
University of New Mexico

Properties of quadripartitioned neutrosophic interval-valued set

to the reciprocal fraction function via various operators

M.Palanikumar1, Nasreen Kausar2 and Cuauhtemoc Samaniego(3,∗)

1 Department of Mathematics, Saveetha School of Engineering, Saveetha Institute of Medical and Technical

Sciences, Chennai-602105, India; palanimaths86@gmail.com.
2 Department of Mathematics, Faculty of Arts and Science, Balikesir University, 10145 Balikesir, Turkey;

nasreen.kausar@balikesir.edu.tr
3 College of Business Administration, American University of the Middle East, Kuwait;

jose.reyna@aum.edu.kw
∗Correspondence: jose.reyna@aum.edu.kw

Abstract. A novel technique used to generate quadripartitioned neutrosophic interval-valued sets applied to

the reciprocal fraction function is presented in this paper. A new extension of neutrosophic interval-valued

sets and interval-valued fuzzy sets are quadripartitioned neutrosophic interval-valued sets. Quadripartitioned

neutrosophic interval-valued weighted averaging, geometric, and generalized concepts will all be covered in this

article. To obtain the weighted average and geometric, we employed an aggregating model. Using algebraic

approaches, a number of sets with significant properties will be further examined.

Keywords: weighted averaging, geometric, generalized averaging, generalized geometric.

—————————————————————————————————————————-

1. Introduction

A basic idea that arises in many real-world situations, reciprocal functions describe inverse

connections that are essential for comprehending and forecasting behavior in a variety of

domains. Their adaptability and significance in analytical tasks are demonstrated by their

applications in both the scientific and social sciences. Numerous theories have been proposed

to explain uncertainty, such as fuzzy sets (FS), which have membership grades (MG) ranging

from 0. An intuitionistic FS (IFS) for σ, ρ ∈ [0, 1] was built by Atanassov utilizing two MGs:

0 ≤ σ + ρ ≤ 1 and positive σ and negative ρ. The Pythagorean FSs (PFS) concept was

established by Yager [9] and is characterized by its MG and non-MG (NMG) with σ+ρ ≥ 1 to
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σ2 + ρ2 ≤ 1. The use of IFSs and PFSs in several domains has been the subject of numerous

research. They still have limited information-communication capabilities.

Shahzaib et al. [1] defined the SFS for certain AOs using MADM. SFS requires that 0 ≤
σ2 + ρ2 ≤ 1 rather than 0 ≤ σ + ρ ≤ 1. Hussain et al. first proposed the concept of an

intelligent decision support system for SFS [2]. Rafiq et al. [4] were the first to present SFSs

and their uses in DM. For example, the DM problem σ2 +ρ2 ≥ 1 has a feature. Fermatean FS

(FFS) was developed in 2019 by Senapati et al. [5], with the stipulation that 0 ≤ σ3 + ρ3 ≤ 1.

Yager was the first to suggest the idea of generalized orthopair FSs [8]. In the RFF-rung

orthogonal pair FS (RFF-ROFS), both the MG and the NMG have power RFF; nevertheless,

their aggregate can never be more than one. In order to solve MADM issues (AOs), aggregation

operators are necessary. A range of IFS averaging operators can be used to average IFS data,

according to Xu et al. [6]. Based on IFSs, Xu et al. [7] developed geometric operators, such as

weighted, ordered weighted, and hybrid operators. Li et al. [3] proposed generalized ordered

weighted averaging operators (GOWs) in 2002. Zeng et al. [10] explained how to compute

ordered weighted distances using AOs and distance measurements. Reciprocal functions may

be used to represent the flow rate of liquids via pipes. In systems with laminar or turbulent

flow, the relationship between flow rate and pressure drop frequently shows inverse features.

Instead of utilizing exponentiation or logarithms for particular decision making problems,

we use quadripartitioned neutrosophic interval-valued aggregation operators, which are more

accurate.

2. Operations for RFFIVQNN

Assuming that ε is a fractional part function, the fractional part of ω, where ω is a real

number, may be written as follows: ε = εbωc = 〈ω〉 = ω − {ω} is also included. A fractional

part function can also be used to describe the difference between a real number and its highest

integer value, which is established using the greatest integer function. The fractional compo-

nent of ω = 0 if ω is an integer. Here, provided it exists, εbωc = 1
ω is a reciprocal fractional

part function. It is commonly known that the fractional portion of ω equals 0 whenever it

is an integer. Therefore, for εbωc = 1
ω to be defined, ω cannot be an integer. Its domain is

εbωc = 1
ω , which includes all real numbers with the exception of integers.

Definition 2.1. The NS ג =
{
ς,
〈⌊
bbTlcbςc, bTucbςcc, bbClcbςc, bCucbςcc, bbUlcbςc,

bUucbςcc, bbFlcbςc, bFucbςcc
⌋〉∣∣∣ς ∈ A

}
, where Tl,Cl,Ul,Fl : A → b0, 1c denote the

truth MG, contradiction MG, unknown MG and false MG of ς ∈ A to ,ג respec-

tively and 0 ≤ bTucbςcε + bCucbςcε + bUucbςcε + bbFlcbςcε ≤ 1. For convenience, ג =〈⌊
bTl, bTucc, bCl, bCucc, bUl, bUucc, bFl, bFucc

⌋〉
is represent a IVQNSN.
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Definition 2.2. Let ג =
{
ς,
〈⌊
bbTlcbςc, bTucbςcc, bbClcbςc, bCucbςcc, bbUlcbςc,

bUucbςcc, bbFlcbςc, bFucbςcc
⌋〉∣∣∣ς ∈ A},

1ג = 〈bbbTl1c, bTu1cc, bbCl1c, bCu1cc, bbUl1c, bUu1cc, bbFl1c, bFu1ccc〉,
2ג = 〈bbbTl2c, bTu2cc, bbCl2c, bCu2cc, bbUl2c, bUu2cc, bbFl2c, bFu2ccc〉 be any three IVQNNs. Then

