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Abstract: In this paper, we study and define the mathematical form of plithogenic stochastic 

processes PSP based on set of three classic stochastic processes. This new definition is a 

generalization of neutrosophic stochastic process. characteristics of PSP are defined and theorems 

related to it were well-proved. Also, definition of weakly stationary PSP is introduced and it is 

proved that a plithogenic stochastic process is weakly stationary if and only if three corresponding 

crisp stochastic processes are weakly stationary. We also prove that the autocorrelation function of 

a plithogenic stochastic process is an even bounded function. As an application of this new form of 

stochastic processes, plithogenic Poisson process is defined and its properties are discussed. Solved 

example related to plithogenic Poisson process is successfully presented and solved. This new type 

of stochastic processes opens the road to many future researches in stochastic modelling. 

Keywords: Plithogenic Probability, Stochastic Processes, Stationary Stochastic Processes, 

Characteristics of Stochastic Processes, Ensemble Mean, Covariance Function, Autocorrelation 

Function, Poisson Process. 

 

 

1. Introduction 

Neutrosophy and Plithogeny are two generalizations of logic and sets of numbers proposed by 

scientist F. Smarandache [1]–[4]. These two new generalizations raised in the literature and have been 

applied in many fields of science including pure mathematic, statistics, artificial intelligence, machine 

learning, engineering, etc. to handle several types of indeterminacy [5]–[9]. 

In probability theory, interval neutrosophic sets was applied to generalize classic probability 

distributions and it has been used to model many real-life problems [9]–[14]. Single-valued 

neutrosophic sets were also applied to study the probability that takes the form (T,I,F) where T is the 

chance the an event occurs, I is the indeterminacy of occurring and F is the probability that an event 

will not occur [15]–[19]. Literal neutrosophic sets was used to study random variables dealing with 

probabilities of the form 𝑝1 + 𝑝2𝐼 ; 𝐼2 = 𝐼  and many probability distributions were modelled 

according to this new definition [20]–[24]. Plithogenic set which is the most general form of any set 

is also applied to generalize probability theory and its related concepts in [23]–[27]. 
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It’s very important to know the mathematical basics of neutrosophic and plithogenic real analysis to 

study neutrosophic and plithogenic probability theory and its related fields, these basics and basis 

were well-studied by many researchers in [28]–[32]. 

Stochastic modelling is the most important application of probability theory grows up in queueing 

theory, risk theory, financial mathematics, etc. Generalizing theory of stochastic modelling is based 

on generalizing main concepts of stochastic processes. A stochastic process is a family of random 

variables follow certain probability distribution. Fuzzy stochastic process is one generalization of 

classic stochastic processes when random variables are fuzzy random variables, which means that 

random variables take vague values or parameters of its probability distribution is uncertain [33]–

[36]. Neutrosophic stochastic processes is another generalization of stochastic processes which was 

studied in many cases and first proposed by Zeina et al in [37]. The theoretical and mathematical 

study of neutrosophic stochastic process was done assuming that it takes the form 𝑁(𝑡) = 𝑋1(𝑡) +

𝑋2(𝑡)𝐼, 𝐼2 = 𝐼 which is also called a literal neutrosophic stochastic process. Characteristics of 𝑁(𝑡) 

including ensemble average function, autocorrelation function, covariance function, concepts of strict 

and weak stationary are well studied in [37]. Concepts of continuity, integration, differentiation of a 

literal neutrosophic stochastic process is well studied and many theorems related to it were presented 

in [38]. Another possible generalization of stochastic processes is studying it in plithogenic case, 

where we can define a plithogenic stochastic process by 𝑃(𝑡) = 𝑋0(𝑡) + 𝑋1(𝑡)𝑃1 + 𝑋2(𝑡)𝑃2 + ⋯ +

𝑋𝑛(𝑡)𝑃𝑛 = 𝑋0(𝑡) + ∑ 𝑋𝑖(𝑡)𝑃𝑖; 𝑃𝑖
2 = 𝑃𝑖 , 𝑃𝑖𝑃𝑗 = 𝑃𝑗𝑃𝑖 = 𝑃𝑚𝑎𝑥(𝑖,𝑗)

𝑛
𝑖=1  and when 𝑛 = 1 we return to a literal 

neutrosophic stochastic process.  

In this paper we will study a special case of this generalization assuming that 𝑛 = 2, so the produced 

process will take the form: 𝑃(𝑡) = 𝑋0(𝑡) + 𝑋1(𝑡)𝑃1 + 𝑋2(𝑡)𝑃2. We will study the characteristics of this 

process and the stationary conditions of it and present some theorems related to these important 

concepts which is the base of number of related topics.  

As an application to the new defined stochastic process, we will introduce the plithogenic Poisson 

stochastic process and study its properties which is the road to define plithogenic queueing theory in 

future work directions. 

Motivation and Research Gap 

Literal neutrosophic stochastic processes were introduced in [35], with a discussion of certain 

properties in [36]. Research on this novel type of stochastic process is currently limited, yet it holds 

significant importance for modelling both stochastic and dynamic systems. Consequently, the 

extension of literal neutrosophic stochastic processes to plithogenic stochastic processes represents a 

crucial advancement in unveiling a new realm of stochastic systems. It can be inferred that the results 

derived from neutrosophy are a specific instance of those obtained from plithogenic analysis. 

Preliminaries 

Definition 2.1 [3] 

Plithogenic classical numbers are numbers that have the form 𝑎 + 𝑏𝑃1 + 𝑐𝑃2 where 𝑃1
2 = 𝑃1, 𝑃2

2 =

𝑃2, 𝑃1𝑃2 = 𝑃2𝑃1 = 𝑃2 and we call 2 − 𝑆𝑃𝑅 = {𝑎 + 𝑏𝑃1 + 𝑐𝑃2; 𝑎, 𝑏, 𝑐 ∈ 𝑅; 𝑃1
2 = 𝑃1, 𝑃2

2 = 𝑃2, 𝑃1𝑃2 = 𝑃2𝑃1 =

𝑃2} the plithogenic field of reals. 

Definition 2.2 [23] 

Let 𝑎𝑃 = 𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 and 𝑏𝑃 = 𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2 be two plithogenic numbers from 2 − 𝑆𝑃𝑅, we 

say that 𝑎𝑃 ≥𝑝 𝑏𝑃 iff 𝑎0 ≥ 𝑏0, 𝑎0 + 𝑎1 ≥ 𝑏0 + 𝑏1, 𝑎0 + 𝑎1 + 𝑎2 ≥ 𝑏0 + 𝑏1 + 𝑏2 

Definition 2.3[25] 
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Let 𝑎𝑃 = 𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2, 𝑏𝑃 = 𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2  be plithogenic numbers from 2 − 𝑆𝑃𝑅 , then 

arithmetic operations, square root and absolute value are defined as follows: 

1. 𝑎𝑃 ± 𝑏𝑃 = 𝑎0 ± 𝑏0 ± 𝑃1(𝑎1 ± 𝑏1) + 𝑃2(𝑎2 ± 𝑏2) 

2. 𝑎𝑃 × 𝑏𝑃 = (𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2)(𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2)   = 𝑎0𝑏0 + (𝑎0𝑏1 + 𝑎1𝑏0 + 𝑎1𝑏1)𝑃1 + (𝑎0𝑏2 +

𝑎1𝑏2 + 𝑎2𝑏0 + 𝑎2𝑏1 + 𝑎2𝑏2)𝑃2 

3. 
𝑎𝑃

𝑏𝑃
=

𝑎0+𝑎1𝑃1+𝑎2𝑃2

𝑏0+𝑏1𝑃1+𝑏2𝑃2
=

𝑎0

𝑏0
+

𝑎1𝑏0−𝑎0𝑏1

𝑏0(𝑏0+𝑏1)
𝑃1 +

𝑎2𝑏1−𝑎1𝑏2+𝑎2𝑏0−𝑎0𝑏2

(𝑏0+𝑏1)(𝑏0+𝑏1+𝑏2)
𝑃2; 𝑏0 ≠ 0, (𝑏0 + 𝑏1) ≠ 0, (𝑏0 + 𝑏1 +

𝑏2) ≠ 0 

4. √𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2 = √𝑎0 + [√𝑎0 + 𝑎1 − √𝑎0]𝑃1 + [√𝑎0 + 𝑎1 + 𝑎2 − √𝑎0 + 𝑎1]𝑃2 

5. |𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2| = |𝑎0| + [|𝑎0 + 𝑎1| − |𝑎0|]𝑃1 + [|𝑎0 + 𝑎1 + 𝑎2| − |𝑎0 + 𝑎1|]𝑃2 

Definition 2.4[23] 

2 − 𝑆𝑃𝑅 plithogenic random variables are defined as follows: 

𝑋𝑃: 𝛺𝑃 → 𝑅(𝑃1, 𝑃2); 𝛺𝑃 = 𝛺0 × 𝛺1(𝑃1) × 𝛺2(𝑃2) 

𝑋𝑃 = 𝑋0 + 𝑋1𝑃1 + 𝑋2𝑃2; 𝑃1
2 = 𝑃1, 𝑃2

2 = 𝑃2, 𝑃1𝑃2 = 𝑃2𝑃1 = 𝑃2 

And for properties of random variable 𝑋𝑃 see [23]. 

