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Abstract. The KU-algebras are given a GNeuS. In KU-algebras, the notions of GNeuSubAlg’s and GNI’s
are introduced, and related properties are explored. The GNeuSubAlg/GNI is studied. There is a discussion
of the relationship between GNeuSubAlg and GNI. Conditions for a GNeuSubAlg to be a GNI are given in
a KU-algebra. There are also conditions for a GNeuS to be a GNI. We investigate the homomorphic image
and preimage of the GNI.
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1. Introduction

In 1965, Zadeh [11] developed the fuzzy set and introduced the degree of membership/truth
(t). In 1986, Atanassov cite9 established the degree of non membership/falsehood (f) as
a generalisation of fuzzy sets and developed the intuitionistic fuzzy set. In 1995, Smaran-
dache [7] developed the neutrosophic set on three components (¢, ¢, f)=(truth, indeterminacy,
falsehood) and introduced the degree of indeterminacy /neutrality (i) as an independent com-
ponent. Smarandache |7,8] introduced the notion of neutrosophic set (INV.S), which is a more
general platform that extends the concepts of classic set and fuzzy set, intuitionistic fuzzy set,
interval valued intuitionistic fuzzy set. Neutrosophic set theory is used in several parts (see
http://fs.gallup.unm.edu/neutrosophy.htm for more information).

The notions of neutrosophic ideals of neutrosophic KU-algebras were introduced by Bijan
Davvaz et al. [3]. Single valued neutrosophic sub-implicative ideals of KU-algebras were stud-
ied by Abd El-Baseer and Mostafa [1]. Vasu and Ramesh Kumar [10] introduced the concepts

of neutrosophic implicative N-ideals in KU-algebras.
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In this paper, we consider a generalisation of Smarandache’s NS’s. The concept of GNeuS’s
is introduced, and it is used to K U-algebras. In KU-algebras, we present the concepts of
GNeuSubAlg and GNI’s, as well as their related characteristics. The relationship between
GNeuSubAlg and GNI is examined, as well as characterizations of GNeuSubAlg. In a KU-
algebra, we define conditions for a GNeuSubAlg to be a GNI. We also discuss the homomor-
phic image and preimage of a GNI, as well as the conditions for a GNeuS to be a GNI.

2. Preliminaries

We let L(7) be the class of all algebras with type 7 = (2,0). A KU-algebra (briefly, KU-
alg) [5,6] on a system P = (P,¢,0) € L(1) satisfies

(KU1) (ko1 © ko2) © ((koz © ko3) © (ko1 © ko3)) = 0,
(KU2) ko1 ¢ 0 =0,

(KU3) 06 ko1 = kor,

(KU4) ko1 © ko2 = 0 & ko2 © ko1 = 0 implies ko1 = ko1,
(KU5) ko ¢ ko1 = 0, ¥ kot koz, kos € P

Also a binary relation < by putting kg1 < kg2 < ko2 © ko1 = 0, V ko1, ko2 € P.
In a KU-algebra P, the following hold:

KUY') (ko2 © ko3) © (ko1 © koz) < (ko1 © koz2),

Theorem 2.1. [4] A KU-alg P satisfies the following axioms.: V ko1, ko2, kog € P,

(i) ko1 < koo imply ko2 © kog < ko1 © kos,
(11) (I (kOZ < kOS) = ko2 © (k’(]l ¢ ]{303), Y ko1, koo, kos € P,
(111) ((k‘og & ]{201) & k01) S k‘og,

)

(iv) (((koz © ko1) © ko1) © ko1) = (ko2 © kot1)-

Definition 2.2. [5//6] A non-empty subset S of a KU-algebra P is called a KU-subalgebra
(briefly. KU-subalg) of P if l11 ¢lag € SV l11,1l22 € S.

