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Abstract: Sustainability is increasingly vital in modern industries, necessitating comprehensive 

evaluation frameworks that assess both efficiency and sustainability. This paper introduces a novel 

approach to evaluating the efficiencies of Decision-Making Units (DMUs) using a Sustainable 

Balanced Scorecard (SBSC), dynamic network DEA, and DEMATEL within a Neutrosophic 

environment. Through Neutrosophic DEMATEL, we explored complex relationships among SBSC 

perspectives, gaining valuable insights into performance interactions. Industry experts defined key 

performance indicators (KPIs) specific to strategic objectives, which were incorporated into a 

Dynamic Network Slack-Based Measure (DNSBM) model for precise performance assessment. We 

employed a two-phase approach for evaluation in a Neutrosophic environment. Phase I addressed 

the dual roles of intermediate measures and carry-over activities using a MILP model. Phase II 

utilized optimal solutions from Phase I for performance evaluation. To manage uncertainty within 

the model, we transformed the proposed model into deterministic forms. This enabled computation 

of efficiency boundaries at varying degrees of variation, providing robust performance analysis. To 

validate the proposed approach, we analyzed nine oil refineries from the Marun Petrochemical 

Complex (MPC) across various perspectives for the years 1400 and 1401. The findings reveal that 

DMU9 consistently exhibits high performance, while DMU3 shows significant declines, particularly 

in the Customer and Environment perspectives. Other DMUs displayed mixed results, indicating 

both progress and regress, highlighting the dynamic nature of performance metrics. Our study 

demonstrates the value of combining expert knowledge with advanced analytical methods for a 

detailed understanding of organizational performance, with potential applications across various 

industries, including the petrochemical sector. 

Keywords: Dynamic network DEA, DNSBM, Sustainable Balanced Scorecard (SBSC), DEMATEL, 

Neutrosophic. 

 

1. Introduction 

In today's competitive world, organizations must measure their performance more accurately 

and adjust to meet customer and market demands. Data Envelopment Analysis (DEA), a 

mathematical tool grounded in operational research, assesses the relative efficiency of decision-

making units (DMUs) using both qualitative and quantitative metrics. The first DEA model was 

introduced by Charnes et al. [1]. Following this pioneering study, numerous works have emerged to 

evaluate DMU efficiency from radial and non-radial perspectives [2], [3]. The radial approach focuses 
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on proportional changes in inputs and/or outputs. However, to more accurately represent production 

processes, it is crucial to assess nonproportional projections using non-radial models [4]. 

Consequently, Tone [5] introduced the Slack-Based Measure (SBM) model, integrating the slacks of 

each input/output into a slacks-based efficiency measure. 

In DEA literature, many researchers explore inefficiency sources within DMUs with complex 

structures, measuring both divisional and overall efficiencies within a unified framework [6]. To 

achieve this, network DEA methodologies have been developed, which are more adept at identifying 

inefficiencies compared to traditional DEA models. Since the groundbreaking work of [7], The 

development of network DEA models has become increasingly common. Network DEA, specifically, 

is recognized for exploring inefficiency sources within DMUs. However, incorporating dynamic 

elements into network systems is quite challenging. While network modeling provides intermediate 

measures for analyzing the internal structure of DMUs, dynamic modeling clarifies the connections 

between periods through carry-over activities. Dynamic Network DEA (DNDEA) models address 

the complexity of efficiency evaluation by integrating multiple dynamic stages linked through 

network structures in each period. This approach involves comparing a series of static models, 

allowing for a comprehensive analysis. Carry-over activities and intermediate measures are non-

separable parts of DNDEA. Intermediate measures and carry-over activities play a dual role as 

outputs from one stage or period and inputs to the next. This dual function creates a conflict, making 

it difficult to directly account for their inefficiencies in efficiency measurement [4]. This paper 

proposes a dynamic DEA model to address this issue. 

A key aspect of developing numerical models for performance measurement is accurately 

describing the production process. To effectively capture this process and its boundaries, it is 

essential to select relevant variables that represent inputs, outputs, and contextual factors influencing 

production. Consequently, having performance indicators from various dimensions is crucial for 

modeling and assessing the efficiency and performance of DMUs. The Balanced Scorecard (BSC) is a 

managerial tool that organizes indicators into different categories [8]. Over time, the Balanced 

Scorecard (BSC) has become a well-known and thorough method for evaluating and managing an 

organization's performance. It covers various aspects, including financial results, customer 

satisfaction, internal processes, and employee growth. Using the BSC helps organizations execute 

their strategies and improve performance [8]. For achieving sustainability, it's important to include 

social and environmental factors in the BSC. The Sustainable Balanced Scorecard (SBSC) was created 

by adding a sustainability perspective to the BSC, making it a useful tool for managing sustainability 

effectively [8]. SBSC architectures can be developed in different ways, such as adding a specific 

sustainability perspective, integrating sustainability indicators into the existing BSC, or expanding 

the core BSC framework. Although previous research has significantly contributed to our 

understanding of SBSC, scholars often have different opinions on the best SBSC architecture for 

achieving sustainability goals [9]. This study examines a particular SBSC model that adds a fifth 

dimension to the traditional BSC framework. This approach aligns with recommendations from [10]. 

To ensure these frameworks are applied efficiently in practice, an essential step is the development 

of strategy maps. These maps provide a clear linkage between strategic goals and the performance 

criteria used to assess them, as explored in the following. 

To effectively use a BSC framework, creating a strategy map is essential [11] . This map shows 

how the organization's strategic vision connects to its performance goals. It clarifies how different 

performance criteria are related and linked together [12]. The strategy map explores the key 

assumptions about cause-and-effect relationships that create value for both customers and 

shareholders, while achieving strategic goals [13]. Despite the valuable contributions of previous 

research, the Balanced Scorecard (BSC) has faced significant criticism. Organizations still struggle 

with managing the connections among different BSC perspectives [14]. Additionally, while the 

strategy map is a useful tool, it does not fully resolve the challenges of implementing strategies or 

validating the causal relationships within the BSC, especially in dynamic contexts [15].  
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The existing literature does not show a clear trend in effectively addressing this gap. Moreover, 

emphasize the urgent need for a structured approach to incorporate crucial environmental factors 

into performance measurement systems. Many studies exploring strategy maps have examined how 

the Decision-Making Trial and Evaluation Laboratory (DEMATEL) can serve as a powerful tool for 

multi-criteria decision analysis, overcoming challenges found in other analytical methods. The 

DEMATEL method analyzes the structure of each criterion and evaluates both the direct and indirect 

relationships among clearly defined elements [16]. 

 The utilization of DEMATEL method has significantly enriched the development of BSC and 

strategy maps within the academic sphere. DEMATEL’s systematic analysis of criteria and its 

evaluation of both direct and indirect relationships among elements have strengthened and 

expanded the effectiveness of BSCs. This multidisciplinary approach not only refines performance 

evaluation frameworks but also offers a flexible tool for aligning strategic goals with the unique needs 

of various sectors [17]. Combining SBSC with DEMATEL provides a robust framework for 

performance evaluation, although it is not solely Mathematical-based. However, integration of Data 

Envelopment Analysis (DEA) with it enhances its effectiveness significantly. Given the complexity of 

real-world data, a more advanced approach is required, to handle uncertainty and imprecision within 

the performance evaluation models. 

In real-world problems, the available data often lacks clarity and is collected with uncertainty. 

To address this challenge, many DEA researchers have started incorporating Zadeh's fuzzy sets [18] 

into their models and have developed various fuzzy DEA methods [19]. Smaranache [20], introduced 

Neutrosophic sets to manage imprecise, incomplete, and uncertain data, but their practical use has 

been limited by unclear definitions. Edalatpanah [21] was first to extend DEA models by 

incorporating Single-Valued Neutrosophic Numbers (SVNNs) to enhance efficiency in private 

institutions. Rasinojehdehi [22] introduced a Neutrosophic network SBM model for assessing the 

efficiency of Iranian airlines, addressing the dual role of intermediate measures and their 

inefficiencies. 

The proposed framework in this paper integrates the Sustainable Balanced Scorecard (SBSC), 

Neutrosophic DEMATEL, and Neutrosophic Dynamic Network Data Envelopment Analysis models 

to provide a comprehensive performance assessment. It aims to measure efficiency over time in 

alignment with strategic goals by effectively combining these models. While some studies have 

combined SBSC and DEA models, they often treat the Key Performance Indicators (KPIs) of SBSC as 

static inputs and outputs in a traditional DEA model. This approach overlooks the dynamic nature 

of KPIs. To address this gap, the proposed framework incorporates time, considering both the causal 

relationships among SBSC perspectives at a single point in time and their dynamic relationships 

across different periods. The integration of these advanced Neutrosophic and fuzzy sets with 

performance assessment models lays the foundation for the framework proposed in this paper, which 

is discussed in the next section. Figure 1. illustrates the methodology steps proposed in this study.  
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Figure 1. Methodology steps. 

The rest of this paper is structured as follows: Section 2 provides the preliminaries and 

definitions necessary for this study. Section 3 presents the proposed DNDEA model. In Section 4, we 

develop the network structure of the SBSC. Section 5 offers a case study, and finally, Section 6 

concludes the paper.   

2. Preliminaries  

In this section, we will explore the foundational concepts of Neutrosophic logic and 

Neutrosophic DEMATEL essential for this paper. 

2.1. Neutrosophic logic 

Smarandache [20] introduced the theory of Neutrosophic set, which addresses vagueness, 

uncertainty, and the indeterminacy of values. Neutrosophy logic offers several advantages: 

1. It allows for the inclusion of unknown information in models through the indeterminacy 

degree, enabling experts to express opinions on uncertain preferences. 

2. It captures disagreements between decision-makers and experts. 

3. It considers all aspects of decision-making situations by simultaneously accounting for truth, 

indeterminacy, and falsity [23]. 

Definition 1 ([20]). Let Z be a space of points with a generic element denoted by z. A  

Neutrosophic set 𝐴  in 𝑍  is indicated by 𝐴 = {< 𝑧, 𝑇𝐴(𝑧), 𝐼𝐴(𝑧), 𝐹𝐴(𝑧)|𝑧 ∈ 𝑍 >} , where 

𝑇𝐴(𝑧), 𝐼𝐴(𝑧), 𝐹𝐴(𝑧) ∈]0
−, 1+[ signify the truth, indeterminacy and falsity-membership functions, 

respectively, such that 0− ≤ 𝑠𝑢𝑝 𝑇𝐴 (𝑧) + 𝑠𝑢𝑝 𝐼𝐴 (𝑧) + 𝑠𝑢𝑝𝐹𝐴 (𝑧) ≤ 3
+. 

 Wang et al. [24] addressed the challenges of applying Neutrosophic sets to practical problems 

by simplifying the approach. They achieved this by converting nonstandard interval numbers into 

Single Valued Neutrosophic Sets (SVNSs) based on standard interval numbers. 

Definition 2 ([24]). Suppose  𝑍 is a point space with a generic element shown by 𝑧., SVNS in 

𝐴  in 𝑍  is represented as 𝐴 = {< 𝑧, 𝑇𝐴(𝑧), 𝐼𝐴(𝑧), 𝐹𝐴(𝑧)|𝑧 ∈ 𝑍 >} , where 𝑇𝐴(𝑧), 𝐼𝐴(𝑧), 𝐹𝐴(𝑧) ∈ [0,1] 

satisfying 0 ≤ 𝑠𝑢𝑝𝑇𝐴 (𝑧) + 𝑠𝑢𝑝 𝐼𝐴 (𝑧) + 𝑠𝑢𝑝𝐹𝐴 (𝑧) ≤ 3. 

