 (ptql1+712)2+(a+bl +clp)2) “n—2

Proof: Let J,= [ elotthitel2)zginn(p 4 qI) + rly)x dx
We assume that u=a-+bl; + ¢l and v=p+ql; + rls
Then Jn:f e"sin"vx dr

Applying 2-refined neutrosophic integration by parts we have,

J = e*Tsin"vx nv
n=—"—=—-"-X
u U
_ e*Tsin™vxr  nv % [e“wsin
U

[ e“*sin™ lvx x cosva dx

n—lyxxcosve

1 ur om—2
- L [e" x (n—1)sin™ *vx.cosvz.v.cosvx dx

- U
~L [eursin"toz(—sinuz) - v da)

= ¢fsinfuz *"vewsmnijcosw—i—n(n_gl)UQ [ e“sin"2vx x cosPvx dxf—m’; | e“Fsin™vx dx:
U u u u
UT g7y T UT gimn—1 n(n—1)v2 . _ . 2
— [ szn VT _nve*?sin — UmXcosvac_i_ ( u2) f@uxSZTLn QU.%' % (1 _ 8Z7’L2U$) dx_rzlé

fe““”sin”vx dx
UL g —1

UL oip M n(n—1 7.12 . _ 2,,2 .
e s;n vr  nvetTsin — UIXCOSUI+ ( u2) j‘ Ut gim™ 21)513 dl’*nug f YT sinmux dx
_ e%sin"vx  nve'Tsin™ " lvzxcosvx n(n—1)v? _ n2?
Jn= m w2 + w2 Jn—2 u2 Jn
2,2 UL g7y T UL gipan—1 — 2
n<v _e*rsin"tvx nve'rsin VI X COSVIL n(n 1)U
(1+ u2 ) Jn — u - u2 + u2 Jnf

2,2 2 ux g n—1 . -1 2
(””u#) Jp =2 [uginvx —nvcosvx|+ %72)1} Jn_o
Hence. J _elatbhitel)e gipn—1(p4 oI 4rls)x[(atbli+clo)sin(p+qly+rls)z—n(p+qli+r1a)cos(p+qli+rlz)x]
y dn =

n2(p+qli+rl2)%2+(a+bl1+clz)?

_ 2
n(n—1)(p+ali+11) Jn—2, which is the required reduction formula.

t el )P Ha b ) 4 O
Special cases: Case-I: In (4), if we put c=r=0 and I;=I (indeterminacy), then the 2-refined

neutrosophic integral reduces to neutrosophic integral whose reduction formula is given by

. (a+bD)z gjpn—1 I bl)si Nz— I I
Jo= [ et i (p 4 gT ) do =© sin™” " (p+q )ﬂ(&iq};@ﬁﬁi{élgg n(ptglcos(ptql)z] |

n(n—1)(p+ql)?
P oraD? Ha ey Jn-2 -4(a)

Case-II: In (4), if we put b=c=q=r=0, then the 2-refined neutrosophic integral reduces to

real integral whose reduction formula is given by
2% sin™ L px[asinpr—npcospz] n(n—1)p?
n2p2+a2 + (n2p*+a?) Jn—2a 4(b)

Case-III: In (4), if we put a=1, b=c=q=r=0, then the 2-refined neutrosophic integral reduces

In= [ esin"px dx =

to real integral whose reduction formula is given by

e®sin™ Lpz[sinpr—npcospx] n(n—1)p?
n2p2+12 + (n2p2+12) Jn72a 4(0)

Case-1V: In (4), if we put p=1, b=c=q=r=0, then the 2-refined neutrosophic integral reduces

Jn= [ e sin"prdx =

to real integral whose reduction formula is given by
ax gip,m—1
In= [ e“sin"x dx =" + (ZL(zngalz)) In-2, 4(d)

Case-V: In (4), if we put a=p=1, b=c=q=r=0, then the 2-refined neutrosophic integral re-

z[asinz—ncosz]
n2+a?

duces to real integral whose reduction formula is given by
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. e sin™ " Lx[sinz—ncosz n(n—1
Jn=[€e"sin"xdr = nQ[HQ L+ (n(sz)) In—2, 4(e)

Case-VI:

In (4), if we put (a+bl;+clz)=1, then the 2-refined neutrosophic integral reduces to J,=
. zsin~ N (pt+qli+rl)zsin(ptqli+rlz)z—n(p+qli+rl. +qly 41l
[ e*sin™(p + q112+ rly)z dp =< (el Q)xsm(ffz(gqujfzz)&(rplzq wtrh)cos(prahtriz)a] |
n(n—1)(p+qli+rl2)
nz(p+q11+r112)2+212 In—2, -4(f)
Case-VII: In (4), if we put (a+bl;+cls)=1,r=0,1;=I (indeterminacy), then the 2-refined neu-
Yy

trosophic integral reduces to neutrosophic integral whose reduction formula is given by

Jn= [e"sin*(p+ql)zdx = etsin™ " (p +q1)z[ff; ((5:_5 II))QI ;ﬁ(p+q1)cgs(p+ql)x] + Z(Z;ié%gfl)j

Case-VIII: In (4), if we put (a+bl;+cla)=1,q=r=0, then the 2-refined neutrosophic integral

reduces to real integral whose reduction formula is given by

T aimn—1 . _ _ 2
Jn= [ € sintpr dy =" pelspronpcospr] 4 nln Vb g 4(h)
Case-IX: In (4), if we put (p+ql;+rle)=1, then the 2-refined neutrosophic integral reduces
_ +bI1+cl. . _elatblitel)z gipn—1ly[(a4-bl; +cla)sinz—ncosz) n(n—1)
tO Jn_ fe(a e Q)xsznnx dx - n2+(a+b11+clg)2 + (7L2+(a+b11+c[2)2)
Jn72’ _4(1)

Case-X: In (4), if we put (p+ql;+rlp)=1, ¢c=0,I;=I (indeterminacy), then the 2-refined neu-

trosophic integral reduces to neutrosophic integral whose reduction formula is given by