Definition 2.5[39] 

Let 𝑋𝑃 be a plithogenic continuous random variable with plithogenic parameter 𝜃𝑃 = 𝜃0 + 𝜃1𝑃1 +

𝜃2𝑃2, then neutrosophic probability density function is defined as follows: 

𝑓(𝑥𝑃; 𝜃𝑃) = 𝑓(𝑥0; 𝜃0) + [𝑓(𝑥0 + 𝑥1; 𝜃0 + 𝜃1) − 𝑓(𝑥0; 𝜃0)]𝑃1

+ [𝑓(𝑥0 + 𝑥1 + 𝑥2; 𝜃0 + 𝜃1 + 𝜃2) − 𝑓(𝑥0 + 𝑥1; 𝜃0 + 𝜃1)]𝑃2 

Definition 2.6[37] 

Literal neutrosophic stochastic process (LNSP) {𝑋(𝑡); 𝑡 ∈ 𝑇} is defined as follows: 

𝑋: Ω × 𝑇 → 𝑅(𝐼) 

𝑋(𝑡) = 𝑋0(𝑡) + 𝑋1(𝑡)𝐼 

Where {𝑋0(𝑡); 𝑡 ∈ 𝑇} and {𝑋1(𝑡); 𝑡 ∈ 𝑇} are two classic stochastic processes. 

Theorem 2.1 

Let 𝑋(𝑡) = 𝑋0(𝑡) + 𝑋1(𝑡)𝐼 be a (LNSP) then: 

1. 𝜇𝑋(𝑡) = 𝜇𝑋0
(𝑡) + 𝜇𝑋1

(𝑡)𝐼 

2. 𝑅𝑋(𝑠, 𝑡) = 𝑅𝑋0
(𝑠, 𝑡) + [𝑅𝑋1𝑋0

(𝑠, 𝑡) + 𝑅𝑋0𝑋1
(𝑠, 𝑡) + 𝑅𝑋1

(𝑠, 𝑡)]𝐼 

3. 𝐶𝑋(𝑠, 𝑡) = 𝑅𝑋(𝑠, 𝑡) − 𝜇𝑋(𝑠)𝜇𝑋(𝑡) 

4. 𝑉𝑎𝑟(𝑋(𝑡)) = 𝐶𝑋(𝑡, 𝑡) 

Proof (see [37]). 

 

2. Results and Discussion 

Definition 3.1 

We define a 2 − 𝑆𝑃𝑅 stochastic process {𝑋𝑃(𝑡); 𝑡 ∈ 𝑇} as follows: 

𝑋𝑃: 𝛺𝑃 × 𝑇 → 2 − 𝑆𝑃𝑅 

𝑋𝑃(𝑡) = 𝑋0(𝑡) + 𝑋1(𝑡)𝑃1 + 𝑋2(𝑡)𝑃2 (1) 



Neutrosophic Sets and Systems, Vol. 83, 2025 556  

 

 

Abdulrahman Astambli, Mohamed Bisher Zeina and Moustafa Mazhar Ranneh, Introducing Plithogenic Stochastic 

Processes with an Application to Poisson Process 

Where {𝑋0(𝑡); 𝑡 ∈ 𝑇} ,{𝑋1(𝑡); 𝑡 ∈ 𝑇} and {𝑋2(𝑡); 𝑡 ∈ 𝑇} are three classic stochastic processes. 

Definition 3.2 

Let {𝑋𝑃(𝑡); 𝑡 ∈ 𝑇} be (2 − 𝑆𝑃𝑅)𝑆𝑃 we define the ensemble average function, autocorrelation function 

and covariance function as follows: 

1. 𝜇𝑋𝑃
(𝑡) = 𝐸[𝑋𝑃(𝑡)] 

2. 𝑅𝑋𝑃
(𝑠, 𝑡) = 𝐸[𝑋𝑃(𝑠)𝑋𝑃(𝑡)] 

3. 𝐶𝑋𝑃
(𝑠, 𝑡) = 𝐶𝑜𝑣[𝑋𝑃(𝑠), 𝑋𝑃(𝑡)] 

Theorem 3.1 

Let {𝑋𝑃(𝑡); 𝑡 ∈ 𝑇} be (2 − 𝑆𝑃𝑅)𝑆𝑃 then: 

1. 𝜇𝑋𝑃
(𝑡) = 𝜇𝑋0

(𝑡) + 𝜇𝑋1
(𝑡)𝑃1 + 𝜇𝑋2

(𝑡)𝑃2 

2. 𝑅𝑋𝑃
(𝑠, 𝑡) = 𝑅𝑋0

(𝑠, 𝑡) + [𝑅𝑋0𝑋1
(𝑠, 𝑡) + 𝑅𝑋1𝑋0

(𝑠, 𝑡) + 𝑅𝑋1
(𝑠, 𝑡)]𝑃1 + [𝑅𝑋0𝑋2

(𝑠, 𝑡) + 𝑅𝑋2𝑋0
(𝑠, 𝑡) +

𝑅𝑋2
(𝑠, 𝑡) + 𝑅𝑋1𝑋2

(𝑠, 𝑡) + 𝑅𝑋2𝑋1
(𝑠, 𝑡)]𝑃2 

3. 𝐶𝑋𝑃
(𝑠, 𝑡) = 𝐶𝑋0

(𝑠, 𝑡) + [𝐶𝑋0𝑋1
(𝑠, 𝑡) + 𝐶𝑋1𝑋0

(𝑠, 𝑡) + 𝐶𝑋1
(𝑠, 𝑡)]𝑃1 + [𝐶𝑋0𝑋2

(𝑠, 𝑡) + 𝐶𝑋2𝑋0
(𝑠, 𝑡) +

𝐶𝑋2
(𝑠, 𝑡) + 𝐶𝑋1𝑋2

(𝑠, 𝑡) + 𝐶𝑋2𝑋1
(𝑠, 𝑡)]𝑃2 

4. 𝑉𝑎𝑟(𝑋𝑃(𝑡)) = 𝐶𝑋0
(𝑡, 𝑡) + [2𝐶𝑋0𝑋1

(𝑡, 𝑡) + 𝐶𝑋1
(𝑡, 𝑡)]𝑃1 + [2𝐶𝑋0𝑋2

(𝑡, 𝑡) + 2𝐶𝑋1𝑋2
(𝑡, 𝑡) + 𝐶𝑋2

(𝑡, 𝑡)]𝑃2 

5. 𝜎[𝑋𝑃(𝑡)] = √𝐶𝑋0
(𝑡, 𝑡) + [√𝐶𝑋0

(𝑡, 𝑡) + 2𝐶𝑋0𝑋1
(𝑡, 𝑡) + 𝐶𝑋1𝑋1

(𝑡, 𝑡) − √𝐶𝑋0
(𝑡, 𝑡)] 𝑃1 +

[√𝐶𝑋0
(𝑡, 𝑡) + 2𝐶𝑋0𝑋1

(𝑡, 𝑡) + 𝐶𝑋1
(𝑡, 𝑡) + 2𝐶𝑋0𝑋2

(𝑡, 𝑡) + 2𝐶𝑋1𝑋2
(𝑡, 𝑡) + 𝐶𝑋2

(𝑡, 𝑡) −

√𝐶𝑋0
(𝑡, 𝑡) + 2𝐶𝑋0𝑋1

(𝑡, 𝑡) + 𝐶𝑋1
(𝑡, 𝑡)] 𝑃2 

Proof: 

1. 𝜇𝑋𝑃
(𝑡) = 𝐸[𝑋𝑃(𝑡)] = 𝐸[𝑋0(𝑡) + 𝑋1(𝑡)𝑃1 + 𝑋2(𝑡)𝑃2] 

Since 𝑋0(𝑡), 𝑋1(𝑡), 𝑋2(𝑡) become random variables if we fix the value 𝑡 ∈ 𝑇, so:  