(1) 1ג
⊔

2ג =



ε

√√√√ bTl1cε + bTl2cε

−bTl1cε · bTl2cε
, ε

√√√√ bTu1cε + bTu2cε

−bTu1cε · bTu2cε

ε

√√√√ bCl1cε + bCl2cε

−bCl1cε · bCl2cε
, ε

√√√√ bCu1cε + bCu2cε

−bCu1cε · bCu2cε

bUl1cεbUl2cε, bUu1cεbUu2cε

bFl1cεbFl2cε, bFu1cεbFu2cε


,

(2) 1ג � 2ג =



bTl1cεbTl2cε, bTu1cεbTu2cε

bCl1cεbCl2cε, bCu1cεbCu2cε

ε

√√√√ bUl1cε + bUl2cε

−bUl1cε · bUl2cε
, ε

√√√√ bUu1cε + bUu2cε

−bUu1cε · bUu2cε

ε

√√√√ bFl1cε + bFl2cε

−bFl1cε · bFl2cε
, ε

√√√√ bFu1cε + bFu2cε

−bFu1cε · bFu2cε



(3) ∝ ג· =


ε

√
p −
⌊
p −bTlε

⌋∝
,
ε

√
p −
⌊
p −bbTuε

⌋∝
ε

√
p −
⌊
p −bClε

⌋∝
,
ε

√
p −
⌊
p −bbCuε

⌋∝
bUlεc∝, bbUuεc∝, bFlεc∝, bbFuεc∝



(4) ∝ג =


bTlεc∝, bbTuεc∝, bClεc∝, bbCuεc∝

ε

√
p −
⌊
p −bUlε

⌋∝
,
ε

√
p −
⌊
p −bbUuε

⌋∝
ε

√
p −
⌊
p −bFlε

⌋∝
,
ε

√
p −
⌊
p −bbFuε

⌋∝
 .

3. Aggregating operators

We use RFFIVQNWA, RFFIVQNWG, GRFFIVQNWA, and GRFFIVQNWG to describe

the AOs.

3.1. RFFIVQNWA

Definition 3.1. Let iג = 〈bbTli,Tui c, bCli,Cui c, bUli,Uui c, bFli,Fui cc〉 be the RFFIVQNNs, W =

bυ1, υ2, ..., υnc be the weight of ,iג υi ≥ 0 and
⊔n
i↪→1 υi = 1. Then RFFIVQNWA

b1ג, ,2ג ..., ncג =
⊔n
i↪→1 υiגi.

Theorem 3.2. Let iג = 〈bbTli,Tui c, bCli,Cui c, bUli,Uui c, bFli,Fui cc〉 be the RFFIVQNNs. Then

RFFIVQNWA b1ג, ,2ג ..., ncג
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=



ε

√
p −~n

i↪→1

⌊
p −bTlicε

⌋υi
, ε
√

p −~n
i↪→1

⌊
p −bTui cε

⌋υi
ε

√
p −~n

i↪→1

⌊
p −bClicε

⌋υi
, ε
√

p −~n
i↪→1

⌊
p −bCui cε

⌋υi
~n
i↪→1bUlicεcυi ,~n

i↪→1bUui cεcυi

~n
i↪→1bFlicεcυi ,~n

i↪→1bFui cεcυi


.

Proof If n = 2, then RFFIVQNWAb1ג, 2cג = υ11ג
⊔
υ22ג, where

υ11ג =



ε

√
p −
⌊
p −bTl1cε

⌋υ1
, ε
√

p −
⌊
p −bTu1cε

⌋υ1
ε

√
p −
⌊
p −bCl1cε

⌋υ1
, ε
√

p −
⌊
p −bCu1cε

⌋υ1
bUl1cεcυ1 , bUu1cεcυ1

bFl1cεcυ1 , bFu1cεcυ1



υ22ג =



ε

√
p −
⌊
p −bTl2cε

⌋υ2
, ε
√

p −
⌊
p −bTu2cε

⌋υ2
ε

√
p −
⌊
p −bCl2cε

⌋υ2
, ε
√

p −
⌊
p −bCu2cε

⌋υ2
bUl2cεcυ2 , bUu2cεcυ2

bFl2cεcυ2 , bFu2cεcυ2


Now, υ11ג

⊔
υ22ג

=



ε

√√√√√√√√√√√√√

⌊
p −
⌊
p −bTl1cε

⌋υ1⌋
+⌊

p −
⌊
p −bTl2cε

⌋υ2⌋
−
⌊
p −
⌊
p −bTl1cε

⌋υ1⌋
·⌊

p −
⌊
p −bTl2cε

⌋υ2⌋
, ε

√√√√√√√√√√√√√

⌊
p −
⌊
p −bTu1cε

⌋υ1⌋
+⌊

p −
⌊
p −bTu2cε

⌋υ2⌋
−
⌊
p −
⌊
p −bTu1cε

⌋υ1⌋
·⌊

p −
⌊
p −bTu2cε

⌋υ2⌋

ε

√√√√√√√√√√√√√

⌊
p −
⌊
p −bCl1cε

⌋υ1⌋
+⌊

p −
⌊
p −bCl2cε

⌋υ2⌋
−
⌊
p −
⌊
p −bCl1cε

⌋υ1⌋
·⌊

p −
⌊
p −bCl2cε

⌋υ2⌋
, ε

√√√√√√√√√√√√√

⌊
p −
⌊
p −bCu1cε

⌋υ1⌋
+⌊

p −
⌊
p −bCu2cε

⌋υ2⌋
−
⌊
p −
⌊
p −bCu1cε

⌋υ1⌋
·⌊

p −
⌊
p −bCu2cε

⌋υ2⌋
bUl1cεcυ1 · bUl2cεcυ2 , bUu1cεcυ1 · bUu2cεcυ2

bFl1cεcυ1 · bFl2cεcυ2 , bFu1cεcυ1 · bFu2cεcυ2



=



ε

√
p −~2

i↪→1

⌊
p −bTlicε

⌋υi
, ε
√

p −~2
i↪→1

⌊
p −bTui cε

⌋υi
ε

√
p −~2

i↪→1

⌊
p −bClicε

⌋υi
, ε
√

p −~2
i↪→1

⌊
p −bCui cε

⌋υi
~2
i↪→1bUlicεcυi ,~2

i↪→1bUui cεcυi

~2
i↪→1bFlicεcυi ,~2

i↪→1bFui cεcυi


.
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It valid for n ≥ 3. Thus, RFFIVQNWAb1ג, ,2ג ..., lcג