For an SVNS {< 𝑧, 𝑇𝐴(𝑧), 𝐼𝐴(𝑧), 𝐹𝐴(𝑧)|𝑧 ∈ 𝑍 >} , the ordered triple components <

𝑇𝐴(𝑧), 𝐼𝐴(𝑧), 𝐹𝐴(𝑧) >  are described as an SVNN, and each SVNN can be characterized as 𝑎 =<

𝑇𝑎, 𝐼𝑎, 𝐹𝑎 >, where 𝑇𝑎, 𝐼𝑎, 𝐹𝑎 ∈ [0,1] and 0 ≤ 𝑇𝑎 + 𝐼𝑎 + 𝐹𝑎 ≤ 1. 

1-Assignment
•The task involves assigning Key Performance Indicators (KPIs)
and initiatives to the respective perspectives within the
framework

2-Relationship
•The connection among SBSC perspectives within the same
timeframe and across various time periods

3-Neutrosophic  
Dematel

•Clarifying complex relationships and visualizing dynamic cause-
and-effect connections are achieved by Neutrosophic DEMATEL.

4-Neutrosophic 
DNDEA

•The sequence involved establishing the dynamic network DEA
framework, defining dynamic and static variables with
neutrosophic data, developing the neutrosophic dynamic
network-DEA model, and finally assessing efficiency in an
uncertain environment.

5-Case Study
•validation of the proposed framework to ensure the reliability 
and accuracy of the proposed model
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Definition 3 ([25]). A Triangular Neutrosophic Number, abbreviated as TNNs, Γ̃ =≺

(𝑚1, 𝑚2, 𝑚3), (𝜔, 𝜃, 𝜒) ≻ have the truth, indeterminacy, and falsehood membership functions of z as 

indicated in Equations (1) to (3): 

𝑇Γ̃(𝑧) =

{
  
 

  
 
(𝑧 − 𝑚1)

(𝑚2 −𝑚1)
𝜔         𝑚1 ≤ 𝑧 < 𝑚2,

𝜔                      𝑧 = 𝑚2,
(𝑚3 − 𝑧)

(𝑚3 −𝑚2)
𝜔        𝑚2 ≤ 𝑧 < 𝑚3,

0                       𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

 (1) 

𝐼Γ̃(𝑧) =

{
  
 

  
 
(𝑚2 − 𝑧)

(𝑚2 −𝑚1)
,          𝑚1 ≤ 𝑧 < 𝑚2,

𝜃,                       𝑧 = 𝑚2,
(𝑧 − 𝑚3)

(𝑚3 −𝑚2)
𝜃,        𝑚2 ≤ 𝑧 < 𝑚3,

1,                       𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

 (2) 

𝐹Γ̃(𝑧) =

{
  
 

  
 
(𝑚2 − 𝑧)

(𝑚2 −𝑚1)
,    𝑟1 ≤ 𝑧 < 𝑟2,

𝑧,            𝑧 = 𝑚2,
(𝑧 − 𝑚3)

(𝑚3 −𝑚2)
𝜒,     𝑚2 ≤ 𝑧 < 𝑚3,

1,                       𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

 (3) 

 

Where, 0 ≤ 𝑇Γ̃(𝑧) + 𝐼Γ̃(𝑧) + 𝐹Γ̃(𝑧) ≤ 3, 𝑧 ∈ Γ̃. 

Definition 4 ([26]). suppose Γ̃ =≺ (𝑚1, 𝑚2, 𝑚3), (𝜔, 𝜃, 𝜒) ≻ is a triangular Neutrosophic number. 

Then 𝜑(𝛼,𝛽,𝛾) represents the aggregate coefficient which is defined as follows: 

                  𝜑(𝛼,𝛽,𝛾) = [Γ̃(𝛼,𝛽,𝛾)
𝐿 , Γ(𝛼,𝛽,𝛾)

𝑈 ] = [𝑚1 + (𝑚2 −𝑚3)ℏ,𝑚3 − (𝑚3 −𝑚)ℏ] 

Where, 𝛼 ∈ [0, 𝜂], 𝛽 ∈ [𝜆, 1], 𝛾 ∈ [𝜅, 1] , and ℏ =
1

4
(
𝛼

𝜔
+ 2

(1−𝛽)

1−𝜃
+

(1−𝛾)

1−𝜒
)  associated with the 

triangular Neutrosophic number Γ̃. 

In the next subsection, we present Neutrosophic DEMATEL, which is a powerful technique used 

to analyze interdependencies among factors by incorporating Neutrosophic sets to handle uncertain 

and indeterminate information comprehensively. 

2.2. Neutrosophic DEMATEL 

The Neutrosophic DEMATEL model is employed to handle internal dependencies among 

criteria and constructs a causal graph between criteria. A brief discussion of the Neutrosophic 

DEMATEL method is provided below [16]. 

Step 1. Identify experts with significant experience in the field. 

Step 2. Select the most critical criteria that influence the given problem. 

Step 3. Construct the linguistic direct-relation matrix. This matrix displays the degree of 

influence each criterion has on the others. Collect opinions from each expert and create a pairwise 

comparison matrix for each, with elements expressed in linguistic terms such as equally influential, 

slightly influential, strongly influential, very strongly influential, and absolutely influential (See 

Table 1). This matrix, referred to as the linguistic direct-relation matrix, is an 𝑛 ×  𝑛  matrix where 

each element 𝑡𝑖𝑗 indicates the degree of effect between criterion 𝑖 and criterion 𝑗. 

Step 4. Convert the linguistic terms of the direct-relation matrix into the triangular Neutrosophic 

scale. The triangular Neutrosophic scale is represented in the form 𝑡𝑖𝑗 = 〈(𝑡𝑖𝑗
1 , 𝑡𝑖𝑗

2 , 𝑡𝑖𝑗
3 ); 𝛼𝑖𝑗 , 𝛽𝑖𝑗 , 𝜃𝑖𝑗)〉 , 

Where 𝑡𝑖𝑗
1 , 𝑡𝑖𝑗

2  𝑎𝑛𝑑 𝑡𝑖𝑗
3   denote respectively the lower, median, and upper bounds of the Neutrosophic 
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number of 𝑖𝑡ℎ  criterion over 𝑗𝑡ℎ  criterion, and 𝛼𝑖𝑗 , 𝛽𝑖𝑗  𝑎𝑛𝑑 𝜃𝑖𝑗  are respectively the truth, 

indeterminacy and falsity membership functions of 𝑖𝑡ℎ criterion over 𝑗𝑡ℎ criterion. 

Step 5. Transform the Neutrosophic scales into precise values using the Equations (4): 

𝑟(𝑡𝑖𝑗) = |(𝑡𝑖𝑗
1 × 𝑡𝑖𝑗

2 × 𝑡𝑖𝑗
3 )
𝛼𝑖𝑗 + 𝛽𝑖𝑗 + 𝜃𝑖𝑗

9
|. (4) 

Step 6. integrate the viewpoints of all experts into a unified matrix and measure the aggregated 

opinions by averaging the experts’ assessments for each criterion applying Equation (5): 

𝑠𝑖𝑗 =
∑ 𝑟𝑘𝑚
𝑘=1

𝑛
, (5) 

where 𝑠𝑖𝑗 denotes the average opinion value for the 𝑖𝑡ℎ and 𝑗𝑡ℎ criteria, and 𝑟𝑘  represents the 

crisp opinion value of the 𝑖𝑡ℎ and 𝑗𝑡ℎ criteria provided by the 𝑘𝑡ℎ DM (𝐷𝑀𝑘), where 𝑘 = 1,… ,𝑚. 

Step 7. Construct the crisp direct-relation matrix 𝑆. This matrix is derived from the preceding 

step (Step 6), where all averaged opinions of experts are integrated. The initial direct-relation matrix, 

denoted as 𝑆, is an 𝑛 ×  𝑛 matrix where each element 𝑡𝑖𝑗 signifies the degree of influence between 

criterion 𝑖 and criterion 𝑗 (Equation (6)). 

[
1 ⋯ 𝑠1𝑛
⋮ ⋱ ⋮
𝑠𝑛1 ⋯ 1

]. (6) 

 

Step 8. Normalize the direct-relation matrix using the Equations (7) and (8). 

𝑈 = 𝐾 × 𝑆. (7) 

𝐾 = 𝑀𝑖𝑛 (
1

𝑀𝑎𝑥∑ 𝑠𝑖𝑗
𝑛
𝑖=1

,
1

𝑀𝑎𝑥∑ 𝑠𝑖𝑗
𝑛
𝑗=1

) , 𝑖, 𝑗 ∈ {1, … , 𝑛}. (8) 

 

Step 9. Calculate the total-relation matrix 𝑃 using the Equation (9). 

𝑃 = 𝑈 × (𝐼 − 𝑈)−1, (9) 

where 𝐼 denotes the identity matrix. 

Step 10. Calculate the two indices 𝑄 + 𝑅 and 𝑄 − 𝑅 for each criterion and create the causal 

diagram. Begin by determining the sum of the rows 𝑄  and the sum of the columns 𝑅  for each 

criterion individually. The vectors 𝑄 and 𝑅 are computed using the Equations (10) and (11), where 

P= [𝑧𝑖𝑗] and 𝑖, 𝑗 ∈ {1, … , 𝑛}. 

𝑄𝑖 =∑ 𝑧𝑖𝑗        ∀𝑖, 𝑖 ∈ {1,… , 𝑛}
𝑛

𝑗=1
. (10) 

𝑅𝑗 =∑ 𝑧𝑖𝑗        ∀𝑗, 𝑗 ∈ {1, … , 𝑛}
𝑛

𝑖=1
. (11) 

Table 1. The alignment of linguistic terms with Neutrosophic Triangular values. 

Explanation Scale Neutrosophic triangular scale 

equally influential 1 〈(1, 1,1); 0.5,0.5,0.5)〉 

slightly influential 3 〈(2, 3,4); 0.30,0.75,0.70)〉 

strongly influential 5 〈(4, 5,6); 0.80,0.15,0.20)〉 

Very strongly influential 7 〈(6, 7,8); 0.90,0.10,0.10)〉 

Absolutely influential 9 〈(9, 9,9); 1.00,0.00,0.00)〉 

 

 



Neutrosophic Sets and Systems, Vol. 83, 2025     254  

 

Abedifar et al., A Comprehensive Approach for Performance Evaluation in Petrochemical Industry: Integrating 

Sustainable Balanced Scorecard, Dynamic Network DEA, and DEMATEL in a Neutrosophic Environment 

 

 

Table 1. Continue. 

 

 

 

 

 

 

In this subsection, we explained how to apply DEMATEL in a Neutrosophic environment. In 

Section 4, we use this method to construct the relationships between SBSC perspectives in the 

petrochemical industry. In the next section we present our proposed DNDEA model. 

2. Proposed model 

In this section we propose a novel DNDEA model in Neutrosophic environment. The proposed 

model addresses the issue regarding the dual role of intermediate measures and carry-overs and 

considers their inefficiencies in the efficiency measurement. The proposed model measures the 

overall and perspective’s efficiencies in the SBM framework and categorizes the intermediate 

measures and carry-overs into two groups of input and output and considers their slacks and 

surpluses in objective function. The proposed model has two different phases. In the first phase, role 

determination’ the role of intermediate measures and carry over activities is determined considering 

the importance of SBSC perspective. In the second stage the overall efficiency of the DMUs is 

computed based on the results obtained from Phase I. This paper employs the symbols for data and 

variables as detailed in Table 2. 