Definition 2.3. [5,/6] A subset S of a KU-alg P is called an ideal of P if it satisfies the

following:

(11) 0 € S,
(12) (V ko1, ko2 € P) (kol o koo € S, kor € S = kg1 € S)
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For any family {c; | k¥ € A} of real numbers, we define

Vier | k€ A} max{cy | k€ A} if A is finite,
c =

" sup{cx | k € A}  otherwise.
min{c; | k € A} if A is finite,
inf{cy | k € A}  otherwise.

/\{Ck|k€A}::{

If A ={1,2}, we will also use ¢ V ¢z and ¢; A ¢z instead of {c; | £ € A} and A{ck | k € A},
respectively.

By a fuzzy set in a nonempty set P we mean a function p : P — [0, 1], and the complement
of u, denoted by u, is the fuzzy set in P given by p¢(l) = 1 — u(l) for all I € P. A fuzzy set
win a KU-alg P is called a fuzzy subalgebra of P if u(l *n) > p(l) A pu(n) for all ,n € P. A
fuzzy set p in a KU-alg P is called a fuzzy ideal of P if

(v 1 € P)(u(0) = p(l)). (1)
(v L,n € P)(u(l) > pa(n % 1) A pa()) (2)

Let P be a non-empty set. A neutrosophic set (N.S) in P [7] is a structure of the form:
L:={{;Lr(),L;(1),Lr()) | l € P}

where Ly : P — [0,1] is a truth membership function, L; : P — [0, 1] is an indeterminate
membership function, and Ly : P — [0,1] is a false membership function. For the sake of

simplicity, we shall use the symbol L = (Ly, L1, L) for the neutrosophic set
L:={{; Ly(l),L1(l),Lr(l)) | l € P}.

Definition 2.4. [9] A generalized neutrosophic set (GNeuwS) in a non-empty set P is a

structure of the form:
L:={{;Lyr(1),Lir(1),Lip(1),Lp()) | L € P,Lip(l) + Lip(l) < 1}

where Ly : P — [0,1] is a truth membership function, L : P — [0, 1] is a false membership
function, L;r : P — [0,1] is an indeterminate membership function which is familiar with
truth membership function, and L;r : P — [0,1] is an indeterminate membership function

which is familiar with false membership function.

3. Applications in KU-algs

Unless otherwise stated, let P signify a KU-alg in the following.
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Definition 3.1. A GNeuS L = (Ly,Lir,Lir,Lr) in P is called a generalized neutrosophic
subalgebra (briefly, GNeuSubAlg) of P if the following conditions are valid.

L1 (Co1 * Co2) > L7(¢or) A L1 (Co2)
L7 (Co1 * Co2) > Lir(Co1) A Lr7(Coz)
L1r(Co1 * Co2) < L1r(Cor) V Lrr(Co2)
Lr(Co1 * Co2) < Lr(Co1) V Lr(Coz2)

Example 3.2. Consider a set P = {lly,ll,,ly, .} with the binary operator * which is given
in Table 1. Then

(V Co1,C02 € P) (3)

[

Table 1: Cayley table for the binary operation “x”.
* Wy Uy Uy .
o Uo Uy Uy
g Uo g g .
Uy Uy o g .
Ue Uy g Uy
(P; %,0) is a KU-alg. Then the GNeuS
L = {{llp;0.7,0.6,0.3,0.2), (I 0.3,0.5,0.4,0.6), (Il; 0.1,0.6,0.3,0.4), (il;; 0.5,0.5,0.4,0.7)}
in P is a GNeuSubAlg of P.

Given a GNeuS L = (Lp,Lip,Lip,LF) in P and Ap, A\, pp, prr € [0,1], consider the

following sets.

U(T, A7) :={Co1 € P | L7 (¢o1) > A},
U(IT, \rr) == {¢o1 € P | Lir(Co1) = At}
L(F,pr) :== {01 € P | Lr(Co1) < ur},

L(IF, prp) == {Co1 € P | Lir(Co1) < prr}-

Theorem 3.3. If a GNeuS L = (Lp,Lir,Lirp,Lr) is a GNeuSubAlg of P, then the set
U(T, ), UIT, A7), L(F, up) and L(IF,urp) are subalg’s of PV Ap, A\ir, pp, prr € [0,1]

whenever they are non-empty.