. (a+bl)x g5yn—1 +bI)sinz— —1 .
B 0 ity A ot g

Case-XI: In (4), if we put (p+qlj+rle)=1, b=c=0, then the 2-refined neutrosophic integral

reduces to real integral whose reduction formula is given by
axT gz n—1

In= [ e“sin"x dx =" fz[j_stjgx*ncosx]—l— (Z(gialg)) Jn_2, -4(k)

3.5: Prove that the reduction formula for the 2-refined neutrosophic integral

[ sin™[(a + bly + cly)x + p + qly + r1o]cos™|(a + by + clo)x + p + g1 + rlz] dz, where m,n

being positive integers, is given by J,,=(1 — [m]h + [a(a+c 1I2) X
n—1 - m+1
= [(th+d2)z+p+qh+r(lmﬂf:) (atbhrel)otptolitrle] 4 (m+n) Jmn—2, (m4n#0) and

__¢1 ab c
Imn==(3 — aemmerora 1 T laarag H2)

sin™ 1 [(a+bI1+cla)z+p+qli+rla]cos™ T [(a+bl+clz)x+ptqli+rla]

Proof: Let
Jman=[ sin™[(a + bIy + clo)x + p + q1 + rlz]cos™[(a + bl + clo)x + p + qI1 + rl] dx

We put v=[(a+bl;+clo)x+p+qli+rls], A=a+bl;+cly, then dv=(a+bl;+cls)dx = %dV:dX
Then, Jy, =75 [ sin™vcos™v dz, (A#0)

=4 [ cos" u(sin™vcosv) du

X

Using neutrosophic integration by parts we have,
Jmn=% [ cos" v [ sin™vcosv dz—[{(n — 1)608”_2 (—sinv) x [(sin™vcosv)dx}dz ], (A#£0)

1 [ cos™ Lysin™t 1y
m+1

sin™

]

I +(n-1) [{cos" v x sinv x “}da: | [Taking sinv=z, cosvdv=dz, m#—

—
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=% [ Cosnixf?mﬂv + 2L [cos"?v x sin™ v dx |, (m#A-1

:% [ cosniigf?mﬂv +7’:Ljrll [ cos" v x sin*v x sin™v dz], (m#-1)

:% [ cosn_iﬁf?mﬂv +;er11 [ cos™™ (1 — cos?v) x sin™v dx], (m#-1)

:% [ cosn_iﬁf?mﬂv +;Z_11 fcos 2y x sin™v dx — m—_H fcos v X sin™v dz|, (m#-1)
= cosniquf?MHU +(n?4:11),4 [ cos" v x sin™vdx — (m+1 74 J cos™v x sin™v dx, (m#-1)
Jm’":% cosnj:z}f?mﬂv + (rrrl;rll) Jmmn—2 — (:1;;1) Jmm, (m#-1)

(L )T =t 8™+ (72h) T2, (m-1)

(er”)J _ cos" Y(a+bl1+cl2)z+pt+qli+riz)sin™t(a+bli +clo)x+pt+qli+rl2] + (n,l) J
e (a+bI1+cl2)(m+1) m¥1/ Jmn—=2;

b c
Imn= (,11 [(a+c)(a+b+c)]ll + [a(a+c)]12)

X

05" [(a+bly +clo)z4p+qli +rla]sin™ 1 [(a+bl1 4-clo)x+ptql1+r12] n—1
(m-+n) + (m+n) Jmn 2 (m+n7é0)

which is the required reduction formula. (5) O

Again we have, Jmm:% [ sin™vcos™v dx
=4 [ sin
Using neutrosophic integration by parts we have,

Jmn=% [sin™ v [ cos"vsinvda—[{(m — 1)sin™ 2v(cosv) x [(cos"vsinv)dz} dz |

m=1y(cos"vsinv) dx

m—1

veos" Ty cos"‘Hv

=4 [ - " +(m-1) [{sin™ v x cosv x }dxr ] [Assuming cosv=z and -
sinvdv=dz]

_ 1 sin™ Yycos" Ty m—1 n+2 o

—A[ o +2 [ sin™ 0 x cos" v dx] (n#-1)

=14 [ s ;Tfs"“v +Z:11 [ sin™ 2y x cos*v x cos™v dx] (n#£-1)

=L [ 8" :qulos”“v —1—2”:11 [ sin™ v x (1 — sin®v) x cos™v dx] (n#£-1)

=1 [-sin® ;flosnﬂv —1—7;;:11 [ sin™ %0 x cos™v dx — n—“ fsm v X cos™vdzx] (n#-1)

:—% sin™ ;ﬂ’ffan +(n+1)A [ sin™ 2y x cos™v dx — (n+1 A [ sin™v x cos"vdx, (n#£-1)

m—1

; n+1 _ _
Jm,n:*% S nicfs + (:?4_11) Jm—2,n - (%11) Jm,n (n#fl)

m—1

_ nt1 _
(2L ) Ty =y ST ve0s™ 0y (el g (0 1)
n™ [(at+bli+cla)ztptqli+rizlcos™ [(atbli+elo)z+ptqlirl -

(ZII?)JWL,”: _ sin™~Y(a+bli+cla)z+p (g-ﬁbljfiizsg(n-i-[l()a 1+cla)a+p+qli+rio] + (7;’;+11) Jm—om, (-
1)

_ (1 b
van_i(a - [(a+c)(a+b+c)]‘[1 + [a(aJrc)]Iz)
s lleshebietrtale el e b el bl ] (et 3, (m4n0)——(6)
This is the required reduction formula. O

Special cases: Case-I: In (5) and (6), if we put p+qly + rI,=0,c=0 and
I;=I(indeterminacy), then the 2-refined neutrosophic integral reduces to neutrosophic inte-
gral whose reduction formula is given by