Table 2. Symbols for data and variables. 

 

3.1. Phase-I: Role determination 

Explanation Scale Neutrosophic triangular scale 

sporadic values between 

two close scales 

2 〈(1, 2,3); 0.40,0.60,0.65)〉 

4 〈(3, 4,5); 0.35,0.60,0.40)〉 

6 〈(5, 6,7); 0.70,0.25,0.30)〉 

8 〈(7, 8,9); 0.85,0.10,0.15)〉 

Role Symbol Definition 

input �̃�𝑖𝑝
𝑡𝑘 Neutrosophic Input i to perspective k (Divk) of DMUj at period t. 

output �̃�𝑟𝑝
𝑡𝑘 Neutrosophic Output r from perspective k of DMUj at period t. 

link �̃�𝑑𝑝
𝑡(𝑘,ℎ)

 Neutrosophic intermediate product d between interconnected 

perspectives k and h of DMUp in period t.  

Carry-over �̃�𝑐𝑝
k(t,t+1)

 Neutrosophic Carry-over c from perspective k in period t to 

period t+1. 

Input surplus �̃�𝑖𝑝
𝑡𝑘− The surplus associated with �̃�𝑖𝑝

𝑡𝑘. 

Output slack �̃�𝑟𝑝
𝑡𝑘+ The Slack associated with �̃�𝑟𝑝

𝑡𝑘 . 

Link surplus �̃�𝑑𝑝
𝑡(𝑓,𝑘)−

 The surplus associated with  �̃�𝑑𝑝
𝑡(𝑘,ℎ)

. 

Carry-over slack �̃�𝑑𝑝
𝑡(𝑘,ℎ)+

 The slack associated with  �̃�𝑑𝑝
𝑡(𝑘,ℎ)

. 

intensity 𝜆𝑗
𝑡𝑘 Intensity of DMUj corresponding to perspective k in period t. 

Intermediate 

classifier 
𝐵𝐼𝑁𝑑

𝑡(𝑘,ℎ) a binary variable which determines the role of intermediate 𝑧𝑑
𝑡(𝑘,ℎ) 

as input to h or output from k. 

Carry-over 

classifier 
𝑏𝑖𝑛𝑐

(𝑡,𝑡+1) a binary variable which determines the role of carry-over 𝑧𝑐
(𝑡,𝑡+1) 

as input to period t+1 or output from period t. 

symbol ℎ𝑘
(t,𝑡+1)

 The number of all carry overs from perspective k between periods 

t and t+1   

symbol 𝑙𝑡(𝑓,𝑘) The number of all intermediate measure between perspective h 

and k in period 𝑡   
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 As discussed earlier, the role of intermediate measures and carry overs are determined in the 

first phase of the proposed approach. Equations (12)-(29) present the model for Phase-I, where inputs, 

outputs, intermediate measures, and carryovers are represented as Neutrosophic numbers. 

�̃�𝑝ℎ𝑎𝑠𝑒−𝐼
∗  

= 𝑀𝑎𝑥 ∑𝑊𝑡

𝑇

𝑡=1

∑𝑊𝑘 [∑
�̃�𝑖𝑝
𝑡𝑘−

�̃�𝑖𝑝
𝑡𝑘 + ∑

�̃�𝑑𝑝
𝑡(𝑓,𝑘)−

�̃�𝑑𝑝
𝑡(𝑓,𝑘)

+ ∑
�̃�𝑐𝑝
(t,(t+1))−

�̃�𝑐𝑝
k(t,t+1)

ℎ𝑘
(t,𝑡+1)

c=1

𝑙(𝑓,𝑘)

𝑑=1

𝑚𝑘

𝑖=1

𝐾

𝑘=1

+∑
�̃�𝑟𝑝
𝑡𝑘+

�̃�𝑟𝑝
𝑡𝑘
+ ∑

�̃�𝑑𝑝
𝑡(𝑘,ℎ)+

�̃�𝑑𝑝
𝑡(𝑘,ℎ)

+ ∑
�̃�𝑐𝑝
k(t,𝑡+1)+

�̃�𝑐𝑝
k(t,t+1)

ℎ𝑘
(t,𝑡+1)

c=1

𝑙(𝑓,𝑘)

𝑑=1

)

𝑚𝑘

𝑖=1

]. 

(12) 

s.t. ∑ 𝜆𝑗
𝑡𝑘�̃�𝑖𝑗

𝑡𝑘𝑛
𝑗=1 + �̃�𝑖𝑝

𝑡𝑘− = �̃�𝑖𝑝
𝑡𝑘, 

(𝑘 = 1, . . . , 𝐾), (𝑖 = 1, . . . , 𝑚𝑘). 
(13) 

∑𝜆𝑗
𝑡𝑘�̃�𝑟𝑗

𝑡𝑘

𝑛

𝑗=1

− �̃�𝑟𝑝
𝑡𝑘+ = �̃�𝑟𝑝

𝑡𝑘 , 

(𝑘 = 1, . . . , 𝐾), (𝑟 = 1, . . . , 𝑟𝑘). 

(14) 

∑𝜆𝑗
𝑡ℎ�̃�𝑑𝑗

𝑡(𝑘,ℎ)

𝑛

𝑗=1

+ �̃�𝑑𝑝
𝑡(𝑘,ℎ)− = �̃�𝑑

𝑡(𝑘,ℎ), 

(𝑑 = 1, . . . , 𝑙(𝑘,ℎ)), ∀(𝑘, ℎ). 

(15) 

�̃�𝑑𝑝
𝑡(𝑘,ℎ)−

≤ 𝑀𝐵𝐼𝑁𝑑
𝑡(𝑘,ℎ), 

(𝑑 = 1, . . . , 𝑙(𝑘,ℎ)), ∀(𝑘, ℎ). 
(16) 

�̃�𝑑𝑝
𝑡(𝑘,ℎ)

−𝑀(1 − 𝐵𝐼𝑁𝑑
𝑡(𝑘,ℎ)

) ≤ �̃�𝑑
𝑡(𝑘,ℎ)

≤ �̃�𝑑𝑝
𝑡(𝑘,ℎ)

+𝑀(1 − 𝐵𝐼𝑁𝑑
𝑡(𝑘,ℎ)

). (17) 

∑𝜆𝑗
𝑡𝑘�̃�𝑑𝑗

𝑡(𝑘,ℎ)

𝑛

𝑗=1

− �̃�𝑑𝑝
𝑡(𝑘,ℎ)+ = �̃�′𝑑

𝑡(𝑘,ℎ)
. (18) 

�̃�𝑑𝑝
𝑡(𝑘,ℎ)+

≤ 𝑀(1 − 𝐵𝐼𝑁𝑑
𝑡(𝑘,ℎ)),  

(𝑑 = 1, . . . , 𝑙(𝑘,ℎ)), ∀(𝑘, ℎ). 
(19) 

�̃�𝑑𝑝
𝑡(𝑘,ℎ) −𝑀.𝐵𝐼𝑁𝑑

𝑡(𝑘,ℎ) ≤ �̃�𝑑
𝑡(𝑘,ℎ) ≤ �̃�𝑑𝑝

𝑡(𝑘,ℎ) +𝑀.𝐵𝐼𝑁𝑑
𝑡(𝑘,ℎ)

, 

(𝑑 = 1, . . . , 𝑙(𝑘,ℎ)), ∀(𝑘, ℎ) 
(20) 

∑ 𝜆𝑗
𝑡𝑘�̃�𝑑𝑗

𝑡(𝑘,ℎ)𝑛
𝑗=1 = ∑ 𝜆𝑗

𝑡ℎ�̃�𝑑𝑗
𝑡(𝑘,ℎ)𝑛

𝑗=1 , 

(𝑑 = 1, . . . , 𝑙(𝑘,ℎ)), ∀(𝑘, ℎ) 
(21) 

∑ 𝜆𝑗
𝑘𝑡�̃�𝑐𝑗

(𝑡,𝑡+1)𝑛
𝑗=1 = ∑ 𝜆𝑗

𝑘(𝑡+1)
�̃�𝑐𝑗
(𝑡,𝑡+1)𝑛

𝑗=1 . (22) 

∑𝜆𝑗
𝑡𝑘�̃�𝑐𝑗

t(t+1)

𝑛

𝑗=1

+ �̃�𝑐𝑝
(t,(t+1))−

= �̃�𝑐
k(t,t+1). (23) 
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�̃�𝑐𝑝
𝑘(t,(t+1))−

≤ 𝑀. 𝑏𝑖𝑛𝑐
(𝑡,𝑡+1)

. (24) 

 

�̃�𝑐𝑝
k(t,t+1)

−𝑀. (1 − 𝑏𝑖𝑛𝑐
(𝑡,𝑡+1)) ≤ �̃�𝑐

k(t,t+1) ≤ �̃�𝑐𝑝
k(t,t+1) +𝑀. (1 − 𝑏𝑖𝑛𝑐

(𝑡,𝑡+1)
). (25) 

∑𝜆𝑗
𝑘(𝑡+1)

�̃�𝑐𝑗
t(t+1)

𝑛

𝑗=1

− �̃�𝑐𝑝
𝑘(t,(t+1))+

= �̃�𝑐
k(t,t+1). (26) 

�̃�𝑐𝑝
k(t,t+1)

−𝑀. 𝑏𝑖𝑛𝑐
(𝑡,𝑡+1) ≤ �̃�𝑐

k(t,t+1) ≤ �̃�𝑐𝑝
k(t,t+1) +𝑀. 𝑏𝑖𝑛𝑐

(𝑡,𝑡+1). (27) 

�̃�𝑐𝑝
𝑘(t,(t+1))+

≤ 𝑀. (1 − 𝑏𝑖𝑛𝑐
(𝑡,𝑡+1)). (28) 

𝐵𝐼𝑁𝑑
𝑡(𝑘,ℎ), 𝑏𝑖𝑛𝑐

(𝑡,𝑡+1)
∈ {0,1}; 𝑧𝑑

(𝑘,ℎ), 𝑧′𝑑
(𝑘,ℎ)

: 𝑓𝑟𝑒𝑒, 𝜆𝑗
𝑡𝑘 ≥ 0, 𝑠𝑟𝑝

𝑡𝑘+ ≥ 0, 𝑠𝑖𝑝
𝑡𝑘− ≥ 0, 𝑠𝑑𝑝

𝑡(𝑘,ℎ)− ≥ 0, 𝑠𝑑𝑝
𝑡(𝑘,ℎ)+ ≥

0, 𝑠𝑐𝑝
𝑘(t,(t+1))+

, 𝑠𝑐𝑝
𝑘(t,(t+1))−

;  ∀𝑑, ∀𝑡, ∀𝑐, ∀(𝑘, ℎ). 
(29) 

 

The model presented in Phase I is a MILP model. The values of 𝑊𝑘 and 𝑊𝑡  are the relative 

weights of perspectives and periods, respectively, which are determined exogenously by the Decision 

maker. M is a large positive number used to ensure the proper activation or deactivation of 

constraints based on the values of binary variables. The objective function (12) maximizes the 

reduction or expansion rate of inputs, outputs, intermediate variables, and carryovers. 