Proof. Assume that U(T, A1), U(IT, A7), L(F,ur) and L(IF,purp) are nonempty V
)\Ty)\ITalu/FyﬂfF c [0, 1]. Let COl,COQ e P. If COl,COQ & U(T, )\T); then LT(COl) > )\T and
L1(Co2) > Ar. It follows that

L7 (Co1 * Co2) = L1(Co1) A L7 (Co2) > Ar

and so that (o1 * (o2 € U(T,\r). Hence U(T, Ar) is a subalg of P. Similarly, if (p1,¢p2 €
U(IT, A7), then (o1 * Co2 € U(IT, A7), that is, U(IT, ) is a subalg of P. Suppose that
Co1,C02 € L(F, pur). Then Lp({p1) < pp and Lp((p2) < pp, which imply that

L (Co1 * Co2) < Lr(Co1) V Lr(Co2) < pr,
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that is, (o1 * (o2 € L(F,pur). Hence L(F, up) is a subalg of P. Similarly we can verify that
L(IF,urr) is a subalg of P. =

Corollary 3.4. If a GNeuS L = (Ly, Lir,Lir, L) is a GNeuSubAlg of P, then the set

LA, A, pr, prr) == {Co1 € P | L1r(¢o1) > A, Lir(Co1) > Ay Le(Co1) < pr, Lir(Co1) < prr}

is a subalg of P ¥ Ap, A\rr, pr, prr € [0,1].
Proof. Straightforward. =

Theorem 3.5. Let L = (LT,L[T,L[F,LF) be a GNeuS in P > U(T,)\T),U(IT,)\[T),
L(F,ur) and L(IF, urr) are subalg’s of P Y Ap, A\rr, pp, prr € [0,1] whenever they are non-
empty. Then L = (L, Ly, Lip, LF) is a GNeuSubAlg of P.

Proof. Assume that U(T,Ar),U(IT, A7), L(F,prp) and L(IF,prp) are subalg’s V
A1, A1 s prr € [0, 1], If there exist (o1, o2 € P 3

L7(Co1 * Co2) < L1(¢o1) A L7(o2),

then (o1, Co2 € U(T, t¢) and (o1 * Co2 & U(T, t¢) for tc = L1 (Co1) A L1(o2). This is a contradic-

tion, and so
L7 (Co1 * Co2) = L7(Co1) A L7(Co2)

Y (o1, (o2 € P. Similarly, we can prove

Li7(Co1 * Co2) = Lir(Co1) A Lir(Coz2)
Y (o1, Co2 € P. Suppose that

Lir(Cor * Co2) > Lir(Co1) V Lir(Co2)
for some (o1, (o2 € P. Then there exists f, € [0,1) 2

Lir(Cor * Co2) > fn = Lir(Co1) V L1r(Co2),

which induces a contradiction since (o1, o2 € L(IF, f;) and (o1 * (o2 & L(IF, fy). Thus

Lrr(Co1 * Co2) < Lir(Co1) V Lir(Coz)
Y (o1, (o2 € P. Similar way shows that

Lr(Co1 * Co2) < Lr(Go1) V Lr(Co2)

V (o1, Co2 € P. Therefore L = (Lp, Lyp, Lir, Lr) is a GNeuSubAlg of P. =
We have the following theorem since [0, 1] is a completely distributive lattice (abbreviated

as C'DL) under the standard ordering.

Theorem 3.6. The family of GNeuSubAlg’s of P forms a C DL under the inclusion.
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Proposition 3.7. Every GNeuSubAlg L = (Lp,Lir,Lir,Lr) of P satisfies the following

claims:

(i) (¥ ¢o1 € P)(Lr(0) > L7(Co1), Lrr(0) > Lir(Co1)),
(i) (V Co1 € P)(L1r(0) < Lir(Co1), Lr(0) < Lr(Cor)).