JImn=/ sin™(a + bI)zcos™(a + bl )z dx :(é — [7a(ali|»b)]‘[) X
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cos™ 1(a zsin™ 11 (a T n—
( +b1(f7)n+n) (atbDe (m+1z) T2, (m-+n70) 5(a)
JImn=/ sin™(a + bI)zcos™(a + bl )z dz=
sin™ 1 (a+bl)zcos™ T (a+bl)x m—
- ((:er})(ern)( e (2=L) Jm—2,n), (m+n7£0) 6(a)

Case-1I: In (5) and (6), if we put p+qly + rIo=0,b=c=0, then the 2-refined neutrosophic

integral reduces to real integral whose reduction formula is given by

Jmn= [ sin™ax X cos™ax dz= cosnt?ﬁig;ﬂaz + (;Zjl) Jmmn—2, (m+n7#0)————5(b)
Jmn= [ sin™ax x cos"ax dr= 7sinm7a1((717f_cigf;+laz + (ﬂjﬂi) J(m—2,n), (m+n7#0)———6(b)

Case-III: In (5) and (6), if we put p+qly + rlo=0,a=1, b=c=0, then the 2-refined neutro-

sophic integral reduces to real integral whose reduction formula is given by
n—1 - om—+41

Jmn= [ sin™z X cos™x du="22> Gy (£23) Jmn—2, (m4+n7£0) 5(c)
Jmn= [ sin™z x cos"x du= S’"ma}irffrf;+lx + (zﬁl) Jm—2n (m+n#£0) 6(c)

3.6: Obtain the reduction formula for the 2-refined neutrosophic integral

f sin™[(a+bl1+cl2)z+p+qli+rla]
cos™[(a+bl1+cl2)x+p+qli+r12]

_  sin™[(a+bl1+clz)z+p+qli+rl2] . . .
Solution: Let J,, =/ cos[(atbhTecla)atprahtrhs] dz, where m, n (n#1) being positive inte-

dzx, where m, n (n#1) being positive integers.

gers.

= Imn
=[ sin™{[(a + b1 + clz)x + p+ ql1 + rI]}cos ™ {[(a + bl1 + clo)x + p + g1 + r13]} do—r
-(7)

Let us consider Hy 4
= [ sin?{[(a + bl + cIo)x + p+ ql1 + rIa]}cos?{[(a + bI1 + clz)x + p+ qI1 + rls]} dz, where
m=p and -n=q.

Then Jypn =Hpp—p, (8)

We put v=[(a+bl; +cl2)x+p+qli +7ls], A=a+bl;+cly, then dv=(a+bl;+clp)dx = %dvzdx

=1 inP q
Then, Hy ;=% fsm veos?v dx

Using equation (5), we have,

_ cost7  (a+bly+cl2)x+ptqli+ria]sinP T (a+bly +cl)x+ptqli+r12) q—1
Hpq= (a+bTi+cl)(pFa) + (rg) Hpg-2, (P+a70)

ptq
Replacing q by q+2 we get,

T [(at+bli+clo)z+ptqli+rlz]sinP T [(a+bli +clo)a+p+gli+rl +1
Hp 2= 2os [atbh+elao p<aq+i11:§}zf)?p+q[iaz) R + (p-qkq+2) Hyq, (P+q+2#0)
Then H. . — 7608‘1*1[(a—&-b[ﬁ-clg):c+p+q[1+7‘12]sinp+1[(a+b]1+c12)x+p+q11+r]2}
Pa— (a+bl1+cl2)(g+1)
+ (PEE2) Hyge2, (a+17£0) (9)
Replacing p by m and q by -n in (9), we have,
_ sin™ 1 (a+bl+cl)x+ptqli+rls] —n+2
Hp, _"_(nfl)(aerthch)cos”l—l[(az+bh+c[231+p2+ql1+rlg]7(mnf1 )H (n—2)> (n#l) _(10)
OW usin e relation n , we get
N ing the relati 8) in (10 g
/1
Inn=(; ~ laraemrall + laarg ) 2)
X e et et () T -, (0£1) (11)
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Equation (11) represents the required reduction formula for the given integral. ]
Special cases: Case-I: In (11), if we put p+qly +7I2=0, c=0 and I;=I(indeterminacy), then
the 2-refined neutrosophic integral reduces to neutrosophic integral whose reduction formula
is given by

Imn= | %dw:% ~laammlD) (njlgz;-;(*altsi):l) (") T (n-2)y (0F1)——-11(a)
Case-1I: In (11), if we put p+ql; + rlo=0,b=c=0, then the 2-refined neutrosophic integral

reduces to real integral whose reduction formula is given by
Jm,n: f SINTAL (] sinm+1azc 7(m—n+2) Jm (n—2)» (n%l) 11(b)

cos™azx a(n—1)cos™laz n—1

Case-III: In (11), if we put p+qly + rI;=0,a=1, b=c=0, then the 2-refined neutrosophic

integral reduces to real integral whose reduction formula is given by

- om—+1 _
Jm,n:f SCZOZn;: dx= (njlﬁcosnai%*(mnffd) ‘]m (n—2)> (n#1) -11(c)
3.7: Derive the reduction formula for the 2-refined neutrosophic integral

f cos™[(a+bl1+cl2)x+p+qli+r12]
sin™[(a+bl1+cl2)z+p+qli+ria]

_ cos™[(a+bli+cl)z+p+qli+ris]
Solution: Let J,, ,= f sin [(atbhFoly)tprals $11]

= Jmn =[ sin™™{[(a + bI1 + cla)x + p + ¢l + rls|}cos™{[(a + bI1 + clo)x + p + qI1 + rIs]} da—

-(12)

Let us consider Hy ; = [ sinP{[(a + bl + cI2)z + p + qI1 + rs]}cos?{[(a + by + cla)x + p + qI1 + rls]} de—
(13)

dx, where m, n being positive integers.

dx, where m, n being positive integers.