=



ε

√
p −~l

i↪→1

⌊
p −bTlicε

⌋υi
, ε
√

p −~l
i↪→1

⌊
p −bTui cε

⌋υi
ε

√
p −~l

i↪→1

⌊
p −bClicε

⌋υi
, ε
√

p −~l
i↪→1

⌊
p −bCui cε

⌋υi
~l
i↪→1bUlicεcυi ,~l

i↪→1bUui cεcυi

~l
i↪→1bFlicεcυi ,~l

i↪→1bFui cεcυi


.

If n = l + 1, then RFFIVQNWA b1ג, ,2ג ..., ,lג l+1cג

=



ε

√√√√√√√√
l⊔

i↪→1

⌊
p −
⌊
p −bTlicε

⌋υi⌋
+
⌊
p −
⌊
p −bTll+1cε

⌋υl+1
⌋

−~l
i↪→1

⌊
p −
⌊
p −bTlicε

⌋υi⌋
·
⌊
p −
⌊
p −bTll+1cε

⌋υl+1
⌋,

ε

√√√√√√√√
l⊔

i↪→1

⌊
p −
⌊
p −bTui cε

⌋υi⌋
+
⌊
p −
⌊
p −bTul+1cε

⌋υl+1
⌋

−~l
i↪→1

⌊
p −
⌊
p −bTui cε

⌋υi⌋
·
⌊
p −
⌊
p −bTul+1cε

⌋υl+1
⌋

ε

√√√√√√√√
l⊔

i↪→1

⌊
p −
⌊
p −bClicε

⌋υi⌋
+
⌊
p −
⌊
p −bCll+1cε

⌋υl+1
⌋

−~l
i↪→1

⌊
p −
⌊
p −bClicε

⌋υi⌋
·
⌊
p −
⌊
p −bCll+1cε

⌋υl+1
⌋

ε

√√√√√√√√
l⊔

i↪→1

⌊
p −
⌊
p −bCui cε

⌋υi⌋
+
⌊
p −
⌊
p −bCul+1cε

⌋υl+1
⌋

−~l
i↪→1

⌊
p −
⌊
p −bCui cε

⌋υi⌋
·
⌊
p −
⌊
p −bCul+1cε

⌋υl+1
⌋

~l
i↪→1bUlicεcυi · bUll+1cεcυl+1 ,~l

i↪→1bUui cεcυi · bUul+1cεcυl+1

~l
i↪→1bFlicεcυi · bFll+1cεcυl+1 ,~l

i↪→1bFui cεcυi · bFul+1cεcυl+1



=



ε

√
p −~l+1

i↪→1

⌊
p −bTlicε

⌋υi
, ε
√

p −~l+1
i↪→1

⌊
p −bTui cε

⌋υi
,

ε

√
p −~l+1

i↪→1

⌊
p −bClicε

⌋υi
, ε
√

p −~l+1
i↪→1

⌊
p −bCui cε

⌋υi
,

~l+1
i↪→1bUlicεcυi ,~

l+1
i↪→1bUui cεcυi

~l+1
i↪→1bFlicεcυi ,~

l+1
i↪→1bFui cεcυi


Theorem 3.3. Let iג = 〈bbTli,Tui c, bCli,Cui c, bUli,Uui c, bFli,Fui cc〉 be the RFFIVQNNs. Then

RFFIVQNWA b1ג, ,2ג ..., ncג = .ג

Proof Since bTlic = bTlc , bClic = bClc, bUlic = bUlc, bFlic = bFlc and bTui c = bTuc ,

bCui c = bCuc, bUui c = bUuc, bFui c = bFuc and
⊔n
i↪→1 υi = 1. Now, RFFIVQNWA b1ג, ,2ג ..., ncג
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=



ε

√
p −~n

i↪→1

⌊
p −bTlicε

⌋υi
, ε
√

p −~n
i↪→1

⌊
p −bTui cε

⌋υi
ε

√
p −~n

i↪→1

⌊
p −bClicε

⌋υi
, ε
√

p −~n
i↪→1

⌊
p −bCui cε

⌋υi
~n
i↪→1bUlicεcυi ,~n

i↪→1bUui cεcυi

~n
i↪→1bFlicεcυi ,~n

i↪→1bFui cεcυi



=



ε

√
p −
⌊
p −bTlε

⌋⊔n
i↪→1 υi , ε

√
p −
⌊
p −bUuε

⌋⊔n
i↪→1 υi

ε

√
p −
⌊
p −bClε

⌋⊔n
i↪→1 υi , ε

√
p −
⌊
p −bCuε

⌋⊔n
i↪→1 υi

bUlεc
⊔n
i↪→1 υi , bUuεc

⊔n
i↪→1 υi

bFlεc
⊔n
i↪→1 υi , bFuεc

⊔n
i↪→1 υi



=



ε

√
p −
⌊
p −bTlε

⌋
, ε
√

p −
⌊
p −bUuε

⌋
ε

√
p −
⌊
p −bClε

⌋
, ε
√

p −
⌊
p −bCuε

⌋
Ulε,Uuε

Flε,Fuε


= .ג

Theorem 3.4. Let iג = 〈bbTli,Tui c, bCli,Cui c, bUli,Uui c, bFli,Fui cc〉 be the RFFIVQNNs. Then