Proof. Since (o1 * (o1 = 0V (o1 € P, it is straightforward. =

Theorem 3.8. Let L = (L, Lip, Lip,Lr) be a GNeuS in P. If there exists a sequence
{ckg} in P > lim Ly(c;) = 1 = lim Lyp(ck) and lim Lp(cgy) = 0 = lim Lyp(cg), then
k—o0 k—oo k—o0 k—oo

LT(O) =1= L[T(O) and LF(O) =0= L]F(O).

Proof. Using Proposition we know that Ly (0) > Ly (cx), Lir(0) > Lir(ck), Lip(0) <
Lip(cx) and Lp(0) < Lp(cg) for every positive integer k. It follows that

1 Z LT(O) Z lim LT(Ck) = 1,
k—o00

1 Z L[T(O) Z lim L[T(Ck) == 1,
k—o00

0 < Lip(0) < lim Lrp(cp) =0,
k—o0

0 < LF(O) < lim LF(Ck) =0.
k—o0

[1]

Thus LT(O) =1= L[T(O) and LF(O) =0= L[F(O).

Proposition 3.9. If every GNeuS L = (Lp, Lip, Lip, Lr) in P satisfies:

L7(Co1 * Co2) > L1(Co2), Lrr(Co1 * Co2) = Lrr(Co2)
L1r(Co1 * Co2) < Lir(Co2), Lr(Con * Co2) < Lr(Co2) )

then L = (Lp, Lyp, L1, LF) is constant on P.

(V Co1, Co2 € P) ( (4)

Proof. Using (KU3) and , we have L1 (Co1) = L1(0 % Co1) > Lr(0), Lyr(¢o1) = Lir(0 %
Co1) > Lrr(0), Lir(Co1) = Lir(0* ¢o1) < Lir(0), and Lp(¢o1) = Lr(0* (1) < Lr(0). It
follows from Proposition [3.7 that L1 (¢o1) = L7(0), Lir(¢o1) = Lir(0), Lir(¢o1) = Lrr(0) and
Lp(Co1) = Lrp(0) V (o1 € X. Hence L = (Lp, Ly, LiF, L) is constant on P. =

A mapping h : P — @Q of KU-algs is called a homomorphism (breifly, homo) if h({o1 *(p2) =
h(Co1) * h(Co2) V¥ Co1,Co2 € P. Note that if h : P — @Q is a homo, then h(0) =0. Let h: P — Q
be a homo of KU-algs. For any GNeuS L = (Ly,Lir, Lip, Lr) in @, we define a new GNeuS
Lh = (LA L. L', L) in P, which is called the induced GNeuS, by

Li(Gor) = Lr(h(Go1)), Lir(Cor) = Lz (h(Gor)) )
Lha(Cor) = Lir(h(Co1)), L(Go1) = Lr(h(¢or))
Theorem 3.10. Let h: P — @ be a homo of KU-algs. If a GNeuS L = (Lp, Lyp, Lip, LF)
in Q is a GNeuSubAlg of Q, then the induced GNeuS L' = (LA, Lh. Lh. L%) in Pis a
GNeuSubAlg of P.
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Proof. For any (o1, o2 € P, we have

L (Gor * Goa) =L (A (o * Co2)) = Lr(A(Gor) * h(Co2))
> L (h(o1)) A Lr(h(Co2)) = L (Go) A L (Goa),
Liz(Gor * Go2) =Lrr(h(Gor * Go2)) = Lrr(h(Cor) * h(Coz))
>Lrr(h(Gor)) A Lt (h(Co2)) = Lir(Cor) A Lz (Goo),
Lip(Cor * Co2) =L1r(h(Gor * Co2)) = Lrr(h(Cor) * h(Co2))
(h(