(where -m=p and n=q)
Then Jm,n :H(—m,n) (14)

Using the reduction formula (6) in (13), we have,
H,, .= _ sinP~Y(a+bli+clp)z+p+qli+ria)cosdt[(atbli+cly)z+pt+qli+ris) 4ol 1) Hy_sq, (p+q70)

) (a+bl1+cl2)(p+q) . p+q
_ sinPtl(a+bli+cl2)z+p+qli+rls]cos?T [(a+bl1 +cl2)x+p+ql1+712] p+1
= Hpi2,4=- (at+bl1 +cl2)(p+q+2) + (p+q+2) Hp.q, (p+q+2+#£0)

[Replacing p by p+2 |
inPH [(a+bly+clo)z+ptqli+ria]cosit[(a+bli+clo)z+ptqli+rl +q+2
s Cllesth el )etptah hloe st ebletptah B 4 (222) Hypo . (p+120)

Replacing p by -m and q by n in the above equation we have,

o 05" [(a+bl1 +cl2)x+pt+qli+ri2] m—n—2

= H—m,n— 7(m—1)(a+cbfs1+clzszsm’i 10[(?1+b111)+z12)x+127+q11+r12} + ( m—1 ) H*(m*Q):n’ (m#l)
1

= Jm,n: 7(5 B [(a—‘,-c)(a—i-b—‘rc)]II + [a(a-‘rc)]IQ)

= Hpq=

"1[(a+bli+cl)z+ptqli+ris] —n—2 : .
(mfijsinmgl[(aj—bii—cﬂjlz)px—gp—li-q;lirlg] + (mmﬁl ) J(m*2),n7 (m#l) [USll’lg relation (14)]7(15)

Equation (15) represents the required reduction formula for the given integral. ]
Special cases: Case-I: In (15), if we put p+ql; +7rI2=0,c=0 and I;=I(indeterminacy), then
the 2-refined neutrosophic integral reduces to neutrosophic integral whose reduction formula
is given by

Tmn= [ SomGpE do= (=t )l) i i + (5252) Jn -2y (0#1)—15(a)
Case-1I: In (15), if we put p+ql; + rIo=0, b=c=0, then the 2-refined neutrosophic integral
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reduces to real integral whose reduction formula is given by
Tmn=] 5t dr= i + (2052) Ty, (A1) 15(b)

sinmax a(m—1)sinm~laz m—1

Case-1III: In (15), if we put p+qly + rIo=0, a=1, b=c=0, then the 2-refined neutrosophic

integral reduces to real integral whose reduction formula is given by
Jm,n: f cos"x dr= — COS"frlxi + (m—n—2) J(m—Q),na (m;«él) 15(0)

sin™mg (m—1)sinm—1g m—1

3.8: Derive the reduction formula for the 2-refined neutrosophic integral

1 . " .
f sin™|[(a+bl1+cl2)z+p+qli+riz]xcos™[(a+bl+cl2)z+p+qli+riz] dz, where m, n being positive in-

tegers.

Solution: Let J,, ,= f

1
sin™[(a+bl1+cl2)xz+p+gqli+rlz] X cos™|(a+bli+clo)z+p+qli+ria] d$’ where m, n

being positive integers.
= Jmn =/ sin™™{[(a + bl + cl2)z + p + qI1 + r13]}cos ™{[(a + bl + cl2)x + p + qI1 + r13]} da—
(16)

Let us consider H, 4

=[ sin?{[(a + bl1 + clo)x + p + ql1 + rIa]}cos?{[(a + bI1 + clz)x + p + ¢l + rls]} dz,
(where -m=p and -n=q)

Then Jyn =H(_p —n) -(18)

Using the formula (9) of Art. 3.6, we have,

_ sinPT(a+bli +cl2)x+p+qli+riz)cos?T [(a+bl1+cl2)z+p+qli+ria) p+q+2
Hpq= (a+bT1+cl2) (1) + (5477) Hpg+2, (a+15£0)

Replacing p by -m and q by -n in the above equation we have,

_ 1
= H*mvfn_ (m—1)(a+bl1+cl2)sin™~1[(a+bl1 +cl2)z+p+qli+rI2]cos™—1[(a+bl1+cla)x+p+qli+ria]

+ (ERT2) Hopy (ng), (m#1)
ﬁ’Lmn:‘ii'—[@Iaaiwzﬂfl+ﬂa@+@lh)

o

(17)

+ (m+n—2) J
m—l)(a—i—b[l—l—clz)sinm*l[(a+b[1+ch)z+p+qu+rIQ]cos"*1[(a+b[1+012)r+p+q11+r12] m—1 m,n—2»

(m#1) [Using relation (18) | (19)

Equation (19) represents the required reduction formula for the given integral. O

Special cases: Case-I: In (19), if we put p+qly +rI2=0, c=0 and I =I(indeterminacy), then

the 2-refined neutrosophic integral reduces to neutrosophic integral whose reduction formula

is given by

— 1 _ 1 b 1
va”_f sin™ (a+bl)xXxcos™(a+bl)x dr= 7(5 - [a(a+b)}I) X (m—1)sinm—1(a+bl)xzcos”1(a+bl)x +
(%21_2) Jm,n—Qa (m#l) 19(3)

Case-1I: In (19), if we put p+ql; + rIo=0, b=c=0, then the 2-refined neutrosophic integral
reduces to real integral whose reduction formula is given by
Jn=[ =t dx= — + (M2 g o, (m#A1)———19(b)

m,n sin™ax X cos™axr m—1

a(m—1)sinm~lazcos™ lax

Case-III: In (19), if we put p+qly + rIo=0, a=1, b=c=0, then the 2-refined neutrosophic

integral reduces to real integral whose reduction formula is given by

— 1 _ 1 +n—2
va”_f sinmxXxcos"x dr= - (m—1)sin™Tzcos" 1z + (mmﬁl ) van_Q’ (Hl?él) 19(C)
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3.9: Derive the reduction formula for the 2-refined neutrosophic integral

[ Sin™[(a + bl 4+ cls)x + p+ ql1 + 1] dz where n is a positive integer.