𝜇𝑋𝑃
(𝑡) = 𝐸[𝑋0(𝑡)] + 𝐸[𝑋1(𝑡)]𝑃1 + 𝐸[𝑋2(𝑡)]𝑃2 = 𝜇𝑋0

(𝑡) + 𝜇𝑋1
(𝑡)𝑃1 + 𝜇𝑋2

(𝑡)𝑃2 

2. 𝑅𝑋𝑃
(𝑠, 𝑡) = 𝐸[𝑋𝑃(𝑠)𝑋𝑃(𝑡)] = 𝐸[(𝑋0(𝑠) + 𝑋1(𝑠)𝑃1 + 𝑋2(𝑠)𝑃2)(𝑋0(𝑡) + 𝑋1(𝑡)𝑃1 + 𝑋2(𝑡)𝑃2)] (2) 

= 𝐸[𝑋0(𝑠)𝑋0(𝑡) + 𝑋0(𝑠)𝑋1(𝑡)𝑃1 + 𝑋0(𝑠)𝑋2(𝑡)𝑃2 + 𝑋1(𝑠)𝑋0(𝑡)𝑃1 + 𝑋1(𝑠)𝑋1(𝑡)𝑃1
2 + 𝑋1(𝑠)𝑋2(𝑡)𝑃1𝑃2]

+ 𝑋2(𝑠)𝑋0(𝑡)𝑃2 + 𝑋2(𝑠)𝑋1(𝑡)𝑃1𝑃2 + 𝑋2(𝑠)𝑋2(𝑡)𝑃2
2 

= 𝑅𝑋0
(𝑠, 𝑡) + [𝑅𝑋0𝑋1

(𝑠, 𝑡) + 𝑅𝑋1𝑋0
(𝑠, 𝑡) + 𝑅𝑋1

(𝑠, 𝑡)]𝑃1 + [𝑅𝑋0𝑋2
(𝑠, 𝑡) + 𝑅𝑋2𝑋0

(𝑠, 𝑡) + 𝑅𝑋2
(𝑠, 𝑡) +

𝑅𝑋1𝑋2
(𝑠, 𝑡) + 𝑅𝑋2𝑋1

(𝑠, 𝑡)]𝑃2   (3) 

3. 𝐶𝑋𝑃
(𝑠, 𝑡) = 𝐶𝑜𝑣[𝑋𝑃(𝑠), 𝑋𝑃(𝑡)] 

= 𝐸{[(𝑋0(𝑠) + 𝑋1(𝑠)𝑃1 + 𝑋2(𝑠)𝑃2) − (𝜇𝑋0
(𝑠) + 𝜇𝑋1

(𝑠)𝑃1 + 𝜇𝑋2
(𝑠)𝑃2)][(𝑋0(𝑡) + 𝑋1(𝑡)𝑃1 + 𝑋2(𝑡)𝑃2)

− (𝜇𝑋0
(𝑡) + 𝜇𝑋1

(𝑡)𝑃1 + 𝜇𝑋2
(𝑡)𝑃2)]} 

= 𝐸 {[(𝑋0(𝑠) − 𝜇𝑋0
(𝑠)) + (𝑋1(𝑠) − 𝜇𝑋1

(𝑠)) 𝑃1 + (𝑋2(𝑠) − 𝜇𝑋2
(𝑠)) 𝑃2] [(𝑋0(𝑡) − 𝜇𝑋0

(𝑡))

+ (𝑋1(𝑡) − 𝜇𝑋1
(𝑡)) 𝑃1 + (𝑋2(𝑡) − 𝜇𝑋2

(𝑡)) 𝑃2]} 
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= 𝐸 [(𝑋0(𝑠) − 𝜇𝑋0
(𝑠)) (𝑋0(𝑡) − 𝜇𝑋0

(𝑡)) + (𝑋0(𝑠) − 𝜇𝑋0
(𝑠)) (𝑋1(𝑡) − 𝜇𝑋1

(𝑡)) 𝑃1

+ (𝑋0(𝑠) − 𝜇𝑋0
(𝑠)) (𝑋2(𝑡) − 𝜇𝑋2

(𝑡)) 𝑃2 + (𝑋1(𝑠) − 𝜇𝑋1
(𝑠)) (𝑋0(𝑡) − 𝜇𝑋0

(𝑡)) 𝑃1

+ (𝑋1(𝑠) − 𝜇𝑋1
(𝑠)) (𝑋1(𝑡) − 𝜇𝑋1

(𝑡)) 𝑃1 + (𝑋1(𝑠) − 𝜇𝑋1
(𝑠)) (𝑋2(𝑡) − 𝜇𝑋2

(𝑡)) 𝑃1𝑃2

+ (𝑋2(𝑠) − 𝜇𝑋2
(𝑠)) (𝑋0(𝑡) − 𝜇𝑋0

(𝑡)) 𝑃2 + (𝑋2(𝑠) − 𝜇𝑋2
(𝑠)) (𝑋1(𝑡) − 𝜇𝑋1

(𝑡)) 𝑃2𝑃1

+ (𝑋2(𝑠) − 𝜇𝑋2
(𝑠)) (𝑋2(𝑡) − 𝜇𝑋2

(𝑡)) 𝑃2𝑃2] 

= 𝐸 {[(𝑋0(𝑠) − 𝜇𝑋0
(𝑠)) (𝑋0(𝑡) − 𝜇𝑋0

(𝑡))]

+ [(𝑋0(𝑠) − 𝜇𝑋0
(𝑠)) (𝑋1(𝑡) − 𝜇𝑋1

(𝑡)) + (𝑋1(𝑠) − 𝜇𝑋1
(𝑠)) (𝑋0(𝑡) − 𝜇𝑋0

(𝑡))

+ (𝑋1(𝑠) − 𝜇𝑋1
(𝑠)) (𝑋1(𝑡) − 𝜇𝑋1

(𝑡))] 𝑃1

+ [(𝑋0(𝑠) − 𝜇𝑋0
(𝑠)) (𝑋2(𝑡) − 𝜇𝑋2

(𝑡)) + (𝑋2(𝑠) − 𝜇𝑋2
(𝑠)) (𝑋0(𝑡) − 𝜇𝑋0

(𝑡))

+ (𝑋1(𝑠) − 𝜇𝑋1
(𝑠)) (𝑋2(𝑡) − 𝜇𝑋2

(𝑡)) + (𝑋2(𝑠) − 𝜇𝑋2
(𝑠)) (𝑋1(𝑡) − 𝜇𝑋1

(𝑡))

+ (𝑋2(𝑠) − 𝜇𝑋2
(𝑠)) (𝑋2(𝑡) − 𝜇𝑋2

(𝑡))] 𝑃2} 

= 𝐸{[𝑋0(𝑠)𝑋0(𝑡) − 𝑋0(𝑠)𝜇𝑋0
(𝑡) − 𝑋0(𝑡)𝜇𝑋0

(𝑠) + 𝜇𝑋0
(𝑠)𝜇𝑋0

(𝑡)]

+ [𝑋0(𝑠)𝑋1(𝑡) − 𝑋0(𝑠)𝜇𝑋1
(𝑡) − 𝑋1(𝑡)𝜇𝑋0

(𝑠) + 𝜇𝑋0
(𝑠)𝜇𝑋1

(𝑡) + 𝑋1(𝑠)𝑋0(𝑡) − 𝑋1(𝑠)𝜇𝑋0
(𝑡)

− 𝑋0(𝑡)𝜇𝑋1
(𝑠) + 𝜇𝑋1

(𝑠)𝜇𝑋0
(𝑡) + 𝑋1(𝑠)𝑋1(𝑡) − 𝑋1(𝑠)𝜇𝑋1

(𝑡) − 𝑋1(𝑡)𝜇𝑋1
(𝑠)

+ 𝜇𝑋1
(𝑠)𝜇𝑋0

(𝑡)]𝑃1

+ [𝑋0(𝑠)𝑋2(𝑡) − 𝑋0(𝑠)𝜇𝑋2
(𝑡) − 𝑋2(𝑡)𝜇𝑋0

(𝑠) + 𝜇𝑋0
(𝑠)𝜇𝑋2

(𝑡) + 𝑋2(𝑠)𝑋0(𝑡)

− 𝑋2(𝑠)𝜇𝑋0
(𝑡) − 𝑋0(𝑡)𝜇𝑋2

(𝑠) + 𝜇𝑋2
(𝑠)𝜇𝑋0

(𝑡) + 𝑋1(𝑠)𝑋2(𝑡) − 𝑋1(𝑠)𝜇𝑋2
(𝑡)

− 𝑋2(𝑡)𝜇𝑋1
(𝑠) + 𝜇𝑋1

(𝑠)𝜇𝑋2
(𝑡) + 𝑋2(𝑠)𝑋1(𝑡) − 𝑋2(𝑠)𝜇𝑋1

(𝑡) − 𝑋1(𝑡)𝜇𝑋2
(𝑠)