<Lip(h(¢n)) V Lip(h(Co2)) = Lip(Cor) V Lip(Co2),

and

L (Cor * Co2) =Lr(h(Con * Co2)) = Lr(h(Gor) * h(Co2))
<Lp(h(Co1)) V Lr(h(Co2)) = L(Co1) V L (Coa).
Therefore L" = (LA, L L. L) is a GNeuSubAlg of P. =
Theorem 3.11. Let h: P — @ be an onto homo of KU-algs and let L = (L, Lir, Lip, LF)

be a GNeuS in Q. If the induced GNeuS LM = (LA, Lt L., L) in P is a GNeuSubAlg of
P, then L = (LT, Lir,LiF, LF) is a GNeuSubAlg of Q.

Proof. Let {p1,p2 € Q. Then h(r) = (o1 and h(s) = (o2 for some r, s € P. Then

Lr(Cor # Go2) =Lr(h(r) % h(s)) = Lr(h(r x 5)) = Li(r * s)
>Lip(r) A Lip(s) = Lr(h(r)) A Ly (h(s))
=L7(Cor) A L1 (Go2),

Li7(Gor * Co2) =Lrr(h(r) * h(s)) = Lrr(h(r * 5)) = Lip(r  5)
>Lir(r) A Lip(s) = Lir(h(r)) A Liz(h(s))

Co1) A Lrr(Co2),

= Lip(h(r*s)) = L (r x s)

L1r(Co1 * Co2) =L1F )
)V Lip(s) = Lip(h(r)) V Lip(h(s))
(

—~ ~— - N e

>
—~

=
~—

*

>
—~

»
SN—

and
Lp(Co1 % Co2) =Lp(h(r) «h(s)) = Lp(h(r xs)) = Lflfﬂ(r * S)
<Li(r)V LE(s) = Lp(h(r)) V Lr(h(s))

=Lp(Co1) V Lp(Co2).
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Hence L = (Lp, L7, Lip, Lr) is a GNeuSubAlg of Q. =

Definition 3.12. A GNeuS L = (Lp,Lir,Lir, Lr) in P is called a generalized neutrosophic
ideal (briefly, GNI) of P if the following conditions are valid.

(V Co1 € P) ( L1(0) > L7(¢o1), L1r(0) > L7 (Co1) ) )
Lir(0) < Lir(Cor), Lr(0) < Lr(Co1) )
L1(Co1) > L (Coa * Co1) A Lr(Co2)
(V Co1,Coz € P) Li7r(¢o1) > Lr(Co2 * Co1) A Lir(Co2) .

Lir(¢o1) < L1r(Co2 * Co1) V L1r(Co2)
Lr(Co1) < Lr(Co2 * Co1) V Lr(Co2)

Example 3.13. Consider a set P = {lly,ll1,1l2,1l3,1l4} with the binary operation * which is
given in Table 2. Then

w1

Table 2: Cayley table for the binary operation “x”.
x o Uy U Ul lly
o o 1y s s g
Uy o Uy U Uz g
Uy Uy Uy Uy Us s
lUs Uy Uy o Uy s
Uy o o o Uy o

(P; ,0) is a KU-alg. Let

L = {(l1p;0.8,0.9,0.1,0.2), (Il1;0.7,0.8,0.2,0.3), (Il2; 0.5,0.6,0.3,0.7), (ll3; 0.3,0.5,0.4, 0.5),
(114;0.3,0.5,0.4,0.7) }.

be a GNeuS in P. By routine calculations, we know that L is a GNI of P.