Solution: Let J,=[ Sin"((a + bl1 + cla)x + p + ¢I1 + rly) dz

We put v=[(a+bl;+clo)x+p+ql;+rls], then dv=(a+bl;+cly)dx =

_ 1 el

Then J"_mf Sin™v dv m[ Sin™ lvsinv dv

x [Sin" v (-cosv) +(n-1) [ Sin"2vcos?v dv)

Sin"~!v cosv +(n-1) [ Sin"?v(1 — sin®v) dv]

Sin"~1v cosv +(n-1) [ Sin"%v dv—(n-1) [ Sin"v dv]

Sin" v cosv] + (a“rl?[l%lcb) [ Sin™2v dv-
x [-Sin" v cosv] + (n-1)J,_o —(n-1)J,

x [-Sin" v cosv] + (n-1)Jp—o —(n-1)J,

:Wlﬂb) x [-Sin" v cosv] + (n-1)J,—2

x [-Sin" v cosv] + (n-1)J,_o

1 _
(atblh +cl2) dv=dx

_ 1
- (a+b11 +cl2)
(a+b11 +CIQ [
(a+bh +CIQ [
X [~ [ Sin™v dv]

[ — _ n=1
(a+b[1+cfg (a+bl1+cl2)

= Jn—(a+b11+clg)
_ 1

= In=ternTens)

= (14n-1)J,

_ 1
= W= mn ey X

= Jn=(; ~ [Graama 1 + e 2)
x L [Sin"~[(a+bI;+clo)x+p+qli+1ls] cos[(a+bly+cls)x+p+qli+rls]
+ =1, -(20)

Equation (20) is the required reduction formula O

Special cases: Case-I: In (20), if we put p+ql; +7I2=0, c=0 and I;=I(indeterminacy), then
the 2-refined neutrosophic integral reduces to neutrosophic integral whose reduction formula
is given by

Jn=/ Sin"[(a + bI)z] al:z::%1 (% — [ﬁ][) [Sin™~![(a+bI)x] cos|(a+bI)x]] + an Jn—2—20(a)
Case-II: In (20), if we put p+ql; + rI3=0, b=c=0, then the 2-refined neutrosophic integral
reduces to real integral whose reduction formula is given by

Jn=/ Sin"ax dmzw + 21, 20(b)

Case-III: In (20), if we put p+qly + rIo=0, a=1, b=c=0, then the 2-refined neutrosophic

integral reduces to real integral whose reduction formula is given by

Jn=[ Sin"z d:vzw + "T_l Jn_9 20(c)
3.10: Obtain the reduction formula for the 2-refined neutrosophic integral
[ cos™[(a+ bl + clp)x + p+ qly + rls] dx

Solution: Let J,= [ cos™[(a + bl1 + clo)x + p + ql1 + rls] dx

We put v=(a+bl;+cls)x+p+qli+rls, then dv=(a+bl;+cls)dx = dede
Then Jn:mf cos™v dv :mf cos" Lvcosv dv
:Wlﬂfz) x [cos™ v (sinv) +(n-1) [ cos"2vsin?v dv]

m [cos" v sinv +(n-1) [ cos"2v(1 — cos®v) dv)

m X [cos" v sinv +(n-1) [ cos™ %y dv—(n-1) [ cos™v dv]

m X [cos™ 1y sinv] + m [ cos" v dvfm | cos™v dv]
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[cos™ v sinv] + (n-1)J,_2 —(n-1)J,

[cos™ v sinv] + (n-1)J,_2 —(n-1)J,,

1
= In=GmnTen) X

_ 1
= Jn_ (a-‘rbll—‘rclg) X

= (1+n—1)Jn:m x [cos" v sinv] + (n-1)J,_2

= an:m X [cos™ v sinv] 4+ (n-1)J,—2

= Jn=(5 — [(a+c)(2+b+c)]fl + e 2)

x L [cos™[(a+bly+cla)x+p+qly +1lo] sin[(a+bl;+clo)x+p+qly+rlo]]+ 221 I, o -(21)
Equation (21) is the required reduction formula. O

Special cases: Case-I: In (21), if we put p+qly +rI2=0, c=0 and I =I(indeterminacy), then
the 2-refined neutrosophic integral reduces to neutrosophic integral whose reduction formula
is given by

Jn=/ cos"|(a + bl)z] dz=2% (1 — [m]f) [cos™™![(a+bI)x] sin[(a+bI)x]] + 2L J,,_y»—21(a)
Case-II: In (21), if we put p+ql; + rI3=0, b=c=0, then the 2-refined neutrosophic integral
reduces to real integral whose reduction formula is given by

Jn=/[ cos"ax dp=Cos"azsinaz | "7*1 Jn—o 21(b)

na

Case-III: In (21), if we put p+qly + rIx=0, a=1, b=c=0, then the 2-refined neutrosophic
integral reduces to real integral whose reduction formula is given by

Jn=/ cos"x dyp=Cos"—sinz | ”T’l Jn—o 21(c)

n

3.11: Obtain the reduction formula for the 2-refined neutrosophic integral
[ sec™[(a+ bl + clo)x + p+ ql1 + rlo] dx

Solution: Let J,=[ sec[(a + bI; + clo)z + p + qI1 + rIs] dz

We put v=(a+bl;+clo)x+p+qli+rls, then dv=(a+bl;+cly)dx = m
Jn:Mf secv dv= Wlﬂlz)f sec" 2vsec?v dv

Using integrating by parts with sec?v as 2nd function, we have

dv=dx

sec”_thanV*(nQ)f sec"3vsecvtanv dv]
sec" 2vtanv—(n-2) [ sec" v (sec?v — 1) dv]

sec"2vtanv—(n-2) [ sec™v dv+ (n-2) [ sec"%v dv)

_ 1
T (a+bli+cl) [
_ 1
- (a+b11+612) [

_ 1
- (a—i—bh +CIQ) [

_ 1
= Jn_ (a-‘rbll—‘rclg)

_ 1
= Jn=GmnTen)