RFFIVQNWAb1ג, ,2ג ..., ncג

where bTlc︸︷︷︸ = minbTlijc,
︷︸︸︷
bTlc = maxbTlijc, bC

lc︸︷︷︸ = minbClijc,
︷︸︸︷
bClc = maxbClijc, bU

lc︸︷︷︸ = minbUlijc,︷︸︸︷
bUlc = maxbUlijc, bF

lc︸︷︷︸ = minbFlijc,
︷︸︸︷
bFlc = maxbFlijc

and bTuc︸︷︷︸ = minbTuijc,
︷︸︸︷
bTuc = maxbTuijc, bC

uc︸︷︷︸ = minbCuijc,
︷︸︸︷
bCuc = maxbCuijc, bU

uc︸︷︷︸ =

minbUuijc,
︷︸︸︷
bUuc = maxbUuijc, bF

uc︸︷︷︸ = minbFuijc,
︷︸︸︷
bFuc = maxbFuijc and where 1 ≤ i ≤ n, j =

1, 2, ..., ij. Then,〈
bTlc, bTuc︸ ︷︷ ︸, bClc, bCuc︸ ︷︷ ︸,

︷ ︸︸ ︷
bUlc, bUuc,

︷ ︸︸ ︷
bFlc, bFuc

〉

≤ IV qNWAb1ג, ,2ג ..., ncג

≤
〈 ︷ ︸︸ ︷
bTlc, bTuc,

︷ ︸︸ ︷
bClc, bCuc, bUlc, bUuc︸ ︷︷ ︸, bFlc, bFuc︸ ︷︷ ︸ 〉.

Proof Since, bTlc︸︷︷︸ = minbTlijc,
︷︸︸︷
bTlc = maxbTlijc and bTlc︸︷︷︸ ≤ bTlijc ≤

︷︸︸︷
bTlc and bTuc︸︷︷︸ =

minbTuijc,
︷︸︸︷
bTuc = maxbTuijc and bTuc︸︷︷︸ ≤ bTuijc ≤ ︷︸︸︷bTuc.
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Now bTlc︸︷︷︸, bTuc︸︷︷︸
= ε

√
p −~n

i↪→1

⌊
p −bbTlc︸︷︷︸cε⌋υi , ε

√
p −~n

i↪→1

⌊
p −bbTuc︸︷︷︸cε⌋υi

≤ ε

√
p −~n

i↪→1

⌊
p −bTlijcε

⌋υi
, ε
√

p −~n
i↪→1

⌊
p −bTuijcε

⌋υi
≤ ε

√
p −~n

i↪→1

⌊
p −b

︷︸︸︷
bTlccε

⌋υi
,
ε

√
p −~n

i↪→1

⌊
p −b

︷︸︸︷
bTuccε

⌋υi
=

︷︸︸︷
bTlc .

Since, bClc︸︷︷︸ = minbClijc,
︷︸︸︷
bClc = maxbClijc and bClc︸︷︷︸ ≤ bClijc ≤

︷︸︸︷
bClc and bCuc︸︷︷︸ = minbCuijc,︷︸︸︷

bCuc = maxbCuijc and bCuc︸︷︷︸ ≤ bCuijc ≤ ︷︸︸︷bCuc.

Now, bClc︸︷︷︸, bCuc︸︷︷︸
= ε

√
p −~n

i↪→1

⌊
p −bbClc︸︷︷︸cε⌋υi , ε

√
p −~n

i↪→1

⌊
p −bbCuc︸︷︷︸cε⌋υi

≤ ε

√
p −~n

i↪→1

⌊
p −bClijcε

⌋υi
, ε
√

p −~n
i↪→1

⌊
p −bCuijcε

⌋υi
≤ ε

√
p −~n

i↪→1

⌊
p −b

︷︸︸︷
bClccε

⌋υi
,
ε

√
p −~n

i↪→1

⌊
p −b

︷︸︸︷
bCuccε

⌋υi
=

︷︸︸︷
bClc,

︷︸︸︷
bCuc.

Since, bUlεc︸ ︷︷ ︸ = minbUlijcε,
︷ ︸︸ ︷
bUlεc = maxbUlijcε and bUlεc︸ ︷︷ ︸ ≤ bUlijcε ≤

︷ ︸︸ ︷
bUlεc and bUuεc︸ ︷︷ ︸ = minbUuijcε,︷ ︸︸ ︷

bUuεc = maxbUuijcε and bUuεc︸ ︷︷ ︸ ≤ bUuijcε ≤ ︷ ︸︸ ︷bUuεc. We have,

bUclε︸ ︷︷ ︸ = ~n
i↪→1

υi

bUlεc︸ ︷︷ ︸,~n
i↪→1

υi
bUuεc︸ ︷︷ ︸

≤ ~n
i↪→1bUlijcεcυi ,~n

i↪→1bUuijcεcυi

≤ ~n
i↪→1

υi︷ ︸︸ ︷
bUlεc,~n

i↪→1

υi︷ ︸︸ ︷
bUuεc

=
︷ ︸︸ ︷
bUlεc,

︷ ︸︸ ︷
bUuεc.

Since, bFlεc︸ ︷︷ ︸ = minbFlijcε,
︷ ︸︸ ︷
bFlεc = maxbFlijcε and bFlεc︸ ︷︷ ︸ ≤ bFlijcε ≤

︷ ︸︸ ︷
bFlεc and bFuεc︸ ︷︷ ︸ = minbFuijcε,︷ ︸︸ ︷

bFuεc = maxbFuijcε and bFuεc︸ ︷︷ ︸ ≤ bFuijcε ≤ ︷ ︸︸ ︷bFuεc.
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We have,

bFclε︸ ︷︷ ︸ = ~n
i↪→1

υi

bFlεc︸ ︷︷ ︸,~n
i↪→1

υi
bFuεc︸ ︷︷ ︸

≤ ~n
i↪→1bFlijcεcυi ,~n

i↪→1bFuijcεcυi

≤ ~n
i↪→1

υi︷ ︸︸ ︷
bFlεc,~n

i↪→1

υi︷ ︸︸ ︷
bFuεc

=
︷ ︸︸ ︷
bFlεc,

︷ ︸︸ ︷
bFuεc.