+ 𝜇𝑋2
(𝑠)𝜇𝑋1

(𝑡) + 𝑋2(𝑠)𝑋2(𝑡) − 𝑋2(𝑠)𝜇𝑋2
(𝑡) − 𝑋2(𝑡)𝜇𝑋2

(𝑠) + 𝜇𝑋2
(𝑠)𝜇𝑋2

(𝑡)]𝑃2} 

= [𝑅𝑋0𝑋0
(𝑠, 𝑡) − 𝜇𝑋0

(𝑠)𝜇𝑋0
(𝑡)]

+ [[𝑅𝑋0𝑋1
(𝑠, 𝑡) − 𝜇𝑋0

(𝑠)𝜇𝑋1
(𝑡)] + [𝑅𝑋1𝑋0

(𝑠, 𝑡) − 𝜇𝑋1
(𝑠)𝜇𝑋0

(𝑡)]

+ [𝑅𝑋1𝑋1
(𝑠, 𝑡) − 𝜇𝑋1

(𝑠)𝜇𝑋1
(𝑡)]] 𝑃1

+ [[𝑅𝑋0𝑋2
(𝑠, 𝑡) − 𝜇𝑋0

(𝑠)𝜇𝑋2
(𝑡)] + [𝑅𝑋2𝑋0

(𝑠, 𝑡) − 𝜇𝑋2
(𝑠)𝜇𝑋0

(𝑡)]

+ [𝑅𝑋1𝑋2
(𝑠, 𝑡) − 𝜇𝑋1

(𝑠)𝜇𝑋2
(𝑡)] + [𝑅𝑋2𝑋1

(𝑠, 𝑡) − 𝜇𝑋2
(𝑠)𝜇𝑋1

(𝑡)]

+ [𝑅𝑋2𝑋2
(𝑠, 𝑡) − 𝜇𝑋2

(𝑠)𝜇𝑋2
(𝑡)]] 𝑃2 

= 𝐶𝑋0𝑋0
(𝑠, 𝑡) + [𝐶𝑋0𝑋1

(𝑠, 𝑡) + 𝐶𝑋1𝑋0
(𝑠, 𝑡) + 𝐶𝑋1𝑋1

(𝑠, 𝑡)]𝑃1 + [𝐶𝑋0𝑋2
(𝑠, 𝑡) + 𝐶𝑋2𝑋0

(𝑠, 𝑡) + 𝐶𝑋1𝑋2
(𝑠, 𝑡) +

𝐶𝑋2𝑋1
(𝑠, 𝑡) + 𝐶𝑋2𝑋2

(𝑠, 𝑡)]𝑃2   (4) 

4. Substituting 𝑠 = 𝑡 in 3 yields to: 

𝑉𝑎𝑟[𝑋𝑃(𝑡)] = 𝐶𝑋𝑃
(𝑡, 𝑡)

= 𝐶𝑋0𝑋0
(𝑡, 𝑡) + [𝐶𝑋0𝑋1

(𝑡, 𝑡) + 𝐶𝑋1𝑋0
(𝑡, 𝑡) + 𝐶𝑋1𝑋1

(𝑡, 𝑡)]𝑃1

+ [𝐶𝑋0𝑋2
(𝑡, 𝑡) + 𝐶𝑋2𝑋0

(𝑡, 𝑡) + 𝐶𝑋1𝑋2
(𝑡, 𝑡) + 𝐶𝑋2𝑋1

(𝑡, 𝑡) + 𝐶𝑋2𝑋2
(𝑡, 𝑡)]𝑃2 

= 𝐶𝑋0
(𝑡, 𝑡) + [2𝐶𝑋0𝑋1

(𝑡, 𝑡) + 𝐶𝑋1
(𝑡, 𝑡)]𝑃1 + [2𝐶𝑋0𝑋2

(𝑡, 𝑡) + 2𝐶𝑋1𝑋2
(𝑡, 𝑡) + 𝐶𝑋2

(𝑡, 𝑡)]𝑃2  (5) 

5. 𝜎[𝑋𝑃(𝑡)] = √𝑉𝑎𝑟[𝑋𝑃(𝑡)] 

= √𝐶𝑋0
(𝑡, 𝑡) + [2𝐶𝑋0𝑋1

(𝑡, 𝑡) + 𝐶𝑋1
(𝑡, 𝑡)]𝑃1 + [2𝐶𝑋0𝑋2

(𝑡, 𝑡) + 2𝐶𝑋1𝑋2
(𝑡, 𝑡) + 𝐶𝑋2

(𝑡, 𝑡)]𝑃2 

= √𝐶𝑋0
(𝑡, 𝑡) + [√𝐶𝑋0

(𝑡, 𝑡) + 2𝐶𝑋0𝑋1
(𝑡, 𝑡) + 𝐶𝑋1𝑋1

(𝑡, 𝑡) − √𝐶𝑋0
(𝑡, 𝑡)] 𝑃1 +

[√𝐶𝑋0
(𝑡, 𝑡) + 2𝐶𝑋0𝑋1

(𝑡, 𝑡) + 𝐶𝑋1
(𝑡, 𝑡) + 2𝐶𝑋0𝑋2

(𝑡, 𝑡) + 2𝐶𝑋1𝑋2
(𝑡, 𝑡) + 𝐶𝑋2

(𝑡, 𝑡) −

√𝐶𝑋0
(𝑡, 𝑡) + 2𝐶𝑋0𝑋1

(𝑡, 𝑡) + 𝐶𝑋1
(𝑡, 𝑡)] 𝑃2  (6) 
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Definition 3.3 

2 − 𝑆𝑃𝑅  plithogenic stochastic process is called weakly stationary if it satisfies the following two 

conditions: 

1. 𝜇𝑋𝑃
(𝑡) = 𝜇𝑋𝑃

= 𝜇𝑋0
+ 𝜇𝑋1

𝑃1 + 𝜇𝑋1
𝑃2 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

2. 𝑅𝑋𝑃
(𝑠, 𝑡) = 𝑅𝑋𝑃

(𝜏); 𝜏 = |𝑠 − 𝑡| 

Theorem 3.2 

2 − 𝑆𝑃𝑅 plithogenic stochastic process 𝑋𝑃(𝑡) = 𝑋0(𝑡) + 𝑋1(𝑡)𝑃1 + 𝑋2(𝑡)𝑃2 is weakly stationary if and 

only if {𝑋0(𝑡); 𝑡 ∈ 𝑇} , {𝑋0(𝑡) + 𝑋1(𝑡); 𝑡 ∈ 𝑇} , {𝑋0(𝑡) + 𝑋1(𝑡) + 𝑋2(𝑡); 𝑡 ∈ 𝑇}  are weakly stationary 

classic stochastic processes. 

Proof: 

• We will first suppose that {𝑋0(𝑡); 𝑡 ∈ 𝑇}, {𝑋0(𝑡) + 𝑋1(𝑡); 𝑡 ∈ 𝑇}, {𝑋0(𝑡) + 𝑋1(𝑡) + 𝑋2(𝑡); 𝑡 ∈

𝑇} are weakly stationary and prove that 𝑋𝑃(𝑡) = 𝑋0(𝑡) + 𝑋1(𝑡)𝑃1 + 𝑋2(𝑡)𝑃2 is also stationary: 

Since {𝑋0(𝑡); 𝑡 ∈ 𝑇} is weakly stationary then 𝜇𝑋0
(𝑡) = 𝜇𝑋0

= 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 and 𝑅𝑋0
(𝑡, 𝑡 − 𝜏) = 𝑅𝑋0

(𝜏) 

We also supposed that {𝑋0(𝑡) + 𝑋1(𝑡); 𝑡 ∈ 𝑇}  is weakly stationary then 𝜇𝑋0+𝑋1
(𝑡) = 𝜇𝑋0+𝑋1

=

𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 which means that 𝜇𝑋1
(𝑡) = 𝜇𝑋1

= 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 and 

𝑅𝑋0+𝑋1
(𝑡, 𝑡 − 𝜏) = 𝐸{[𝑋0(𝑡) + 𝑋1(𝑡)][[𝑋0(𝑡 − 𝜏) + 𝑋1(𝑡 − 𝜏)]]} = 𝐸{𝑋0(𝑡)𝑋0(𝑡 − 𝜏) + 𝑋0(𝑡)𝑋1(𝑡 − 𝜏) +

𝑋1(𝑡)𝑋0(𝑡 − 𝜏) + 𝑋1(𝑡)𝑋1(𝑡 − 𝜏)} = 𝑅𝑋0
(𝑡, 𝑡 − 𝜏) + 𝑅𝑋0𝑋1

(𝑡, 𝑡 − 𝜏) + 𝑅𝑋1𝑋0
(𝑡, 𝑡 − 𝜏) + 𝑅𝑋1

(𝑡, 𝑡 − 𝜏) (7) 