= (0-1)Jn= (a+b11+c[g)

_r1 b
= J”_Q(E - [(a—i-c)(a—i—b—&-c)]Il + [a(a(iﬁ-c)]lz)
% sec [(a+b[1+clg)az+p+qh+:LIE}1tan[(a+bll+clg)x+p+q11+r12]+ Zi:%‘]an (22)

) —2 —2 -2
x sec” Vtanv—mf sec™v dv + m Jf sec" “vdv
x sec™ Zytanv—(n-2)J, + (n-2)J,_2

x sec" Zvtanv+ (n-2)J,_o

Equation (22) is the required reduction formula. O
Special cases: Case-I: In (22), if we put p+qly +rI2=0, c=0 and I =I(indeterminacy), then
the 2-refined neutrosophic integral reduces to neutrosophic integral whose reduction formula
is given by

Jn:f Secn[(a + bI)a:] d$:(% B [a(al:.b)]l) secn72[(a—&—lzi)f}lt)an[(a—&-bl)x}+ Z—:%Jn_2722(a)
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Case-II: In (22), if we put p+ql; + 7I3=0, b=c=0, then the 2-refined neutrosophic integral

reduces to real integral whose reduction formula is given by

n—2

Jn:f secax dx= S&c_ar.tanar a(T‘L‘f'lt)“mx—l— %Jn—z 22(b)

Case-III: In (22), if we put p+qly + rI,=0, a=1, b=c=0, then the 2-refined neutrosophic

integral reduces to real integral whose reduction formula is given by

In=/[ sec"z dx= 7secn;2_ﬂ”imm+ D=2, o 22(c)

3.12: Derive the reduction formula for the 2-refined neutrosophic integral
[ cosec™([(a + bly + cla)x + p + qIy + o] dx

Solution: Let J,,=[ cosec™[(a + bl + clo)x + p+ ¢l + rly] dx

We put v=[(a+bl;+cla)x+p+qli+rls], then dv=(a+bl;+cls)dx =

J”:mf cosecv dv= Mf cosec

Using integrating by parts with cosec?v as 2nd function, we have

1 _
(atbl, +cl2) dv=dx

=2y cosec?v dv

:m [~cosec™ 2veotv+(n-2) [ cosec™ Bvcosecvcot?v dv]
:m [-cosec™?veotv+(n-2) [ cosec™ v (cosec?v — 1) dv]
:Wlﬂb) [-cosec™ ™ 2veotv+(n-2) [ cosec™ dv— (n-2) [ cosec™ v dv]
— 1 -2 -2 -2 -2
= Jn="(rpn ey X cosec" *veotvt (a+g}l+dz)fcosec"v dv — (a+1?11+c12) J[ cosec” v dv
= Jn:fm x cosec™ 2veotv+(n-2)J, —(n-2)J,_o
= f(n—3)Jn:fm x cosec™ 2veotv— (n-2)J,_o
_r1 b
= J”_(a - [(a—i-c)(a—i—b—‘rc)]Il + [a(ac—Q—c)]Ié)
« cosec”’2[(a—l—bll—}—clg)x—l—p—i-qll+7‘I§]cot[(a+bh+ch)x+p+qu+r12}_l_ L%Jn_z (23)
n— n—
Equation (23) is the required reduction formula. O

Special cases: Case-I: In (23), if we put p+qly +7I5=0, c=0 and I;=I(indeterminacy), then
the 2-refined neutrosophic integral reduces to neutrosophic integral whose reduction formula
is given by

Jo=[ cosec[(a + bI)z] do= (1 — [a(ab—&-b)]l) cosec"_2[(a+(29§;cot[(a+bl)x]+ %Jn_2723(a)
Case-1I: In (23), if we put p+ql; + rIo=0, b=c=0, then the 2-refined neutrosophic integral

reduces to real integral whose reduction formula is given by
Jn=[ cosec"ax dz= —CoseczgifngOtax+ B2 s 23(b)

Case-III: In (23), if we put p+qly + rI2=0, a=1, b=c=0, then the 2-refined neutrosophic

integral reduces to real integral whose reduction formula is given by

n—2

Jn=/ cosec"x dz= 7”860@7?3'“’“—# Z—:%Jn_g 23(c)

4. Some applications in 2-refined neutrosophic definite integrals

In this section, we apply reduction formulae in 2-refined neutrosophic definite integrals to

justify the results found in the previous section.
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Problem 4.1. Using integration by parts evaluate the 2-refined neutrosophic inte-
gral

[((2 =31 + 5)z + 1 — 211 — 315)% x e(Fh+2)((2=30+5L)2+1-2=312) 1 and also verify
the result with the help of 2-refined neutrosophic reduction formula.

Solution: Let Jo=[((2 — 311 + 5L)x 4+ 1 — 21 — 3I3)2e(+11+12)(2=3L+5l)e+1-21=312) gy
We put v=(2-311+5I2)x +1-211-3l9, k=1+1; 415, then dv=(2-31;+5I)dx

= Mdv:dx
Then Jo= m [v?er do
Integratig by parts we have,

L v2 et [ 2ve du]

Jo= — L [,
2= (293I1i+5h2) Lk
[ v2 ekv-2 [ wekv du]

v2 ebv-2{ I vekv—1 [ ehv dv}]

_ 1
T (L1 +12)(2-31+512)
1

(1+[1+[2)(2—3I1+512) [

_ 1 2 kv 1 kv_ 1 kv
T (+h+1)(2—301+502) [ v e™-2{ ¢ ve™ g5 e™}]
_ 1 2 2 kv kv kv
= L) E=shT5h) & V7 e Zkve™+ 2e™]

:(1“911”[2%(273[1%12) (14T +10)2 v2 kv 2(14+1;+1p)vekv + 2ekv]
=(3-asli+21p) 0Tt )(@=30t5l)et1 =20 =312) [(14 511 +31,)((2-311+5]3)x +1-21;-315)?