Therefore,

1

2
×




⌊
ε

√
p −~n

i↪→1

⌊
p −bbTlc︸︷︷︸cε⌋υi

⌋2
+

⌊
ε

√
p −~n

i↪→1

⌊
p −bbClc︸︷︷︸cε⌋υi

⌋2
+1−

⌊
~n
i↪→1b

︷︸︸︷
bUlccεcυi

⌋2
−
⌊
~n
i↪→1b

︷︸︸︷
bFlccεcυi

⌋2


+


⌊
ε

√
p −~n

i↪→1

⌊
p −bbTuc︸︷︷︸cε⌋υi

⌋2
+

⌊
ε

√
p −~n

i↪→1

⌊
p −bbCuc︸︷︷︸cε⌋υi

⌋2
−
⌊
~n
i↪→1b

︷︸︸︷
bUuccεcυi

⌋2
−
⌊
~n
i↪→1b

︷︸︸︷
bFuccεcυi

⌋2




≤ 1

2
×




⌊
ε

√
p −~n

i↪→1

⌊
p −bTlijcε

⌋υi⌋2
+

⌊
ε

√
p −~n

i↪→1

⌊
p −bClijcε

⌋υi⌋2
+1−

⌊
~n
i↪→1bUlijcεcυi

⌋2
−
⌊
~n
i↪→1bFlijcεcυi

⌋2


+


⌊
ε

√
p −~n

i↪→1

⌊
p −bTuijcε

⌋υi⌋2
+

⌊
ε

√
p −~n

i↪→1

⌊
p −bCuijcε

⌋υi⌋2
−
⌊
~n
i↪→1bUuijcεcυi

⌋2
−
⌊
~n
i↪→1bFuijcεcυi

⌋2




≤ 1

2
×




⌊
ε

√
p −~n

i↪→1

⌊
p −b

︷︸︸︷
bTlccε

⌋υi⌋2
+

⌊
ε

√
p −~n

i↪→1

⌊
p −b

︷︸︸︷
bClccε

⌋υi⌋2
+1−

⌊
~n
i↪→1bbU

lc︸︷︷︸cεcυi
⌋2
−
⌊
~n
i↪→1bbF

lc︸︷︷︸cεcυi
⌋2



+


⌊
ε

√
p −~n

i↪→1

⌊
p −b

︷︸︸︷
bTuccε

⌋υi⌋2
+

⌊
ε

√
p −~n

i↪→1

⌊
p −b

︷︸︸︷
bCuccε

⌋υi⌋2
−
⌊
~n
i↪→1bbU

uc︸︷︷︸cεcυi
⌋2
−
⌊
~n
i↪→1bbF

uc︸︷︷︸cεcυi
⌋2




.

Theorem 3.5. Let iג = 〈bbTli,Tui c, bCli,Cui c, bUli,Uui c, bFli,Fui cc〉
and Wi = 〈bbbTlhijc, bT

u
hij
cc, bbClhijc, bC

u
hij
cc, bbUlhijc, bU

u
hij
cc, bbFlhijc, bF

u
hij
ccc〉, be the RF-

FIVQNWAs. For any i, if there is bTltijc
2 ≤ bTlhijc

2 and bCltijc
2 ≤ bClhijc

2 and bUltijc
2 ≥

bUlhijc
2 and bFltijc

2 ≥ bFlhijc
2 and bTutijc

2 ≤ bTuhijc
2 and bCutijc

2 ≤ bCuhijc
2 and bUutijc

2 ≥
bUuhijc

2 and bFutijc
2 ≥ bFuhijc

2 or iג ≤ Wi. Prove that RFFIVQNWA b1ג, ,2ג ..., ncג ≤
RFFIV QNWAbW1,W2, ...,Wnc.
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Proof For any i, bTltijc
2 ≤ bTlhijc

2.

Therefore, p −bTltic
2 ≥p −bTlhic

2.

Hence, ~n
i↪→1

⌊
p −
⌊
Tltic

⌋2⌋υi ≥ ~n
i↪→1

⌊
p −
⌊
Tlhic

⌋2⌋υi
and ε

√
p −~n

i↪→1

⌊
p −
⌊
Tltic

⌋ε⌋υi ≤ ε

√
p −~n

i↪→1

⌊
p −
⌊
Tlhic

⌋ε⌋υi
.

Similarly, bTutijc
2 ≤ bTuhijc

2.

Therefore, p −bTutic
2 ≥p −bTuhic

2.

Hence, ~n
i↪→1

⌊
p −
⌊
Tutic

⌋2⌋υi ≥ ~n
i↪→1

⌊
p −
⌊
Tuhic

⌋2⌋υi
and ε

√
p −~n

i↪→1

⌊
p −
⌊
Tutic

⌋ε⌋υi ≤ ε

√
p −~n

i↪→1

⌊
p −
⌊
Tuhic

⌋ε⌋υi
.

For any i, bCltijc
ε ≤

⌊
Clhijc

⌋ε
.

Therefore, p −
⌊
Cltic

⌋ε ≥p − ⌊Clhic⌋ε.
Hence, ~n

i↪→1

⌊
p −
⌊
Cltic

⌋ε⌋υi ≥ ~n
i↪→1

⌊
p −
⌊
Clhic

⌋ε⌋υi .
This implies that ε

√
p −~n

i↪→1

⌊
p −
⌊
Cltic

⌋ε⌋υi ≤ ε

√
p −~n

i↪→1

⌊
p −
⌊
Clhic

⌋ε⌋υi
.

Similarly, for any i, bCutijc
ε ≤

⌊
Cuhijc

⌋ε
.

Therefore, p −
⌊
Cutic

⌋ε ≥p − ⌊Cuhic⌋ε.
Hence, ~n

i↪→1

⌊
p −
⌊
Cutic

⌋ε⌋υi ≥ ~n
i↪→1

⌊
p −
⌊
Cuhic

⌋ε⌋υi .
This implies that ε

√
p −~n

i↪→1

⌊
p −
⌊
Cutic

⌋ε⌋υi ≤ ε

√
p −~n

i↪→1

⌊
p −
⌊
Cuhic

⌋ε⌋υi
.