Equations (13) and (14) represent input and output constraints, respectively, for perspective k of 

DMUj in period t. Equations (15) to (21) represent intermediate measure constraints. The binary 

variable  𝐵𝐼𝑁𝑑
𝑡(𝑘,ℎ)

 determines the role of intermediate measure 𝑧𝑑𝑝
𝑡(𝑘,ℎ)

. When 𝐵𝐼𝑁𝑑
𝑡(𝑘,ℎ)

= 1 , 

constraints (15) to (17) become active, and constraints (18) to (20) become redundant, considering the 

intermediate measure as an input with its reduction rate calculated in the objective function. 

Conversely, when 𝐵𝐼𝑁𝑑
𝑡(𝑘,ℎ)

= 0, constraints (15) to (17) become redundant, and constraints (18) to 

(20) become active, considering the intermediate measure as an output with its expansion rate 

calculated in the objective function. Equation (21) ensures continuity between perspectives.  

Equations (22)-(28) represents the carry-overs’ constraints. Similarly, 𝑏𝑖𝑛𝑐
(𝑡,𝑡+1)

 determines the 

role of carry-over 𝑧𝑐𝑝
k(t,t+1) . If  𝑏𝑖𝑛𝑐

(𝑡,𝑡+1)
= 1 , the constraints (23)-(25) become active and the 

constraints (26)-(28) the carry-over 𝑧𝑐𝑝
k(t,t+1) is considered as input to period t+1 and its reduction rate 

is included in the objective function. Conversely, if  𝑏𝑖𝑛𝑐
(𝑡,𝑡+1)

= 0 the carry over is considered as 

output from period t and its expansion rate is included in the objective function. The constraint (28) 

forces  �̃�𝑐𝑝
𝑘(t,(t+1))+

 to be zero when the binary variable 𝑏𝑖𝑛𝑐
(𝑡,𝑡+1)

= 1, effectively deactivating it. When 

𝑏𝑖𝑛𝑐
(𝑡,𝑡+1)

= 1, the value of �̃�𝑐𝑝
𝑘(t,(t+1))+

 is allowed to be any non-negative value up to M. Similarly, the 

constraint (24) forces �̃�𝑐𝑝
𝑘(t,(t+1))−

 to be zero when the binary variable 𝑏𝑖𝑛𝑐
(𝑡,𝑡+1)

= 0  and when 

𝑏𝑖𝑛𝑐
(𝑡,𝑡+1)

= 1 , �̃�𝑐𝑝
𝑘(t,(t+1))−

 can take any non-negative value up to M. 

Equation (22) ensures the continuity assumption between two consecutive periods. The optimal 

solution of the first phase determines the role of intermediate measures and carry-over activities. In 

the second phase based on the results obtained from the first phase, we measure the perspectives’ 

efficiencies.  

 3.2. Phase-II: efficiency evaluation 

In this phase, considering the role of intermediate measures and carry-overs obtained from the 

first phase, we solve the following programming presented in Equations (29)-(39). 
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Min �̃�𝑝 =

∑ 𝑊𝑡𝑇
𝑡=1 ∑ 𝑊𝑘 [1 −

1

𝑚𝑘 + ∑ 𝐵𝐼𝑁𝑑
∗𝑡(𝑓,𝑘)𝑙(𝑓,𝑘)

t

𝑑=1 + ∑ 𝑏𝑖𝑛𝑐
∗(𝑡,𝑡+1)ℎ𝑘

(t,𝑡+1)

𝑐=1

(∑
�̃�𝑖𝑝
𝑡𝑘−

𝑥𝑖𝑝
𝑡𝑘 + ∑

�̃�𝑑𝑝
𝑡(𝑓,𝑘)−

𝑧𝑑𝑝
t(𝑓,𝑘) + ∑

�̃�𝑐𝑝
k(t,𝑡+1)−

𝑧𝑐𝑝
k(t,𝑡+1)

ℎ𝑘
(t,𝑡+1)

c=1

𝑙(𝑓,𝑘)
𝑑=1

)
𝑚𝑘
𝑖=1 ]𝐾

𝑘=1

∑ 𝑊𝑡𝑇
𝑡=1 ∑ 𝑊𝑘 [1 +

1

𝑟𝑘 + 𝑙(𝑓,𝑘)
t + ℎ𝑘

(t,𝑡+1)
− ∑ 𝐵𝐼𝑁𝑑

∗𝑡(𝑓,𝑘)𝑙(𝑓,𝑘)
t

𝑑=1 − ∑ 𝑏𝑖𝑛𝑐
∗(𝑡,𝑡+1)ℎ𝑘

(t,𝑡+1)

𝑐=1

(∑
�̃�𝑟𝑝
𝑡𝑘+

�̃�𝑟𝑝
𝑡𝑘 + ∑

�̃�𝑑𝑝
t(k,h)+

�̃�𝑑𝑝
𝑡(𝑘,ℎ) + ∑

�̃�𝑐𝑝
k(t,𝑡+1)+

�̃�𝑐𝑝
k(t,t+1)

ℎ𝑘
(t,𝑡+1)

c=1

𝑙(𝑓,𝑘)
𝑑=1

)
𝑚𝑘

𝑖=1 ]𝐾
𝑘=1

, (29) 

s.t. ∑ 𝜆𝑗
𝑡𝑘�̃�𝑖𝑗

𝑡𝑘𝑛
𝑗=1 + �̃�𝑖𝑝

𝑡𝑘− = �̃�𝑖𝑝
𝑡𝑘,  

k(k 1,...,K),(i 1,...,m ).= =  
(30) 

∑𝜆𝑗
𝑡𝑘�̃�𝑟𝑗

𝑡𝑘

𝑛

𝑗=1

− �̃�𝑟𝑝
𝑡𝑘+ = �̃�𝑟𝑝

𝑡𝑘, 

k(k 1,...,K),(r 1,..., r ).= =  

(31) 

∑ 𝜆𝑗
𝑡ℎ�̃�𝑑𝑗

𝑡(𝑘,ℎ)𝑛
𝑗=1 + �̃�𝑑𝑝

𝑡(𝑘,ℎ)−
= �̃�𝑑𝑝

𝑡(𝑘,ℎ)
, 

{𝑑|∀(𝑘, ℎ), 𝐵𝐼𝑁𝑑
∗𝑡(𝑘,ℎ) = 1}. 

(32) 

∑ 𝜆𝑗
𝑡𝑘�̃�𝑑𝑗

𝑡(𝑘,ℎ)𝑛
𝑗=1 − �̃�𝑑𝑝

𝑡(𝑘,ℎ)+
= �̃�𝑑𝑝

𝑡(𝑘,ℎ)
, 

{𝑑|∀(𝑘, ℎ), 𝐵𝐼𝑁𝑑
∗𝑡(𝑘,ℎ) = 0}. 

(33) 

∑𝜆𝑗
𝑡𝑘�̃�𝑑𝑗

𝑡(𝑘,ℎ)

𝑛

𝑗=1

=∑𝜆𝑗
𝑡ℎ�̃�𝑑𝑗

𝑡(𝑘,ℎ)

𝑛

𝑗=1

, 

∀𝑑, 𝑑 ∈ {1, . . . , 𝑙(𝑘,ℎ)}, ∀(𝑘, ℎ), ∀𝑡, 

(34) 

∑ 𝜆𝑗
𝑘𝑡�̃�𝑐𝑗

(𝑡,𝑡+1)𝑛
𝑗=1 = ∑ 𝜆𝑗

𝑘(𝑡+1)
�̃�𝑐𝑗
(𝑡,𝑡+1)𝑛

𝑗=1 , 

∀𝑐, 𝑐 ∈ {1, . . . , ℎ𝑘
(t,𝑡+1)}, ∀𝑘, ∀𝑡 

(35) 

∑ 𝜆𝑗
𝑡𝑘�̃�𝑐𝑗

t(t+1)𝑛
𝑗=1 + �̃�𝑐𝑝

(t,(t+1))−
= �̃�𝑐𝑝

k(t,t+1)
, 

{𝑐|∀(𝑡, 𝑡 + 1), 𝑏𝑖𝑛𝑐
∗(𝑡,𝑡+1) = 1}. 

(36) 

∑ 𝜆𝑗
𝑘(𝑡+1)

�̃�𝑐𝑗
t(t+1)𝑛

𝑗=1 − �̃�𝑐𝑝
𝑘(t,(t+1))+

= �̃�𝑐𝑝
k(t,t+1)

, 

{𝑐|∀(𝑡, 𝑡 + 1), 𝑏𝑖𝑛𝑐
∗(𝑡,𝑡+1) = 0}. 

(37) 

∑𝑊𝑡

𝑇

𝑡=1

∑𝑊𝑘 [∑
�̃�𝑖𝑝
𝑡𝑘−

�̃�𝑖𝑝
𝑡𝑘 + ∑

�̃�𝑑𝑝
𝑡(𝑓,𝑘)−

�̃�𝑑𝑝
𝑡(𝑓,𝑘)

+ ∑
�̃�𝑐𝑝
(t,(t+1))−

�̃�𝑐𝑝
k(t,t+1)

ℎ𝑘
(t,𝑡+1)

c=1

𝑙(𝑓,𝑘)

𝑑=1

𝑚𝑘

𝑖=1

𝐾

𝑘=1

+∑
�̃�𝑟𝑝
𝑡𝑘+

�̃�𝑟𝑝
𝑡𝑘
+ ∑

�̃�𝑑𝑝
𝑡(𝑘,ℎ)+

�̃�𝑑𝑝
𝑡(𝑘,ℎ)

+ ∑
�̃�𝑐𝑝
k(t,𝑡+1)+

�̃�𝑐𝑝
k(t,t+1)

ℎ𝑘
(t,𝑡+1)

c=1

𝑙(𝑓,𝑘)

𝑑=1

)

𝑚𝑘

𝑖=1

] . 

(38) 
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�̃�𝑑
(𝑘,ℎ)

, �̃�′𝑑
(𝑘,ℎ)

: 𝑓𝑟𝑒𝑒, 𝜆𝑗
𝑘 ≥ 0, �̃�𝑟𝑝

𝑘+ ≥ 0, �̃�𝑖𝑝
𝑘− ≥ 0, �̃�𝑑𝑝

(𝑘,ℎ)−
≥ 0, �̃�𝑑𝑝

(𝑘,ℎ)+
≥ 0, �̃�𝑐𝑝

k(t,𝑡+1)+
, �̃�𝑐𝑝

(t,(t+1))−
. (39) 

 

In the model presented for Phase II, the objective function (29) computes the non-oriented overall 

efficiency. Equation (32) (Equation (33)) is related to those intermediate measures that are determined 

as inputs (outputs) in Phase I. 𝜓𝑝ℎ𝑎𝑠𝑒−𝐼
∗  indicates the optimal value of the objective function in Phase 

I, and Constraint (38) ensures that the results obtained from the first phase remain unchanged. To 

ensure feasibility and enhance the robustness of the model, we can express the equality constraint 

(38) as an inequality and allow for deviations up to 𝜀 from it (see Equation (40)). 