Since {𝑋0(𝑡) + 𝑋1(𝑡); 𝑡 ∈ 𝑇}  is weakly stationary then 𝑅𝑋0+𝑋1
(𝑡, 𝑡 − 𝜏)  must depend only on the 

difference 𝜏, so the only possible form of it will be: 

𝑅𝑋0+𝑋1
(𝑡, 𝑡 − 𝜏) = 𝑅𝑋0

(𝜏) + 𝑅𝑋0𝑋1
(𝜏) + 𝑅𝑋1𝑋0

(𝜏) + 𝑅𝑋1
(𝜏) 

Which means that 𝑅𝑋0𝑋1
(𝑡, 𝑡 − 𝜏) = 𝑅𝑋0𝑋1

(𝜏) , 𝑅𝑋1𝑋0
(𝑡, 𝑡 − 𝜏) = 𝑅𝑋1𝑋0

(𝜏) , 𝑅𝑋1
(𝑡, 𝑡 − 𝜏) = 𝑅𝑋1

(𝜏) 

We also supposed that {𝑋0(𝑡) + 𝑋1(𝑡) + 𝑋2(𝑡); 𝑡 ∈ 𝑇}  is weakly stationary then 𝜇𝑋0+𝑋1+𝑋2
(𝑡) =

𝜇𝑋0+𝑋1+𝑋2
= 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 which means that 𝜇𝑋2

(𝑡) = 𝜇𝑋2
= 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 and  

𝑅𝑋0+𝑋1+𝑋2
(𝑡, 𝑡 − 𝜏) = 𝐸{[𝑋0(𝑡) + 𝑋1(𝑡) + 𝑋2(𝑡)][[𝑋0(𝑡 − 𝜏) + 𝑋1(𝑡 − 𝜏) + 𝑋2(𝑡 − 𝜏)]]} =

𝐸[𝑋0(𝑡)𝑋0(𝑡 − 𝜏) + 𝑋0(𝑡)𝑋1(𝑡 − 𝜏) + 𝑋0(𝑡)𝑋2(𝑡 − 𝜏) + 𝑋1(𝑡)𝑋0(𝑡 − 𝜏) + 𝑋1(𝑡)𝑋1(𝑡 − 𝜏) +
𝑋1(𝑡)𝑋2(𝑡 − 𝜏) + 𝑋2(𝑡)𝑋0(𝑡 − 𝜏) + 𝑋2(𝑡)𝑋1(𝑡 − 𝜏) + 𝑋2(𝑡)𝑋2(𝑡 − 𝜏)] = 𝑅𝑋0

(𝑡, 𝑡 − 𝜏) + 𝑅𝑋0𝑋1
(𝑡, 𝑡 − 𝜏) +

𝑅𝑋0𝑋2
(𝑡, 𝑡 − 𝜏) + 𝑅𝑋1𝑋0

(𝑡, 𝑡 − 𝜏) + 𝑅𝑋1
(𝑡, 𝑡 − 𝜏) + 𝑅𝑋1𝑋2

(𝑡, 𝑡 − 𝜏) + 𝑅𝑋2𝑋0
(𝑡, 𝑡 − 𝜏) + 𝑅𝑋2𝑋1

(𝑡, 𝑡 − 𝜏) +

𝑅𝑋2
(𝑡, 𝑡 − 𝜏)      (8) 

Since {𝑋0(𝑡) + 𝑋1(𝑡) + 𝑋2(𝑡); 𝑡 ∈ 𝑇} is weakly stationary then 𝑅𝑋0+𝑋1+𝑋2
(𝑡, 𝑡 − 𝜏) must depend only 

on the difference 𝜏, so the only possible form of it will be: 

𝑅𝑋0+𝑋1+𝑋2
(𝑡, 𝑡 − 𝜏) = 𝑅𝑋0

(𝜏) + 𝑅𝑋0𝑋1
(𝜏) + 𝑅𝑋0𝑋2

(𝜏) + 𝑅𝑋1𝑋0
(𝜏) + 𝑅𝑋1

(𝜏) + 𝑅𝑋1𝑋2
(𝜏) + 𝑅𝑋2𝑋0

(𝜏) +

𝑅𝑋2𝑋1
(𝜏) + 𝑅𝑋2

(𝜏) = 𝑅𝑋0+𝑋1+𝑋2
(𝜏)  (9) 

Which means that 𝑅𝑋0𝑋2
(𝑡, 𝑡 − 𝜏) = 𝑅𝑋0𝑋2

(𝜏) , 𝑅𝑋2𝑋0
(𝑡, 𝑡 − 𝜏) = 𝑅𝑋2𝑋0

(𝜏) , 𝑅𝑋2
(𝑡, 𝑡 − 𝜏) = 𝑅𝑋2

(𝜏) 

𝐸(𝑋𝑃(𝑡)) = 𝐸[𝑋0(𝑡) + 𝑋1(𝑡)𝑃1 + 𝑋2(𝑡)𝑃2] = 𝜇𝑋0
(𝑡) + 𝜇𝑋1

(𝑡)𝑃1 + 𝜇𝑋2
(𝑡)𝑃2 = 𝜇𝑋0

+ 𝜇𝑋1
𝑃1 + 𝜇𝑋2

𝑃2

=  𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

𝑅𝑋𝑃
(𝑡, 𝑡 − 𝜏) = 𝐸[𝑋𝑃(𝑡)𝑋𝑃(𝑡 − 𝜏)]

= 𝑅𝑋0
(𝑡, 𝑡 − 𝜏) + [𝑅𝑋0𝑋1

(𝑡, 𝑡 − 𝜏) + 𝑅𝑋1𝑋0
(𝑡, 𝑡 − 𝜏) + 𝑅𝑋1

(𝑡, 𝑡 − 𝜏)]𝑃1

+ [𝑅𝑋0𝑋2
(𝑡, 𝑡 − 𝜏) + 𝑅𝑋2𝑋0

(𝑡, 𝑡 − 𝜏) + 𝑅𝑋2
(𝑡, 𝑡 − 𝜏) + 𝑅𝑋1𝑋2

(𝑡, 𝑡 − 𝜏) + 𝑅𝑋2𝑋1
(𝑡, 𝑡 − 𝜏)]𝑃2 

= 𝑅𝑋0
(𝜏) + [𝑅𝑋0𝑋1

(𝜏) + 𝑅𝑋1𝑋0
(𝜏) + 𝑅𝑋1

(𝜏)]𝑃1 + [𝑅𝑋0𝑋2
(𝜏) + 𝑅𝑋2𝑋0

(𝜏) + 𝑅𝑋2
(𝜏) + 𝑅𝑋1𝑋2

(𝜏) +

𝑅𝑋2𝑋1
(𝜏)]𝑃2 = 𝑅𝑋𝑃

(𝜏)  (10) 

So, we conclude that {𝑋𝑃(𝑡); 𝑡 ∈ 𝑇} is weakly stationary. 
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• Now let’s assume that {𝑋𝑃(𝑡); 𝑡 ∈ 𝑇}  is weakly stationary and prove that {𝑋0(𝑡); 𝑡 ∈ 𝑇} , 

{𝑋0(𝑡) + 𝑋1(𝑡); 𝑡 ∈ 𝑇}, {𝑋0(𝑡) + 𝑋1(𝑡) + 𝑋2(𝑡); 𝑡 ∈ 𝑇} are weakly stationary. 

Since {𝑋𝑃(𝑡); 𝑡 ∈ 𝑇} is weakly stationary then 𝐸(𝑋𝑃(𝑡)) = 𝜇𝑋𝑃
(𝑡) = 𝜇𝑋𝑃

=  𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 but 𝐸(𝑋𝑃(𝑡)) =

𝜇𝑋0
(𝑡) + 𝜇𝑋1

(𝑡)𝑃1 + 𝜇𝑋2
(𝑡)𝑃2 =  𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡  so 𝜇𝑋0

(𝑡), 𝜇𝑋1
(𝑡) 𝑎𝑛𝑑 𝜇𝑋2

(𝑡)  must be dependent of time, 

then  

𝜇𝑋0
(𝑡) = 𝜇𝑋0

 (11) 

𝜇𝑋1
(𝑡) = 𝜇𝑋1

 (12) 

𝜇𝑋2
(𝑡) = 𝜇𝑋2

 (13) 

which meant that: 

𝜇𝑋0+𝑋1
(𝑡) = 𝜇𝑋0+𝑋1

 (14) 

𝜇𝑋0+𝑋1+𝑋2
(𝑡) = 𝜇𝑋0+𝑋1+𝑋2

 (15) 

Also, we have:  