For any i,
⌊
Ultijc

⌋2
≥
⌊
Ulhijc

⌋2
and

⌊
Ultijc

⌋ε
≥
⌊
Ulhijc

⌋ε
.

Therefore, p −
⌊
~ni↪→1bUltij c

⌋ε
2 ≤p −

⌊
~ni↪→1bUlhij c

⌋ε
2 .

Similarly, for any i,⌊
Uutijc

⌋2
≥
⌊
Uuhijc

⌋2
and

⌊
Uutijc

⌋ε
≥
⌊
Uuhijc

⌋ε
.

Therefore, −
⌊
~n
i↪→1bUutijc

⌋ε
≤ −

⌊
~n
i↪→1bUuhijc

⌋ε
.

For any i,
⌊
Fltijc

⌋2
≥
⌊
Flhijc

⌋2
and

⌊
Fltijc

⌋ε
≥
⌊
Flhijc

⌋ε
.

Therefore, p −
⌊
~ni↪→1bFltij c

⌋ε
2 ≤p −

⌊
~ni↪→1bFlhij c

⌋ε
2 .

Similarly, for any i,⌊
Futijc

⌋2
≥
⌊
Fuhijc

⌋2
and

⌊
Futijc

⌋ε
≥
⌊
Fuhijc

⌋ε
.

Therefore, −
⌊
~n
i↪→1bFutijc

⌋ε
≤ −

⌊
~n
i↪→1bFuhijc

⌋ε
.
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Hence,

1

2
×




⌊
ε

√
p −~n

i↪→1

⌊
p −bTlticε

⌋υi⌋2
+

⌊
ε

√
p −~n

i↪→1

⌊
p −bCltic

ε
⌋υi⌋2

+1−
⌊
~n
i↪→1bUltic

ε
⌋2 − ⌊~n

i↪→1bFltic
ε
⌋2


+


⌊
ε

√
p −~n

i↪→1

⌊
p −bTuticε

⌋υi⌋2
+

⌊
ε

√
p −~n

i↪→1

⌊
p −bCutic

ε
⌋υi⌋2

−
⌊
~n
i↪→1bUutic

ε
⌋2 − ⌊~n

i↪→1bFutic
ε
⌋2





≤ 1

2
×




⌊
ε

√
p −~n

i↪→1

⌊
p −bTlhicε

⌋υi⌋2
+

⌊
ε

√
p −~n

i↪→1

⌊
p −bClhic

ε
⌋υi⌋2

+1−
⌊
~n
i↪→1bUlhic

ε
⌋2 − ⌊~n

i↪→1bFlhic
ε
⌋2


+


⌊
ε

√
p −~n

i↪→1

⌊
p −bTuhicε

⌋υi⌋2
+

⌊
ε

√
p −~n

i↪→1

⌊
p −bCuhic

ε
⌋υi⌋2

−
⌊
~n
i↪→1bUuhic

ε
⌋2 − ⌊~n

i↪→1bFuhic
ε
⌋2




.

Hence, RFFIVQNWA b1ג, ,2ג ..., ncג ≤ RFFIVQNWA bW1,W2, ...,Wnc.

3.2. RFFIVQNWG

Definition 3.6. Let iג = 〈bbTli,Tui c, bCli,Cui c, bUli,Uui c, bFli,Fui cc〉 be the RFFIVQNNs. Then

RFFNWG b1ג, ,2ג ..., ncג = ~n
i↪→1ג

υi
i .

Corollary 3.7. Let iג = 〈bbTli,Tui c, bCli,Cui c, bUli,Uui c, bFli,Fui cc〉 be the RFFIVQNNs. Then

RFFIVQNWG b1ג, ,2ג ..., ncג

=



~n
i↪→1bTlicεcυi ,~n

i↪→1bTui cεcυi

~n
i↪→1bClicεcυi ,~n

i↪→1bCui cεcυi

ε

√
p −~n

i↪→1

⌊
p −bUlicε

⌋υi
, ε
√

p −~n
i↪→1

⌊
p −bUui cε

⌋υi
ε

√
p −~n

i↪→1

⌊
p −bFlicε

⌋υi
, ε
√

p −~n
i↪→1

⌊
p −bFui cε

⌋υi


.

Corollary 3.8. Let iג = 〈bbTli,Tui c, bCli,Cui c, bUli,Uui c, bFli,Fui cc〉 be the RFFIVQNNs and all

are equal. Then RFFNWGb1ג, ,2ג ..., ncג = .ג

In addition to possessing RFFNWG, it also possesses boundedness and monotonicity.

3.3. Generalized RFFIVQNWA (GRFFIVQNWA)

Definition 3.9. Let iג = 〈bbTli,Tui c, bCli,Cui c, bUli,Uui c, bFli,Fui cc〉 be the RFFIVQNN. Then

GRFFIVQNWA b1ג, ,2ג ..., ncג =
⌊⊔n

i↪→1 υiג∝i
⌋1/∝

.
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Theorem 3.10. Let iג = 〈bbTli,Tui c, bCli,Cui c, bUli,Uui c, bFli,Fui cc〉 be the RFFIVQNNs. Then

GRFFIVQNWA b1ג, ,2ג ..., ncג

=



⌊
ε

√√√√ p −~n
i↪→1

⌊
p −
⌊
Tlicε

⌋ε⌋υi ⌋εl+1

,

⌊
ε

√√√√ p −~n
i↪→1

⌊
p −
⌊
Tui cε

⌋ε⌋υi ⌋εl+1

⌊
ε

√√√√ p −~n
i↪→1

⌊
p −
⌊
Clicε

⌋ε⌋υi ⌋εl+1

,

⌊
ε

√√√√ p −~n
i↪→1

⌊
p −
⌊
Cui cε

⌋ε⌋υi ⌋εl+1

ε

√√√√p −

⌊
p −

⌊
~n
i↪→1

⌊
ε

√
p −
⌊
p −bUlicε

⌋ε⌋υi ⌋ε⌋εl+1

,

ε

√√√√p −

⌊
p −

⌊
~n
i↪→1

⌊
ε

√
p −
⌊
p −bUui cε

⌋ε⌋υi ⌋ε⌋εl+1

ε

√√√√p −

⌊
p −

⌊
~n
i↪→1

⌊
ε

√
p −
⌊
p −bFlicε

⌋ε⌋υi ⌋ε⌋εl+1

,

ε

√√√√p −

⌊
p −

⌊
~n
i↪→1

⌊
ε

√
p −
⌊
p −bFui cε

⌋ε⌋υi ⌋ε⌋εl+1



.