~2(1+4T1+12) ((2-31; +5I3)x +1-21;-315)+ 2] (4.1) O
Again, using reduction formula (1), we have,
J 1

2= 1+ +12)(2—311+512)
X [((2-3114513)x +1-21;-315)% e(+h+2)((2=3N+5l2)z+1-21=312) 9(9_31) 4-51,)J]

_ 1
J1= (I4+11+12)(2—31,+512)
X [((2-31;451p)x +1-211-315) e(IH1+12)((2=3l1+5l2)2+1-20=312) (9_3T, 4 51,) ]|
JO: fe(1+11+12)((273I1+512)x+1721173]2) d.ﬁU

— 1 e(l—f—fl—i-lg)((2—3]1+512)cc+1—2]1—3[2)
(1+11+Ig)(2—311+512)

Putting the value of Jy in J; we have,

Jl:(1+11+12)(12—311+512) x [((2-311451g)x +1-213-315) e H1H2)(2=30+5l)at1-21=312)
_ 1 e(l—i—h+12)((2—311+512)x+1—211—3[2)]
(1+I1i+12)

_ 1
_(1+11+[2)2(27311+512)
X [((2-311451p)x +1-211-315) (14+1;+1y)-1] e(H1+12)((2=3N+5l2)z+1-20—312)

Putting the value of J; in Js, we find that

_ 1
Jo= (411+12)(2=311+512)

* [(2-3Li+5La)x +1-211-3Ly)% eI RNE8MEBE)e =20 =80) 2

% [((2—311+512)X +1_211_312) (1_’_11_’_12)71] e(1+11+12)((27311+512)x+172117312)]
3 (I +I1+12)((2-311 +513)x+1—211 —313)
2= (1+I1+12)3(2—301+512)
x [((2-3114512)x +1-211-312)%(1 + I + I2)? ~2(1+11+12) ((2-31;+512)x +1-211-313) +2]
e(1+11+12)((2—811 +51p)a+1—-211 —313)
Jo= (11911 +712)(2—311 +512)
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X [((2—311+512)X +1—211—312)2(1 + 511 + 3[2) *2(1-%114-12) ((2—311+512)X +1—211—312) +2]
J2 (% 151211+57I2) (l+[1+[2)((2—311+512)x+1—211—3[2)

¢ [((2-3114512)x +1-211-310)2(14+51; +31) ~2(1+T1 +1I) ((2-311 451 )x +1-211-3L5) +2](4.2)
Hence from (4.1) and (4.2) the result is verified. O
Theorem 4.2: If J,,, ,=

w—p—qly—rly
_2((;:5;111:;5) sin™[(a + bly + cl2)x + p + ql1 + r13] x cos™[(a + bly + cl2)x + p + qI1 + r15] dz,

(a+bly+cly)
then prove that (m+n)J,, ,—(n-1) J,, ,—2=0, (where m,n being positive integers).
Proof: Let J,,
m—p—qly—riy
2(a+bl+cly)

“toraniirrs, SI™[(a+ b0l + cla)x + p+ qly + rla] X cos™[(a+ bly + cla)x + p+ ql1 + i) dx
By the reduction formula (5),we have,

f sin™[(a + bl + cly)x + p + qlh + rls] x cos™[(a + bly + cl2)x + p+ ql1 + rlz] dx
s" 1 [(a+bI1+clz)z+p+qli+rlz)sin™ 1 [(a+bl +clz)x+pt+qli+r12]

(a+bl1+clz)(m+n) +
T h ) )
[ sin™[(a+ bl + cla)x +p+ qlh + rls) x cos" %[(a+ bly + cla)x + p + qh + rl] dz,
(m-+1£0)
Then, J,, n=

T—p—qli—1Ip

0s" [(a + bly + cl2)z + p + ql1 + rIa)sin™ L [(a + bIy + clo)z + p + qly + 3] ] 2@Foli+el)

(a+bh +cl)(m +n) ~trali 1)
(a+bly+clg)
_'_(771;;}1) Jm,n—?
o™ (0)sin™1(5) — cos™ 1 (0)sin™1(5)
= Jm7n (m+n) Jm7n_2 =
(a + bl + cly)(m +n)
= Jm,n (721;) Jm,an—O

T—p—qly—rly

Theorem 4.3: If J,=/ 45;1511111:;;) tan"[(a + bl + cla)x + p+ ql1 + rlx]dx, then
Tatblirely)

prove that (n-1)(a+bl; + clr)J,+J,—2=1 (where, n is a positive inte-

ger).Hence find the value of the 2-refined neutrosophic definite integral
T—4—5I1+615
S e tanS[(1 4211 4 31y)x + 4 4 511 — 615] d.
(21, +313)
T—p— qu rlp
Proof: Part-I: Let J,=[ ‘01112 tan"([(a + bIy + clo)x + p+ gl + rlo] dz
(a+b[1+c12)
By the reduction formula 2(a),we have,

[tan™[(a + bIy + cly)x 4+ p+ ¢l + rly) dx

nnfl r _
= (a+b[1+c[g) = Kaerhacﬁngﬂm Ll —[tan™2[(a + by + clh)z +p+ qly + rls) dx
T—p—ql1—1Ip
= J,= 1 tan™[(a + bIy + cl2)x + p + qly + 1o ] TWeFoliten)
™ (a+bl1+cl2) (’I’L — 1) —(ptaly+r1y)

(a+bly+clq)
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m—p—ql1—1Ig

- fﬁ;igﬁiijg) tan""2[(a + bl + clz)x + p + qIy + rl] dx
“(a ¥l Felp) L
- mT—p—qly]—1i9
5 1 tan"[(a + bl + clz)x + p + qIq + r15] | WaFoli+eh) -
= Jdp= (a+bl1+cl?) (n _ 1) (ptaly +rIo) n—2
B 1 . (atblq+cly)
[tan™ (%) — tan™ (0
= Jn: 1 (4) ( ) 7Jn—2
(a+bl1+cl?) (n _ 1)
[1-0
_ 1 B
= Jn— (a+b[1+c]2) (n _ 1):| J?’L72