𝑅𝑋𝑃
(𝑡, 𝑡 − 𝜏) = 𝑅𝑋0

(𝜏) + [𝑅𝑋0𝑋1
(𝜏) + 𝑅𝑋1𝑋0

(𝜏) + 𝑅𝑋1
(𝜏)]𝑃1

+ [𝑅𝑋0𝑋2
(𝜏) + 𝑅𝑋2𝑋0

(𝜏) + 𝑅𝑋2
(𝜏) + 𝑅𝑋1𝑋2

(𝜏) + 𝑅𝑋2𝑋1
(𝜏)]𝑃2 = 𝑅𝑋𝑃

(𝜏) 

And since {𝑋𝑃(𝑡); 𝑡 ∈ 𝑇} is weakly stationary then 𝑅𝑋𝑃
(𝑡, 𝑡 − 𝜏) must depend only on the difference 

𝜏 so the following equations must hold: 

𝑅𝑋0
(𝑡, 𝑡 − 𝜏) = 𝑅𝑋0

(𝜏) (16) 

𝑅𝑋0𝑋1
(𝑡, 𝑡 − 𝜏) = 𝑅𝑋0𝑋1

(𝜏) (17) 

𝑅𝑋1𝑋0
(𝑡, 𝑡 − 𝜏) = 𝑅𝑋1𝑋0

(𝜏) (18) 

𝑅𝑋1
(𝑡, 𝑡 − 𝜏) = 𝑅𝑋1

(𝜏) (19) 

𝑅𝑋0𝑋2
(𝑡, 𝑡 − 𝜏) = 𝑅𝑋0𝑋2

(𝜏) (20) 

𝑅𝑋2𝑋0
(𝑡, 𝑡 − 𝜏) = 𝑅𝑋2𝑋0

(𝜏) (21) 

𝑅𝑋2
(𝑡, 𝑡 − 𝜏) = 𝑅𝑋2

(𝜏) (22) 

From equations (11), (16) we conclude that {𝑋0(𝑡); 𝑡 ∈ 𝑇} is weakly stationary. 

And using equations (14), (16-19) we conclude that {𝑋0(𝑡) + 𝑋1(𝑡); 𝑡 ∈ 𝑇} is weakly stationary. 

Also, using equations (15), (16-22) we conclude that {𝑋0(𝑡) + 𝑋1(𝑡) + 𝑋2(𝑡); 𝑡 ∈ 𝑇}  is weakly 

stationary. 

Theorem 3.3 

Suppose that {𝑋𝑃(𝑡); 𝑡 ∈ 𝑇} is weakly stationary plithogenic stochastic process with autocorrelation 

function 𝑅𝑋𝑃
(𝜏) then the following holds: 

1. 𝑅𝑋𝑃
(𝜏) = 𝑅𝑋𝑃

(−𝜏) 

2. |𝑅𝑋𝑃
(𝜏)| ≤  𝑅𝑋𝑃

(0)  

Proof: 

1. We have  

𝑅𝑋𝑃
(𝜏) = 𝑅𝑋0

(𝜏) + [𝑅𝑋0𝑋1
(𝜏) + 𝑅𝑋1𝑋0

(𝜏) + 𝑅𝑋1
(𝜏)]𝑃1 + [𝑅𝑋0𝑋2

(𝜏) + 𝑅𝑋2𝑋0
(𝜏) + 𝑅𝑋2

(𝜏) + 𝑅𝑋1𝑋2
(𝜏) +

𝑅𝑋2𝑋1
(𝜏)]𝑃2  (23) 

So:  
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𝑅𝑋𝑃
(−𝜏) = 𝑅𝑋0

(−𝜏) + [𝑅𝑋0𝑋1
(−𝜏) + 𝑅𝑋1𝑋0

(−𝜏) + 𝑅𝑋1
(−𝜏)]𝑃1 + [𝑅𝑋0𝑋2

(−𝜏) + 𝑅𝑋2𝑋0
(−𝜏) + 𝑅𝑋2

(−𝜏) +

𝑅𝑋1𝑋2
(−𝜏) + 𝑅𝑋2𝑋1

(−𝜏)]𝑃2  (24) 

And using properties of cross-correlation function in classical stationary processes we get: 

𝑅𝑋𝑃
(−𝜏) = 𝑅𝑋0

(𝜏) + [𝑅𝑋0𝑋1
(𝜏) + 𝑅𝑋1𝑋0

(𝜏) + 𝑅𝑋1
(𝜏)]𝑃1 + [𝑅𝑋0𝑋2

(𝜏) + 𝑅𝑋2𝑋0
(𝜏) + 𝑅𝑋2

(𝜏) + 𝑅𝑋1𝑋2
(𝜏) +

𝑅𝑋2𝑋1
(𝜏)]𝑃2 = 𝑅𝑋𝑃

(𝜏)  (25) 

2. |𝑅𝑋𝑃
(𝜏)| = |𝑅𝑋0

(𝜏) + [𝑅𝑋0𝑋1
(𝜏) + 𝑅𝑋1𝑋0

(𝜏) + 𝑅𝑋1
(𝜏)]𝑃1 + [𝑅𝑋0𝑋2

(𝜏) + 𝑅𝑋2𝑋0
(𝜏) + 𝑅𝑋2

(𝜏) +

𝑅𝑋1𝑋2
(𝜏) + 𝑅𝑋2𝑋1

(𝜏)]𝑃2| 

= |𝑅𝑋0
(𝜏)| + [|𝑅𝑋0

(𝜏) + 𝑅𝑋0𝑋1
(𝜏) + 𝑅𝑋1𝑋0

(𝜏) + 𝑅𝑋1
(𝜏)| − |𝑅𝑋0

(𝜏)|]𝑃1

+ [|𝑅𝑋0
(𝜏) + 𝑅𝑋0𝑋1

(𝜏) + 𝑅𝑋1𝑋0
(𝜏) + 𝑅𝑋1

(𝜏) + 𝑅𝑋0𝑋2
(𝜏) + 𝑅𝑋2𝑋0

(𝜏) + 𝑅𝑋2
(𝜏) + 𝑅𝑋1𝑋2

(𝜏)

+ 𝑅𝑋2𝑋1
(𝜏)| − |𝑅𝑋0

(𝜏) + 𝑅𝑋0𝑋1
(𝜏) + 𝑅𝑋1𝑋0

(𝜏) + 𝑅𝑋1
(𝜏)|]𝑃2 

= |𝑅𝑋0
(𝜏)| + [|𝑅𝑋0+𝑋1

(𝜏)| − |𝑅𝑋0
(𝜏)|]𝑃1 + [|𝑅𝑋0+𝑋1+𝑋2

(𝜏)| − |𝑅𝑋0+𝑋1
(𝜏)|]𝑃2 (26) 

We have proposed that 𝑋𝑃(𝑡) is a weakly stationary plithogenic stochastic process, which means that 

𝑋0(𝑡), 𝑋0(𝑡) + 𝑋1(𝑡), 𝑋0(𝑡) + 𝑋1(𝑡) + 𝑋2(𝑡)  are weakly stationary classic stochastic processes 

according to theorem 3.2, then: 

|𝑅𝑋0
(𝜏)| ≤ 𝑅𝑋0

(0)            (27) 

|𝑅𝑋0+𝑋1
(𝜏)| ≤ 𝑅𝑋0+𝑋1

(0)        (28) 

|𝑅𝑋0+𝑋1+𝑋2
(𝜏)| ≤ 𝑅𝑋0+𝑋1+𝑋2

(0)    (29) 

Proving that |𝑅𝑋𝑃
(𝜏)| ≤ 𝑅𝑋𝑃

(𝑜) is equivalent to prove that: 

|𝑅𝑋0
(𝜏)| + [|𝑅𝑋0+𝑋1

(𝜏)| − |𝑅𝑋0
(𝜏)|]𝑃1 + [|𝑅𝑋0+𝑋1+𝑋2

(𝜏)| − |𝑅𝑋0+𝑋1
(𝜏)|]𝑃2 ≤ 𝑅𝑋𝑃

(0) (30) 

Which holds according to definitions 2.2. 

4. Comparison with neutrosophic stochastic processes 

Comparing definitions 2.6 and 3.1 we can see that neutrosophic stochastic process NSP is a 

special case of plithogenic stochastic process PSP, the following table shows main differences 

between these two stochastic processes: 

Table 1. Comparison between NSP and PSP.  