Proof To show that,

⊔n
i↪→1 υiגεi =



ε

√√√√ p −~n
i↪→1

⌊
p −
⌊
Tlicε

⌋ε⌋υi
, ε

√√√√√√√ p −~n
i↪→1

⌊
p −
⌊
Tui cε

⌋ε⌋υi

ε

√√√√ p −~n
i↪→1

⌊
p −
⌊
Clicε

⌋ε⌋υi
, ε

√√√√ p −~n
i↪→1

⌊
p −
⌊
Cui cε

⌋ε⌋υi
~n
i↪→1

⌊
ε

√
p −
⌊
p −bUlicε

⌋ε⌋υi
, ~n

i↪→1

⌊
ε

√
p −
⌊
p −bUui cε

⌋ε⌋υi
~n
i↪→1

⌊
ε

√
p −
⌊
p −bFlicε

⌋ε⌋υi
, ~n

i↪→1

⌊
ε

√
p −
⌊
p −bFui cε

⌋ε⌋υi



.
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Put n = 2, υ11ג
⊔
υ22ג

=



ε

√√√√√√√√√√

⌊
ε

√
p −
⌊
p −
⌊
Tl1cε

⌋ε⌋υ1 ⌋ε
+

⌊
ε

√
p −
⌊
p −
⌊
Tl2cε

⌋ε⌋υ1 ⌋ε

−

⌊
ε

√
p −
⌊
p −
⌊
Tl1cε

⌋ε⌋υ1 ⌋ε
·

⌊
ε

√
p −
⌊
p −
⌊
Tl2cε

⌋ε⌋υ1 ⌋ε

ε

√√√√√√√√√√

⌊
ε

√
p −
⌊
p −
⌊
Tu1cε

⌋ε⌋υ1 ⌋ε
+

⌊
ε

√
p −
⌊
p −
⌊
Tu2cε

⌋ε⌋υ1 ⌋ε

−

⌊
ε

√
p −
⌊
p −
⌊
Tu1cε

⌋ε⌋υ1 ⌋ε
·

⌊
ε

√
p −
⌊
p −
⌊
Tu2cε

⌋ε⌋υ1 ⌋ε,

ε

√√√√√√√√√√

⌊
ε

√
p −
⌊
p −
⌊
Cl1cε

⌋ε⌋υ1 ⌋ε
+

⌊
ε

√
p −
⌊
p −
⌊
Cl2cε

⌋ε⌋υ1 ⌋ε

−

⌊
ε

√
p −
⌊
p −
⌊
Cl1cε

⌋ε⌋υ1 ⌋ε
·

⌊
ε

√
p −
⌊
p −
⌊
Cl2cε

⌋ε⌋υ1 ⌋ε,

ε

√√√√√√√√√√

⌊
ε

√
p −
⌊
p −
⌊
Cu1cε

⌋ε⌋υ1 ⌋ε
+

⌊
ε

√
p −
⌊
p −
⌊
Cu2cε

⌋ε⌋υ1 ⌋ε

−

⌊
ε

√
p −
⌊
p −
⌊
Cu1cε

⌋ε⌋υ1 ⌋ε
·

⌊
ε

√
p −
⌊
p −
⌊
Cu2cε

⌋ε⌋υ1 ⌋ε
⌊

ε

√
p −
⌊
p −bUl1cε

⌋ε⌋υ1
·

⌊
ε

√
p −
⌊
p −bUl2cε

⌋ε⌋υ1
,⌊

ε

√
p −
⌊
p −bUu1cε

⌋ε⌋υ1
·

⌊
ε

√
p −
⌊
p −bUu2cε

⌋ε⌋υ1
⌊

ε

√
p −
⌊
p −bFl1cε

⌋ε⌋υ1
·

⌊
ε

√
p −
⌊
p −bFl2cε

⌋ε⌋υ1
,⌊

ε

√
p −
⌊
p −bFu1cε

⌋ε⌋υ1
·

⌊
ε

√
p −
⌊
p −bFu2cε

⌋ε⌋υ1



=



ε

√
p −~2

i↪→1

⌊
p −
⌊
Tl1cε

⌋ε⌋υi
, ε

√
p −~2

i↪→1

⌊
p −
⌊
Tu1cε

⌋ε⌋υi
ε

√
p −~2

i↪→1

⌊
p −
⌊
Cl1cε

⌋ε⌋υi
, ε

√
p −~2

i↪→1

⌊
p −
⌊
Cu1cε

⌋ε⌋υi
~2
i↪→1

⌊
ε

√
p −
⌊
p −bUlicε

⌋ε⌋υi
,~2

i↪→1

⌊
ε

√
p −
⌊
p −bUui cε

⌋ε⌋υi
~2
i↪→1

⌊
ε

√
p −
⌊
p −bFlicε

⌋ε⌋υi
,~2

i↪→1

⌊
ε

√
p −
⌊
p −bFui cε

⌋ε⌋υi


.