= (n-1)(a+bly + cl)J, 4 Jp_o=1

T—4—511 461y

Part-II: We have, Jo=["(,12/""012) tanS[(1 4 2I1 + 3I2)x + 4 + 51 — 612] da

(1+211+312)

- 1 13, = L 1 LJ,] = 1 1 1 L4 1
T (+2h+3L) 5 U4 —(1+211+312) 5 L1420 +3L2) 3 “2! T (420 +3L2) 5 (1+2L1+31z) 3 " L(0+201+312)
1
7-Jo]

T—4—5I1+615
_ 1 1 1 1. 1 _[iAnEh) 4
T(+2L+312) 5 (1+2L+3L) 377 (1421 +312) J—(4+511—615)

(14211 +313)

_ 1 1 1 l_’_ 1 ~ m+124151; —1815

7(1+2[1+312) 5 (1+2[1+312) 3 (1+211+312) 4(1+211+312)
12+1 —1

%‘i‘l 4124 ih 812]

_ 1 1
T (+2I,+312) (5
5

_ 1 - l+177r+12+1511—1812]
T (1421 +312) 3 4
:(1'$Il+%12) [% 7r+12+15[1 18[2} |:|

T— p qly—rlg
Theorem 4.4: If Jn:f:_(';:?f_ff; cot™(a 4+ bl + clz)x + p + ql1 + rls] dx,then prove that
SaTol Tely)
(n—1)(a+bly 4 cl3)J,+J,—2=—1 (where n is a positive integer).Hence evaluate the 2-refined
w—14511+31y
neutrosophic definite integral [ (12 f}lii?;) cot®((2 — I + 5Iz)x + 1 — 511 + 315) dz.
(2—11 +515)
m—p—ql{—rly
Proof: Part-I: Let J,=/ " ‘;H;?l*f%) cot"[(a + bly + cly)x + p + ql1 + rls] dz
2(a+bly+clg)
By the reduction formula 2(a),we have,

[ cot™(a+ bl + cl)x + p+ ¢l + rly) dx

n—1
= ey et ekt ] [ oopn=2](a 4 bIy + cho)a + p + 1 + D) da
w—p—qlq1—1
N cot™ (a + bly + clp)x +p + qly + rIp] ] T@rintet)
n—  (a+bl1+cl2) (n _ 1) r—p—qly—r Ty

2(a+bl1+clg)
m—p—ql{—1Io
4(a+blq+cly) 2
S P 32 cot" ?[(a+bly + cly)x + p+ qlh + ) dx
2(atbly+clg)
T—p—ql]—1Io

7. — 1 [cot™ (a+ bl + ch)z + p + gy + rlp] | Merthi+e) ]
= Jdp= (a+b[1+clz) (n _ 1) —p—aly—rl —Jdn—2
- ) ) Ta Tl Tely)
cot™™ — cot™™
= Jn= (a+b11 ) ) ~Jn—2
1+elz) (n—1)
[ -1
_ 1
= Jn_ (a—l—bh—i—c]g) n -1 :|

= (n—l)(a—i—bh + CIQ)J + Jn 9=
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m—14511 4315

Part-II: We have, Jg=[ 1> /17212) co8[(2 — I} + 51)x + 1 — 51 4 315] dx

—(1-5I1+319)

(2—T1+513)
S W Gl DN, SR 1 1 1 =D
~(@—NL+5L) 7 Jo = (=1 +502) 7 [(2—11+512) 5 Ja]
_ 1 1 1 1 1 =1
(2—1,1512) 7+(2—11+512) 5+[(2—11+512) 3 Jo]
m—4—5I1+61
— 1 l-i- 1 1 1 ;7[ -1 [ 4(2-1+51p) d]
(2—I1+502) 7T (2= +5l2) 5 (2—I145l2) 3 L(2—I1+53) J—(4+511—61y)
(2—11+513)

m—4-511+615

1 4(2—11+512) d

-1 [l
(27114»5[2) 7

— 1 1 5 —76

= (gtmh+il2) (5

_ 1 1 1 1 1 1
= B-L5L) T T O=Li+5L) 5 (2=T+5D) 3+(2711+512)+f7((4+511761>2)
2—1,+51,
_ 1 1,1 11 1.1 mtI24150 18k
(2—[14—5[2) 7 (2—[1—1—5[2) 5 (2—]1—{-5[2) 3 (2—[1—{-5[2) 4(2—[14—5[2)

1, 1 1 m+12+151,—181
st 31 1

(m+12+1511 —1812) ] 1057+1564+15751; —189015) 0
1

= (%"‘%Il"‘%b) ( 120

5. Conclusions

The crucial concept of integration plays a vital role in daily life, particularly when calcu-
lating areas with unfamiliar shapes. As a result, we looked at the integrals of real variable
functions but the reduction formulae for 2-refined neutrosophic integrals (RF2RNII) provide
significant role to serve the integrals of neutrosophic functions of double indeterminacy.The
originality of the present paper is that we establish the reduction formulae of 2-refined neu-
trosophic integrals (RF2RNII) for the first time. In this article we apply substitution method
and method of integration by parts to establish reduction formulae of 2-refined neutrosophic
indefinite integrals (RF2RNII) with suitable examples in a neutrosophic framework. We also
apply reduction formulae directly to evaluate 2-refined neutrosophic definite integrals. The
reduction formula for 2-refined trigonometric functions in 2-refined neutrosophic integrals is
a useful mathematical technique for calculating and deriving a simplified version of 2-refined
neutrosophic integrals. These reduction formulae can be used to solve differential equations
involving indeterminacy and uncertainty, the area of any irregular closed surfaces and the
summation of a series involving indeterminacy and uncertainty. Our future research plane
includes some more work on 2-refined neutrosophic reduction formulae, 2-refined neutrosophic
multiple integrals, changing the order of integration of 2-refined neutrosophic double integrals
ete.
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