 NSP PSP 

Definition 𝑋𝑁(𝑡) = 𝑋0(𝑡) + 𝑋1(𝑡)𝐼 𝑋𝑃(𝑡) = 𝑋0(𝑡) + 𝑋1(𝑡)𝑃1 + 𝑋2(𝑡)𝑃2 

Weakly stationary 

condition 

Iff 𝑋0(𝑡), 𝑋0(𝑡) + 𝑋1(𝑡) are weakly 

stationary 

Iff𝑋0(𝑡), 𝑋0(𝑡) + 𝑋1(𝑡), 𝑋0(𝑡) +

𝑋1(𝑡) + 𝑋2(𝑡) are weakly stationary 

Ensemble mean 

function 

𝜇𝑋𝑁
(𝑡) = 𝜇𝑋0

(𝑡) + 𝜇𝑋1
(𝑡)I 

 

𝜇𝑋𝑃
(𝑡) = 𝜇𝑋0

(𝑡) + 𝜇𝑋1
(𝑡)𝑃1

+ 𝜇𝑋2
(𝑡)𝑃2 
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Covariance 

function 

𝐶𝑁(𝑠, 𝑡) = 𝑅𝑋0
(𝑠, 𝑡) − 𝜇𝑋0

(𝑠)

− 𝜇𝑋0
(𝑡)

+ 𝐼{𝑅𝑋0𝑋1
(𝑠, 𝑡)

+ 𝑅𝑋1𝑋0
(𝑠, 𝑡)

+ 𝑅𝑋1
(𝑠, 𝑡)

− 𝜇𝑋0
(𝑠)𝜇𝑋1

(𝑡)

− 𝜇𝑋0
(𝑡)𝜇𝑋1

(𝑠)

− 𝜇𝑋1
(𝑠)𝜇𝑋1

(𝑡)} 

𝐶𝑋𝑃
(𝑠, 𝑡) = 𝐶𝑋0

(𝑠, 𝑡)

+ [𝐶𝑋0𝑋1
(𝑠, 𝑡)

+ 𝐶𝑋1𝑋0
(𝑠, 𝑡)

+ 𝐶𝑋1
(𝑠, 𝑡)]𝑃1

+ [𝐶𝑋0𝑋2
(𝑠, 𝑡)

+ 𝐶𝑋2𝑋0
(𝑠, 𝑡)

+ 𝐶𝑋2
(𝑠, 𝑡)

+ 𝐶𝑋1𝑋2
(𝑠, 𝑡)

+ 𝐶𝑋2𝑋1
(𝑠, 𝑡)]𝑃2 

Autocorrelation 

function 

𝑅𝑁(𝑠, 𝑡) = 𝑅𝑋0
(𝑠, 𝑡)

+ 𝐼{𝑅𝑋0𝑋1
(𝑠, 𝑡)

+ 𝑅𝑋1𝑋0
(𝑠, 𝑡)

+ 𝑅𝑋1
(𝑠, 𝑡)} 

𝑅𝑋𝑃
(𝑠, 𝑡) = 𝑅𝑋0

(𝑠, 𝑡)

+ [𝑅𝑋0𝑋1
(𝑠, 𝑡)

+ 𝑅𝑋1𝑋0
(𝑠, 𝑡)

+ 𝑅𝑋1
(𝑠, 𝑡)]𝑃1

+ [𝑅𝑋0𝑋2
(𝑠, 𝑡)

+ 𝑅𝑋2𝑋0
(𝑠, 𝑡)

+ 𝑅𝑋2
(𝑠, 𝑡)

+ 𝑅𝑋1𝑋2
(𝑠, 𝑡)

+ 𝑅𝑋2𝑋1
(𝑠, 𝑡)]𝑃2 

5. Application to plithogenic Poisson process 

Lemma 4.1 

Let  {𝑋(𝑡)},{𝑌(𝑡)}  be two classic Poisson processes with parameters 𝜆1, 𝜆2 respectively, then:   

𝑅𝑋𝑌(𝑠, 𝑡) = 𝐸[𝑋(𝑠)𝑌(𝑡)] = ∑ ∑ 𝑥𝑦
(𝜆1𝑠)𝑥

𝑥!
𝑒−𝜆𝑠

(𝜆2𝑡)𝑦

𝑦!
𝑒−𝜆𝑡

∞

𝑦=0

∞

𝑥=0

 

= ∑ 𝑥
(𝜆1𝑠)𝑥

𝑥!
𝑒−𝜆𝑠∞

𝑥=0 ∑ 𝑦
(𝜆2𝑡)𝑦

𝑦!
𝑒−𝜆𝑡∞

𝑦=0 = 𝜆1𝜆2𝑠𝑡 (31) 

Definition 4.1 

Let {𝑁0(𝑡)}, {𝑁1(𝑡)}, {𝑁2(𝑡)}  be three classic Poisson processes with parameters 𝜆0, 𝜆1, 𝜆2 

respectively, we define plithogenic Poisson process with parameter 𝜆𝑃 = 𝜆0 + 𝜆1𝑃1 + 𝜆2𝑃2  as 

follows: 

𝑁𝑃(𝑡) = 𝑁0(𝑡) + 𝑁1(𝑡)𝑃1 + 𝑁2(𝑡)𝑃2 (32) 

and its probability mass function is: 

𝑃(𝑁𝑃(𝑡) = 𝑛) = 𝑒−𝜆0𝑡 (𝜆0𝑡)𝑛

𝑛!
+ [𝑒−(𝜆0+𝜆1)𝑡 [(𝜆0+𝜆1)𝑡]𝑛

𝑛!
− 𝑒−𝜆0𝑡 (𝜆0𝑡)𝑛

𝑛!
] 𝑃1 + [𝑒−(𝜆0+𝜆1+𝜆2)𝑡 [(𝜆0+𝜆1+𝜆2)𝑡]𝑛

𝑛!
−

𝑒−(𝜆0+𝜆1)𝑡 [(𝜆0+𝜆1)𝑡]𝑛

𝑛!
] 𝑃2 ; 𝑛 = 0,1,2, … (33) 

4.1 characteristics of plithogenic Poisson process: 

1. 𝜇𝑁𝑃
(𝑡) = 𝜇𝑁0

(𝑡) + 𝜇𝑁1
(𝑡)𝑃1 + 𝜇𝑁2

(𝑡)𝑃2 = 𝜆0𝑡 + 𝜆1𝑡𝑃1 + 𝜆2𝑡𝑃2 (34) 

2. 𝑅𝑁𝑃
(𝑠, 𝑡) = 𝑅𝑁0

(𝑠, 𝑡) + [𝑅𝑁0𝑁1
(𝑠, 𝑡) + 𝑅𝑁1𝑁0

(𝑠, 𝑡) + 𝑅𝑁1
(𝑠, 𝑡)]𝑃1 + [𝑅𝑁0𝑁2

(𝑠, 𝑡) + 𝑅𝑁2𝑁0
(𝑠, 𝑡) +

𝑅𝑁1𝑁2
(𝑠, 𝑡) + 𝑅𝑁2𝑁1

(𝑠, 𝑡) + 𝑅𝑁2
(𝑠, 𝑡)]𝑃2 

= (𝜆0𝑠 + 𝜆0
2𝑠𝑡) + [𝜆0𝜆1𝑠𝑡 + 𝜆1𝜆0𝑠𝑡 + (𝜆1𝑠 + 𝜆1

2𝑠𝑡)]𝑃1

+ [𝜆0𝜆2𝑠𝑡 + 𝜆2𝜆0𝑠𝑡 + 𝜆1𝜆2𝑠𝑡 + 𝜆2𝜆1𝑠𝑡 + (𝜆2𝑠 + 𝜆2
2𝑠𝑡)]𝑃2; 𝑠 ≤ 𝑡 

= (𝜆0𝑠 + 𝜆0
2𝑠𝑡) + [𝜆0𝜆1𝑠2𝑡2 + 𝜆1𝑠 + 𝜆1

2𝑠𝑡]𝑃1 + [𝜆0𝜆2𝑠2𝑡2 + 𝜆1𝜆2𝑠2𝑡2 + 𝜆2𝑠 + 𝜆2
2𝑠𝑡]𝑃2; 𝑠 ≤ 𝑡 (35) 
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3. 𝐶𝑋𝑃
(𝑠, 𝑡) = 𝐶𝑋0

(𝑠, 𝑡) + [𝐶𝑋0𝑋1
(𝑠, 𝑡) + 𝐶𝑋1𝑋0

(𝑠, 𝑡) + 𝐶𝑋1
(𝑠, 𝑡)]𝑃1 + [𝐶𝑋0𝑋2

(𝑠, 𝑡) + 𝐶𝑋2𝑋0
(𝑠, 𝑡) +

𝐶𝑋1𝑋2
(𝑠, 𝑡) + 𝐶𝑋2𝑋1

(𝑠, 𝑡) + 𝐶𝑋2
(𝑠, 𝑡)]𝑃2 

= [𝑅𝑋0
(𝑠, 𝑡) − 𝜇𝑋0

(𝑠)𝜇𝑋0
(𝑡)]