Hence,
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l⊔
i↪→1

υiג∝i =



ε

√
p −~l

i↪→1

⌊
p −
⌊
Tl1cε

⌋ε⌋υi
, ε

√
p −~l

i↪→1

⌊
p −
⌊
Tu1cε

⌋ε⌋υi
ε

√
p −~l

i↪→1

⌊
p −
⌊
Cl1cε

⌋ε⌋υi
, ε

√
p −~l

i↪→1

⌊
p −
⌊
Cu1cε

⌋ε⌋υi
~l
i↪→1

⌊
ε

√
p −
⌊
p −bUlicε

⌋ε⌋υi
,~l

i↪→1

⌊
ε

√
p −
⌊
p −bUui cε

⌋ε⌋υi
~l
i↪→1

⌊
ε

√
p −
⌊
p −bFlicε

⌋ε⌋υi
,~l

i↪→1

⌊
ε

√
p −
⌊
p −bFui cε

⌋ε⌋υi


.

If n = l + 1, then
⊔l
i↪→1 υiג∝i + υl+1ג∝l+1 =

⊔l+1
i↪→1 υiג∝i .

Now,
⊔l
i↪→1 υiג∝i + υl+1ג∝l+1 = υ11∝ג

⊔
υ22∝ג

⊔
...
⊔
υlג∝l

⊔
υl+1ג∝l+1

l+1⊔
i↪→1

υiגεi =



ε

√
p −~l+1

i↪→1

⌊
p −
⌊
Tl1cε

⌋ε⌋υi
, ε

√
p −~l+1

i↪→1

⌊
p −
⌊
Tu1cε

⌋ε⌋υi
ε

√
p −~l+1

i↪→1

⌊
p −
⌊
Cl1cε

⌋ε⌋υi
, ε

√
p −~l+1

i↪→1

⌊
p −
⌊
Cu1cε

⌋ε⌋υi
~l+1
i↪→1

⌊
ε

√
p −
⌊
p −bUlicε

⌋ε⌋υi
,~l+1

i↪→1

⌊
ε

√
p −
⌊
p −bUui cε

⌋ε⌋υi
~l+1
i↪→1

⌊
ε

√
p −
⌊
p −bFlicε

⌋ε⌋υi
,~l+1

i↪→1

⌊
ε

√
p −
⌊
p −bFui cε

⌋ε⌋υi


.

⌊
l+1⊔
i↪→1

υiג∝i

⌋1/∝

=



⌊
ε

√√√√ p −~l+1
i↪→1

⌊
p −
⌊
Tlicε

⌋ε⌋υi ⌋εl+1

,

⌊
ε

√√√√ p −~l+1
i↪→1

⌊
p −
⌊
Tui cε

⌋ε⌋υi ⌋εl+1

⌊
ε

√√√√ p −~l+1
i↪→1

⌊
p −
⌊
Clicε

⌋ε⌋υi ⌋εl+1

,

⌊
ε

√√√√ p −~l+1
i↪→1

⌊
p −
⌊
Cui cε

⌋ε⌋υi ⌋εl+1

ε

√√√√p −

⌊
p −

⌊
~l+1
i↪→1

⌊
ε

√
p −
⌊
p −bUlicε

⌋ε⌋υi ⌋2⌋εl+1

,

ε

√√√√p −

⌊
p −

⌊
~l+1
i↪→1

⌊
ε

√
p −
⌊
p −bUui cε

⌋ε⌋υi ⌋2⌋εl+1

ε

√√√√p −

⌊
p −

⌊
~l+1
i↪→1

⌊
ε

√
p −
⌊
p −bFlicε

⌋ε⌋υi ⌋2⌋εl+1

,

ε

√√√√p −

⌊
p −

⌊
~l+1
i↪→1

⌊
ε

√
p −
⌊
p −bFui cε

⌋ε⌋υi ⌋2⌋εl+1



3.4. Generalized RFFIVQNWG (GRFFIVQNWG)

Definition 3.11. iג = 〈bbTli,Tui c, bCli,Cui c, bUli,Uui c, bFli,Fui cc〉 be the RFFIVQNNs. Then

GRFFIVQNWG b1ג, ,2ג ..., ncג = 1
∝

⌊
~n
i↪→1 b∝ icυiג

⌋
.
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Corollary 3.12. Let iג = 〈bbTli,Tui c, bCli,Cui c, bUli,Uui c, bFli,Fui cc〉 be the RFFIVQNNs. Then

GRFFIVQNWGb1ג, ,2ג ..., ncג

=



ε

√√√√p −

⌊
p −

⌊
~n
i↪→1

⌊
ε

√
p −
⌊
p −bTlicε

⌋ε⌋υi ⌋ε⌋εl+1

,

ε

√√√√p −

⌊
p −

⌊
~n
i↪→1

⌊
ε

√
p −
⌊
p −bTui cε

⌋ε⌋υi ⌋ε⌋εl+1

ε

√√√√p −

⌊
p −

⌊
~n
i↪→1

⌊
ε

√
p −
⌊
p −bClicε

⌋ε⌋υi ⌋ε⌋εl+1

,

ε

√√√√p −

⌊
p −

⌊
~n
i↪→1

⌊
ε

√
p −
⌊
p −bCui cε

⌋ε⌋υi ⌋ε⌋εl+1

⌊
ε

√√√√ p −~n
i↪→1

⌊
p −
⌊
Ulicε

⌋ε⌋υi ⌋εl+1

,

⌊
ε

√√√√ p −~n
i↪→1

⌊
p −
⌊
Uui cε

⌋ε⌋υi ⌋εl+1

⌊
ε

√√√√ p −~n
i↪→1

⌊
p −
⌊
Flicε

⌋ε⌋υi ⌋εl+1

,

⌊
ε

√√√√ p −~n
i↪→1

⌊
p −
⌊
Fui cε

⌋ε⌋υi ⌋εl+1



.

4. Conclusion:

This paper introduces new weighted operators, including averaging and geometric operators.

These operators are characterized by boundedness, idempotency, commutativity, associativity,

and monotonicity. We examined many standard metrics in order to characterize the weighted

vector. Numerous criteria for aggregation operators have been examined. A few aggregating

methods for these RFFIVQNNs have been studied, and some conclusions have been drawn.
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