∑ 𝑊𝑡𝑇
𝑡=1 ∑ 𝑊𝑘 [∑

�̃�𝑖𝑝
𝑡𝑘−

�̃�𝑖𝑝
𝑡𝑘 + ∑

�̃�𝑑𝑝
𝑡(𝑓,𝑘)−

�̃�𝑑𝑝
𝑡(𝑓,𝑘) + ∑

�̃�𝑐𝑝
(t,(t+1))−

�̃�𝑐𝑝
k(t,t+1)

ℎ𝑘
(t,𝑡+1)

c=1

𝑙(𝑓,𝑘)
𝑑=1

+ ∑
�̃�𝑟𝑝
𝑡𝑘+

�̃�𝑟𝑝
𝑡𝑘 +

𝑚𝑘
𝑖=1

𝑚𝑘
𝑖=1

𝐾
𝑘=1

∑
�̃�𝑑𝑝
𝑡(𝑘,ℎ)+

�̃�𝑑𝑝
𝑡(𝑘,ℎ) + ∑

�̃�𝑐𝑝
k(t,𝑡+1)+

�̃�𝑐𝑝
k(t,t+1)

ℎ𝑘
(t,𝑡+1)

c=1

𝑙(𝑓,𝑘)
𝑑=1 )] ≥ �̃�𝑝ℎ𝑎𝑠𝑒−𝐼

∗ − 𝜀̃. 

(40) 

 

Additionally, we can penalize this deviation using the penalty parameter 𝜏 in the objective 

function and minimize 𝜌�̃� + 𝜏𝜀̃  instead of minimizing 𝜌�̃�.  

In the proposed approach, both Phase I and Phase II models utilize inputs, outputs, intermediate 

products, and carry-overs with Neutrosophic data. Consequently, the efficiency derived from the 

model is also expressed as a Neutrosophic number. In the next section, our aim is to transform the 

uncertain model into a deterministic one.  

3.3. Period and perspective’s efficiency  

To measure the efficiency for perspective k in period t, and the period efficiency of DMUp, we 

compute 𝜃𝑝
∗𝑡𝑘and 𝜃𝑝

∗𝑡using the Equations (41) and (42), respectively, with the optimal solution of the 

variables obtained from solving model (12-33). 

𝜃𝑝
∗𝑡𝑘 =

1 −
1

𝑚𝑘 + ∑ 𝐵𝐼𝑁𝑑
∗𝑡(𝑓,𝑘)𝑙(𝑓,𝑘)

t

𝑑=1 + ∑ 𝑏𝑖𝑛𝑐
∗(𝑡−1,𝑡)ℎ𝑘

(t,𝑡+1)

𝑐=1

(∑
�̃�𝑖𝑝
∗𝑡𝑘−

𝑥𝑖𝑝
𝑡𝑘 + ∑

�̃�𝑑𝑝
∗𝑡(𝑓,𝑘)−

𝑧𝑑𝑝
t(𝑓,𝑘) + ∑

�̃�𝑐𝑝
∗k(t−1,𝑡)−

𝑧𝑐𝑝
k(t,𝑡+1)

ℎ𝑘
(t,𝑡+1)

c=1

𝑙(𝑓,𝑘)
𝑑=1 )

𝑚𝑘
𝑖=1

1 +
1

𝑟𝑘 + 𝑙(𝑘,ℎ)
t + ℎ𝑘

(t,𝑡+1)
− ∑ 𝐵𝐼𝑁𝑑

∗𝑡(𝑘,ℎ)𝑙(𝑘,ℎ)
t

𝑑=1 − ∑ 𝑏𝑖𝑛𝑐
∗(𝑡,𝑡+1)ℎ𝑘

(t,𝑡+1)

𝑐=1

(∑
�̃�𝑟𝑝
𝑡𝑘+

�̃�𝑟𝑝
𝑡𝑘 + ∑

�̃�𝑑𝑝
t(k,h)+

�̃�𝑑𝑝
𝑡(𝑘,ℎ) + ∑

�̃�𝑐𝑝
k(t,𝑡+1)+

�̃�𝑐𝑝
k(t,t+1)

ℎ𝑘
(t,𝑡+1)

c=1

𝑙(𝑓,𝑘)
𝑑=1 )

𝑚𝑘

𝑖=1

 (41) 

𝜃𝑝
∗𝑡

=

∑ 𝑊𝑘 [1 −
1

𝑚𝑘 + ∑ 𝐵𝐼𝑁𝑑
∗𝑡(𝑓,𝑘)𝑙(𝑓,𝑘)

t

𝑑=1 + ∑ 𝑏𝑖𝑛𝑐
∗(𝑡,𝑡+1)ℎ𝑘

(t,𝑡+1)

𝑐=1

(∑
�̃�𝑖𝑝
∗𝑡𝑘−

𝑥𝑖𝑝
𝑡𝑘 + ∑

�̃�𝑑𝑝
∗𝑡(𝑓,𝑘)−

𝑧𝑑𝑝
t(𝑓,𝑘) + ∑

�̃�𝑐𝑝
∗k(t,𝑡+1)−

𝑧𝑐𝑝
∗k(t,𝑡+1)

ℎ𝑘
(t,𝑡+1)

c=1

𝑙(𝑓,𝑘)
𝑑=1 )

𝑚𝑘
𝑖=1 ]𝐾

𝑘=1

∑ 𝑊𝑘 [1 +
1

𝑟𝑘 + 𝑙(𝑓,𝑘)
t + ℎ𝑘

(t,𝑡+1)
− ∑ 𝐵𝐼𝑁𝑑

∗𝑡(𝑓,𝑘)𝑙(𝑓,𝑘)
t

𝑑=1 − ∑ 𝑏𝑖𝑛𝑐
∗(𝑡,𝑡+1)ℎ𝑘

(t,𝑡+1)

𝑐=1

(∑
�̃�𝑟𝑝
∗𝑡𝑘+

�̃�𝑟𝑝
𝑡𝑘 + ∑

�̃�𝑑𝑝
∗t(k,h)+

�̃�𝑑𝑝
𝑡(𝑘,ℎ) + ∑

�̃�𝑐𝑝
∗k(t,𝑡+1)+

�̃�𝑐𝑝
k(t,t+1)

ℎ𝑘
(t,𝑡+1)

c=1

𝑙(𝑓,𝑘)
𝑑=1 )

𝑚𝑘

𝑖=1 ]𝐾
𝑘=1

. 
(42) 

3.4. Managing model uncertainty 

Based on Definition 4 presented by Akram et al. [26] for a TNN at any variation degree 𝜑(𝛼,𝛽,𝛾), 

the upper and lower limits can be calculated. Therefore, for all the data within the model, both upper 

and lower bounds can be determined. Suppose , [(𝑋𝑖𝑗
𝑡𝑘)φ

𝐿 , (𝑋𝑖𝑗
𝑡𝑘)φ

𝑈] , [(𝑌𝑟𝑗
𝑡𝑘)φ

𝐿 , (𝑌𝑟𝑗
𝑡𝑘)φ

𝑈] , 

[(𝑧𝑐𝑗
t(t+1))φ

𝐿 , (𝑧𝑐𝑗
t(t+1))φ

𝑈] and [(𝑧𝑑𝑗
𝑡(𝑘,ℎ)

)φ
𝐿 , (𝑧𝑑𝑗

𝑡(𝑘,ℎ)
)φ
𝑈] are the Neutrosophic data at a φ variation degree.  

According to the Pareto efficiency concept, the maximum efficiency of a specific DMU at 

variation degree φ occurs when it minimizes input consumption while maximizing output 

production, while other DMUs maximize input consumption and minimize output production. 

Conversely, the minimum efficiency occurs when the DMU under consideration maximizes input 

consumption while minimizing output production, while other DMUs maximize output production 
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and minimize input consumption. Therefore, the boundaries of �̃�𝑝
∗   and �̃�𝑝ℎ𝑎𝑠𝑒−𝐼

∗   at φ variation 

degree can be measured.  

For clarity and efficiency, we will focus on presenting the model detailing the lower bound of 

�̃�𝑝 at φ variation degree (𝜌𝑝
φ𝐿

). The models for the upper limit of �̃�𝑝(𝜌𝑝
φ𝑈
), as well as the lower and 

upper limits of �̃�𝑝ℎ𝑎𝑠𝑒−𝐼  at φ variation degree (𝑖. 𝑒.  𝜓𝑝ℎ𝑎𝑠𝑒−𝐼
φ𝐿

 𝑎𝑛𝑑 𝜓𝑝ℎ𝑎𝑠𝑒−𝐼
φ𝑈

), can be formulated using 

the same approach. Equations (43)-(53) present the model for measuring 𝜌𝑝
φ𝐿
. Note that we use the 

results of the corresponding boundary in Phase I to solve Phase II. For instance, we utilize the optimal 

solution of lower limit 𝜓𝑝ℎ𝑎𝑠𝑒−𝐼
φ𝐿

for classifying the intermediate measure and carry overs and 

measuring 𝜌𝑝
φ𝐿

. 

Min 𝜌𝑝
φ𝐿
=

∑ 𝑊𝑡𝑇
𝑡=1 ∑ 𝑊𝑘 [1 −

1

𝑚𝑘 + ∑ 𝐵𝐼𝑁𝑑
∗𝑡(𝑓,𝑘)𝑙(𝑓,𝑘)

t

𝑑=1 + ∑ 𝑏𝑖𝑛𝑐
∗(𝑡,𝑡+1)ℎ𝑘

(t,𝑡+1)

𝑐=1

(∑
�̃�𝑖𝑝
𝑡𝑘−

𝑥𝑖𝑝
𝑡𝑘 + ∑

�̃�𝑑𝑝
𝑡(𝑓,𝑘)−

𝑧𝑑𝑝
t(𝑓,𝑘) + ∑

�̃�𝑐𝑝
k(t,𝑡+1)−

𝑧𝑐𝑝
k(t,𝑡+1)

ℎ𝑘
(t,𝑡+1)

c=1

𝑙(𝑓,𝑘)
𝑑=1

)
𝑚𝑘
𝑖=1 ]𝐾

𝑘=1

∑ 𝑊𝑡𝑇
𝑡=1 ∑ 𝑊𝑘 [1 +

1

𝑟𝑘 + 𝑙(𝑓,𝑘)
t + ℎ𝑘

(t,𝑡+1)
− ∑ 𝐵𝐼𝑁𝑑

∗𝑡(𝑓,𝑘)𝑙(𝑓,𝑘)
t

𝑑=1 − ∑ 𝑏𝑖𝑛𝑐
∗(𝑡,𝑡+1)ℎ𝑘

(t,𝑡+1)

𝑐=1

(∑
�̃�𝑟𝑝
𝑡𝑘+

�̃�𝑟𝑝
𝑡𝑘 + ∑

�̃�𝑑𝑝
t(k,h)+

�̃�𝑑𝑝
𝑡(𝑘,ℎ) + ∑

�̃�𝑐𝑝
k(t,𝑡+1)+

�̃�𝑐𝑝
k(t,t+1)

ℎ𝑘
(t,𝑡+1)

c=1

𝑙(𝑓,𝑘)
𝑑=1

)
𝑚𝑘

𝑖=1 ]𝐾
𝑘=1

. (43) 

s.t. ∑ 𝜆𝑗
𝑡𝑘(𝑥𝑖𝑗

𝑡𝑘)𝜑
𝐿𝑛

𝑗=1 + (𝑠𝑖𝑝
𝑡𝑘−)

𝜑

𝑈
= (𝑥𝑖𝑝

𝑡𝑘)𝜑
𝑈 , 

),...,1(,),...,1( kmiKk ==  

(44) 