+ {{[𝑅𝑋0𝑋1
(𝑠, 𝑡) − 𝜇𝑋0

(𝑠)𝜇𝑋1
(𝑡)] + [𝑅𝑋1𝑋0

(𝑠, 𝑡) − 𝜇𝑋1
(𝑠)𝜇𝑋0

(𝑡)]

+ [𝑅𝑋1
(𝑠, 𝑡) − 𝜇𝑋1

(𝑠)𝜇𝑋1
(𝑡)]}𝑃1}

+ {[𝑅𝑋0𝑋2
(𝑠, 𝑡) − 𝜇𝑋0

(𝑠)𝜇𝑋2
(𝑡)] + [𝑅𝑋2𝑋0

(𝑠, 𝑡) − 𝜇𝑋2
(𝑠)𝜇𝑋0

(𝑡)]

+ [𝑅𝑋1𝑋2
(𝑠, 𝑡) − 𝜇𝑋1

(𝑠)𝜇𝑋2
(𝑡)] + [𝑅𝑋2𝑋1

(𝑠, 𝑡) − 𝜇𝑋2
(𝑠)𝜇𝑋1

(𝑡)]

+ [𝑅𝑋2
(𝑠, 𝑡) − 𝜇𝑋2

(𝑠)𝜇𝑋2
(𝑡)]}𝑃2 

= [𝜆0𝑠 + 𝜆0
2𝑠𝑡 − 𝜆0

2𝑠𝑡] + {[𝜆0𝜆1𝑠𝑡 − 𝜆0𝜆1𝑠𝑡] + [𝜆1𝜆0𝑠𝑡 − 𝜆1𝜆0𝑠𝑡] + [𝜆1𝑠 + 𝜆1
2𝑠𝑡 − 𝜆1

2𝑠𝑡]}𝑃1

+ {[𝜆0𝜆2𝑠𝑡 − 𝜆0𝜆2𝑠𝑡] + [𝜆2𝜆0𝑠𝑡 − 𝜆2𝜆0𝑠𝑡] + [𝜆1𝜆2𝑠𝑡 − 𝜆1𝜆2𝑠𝑡] + [𝜆2𝜆1𝑠𝑡 − 𝜆2𝜆1𝑠𝑡]

+ [𝜆2𝑠 + 𝜆2
2𝑠𝑡 − 𝜆2

2𝑠𝑡]}𝑃2; 𝑠 ≤ 𝑡 

= 𝜆0𝑠 + 𝜆1𝑠𝑃1 + 𝜆2𝑠𝑃2; 𝑠 ≤ 𝑡      (36) 

4. 𝑉𝑎𝑟(𝑋𝑃(𝑡)) = 𝐶𝑋𝑃
(𝑡, 𝑡) = 𝜆0𝑡 + 𝜆1𝑡𝑃1 + 𝜆2𝑡𝑃2     (37) 

5. 𝜎[𝑋𝑃(𝑡)] = √𝜆0𝑡 + [√𝜆0𝑡 + 𝜆1𝑡 − √𝜆0𝑡]𝑃1 + [√𝜆0𝑡 + 𝜆1𝑡 + 𝜆2𝑡 − √𝜆0𝑡 + 𝜆1𝑡]𝑃2  (38) 

4.2 Numerical Example 

Let 𝑁𝑃(𝑡) = 𝑁0(𝑡) + 𝑁1(𝑡)𝑃1 + 𝑁2(𝑡)𝑃2 be a plithogenic Poisson process with an intensity: 

𝜆𝑃 = 6 − 2𝑃1 − 3𝑃2 

Let’s calculate the probabilities of: 𝑁𝑃(2) = 𝑛, 𝑁𝑃(2) = 0, 𝑁𝑃(2) = 1, 𝑁𝑃(2) > 1 and the appropriate 

characteristics. 

Solution: 

1. 𝑃(𝑁𝑃(2) = 𝑛) = 𝑒−12 12𝑛

𝑛!
+ [𝑒−8 8𝑛

𝑛!
− 𝑒−12 12𝑛

𝑛!
] 𝑃1 + [𝑒−2 2𝑛

𝑛!
− 𝑒−8 8𝑛

𝑛!
] 𝑃2 ; 𝑛 = 0,1,2, … 

= 𝑒−12
12𝑛

𝑛!
+ [𝑒−8

8𝑛

𝑛!
− 𝑒−12

12𝑛

𝑛!
] 𝑃1 + [𝑒−2

2𝑛

𝑛!
− 𝑒−8

8𝑛

𝑛!
] 𝑃2 ; 𝑛 = 0,1,2, … 

2. 𝑃(𝑁𝑃(2) = 0) = 𝑒−12 120

0!
+ [𝑒−8 80

0!
− 𝑒−12 120

0!
] 𝑃1 + [𝑒−2 20

0!
− 𝑒−8 80

0!
] 𝑃2  

= 𝑒−12 + [𝑒−8 − 𝑒−12]𝑃1 + [𝑒−2 − 𝑒−8]𝑃2 = 0.000006 + 0.000329𝑃1 + 0.135𝑃2 

3. 𝑃(𝑁𝑃(2) = 1) = 𝑒−12 121

1!
+ [𝑒−8 81

1!
− 𝑒−12 121

1!
] 𝑃1 + [𝑒−2 21

1!
− 𝑒−8 81

1!
] 𝑃2  

= 12𝑒−12 + [8𝑒−8 − 12𝑒−12]𝑃1 + [2𝑒−2 − 8𝑒−8]𝑃2 

= 0.0000737 + 0.0026𝑃1 + 0.27𝑃2 

4. 𝑃(𝑁𝑃(2) > 1) = 1 −  𝑃(𝑁𝑃 = 0) = 1 − (0.000006 + 0.000329𝑃1 + 0.135𝑃2) 

= 0.999994 − 0.000329𝑃1 − 0.135𝑃2 

5. 𝜇𝑋𝑃
(2) = 𝜆0𝑡 + 𝜆1𝑡𝑃1 + 𝜆2𝑡𝑃2 = 6 − 4𝑃1 − 6𝑃2 

6. 𝑅𝑋𝑃
(𝑠, 𝑡) = (𝜆0𝑠 + 𝜆0

2𝑠𝑡) + [𝜆0𝜆1𝑠2𝑡2 + 𝜆1𝑠 + 𝜆1
2𝑠𝑡]𝑃1 + [𝜆0𝜆2𝑠2𝑡2 + 𝜆1𝜆2𝑠2𝑡2 + 𝜆2𝑠 +

𝜆2
2𝑠𝑡]𝑃2; 𝑠 ≤ 𝑡 

= (6𝑠 + 36𝑠𝑡) + [−12𝑠2𝑡2 − 2𝑠 + 4𝑠𝑡]𝑃1 + [−18𝑠2𝑡2 + 6𝑠2𝑡2 − 3𝑠 + 9𝑠𝑡]𝑃2; 𝑠 ≤ 𝑡 

7. 𝐶𝑋𝑃
(𝑠, 𝑡) = 𝜆0𝑠 + 𝜆1𝑠𝑃1 + 𝜆2𝑠𝑃2; 𝑠 ≤ 𝑡 

= 6𝑠 − 2𝑠𝑃1 − 3𝑠𝑃2; 𝑠 ≤ 𝑡 

8. 𝑉𝑎𝑟(𝑋𝑃(2)) = 𝜆0𝑡 + 𝜆1𝑡𝑃1 + 𝜆2𝑡𝑃2 = 6 − 4𝑃1 − 6𝑃2 
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9. 𝜎(𝑋𝑃(𝑡)) = √𝜆0𝑡 + 𝜆1𝑡𝑃1 + 𝜆2𝑡𝑃2 = √𝜆0𝑡 + [√𝜆0𝑡 + 𝜆1𝑡 − √𝜆0𝑡]𝑃1 + [√𝜆0𝑡 + 𝜆1𝑡 + 𝜆2𝑡 −

√𝜆0𝑡 + 𝜆1𝑡]𝑃2 

= √12 + [√8 − √12]𝑃1 + [√2 − √8]𝑃2 

6. Conclusions and future research directions 

In this paper, we have defined for the first time the plithogenic stochastic process in the form 𝑋𝑃(𝑡) =

𝑋0(𝑡) + 𝑋1(𝑡)𝑃1 + 𝑋2(𝑡)𝑃2 and studied its main characteristics including ensemble mean function, 

autocorrelation function, covariance function and variance function. An important theorem about 

stationary is proved and results that 𝑋𝑃(𝑡) is stationary iff 𝑋0(𝑡), 𝑋0(𝑡) + 𝑋1(𝑡), 𝑋0(𝑡) + 𝑋1(𝑡) + 𝑋2(𝑡) 

are stationary in classic sense. An application to Poisson process is presented and a solved example 

was successfully introduced. This paper is very important to study plithogenic reliability theory, 

queuing theory and survival analysis. 
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