∑ 𝜆𝑗
𝑡𝑘(𝑦𝑖𝑗

𝑡𝑘)𝜑
𝑈𝑛

𝑗=1 − (𝑠𝑟𝑝
𝑡𝑘+)𝜑

𝐿 = (𝑦𝑟𝑝
𝑡𝑘)𝜑

𝐿 , 

),...,1(,),...,1( krrKk ==  
(45) 

∑ 𝜆𝑗
𝑡ℎ𝑛

𝑗=1 (𝑧𝑑𝑗
𝑡(𝑘,ℎ)

)𝜑
𝐿 + (𝑠𝑑𝑝

𝑡(𝑘,ℎ)−
)𝜑
𝑈 = (𝑧𝑑𝑝

𝑡(𝑘,ℎ)
)𝜑
𝑈, 

{𝑑|∀(𝑘, ℎ), 𝐵𝐼𝑁𝑑
∗𝑡(𝑘,ℎ)

= 1}. 
(46) 

∑ 𝜆𝑗
𝑡ℎ𝑛

𝑗=1 (𝑧𝑑𝑗
𝑡(𝑘,ℎ)

)𝜑
𝑈 − (𝑠𝑑𝑝

𝑡(𝑘,ℎ)+)𝜑
𝐿 = (𝑧𝑑𝑝

𝑡(𝑘,ℎ)
)𝜑
𝐿 , 

{𝑑|∀(𝑘, ℎ), 𝐵𝐼𝑁𝑑
∗𝑡(𝑘,ℎ)

= 0}. 
(47) 

∑ 𝜆𝑗
𝑡𝑘(𝑧𝑑𝑗

𝑡(𝑘,ℎ)
)𝜑
𝑈𝑛

𝑗=1 = ∑ 𝜆𝑗
𝑡ℎ(𝑧𝑑𝑗

𝑡(𝑘,ℎ)
)𝜑
𝐿𝑛

𝑗=1 , 

∀𝑑, 𝑑 ∈ {1, . . . , 𝑙(𝑘,ℎ)}, ∀(𝑘, ℎ), ∀𝑡. 
(48) 

∑ 𝜆𝑗
𝑘𝑡𝑛

𝑗=1 (𝑧𝑐𝑗
(𝑡,𝑡+1)

)𝜑
𝑈 = ∑ 𝜆𝑗

𝑘(𝑡+1)
(𝑧𝑐𝑗
(𝑡,𝑡+1)

)𝜑
𝐿𝑛

𝑗=1 , 

∀𝑐, 𝑐 ∈ {1, . . . , ℎ𝑘
(t,𝑡+1)

} , ∀𝑘, ∀𝑡. 
(49) 

∑ 𝜆𝑗
𝑘(𝑡+1)

(𝑧𝑐𝑗
(𝑡,𝑡+1)

)𝜑
𝐿𝑛

𝑗=1 + (𝑠𝑐𝑝
(𝑡,𝑡+1)−)𝜑

𝑈 = (𝑧𝑐𝑗
(𝑡,𝑡+1)

)𝜑
𝑈, 

{𝑐|∀(𝑡, 𝑡 + 1), 𝑏𝑖𝑛𝑐
∗(𝑡,𝑡+1) = 1} 

(50) 

∑ 𝜆𝑗
𝑘𝑡𝑛

𝑗=1 (𝑧𝑐𝑗
(𝑡,𝑡+1)

)𝜑
𝑈 − (𝑠𝑐𝑝

(𝑡,𝑡+1)+)𝜑
𝐿 = (𝑧𝑐𝑗

(𝑡,𝑡+1)
)𝜑
𝐿 , 

{𝑐|∀(𝑡, 𝑡 + 1), 𝑏𝑖𝑛𝑐
∗(𝑡,𝑡+1) = 0}. 

(51) 
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∑𝑊𝑡

𝑇

𝑡=1

∑𝑊𝑘 [∑
(𝑠𝑖𝑝
𝑡𝑘−)𝜑

𝑈

(𝑥𝑖𝑝
𝑡𝑘)𝜑

𝑈
+ ∑

(𝑠𝑑𝑝
𝑡(𝑘,ℎ)−)𝜑

𝑈

(𝑧𝑑𝑝
𝑡(𝑘,ℎ)

)𝜑
𝑈
+ ∑

(𝑠𝑐𝑝
(𝑡,𝑡+1)−)𝜑

𝑈

(𝑧𝑐𝑗
(𝑡,𝑡+1)

)𝜑
𝑈

ℎ𝑘
(t,𝑡+1)

c=1

𝑙(𝑓,𝑘)

𝑑=1

𝑚𝑘

𝑖=1

𝐾

𝑘=1

+∑
(𝑠𝑟𝑝
𝑡𝑘+)𝜑

𝐿

(𝑦𝑟𝑝
𝑡𝑘)𝜑

𝐿
+ ∑

(𝑠𝑑𝑝
𝑡(𝑘,ℎ)+)𝜑

𝐿

(𝑧𝑑𝑝
𝑡(𝑘,ℎ)

)𝜑
𝐿
+ ∑

(𝑠𝑐𝑝
(𝑡,𝑡+1)+)𝜑

𝐿

(𝑧𝑐𝑗
(𝑡,𝑡+1)

)𝜑
𝐿

ℎ𝑘
(t,𝑡+1)

c=1

𝑙(𝑓,𝑘)

𝑑=1

)

𝑚𝑘

𝑖=1

]. 

(52) 

𝜆𝑗
𝑘 ≥ 0, (𝑠𝑟𝑝

𝑡𝑘+)𝜑
𝐿 ≥ 0, (𝑠𝑖𝑝

𝑡𝑘−)𝜑
𝑈 ≥ 0, (𝑠𝑑𝑝

𝑡(𝑘,ℎ)−
)𝜑
𝑈 ≥ 0, (𝑠𝑑𝑝

𝑡(𝑘,ℎ)+
)𝜑
𝐿 ≥ 0, (𝑠𝑐𝑝

(𝑡,𝑡+1)+
)𝜑
𝐿 ≥ 0, 

(𝑠𝑐𝑝
(𝑡,𝑡+1)−

)𝜑
𝑈 ≥ 0. 

(53) 

 

In this subsection, we managed the uncertainty within the proposed model by converting it to 

deterministic models to compute the efficiency boundaries at varying degrees of variation. In the 

following sections, we aim to verify the proposed model by applying it to a case study. To do this, 

we first apply Neutrosophic DEMATEL to construct the network structure of the SBSC in the 

petrochemical industry. 

3. Constructing the network structure of SBSC in the petrochemical industry  

In this section, we first apply Neutrosophic DEMATEL to explore the relationships among SBSC 

perspectives. Subsequently, we utilize expert insights to define the network structure of SBSC, which 

serves as the Decision-Making Unit. 

4.1. Exploring the relationship among SBSC perspectives 

 In this subsection, we employ the Neutrosophic DEMATEL approach to identify the cause-and-

effect relationships within the Sustainable Balanced Scorecard (SBSC). To achieve this, we conducted 

structured interviews with five experts who have significant experience in the petrochemical field, 

with a focus on strategy formulation and performance evaluation. The experts were asked to provide 

pairwise comparisons of the SBSC perspectives based on their understanding of the 

interrelationships between various performance dimensions, such as financial, customer, internal 

processes, learning and growth, and environmental factors. The pairwise comparison matrix in Table 

3 represents the evaluation provided by one of these experts. 

Table 3. Pairwise comparison matrix for the expert1 

 T1 T2 

T1 

 F1 C1 I1 L1 E1 F2 C2 I2 L2 E2 

F1 1 1 3 1 4 2 5 4 7 1 

C1 9 1 1 1 9 9 4 4 5 5 

I1 5 9 1 1 3 4 9 5 6 8 

L1 7 4 9 1 4 3 1 8 7 4 

E1 4 4 4 3 1 1 4 5 1 2 

T2 

F2 1 1 1 1 1 1 1 1 1 1 

C2 1 1 1 1 1 9 1 1 1 1 

I2 1 2 1 2 1 5 9 1 1 8 

L2 1 1 1 1 1 1 4 9 1 2 

E2 1 1 1 3 1 3 3 1 1 1 

After converting the scales in the direct-relation matrix into triangular Neutrosophic numbers, 

we represented the inherent uncertainty, hesitation, and possible contradiction in expert judgments. 

Triangular Neutrosophic numbers allow us to capture three aspects of each expert’s evaluation: truth 
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(T), indicating how true the relationship is; indeterminacy (I), representing uncertainty or ambiguity; 

and falsity (F), reflecting the degree to which the relationship may not hold. 

After gathering all five experts' pairwise comparison matrices, we applied the Neutrosophic 

aggregation method to integrate their judgments into a single unified matrix. This method aggregates 

the triangular Neutrosophic numbers by mathematically averaging the values for truth (T), 

indeterminacy (I), and falsity (F) from each expert, resulting in a consensus matrix that represents the 

collective viewpoints.  

By using this approach, we ensured that not only the true relationships but also any 

indeterminate or contradictory aspects of the expert evaluations were captured and reflected in the 

final analysis. Once the aggregation process was complete, the consensus matrix was normalized to 

ensure comparability across the different perspectives, and the total direct-relation matrix, presented 

in Table 4, was constructed. A threshold value of 0.45 was then applied, as agreed upon by the expert 

panel, to filter the most significant cause-and-effect relationships for inclusion in the network 

structure. Only relationships with values exceeding this threshold were included in the final strategy 

map, which visually represents the network of interrelated SBSC perspectives. 

Table 4. Total relationship matrix. 

 

Considering cause-and-effect relationships among the five perspectives—financial, customer, 

internal business processes, environment, and learning and growth—within the SBSC over a specific 

time period, network relationships among these perspectives were determined. The time delay factor 

caused by lagging key performance indicators was taken into account to identify cause-and-effect 

relationships among the SBSC perspectives at different times, reflecting dynamic network 

relationships. In Figure 2, The cause-and-effect relationships among the five perspectives of the SBSC 

for the Petrochemical Company at a specific time are represented by solid lines. Dynamic network 

relationships over different times are represented by dashed lines.   

 
F1 C1 I1 L1 E1 F2 C2 I2 L2 E2 

F1 0.25 0.25 0.842 0.042 0.014 0.025 0.041 0.014 0.025 0.014 

C1 1.089 0.44 0.621 0.042 0.44 0.256 0.256 0.256 0.051 0.025 

I1 0.823 1.089 0.025 0.042 0.051 0.051 0.025 0.025 0.025 0.256 

L1 0.24 0.025 1.089 0.042 0.042 0.025 0.256 0.256 0.025 0.41 

E1 0.11 0.21 1.02 0.542 0.11 0.256 0.025 0.014 0.012 0.355 

F2 0.025 0.725 0.404 0.423 0.025 0.042 0.042 0.025 0.025 0.416 

C2 0.089 0.256 0.256 0.025 0.256 1.089 0.014 0.042 0.042 0.51 

I2 0.823 0.089 0.322 0.042 0.256 0.823 1.089 0.014 0.256 0.014 

L2 0.509 0.426 0.042 0.823 0.025 0.042 0.042 1.089 0.042 0.042 

E2 0.025 0.042 0.042 0..025 0.41 0.042 0.042 1.025 1.142 0.042 
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Figure 2. The cause-and-effect relationships among the perspectives of SBSC. 

Figure 3 also illustrates the causal diagram based on the results obtained by 𝑄 + 𝑅 and 𝑄 − 𝑅. 

Figure 3. Causal diagram of 𝑄 + 𝑅 vs 𝑄 − 𝑅. 

The study findings from the causal diagram (Figure 3) can be summarized as follows: The 

perspectives of the SBSC in period T—namely (F1), (L1), (I1), (C1), and (E1)—situated above the Q-R 

axis, act as influential factors on the evaluation criteria. These criteria, in turn, impact the perspectives 

of the SBSC in period T+1, specifically (F2), (L2), (I2), (C2), and (E2), positioned below the Q-R axis. 

Its noteworthy that on the Q+R axis, the significance of the criterion increases as we move farther 

away from zero. 

4.2. Defining KPIs and network structure of DMU 
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Given the relationships identified among the perspectives of SBSC through Neutrosophic 

DEMATEL, this subsection focuses on defining key performance indicators (KPIs) to illustrate these 

relationships and construct the final network structure. To establish a comprehensive set of KPIs for 

the SBSC in the petrochemical industry, we consulted industry professionals. Their collaboration 

ensured that the KPIs are closely aligned with the sector's specific needs and strategic goals. Table 5. 

details the defined KPIs, their types, associated strategic initiatives, and corresponding codes. 

 

 

 

 

 

Table 5. The types of KPIs and their strategic initiatives. 

 

Perspective Key 

Performance 

Indicator 

(Kpi) 

Type Strategic Initiative Code Related 

References 

Financial Operating 

Costs 

Pure Input to 

financial perspective 

TQM in Budget 

Planning and 

Execution to 

Optimize Operating 

Costs 

OC [27] 

 

Investment 

Capital 

Pure Input to 

financial perspective 

Governance 

Framework with 

ISO 21500 for 

Strategic Capital 

Allocation" 

IC [28], [29] 

 

Revenue Pure output from 

financial perspective 

ISO 9001 

Certification for 

Quality 

Management to 

Drive Revenue 

Growth 

RE [29]  

Marketing and 

Sales Expenses 

Output from 

financial perspective 

and 

input to customer 

perspective 

Supplier Quality 

Management (ISO 

9001) to Optimize 

Marketing and Sales 

Expenses 

MSE [30]   

 

Customer Customer 

Support Costs 

Output from 

financial perspective 

and 

input to customer 

perspective 

ISO 10015 for 

Training to Enhance 

Customer Support 

Efficiency 

CSC [31] 

 

Customer 

satisfaction 

rate 

Carry over form 

customer 

perspective in 

period t to 

financial perspective 

in period t+1 

ISO 9001 

Certification for 

Quality 

Management to 

Improve Customer 

Satisfaction" 

CSR [32] 
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Table 5. Continue. 

Perspective Key 

Performance 

Indicator 

(Kpi) 

Type Strategic Initiative Code Related 

References 

Internal 

Business 

R&D Costs Intermediate from 

financial perspective 

to internal business 

ISO 14064 for 

Greenhouse Gas 

Emissions 

Management to 

Optimize R&D 

Costs 

RD [33] 

Operational 

Expenditures 

Intermediate from 

financial perspective 

to internal business 

ISO 50001 Energy 

Management to 

Reduce Operational 

Expenditures 

OE [30] 

 

Product 

Quality 

Intermediate from 

internal business to 

customer 

perspective 

ISO 9001 

Certification for 

Quality 

Management to 

Ensure Product 

Excellence 

PQ [34] 

Growth & 

Learning 

 

Innovation 

Rate 

Intermediate from 

internal process to 

learning & growth 

perspective 

ISO 9001 

Certification for 

Quality 

Management to 

Foster Innovation 

IR [35] 

Training 

Hours per 

Employee 

Pure input to 

learning and growth 

perspective 

ISO 10015 for 

Training 

TH [36] 

Green skills 

development 

Intermediate from 

learning and growth 

to environment 

perspective 

ISO 14001 for 

Resource Efficiency 

and Environmental 

Responsibility for 

Green Skills 

Development 

GS  [37] 

 

Organizational 

knowledge 

Carry over from 

learning and growth 

perspective in 

period to the same 

perspective in 

period t+1 

ISO 27001 for 

Information Security 

Management 

OK [30] 

 

Environment CO2 

Emissions 

Reduction 

Rate 

Pure output of 

environment 

perspective 

ISO 14064 for 

Greenhouse Gas 

Emissions 

Management 

CO [37] 

 

Waste 

Reduction 

Percentage 

Carry over from 

internal business 

perspective to 

environment 

perspective 

TQM in Waste 

Reduction Strategies 

WR [38] 
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Based on the Table 5 and the results of Neutrosophic DEMATEL, the final structure of SBSC is 

illustrated in Figure 4. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4. The structure of SBSC as a DMU. 

4. Case Study: Marun Petrochemical Complex (MPC)   

Marun Petrochemical Complex (MPC) operates on the foundational principle of segregating 

upstream activities. MPC, consisting of nine oil refineries, assumes the responsibilities previously 

managed by the National Iranian Oil Company (NIOC). These responsibilities encompass crude oil 

transportation to refineries and export terminals, processing, production, and distribution of various 

primary oil products and byproducts across Iran, marketing and exporting surplus specialty 

products, constructing refineries, marine platforms, pipelines, and communication networks, and 

facilitating extensive communication links within and beyond the Oil Ministry's industrial and 

administrative headquarters. This paper focuses on evaluating the efficiency of MPC's nine oil plants 

as a case study. Furthermore, the related data have been collected from various sources, including 

insights from experts, online resources, the Codal.ir platform and the Iranian Statistical Center.  

To obtain the overall, period, and perspective efficiencies of the DMUs under evaluation, we 

must determine the roles of carry-overs and intermediate measures by implementing Phase I at the 

desired degree of variation. For instance, Table 6 represents the roles of carry-overs and intermediate 

measures obtained from the optimal solution of 𝜓𝑝ℎ𝑎𝑠𝑒−𝐼
φ𝐿

 at 𝝋(𝟎.𝟐,𝟎.𝟕,𝟎.𝟗). 
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Table 6. The roles of carry-overs and intermediate measures for 𝜓𝑝ℎ𝑎𝑠𝑒−𝐼
φ𝐿

 at 𝜑(0.2,0.7,0.9). 

 Kpi Intermediate Measure Carry-Over 

 DMU MSE CSC RD OE PQ IR GS WR CSR OK 

Year 

1400 

DMU1 INPUT OUTPUT INPUT INPUT INPUT OUTPUT OUTPUT OUTPUT OUTPUT OUTPUT 

DMU2 INPUT OUTPUT INPUT OUTPUT OUTPUT INPUT OUTPUT OUTPUT OUTPUT INPUT 

DMU3 INPUT OUTPUT INPUT OUTPUT OUTPUT OUTPUT OUTPUT OUTPUT OUTPUT INPUT 

DMU4 INPUT OUTPUT OUTPUT OUTPUT INPUT OUTPUT OUTPUT OUTPUT OUTPUT OUTPUT 

DMU5 INPUT OUTPUT OUTPUT OUTPUT INPUT INPUT OUTPUT OUTPUT INPUT OUTPUT 

DMU6 INPUT INPUT OUTPUT OUTPUT INPUT OUTPUT INPUT INPUT INPUT OUTPUT 

DMU7 OUTPUT INPUT OUTPUT OUTPUT INPUT OUTPUT INPUT INPUT OUTPUT OUTPUT 

DMU8 OUTPUT INPUT OUTPUT OUTPUT OUTPUT OUTPUT OUTPUT INPUT OUTPUT OUTPUT 

DMU9 OUTPUT OUTPUT OUTPUT OUTPUT OUTPUT INPUT OUTPUT INPUT OUTPUT OUTPUT 

Year 

1401 

DMU1 INPUT OUTPUT OUTPUT OUTPUT OUTPUT INPUT OUTPUT INPUT OUTPUT INPUT 

DMU2 INPUT OUTPUT OUTPUT OUTPUT INPUT INPUT INPUT OUTPUT OUTPUT INPUT 

DMU3 INPUT INPUT INPUT INPUT INPUT INPUT INPUT OUTPUT OUTPUT INPUT 

DMU4 INPUT OUTPUT OUTPUT OUTPUT OUTPUT INPUT OUTPUT OUTPUT OUTPUT OUTPUT 

DMU5 INPUT OUTPUT OUTPUT OUTPUT OUTPUT OUTPUT OUTPUT OUTPUT INPUT OUTPUT 

DMU6 OUTPUT OUTPUT INPUT INPUT INPUT OUTPUT OUTPUT OUTPUT INPUT OUTPUT 

DMU7 OUTPUT OUTPUT INPUT INPUT INPUT OUTPUT INPUT OUTPUT INPUT INPUT 

DMU8 INPUT INPUT OUTPUT OUTPUT OUTPUT INPUT INPUT OUTPUT OUTPUT INPUT 

DMU9 INPUT INPUT OUTPUT INPUT OUTPUT INPUT OUTPUT OUTPUT INPUT INPUT 

DMU1 INPUT OUTPUT OUTPUT INPUT OUTPUT INPUT OUTPUT OUTPUT INPUT OUTPUT 

DMU2 OUTPUT OUTPUT OUTPUT INPUT INPUT  OUTPUT OUTPUT INPUT OUTPUT 

 

After determining the roles of intermediates and carry-overs for different degrees of variation, 

we measure the lower and upper bounds of the overall efficiency of the DMUs under evaluation. 

Table 7 represents the boundaries of the overall score at different degrees of variation. 

 

Table 7. The boundaries of the overall score at different degrees of variation. 

 

 

DMU [𝝆𝒑
𝛗𝑳
, 𝝆𝒑

𝛗𝐔
] 𝒂𝒕 𝝋(𝟎,𝟏.𝟎,𝟏.𝟎) [𝝆𝒑

𝛗𝑳
, 𝝆𝒑

𝛗𝐔
] 𝒂𝒕 𝝋(𝟎.𝟐,𝟎.𝟕,𝟎.𝟗) [𝝆𝒑

𝛗𝑳
, 𝝆𝒑

𝛗𝐔
] 𝒂𝒕 𝝋(𝟎.𝟓,𝟎.𝟖,𝟎.𝟗) 

DMU1 [0.11,0.85] [0.24,0.85] [0.31,0.65] 

DMU2 [0.44,1.00] [0.51,1.00] [0.53,1.00] 

DMU3 [0.21,0.69] [0.25,0.61] [0.28,0.55] 

DMU4 [0.33,1.00] [0.38,1.00] [0.41,1.00] 

DMU5 [0.19,0.74] [0.28,0.69] [0.31,0.69] 

DMU6 [0.45,0.98] [0.45,0.91] [0.55,0.91] 

DMU7 [0.18,0.59] [0.22,0.51] [0.36,0.50] 

DMU8 [0.29,0.78] [0.33,0.71] [0.41,0.71] 

DMU9 [0.71,1.00] [0.74,1.00] [0.85,1.00] 
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Figure 5 compares the scores at different degrees of variation. the error bars represent the lower 

and upper bounds for each degree of variation and the lines for each degree of variation (𝜑(0,1.0,1.0), 

𝜑(0.2,0.7,0.9), 𝜑(0.5,0.8,0.9)) with points represent the mid-value of the bounds. 

Figure 5. Comparison of the efficiency scores at different degrees of variation. 

 

DMU9 consistently shows the highest lower and upper bound of efficiency across all variation 

degree, with the lowest score starting at 0.71 and reaching up to 0.85. This indicates that DMU9 

performs the best among all DMUs. DMU9's consistently high scores suggest that it is the most robust 

or adaptable DMU among the DMUs under evaluation. DMU1 and DMU5 have room for significant 

performance enhancement. Their efficiency is less robust in comparison to higher-performing DMUs 

like DMU9.  

After completing Phase-II and obtaining the optimal solutions for the variables, we can calculate 

the perspective scores and period scores using the appropriate equations. Specifically, the perspective 

scores are determined using Equation (46), while the period scores are calculated using Equation (47). 

Table 8 presents the lower period and perspective efficiencies of the DMUs under evaluation at 

𝛗(𝟎.𝟓,𝟎.𝟖,𝟎.𝟗). 

Table 8. The period efficiency of the DMUs at φ(0,1.0,1.0). 

 

 

 

 

 

 

 

 

 

 

 

 

In analyzing the general trends of the lower bounds of scores across the two periods at variation 

degree of 𝜑(0,1.0,1.0) , several key observations emerge. DMU2 and DMU6 exhibit the most significant 

increases in their lower bounds, rising from 0.25 to 0.51 and from 0.32 to 0.45, respectively. This 

substantial improvement suggests that these DMUs have enhanced their lower score over the period. 

Conversely, DMU1 and DMU3 show a decrease in their lower bounds, from 0.14 to 0.09 and from 

 1400 1401 

DMU [𝜌𝑝
φ𝐿
, 𝜌𝑝
φU

] [𝜌𝑝
φ𝐿
, 𝜌𝑝
φU

] 

DMU1 [0.14,0.74] [0.09,0.95] 

DMU2 [0.25,1.00] [0.51,1.00] 

DMU3 [0.29,0.69] [0.18,0.61] 

DMU4 [0.26,1.00] [0.38,1.00] 

DMU5 [0.11,0.81] [0.28,0.69] 

DMU6 [0.32,1.00] [0.45,0.91] 

DMU7 [0.16,0.65] [0.22,0.51] 

DMU8 [0.21,0.86] [0.33,0.71] 

DMU9 [0.65,1.00] [0.74,1.00] 
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0.29 to 0.18, indicating a decline in their lower efficiency. Meanwhile, DMU4, DMU5, DMU7, and 

DMU8 display moderate changes, with slight increases or decreases in their scores. Notably, DMU9 

consistently achieves the highest lower score in both periods, improving from 0.65 to 0.74, thereby 

demonstrating superior and stable performance. In contrast, DMU1 remains at the lower end of the 

performance spectrum, with the lowest lower bound in period 1400 and continuing to have one of 

the lowest in period 1401. Figure 6 compares the period scores between the years 1400 and 1401. 

Figure 6. Comparison of the lower period scores between years 1400 and 1401. 

 

In the following, we use the results obtained from Phase-II and apply Equation (46) to compute 

the perspective scores for the years 1400 and 1401. Table 9 presents the scores for the five perspectives 

of the SBSC for these years at𝜑(0,1.0,1.0). 

 

Table 9. The perspectives’ scores at 𝜑(0,1.0,1.0). 

 

Figure 7 illustrate the trends of the upper, lower, and midpoint averages of perspective scores 

for the years 1400 and 1401. The results reveal that the DMUs have shown notable improvements in 

efficiency in the Customer, Learn & Growth, and Internal Business perspectives from 1400 to 1401. In 

contrast, there has been a decline in efficiency in the Environment perspective. The Financial 

perspective remains largely unchanged over the same period. 

 

 

 

year 1400 1401 

Perspective Financial  Internal 

Business 

Customer  Learn& 

Growth 

Environment Financial  Internal 

Business 

Customer  Learn& 

Growth 

Environment 

DMU1 [0.08,0.85] [0.16,0.45] [0.26,0.1.00] [0.31,0.79] [0.07,0.80] [0.05,1.00 [0.12,0.90] [0.09,0.95] [0.15,0.92] [0.11,0.89] 

DMU2 [0.22,1.00] [0.19,1.00] [0.25,1.00] [0.14,1.00] [0.32,1.00] [0.45,1.00] [0.59,1.00] [0.81,1.00] [0.40,1.00] [0.55,1.00] 

DMU3 [0.25,0.69] [0.18,1.00] [0.31,0.55] [0.26,0.68] [0.25,0.75] [0.05,0.78] [0.12,0.98] [0.20,0.69] [0.21,0.63] [0.24,0.65] 

DMU4 [0.21,1.00] [0.41,1.00] [0.14,1.00] [0.24,1.00] [0.38,1.00] [0.45,1.00] [0.48,1.00] [0.33,1.00] [0.41,1.00] [0.45,1.00] 

DMU5 [0.10,0.84] [0.05,1.00] [0.15,0.95] [0.14,0.75] [0.18,0.89] [0.18,0.74] [0.29,0.62] [0.39,0.87] [0.21,0.95] [0.20,0.78] 

DMU6 [0.30,1.00] [0.35,1.00] [0.41,1.00] [0.17,1.00] [0.45,1.00] [0.32,1.00] [0.51,0.87] [0.39,1.00] [0.41,0.80] [0.35,0.88] 

DMU7 [0.12,0.74] [0.10,0.65] [0.09,0.84] [0.11,0.91] [0.19,0.68] [0.12,0.74] [0.26,0.59] [0.29,0.65] [0.14,0.41] [0.11,0.39] 

DMU8 [0.23,0.86] [0.25,0.80] [0.19,0.69] [0.29,0.74] [0.20,0.95] [0.21,0.85] [0.23,0.74] [0.30,0.72] [0.25,0.69] [0.19,0.61] 

DMU9 [0.75,1.00] [0.66,1.00] [0.55,1.00] [0.59,1.00] [0.68,1.00] [0.71,1.00] [0.88,1.00] [0.63,1.00] [0.85,1.00] [0.46,1.00] 

Average  [0.25,0.89] [0.26,0.88] [0.26,89] [0.25,87] [0.30,90] [0.24,0.9] [0.39,0.86] [0.38,0.88] [0.34,0.85] [0.30,0.81] 
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e. 

Figure 7. The trends of perspectives’ scores for the years 1400 and 1401. 

Figures 8 presents a comparative analysis of the lower bounds of the DMUs across various 

perspectives between the years 1400 and 1401. In the Financial perspective (Figure 8(a)), DMU9 

consistently achieves the highest lower bound in both years, reflecting superior performance. Most 

DMUs exhibit only minor fluctuations, with DMU1 and DMU5 showing slight improvements but 

still remaining among the lower performers. 

 In the Internal Business perspective (Figure 8(b)), DMU4 and DMU9 lead with higher lower 

bounds, indicating strong performance. However, DMU1 demonstrates a decline from 1400 to 1401, 

while DMU6 and DMU7 show some positive progress.  

The Customer perspective (Figure 8(c)) highlights DMU2 and DMU9 with high lower bounds in 

both years, but DMU3 experiences a notable decline, signaling decreased performance. Other DMUs 

exhibit relative stability with minor variations. 

 The Learn & Growth perspective (Figure 8(d)) shows DMU9 maintaining high performance, 

while DMU1 has consistently low lower bounds. DMU5 and DMU7 show improvements, whereas 

DMU1 and DMU3 experiences a slight decrease.  

Lastly, in the Environment perspective (Figure 8(e)), DMU9 has the highest lower bounds in 

both years, but experiences a notable decline. DMU3 and DMU6 also experience declines, indicating 

reduced efficiency. Overall, DMU9 shows strong performance across most perspectives, while 

DMU3's decline in several areas, including Customer and Environment, is notable. The remaining 

DMUs display a mix of minor improvements and declines, reflecting varied changes in performance 

from 1400 to 1401. 
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e. 

Figure 8. Comparison of the lower perspectives’ scores at 𝜑(0,1.0,1.0) 

5. Conclusion  

In this paper, we have developed a comprehensive framework for evaluating the efficiencies of 

DMUs within the petrochemical industry using a Sustainable Balanced Scorecard (SBSC) approach. 

By employing Neutrosophic DEMATEL, we explored and mapped the intricate relationships among 

the SBSC perspectives. This analysis provided valuable insights into the interactions between various 

performance indicators. We consulted with industry experts to define key performance indicators 

(KPIs) tailored to the specific needs and strategic objectives of the petrochemical sector. The resulting 

KPIs were integrated into a detailed network structure, allowing for a more nuanced evaluation of 

DMU performance. After creating the network structure of SBSC and defining the KPIs as inputs, 

outputs, intermediate measures, and carry-overs, we proposed a dynamic network SBM approach to 

evaluate the performance of the DMUs. To measure the performance of the DMUs in a Neutrosophic 

environment, we developed a two-phase approach. In Phase I, named role determination, we 

addressed the issue of the dual role of intermediate measures and carry-over activities by solving a 

MILP model. In Phase II, named efficiency evaluation, we used the results obtained from the optimal 

solution of Phase I to evaluate the performance of the DMUs using the model proposed for Phase II. 

To handle the inherent uncertainties within the model, with the aid of pareto efficiency concept, we 

transformed the proposed model into deterministic models, enabling the computation of efficiency 

boundaries at varying degrees of variation. This approach allowed us to measure the lower and upper 

bounds of overall efficiency for each DMU, offering a robust analysis of their performance under 

different degrees of variation. Our findings indicate that integrating expert insights with advanced 

modeling techniques can significantly enhance the accuracy and relevance of performance 

evaluations in complex industrial settings. The resulting efficiency scores provide a clear and 

comprehensive assessment of each DMU, highlighting areas of strength and opportunities for 

improvement. Overall, this study demonstrates the value of combining expert knowledge with 

advanced analytical methods to achieve a more detailed and actionable understanding of 

organizational performance in the petrochemical industry. 

To verify our proposed approach, we evaluate nine oil refineries from the Marun Petrochemical 

Complex (MPC). A comprehensive analysis of the efficiency and performance of the nine DMUs 

across various perspectives over the years 1400 and 1401 were performed. The results reveal that 

DMU9 consistently exhibits high performance across multiple perspectives, maintaining the highest 
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lower bounds in the Financial, Internal Business, Customer, and Environment perspectives, 

indicating robust and reliable efficiency. Conversely, DMU3 shows notable declines in several areas, 

particularly in the Customer and Environment perspectives, highlighting areas of concern that 

require further attention. While DMU1 and DMU5 remain among the DMUs with lower 

performance, they show slight improvements in certain perspectives, suggesting potential for future 

progress. DMU6 and DMU7, on the other hand, display positive trends in the Internal Business and 

Learn & Growth perspectives, reflecting successful efforts to enhance their efficiency. The varied 

changes among the other DMUs indicate a mix of progress and regress, underscoring the dynamic 

nature of performance metrics. 

5.1. Research limitations 

Although this study provides valuable insights, there are several limitations that should be 

acknowledged. First, while the Neutrosophic DEMATEL approach is effective in managing 

uncertainty, it may still oversimplify certain complex relationships between performance indicators. 

second, the reliance on expert opinions introduces potential subjectivity, which could affect the 

consistency of the results. 

5.2. Future research suggestion 

Future research could address these limitations by applying the proposed framework to a 

broader range of industries to test its applicability in diverse settings. Additionally, further 

refinement of the Neutrosophic DEMATEL method could enhance its accuracy, particularly in 

handling more complex and dynamic relationships between performance indicators. Future studies 

could also explore the incorporation of external factors—such as market volatility, regulatory 

changes, or environmental pressures—that may impact DMU performance. Moreover, integrating 

more objective data sources alongside expert opinions could help mitigate subjectivity and improve 

the robustness of the model. 
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