Lemma 3.14. Every GNI L = (Ly, Ly, L1p, Lp) of P satisfies:

L > L L > L
(¥ Cor, Coz € P) | Cor < Coo = 7(Co1) > L1 (Co2), L17(Co1) 17(Co2) ‘ -
Lir(Co1) < L1r(Co2), Lr(¢o1) < Lr(Co2)

Proof. Let (o1, Coz € P be 3 (o1 < Coz. Then Cog % Co = 0, and so
L1 (Co1) = Lr(Coz * Go1) A L1 (Goz) = L1 (0) A L1 (Goz) = L1(Co2),
Lir(Go1) = Lir(Goz * Go1) A Lir(Goz2) = Lir(0) A L7 (Goz) = Lir(Go2),
Lir(Go1) < Lir(Goz * Go1) V Lir(Co2) = Lir(0) V Lip(Co2) = Lir(Co2),
Lp(Co1) < Lr(Coz * Co1) V Lr(Co2) = Lr(0) V Lr(Co2) = Lr(Co2)-
This completes the proof. =

Lemma 3.15. Let L = (Lp, Ly, Lip, Lr) be a GNI of P. If the inequality (o2 * (o1 < (o3
holds in P, then L7 (Co1) > L7(Co2) A L7(C03); Lir(¢o1) = Lrr(Co2) A Lrr(Co3), Lrr(Co1) <

Lir(Co2) V Lir(¢o3) and Lr(Co1) < Lr(Co2) V Lr(Co3)-
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Proof. Let (o1, (2,03 € P be 5 (o2 * (o1 < (o3, Then (o3 * (o2 * (o1) = 0, and so

L1 (Co1)

Lir(Co1)

Lir(¢or)

and

Lr(Co1)

This completes the proof.

> A\ {Lr(Goz * Co1), L (o) }

> A{ALLT(Gos * (Coz * Go1)), L(Gos) }» L (Goz) }

= A\ {/A{Lr(0), Lr(Gos)}, Lr(Co2) }

= \{Lr(¢o2), L(C03)},

> A{Lir(Co2 * Gon)s Lir(Go) }

> A {ALLrr(Gos * (o2 * Go1)), Lir(Goa) }, Lz (Goz) }
= A{/\{L:r(0), Lrr(Gos)}, Lir(Go2)}

= A\ {Li2(Co2), Lir(Cos)},

<\/ALir(Goz % or), Lir(Coo)}

< VANV {L1r (Cos * (Go2 % C01)), Lir(Cos)}, Lir(Go)}
=\VAVA{L:r(0), L17(C03)}, Lir (Go2)}

=\ {L1r(Co2), Lir(Gos)},

<\ A{Lr (o2 * Con), Lr(Go2)}

< \VAVALr(Cos * (Go2 % C01)), Lr(Gos) b, L (Goa) }
=\/{V{Lr(0), Lr(Cs)} Lr(Go)}

= \/{Lr(Co2), Lr(Cos)}-

[1]

Proposition 3.16. Let L = (Lp, Ly, Lip, Lr) be a GNI of P. If the inequality

holds in P, then

Proof. Using induction on n and Lemmas makes it simple &

Cn*(--'*(02*(01*<01))-'-):O

COl >/\{LTCk ’k:12 },
Lir(Cn) = N{Lir(ex) | k=1,2,--- ,n},
Lir(Co1) < /\{LIF c) | k=1,2,---,n},

Lp(Co) < N\{Lr(er) | k=1,2,--- ,n}.

[1]

Theorem 3.17. In a KU-alg P, every GNI is a GNeuSubAlg.
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Proof. Let L = (Ly,Lir,Lir,Lr) be a GNI of a KU-alg P. Since (o2 * (o1 < (o1 V
Co1,Co2 € P, we have Lp(Co2 * Co1) > L7(Co1), Lrr(Co2 * Co1) = Lr7r(¢o1), Lir(Co2 * Co1) <
Lip(Co1) and Lp(Co2 * Co1) < Lr(¢p1) by Lemma It follows from that

L7 (Coz2 * Go1) = L1 (Co1) = L7(o2 * Co1) A L1 (Co2) > L7(Co1) A L1(Co2),

Lir(Co2 * Co1) > L7 (Co1) = Lir(Co2 * Co1) A Lrr(Co2) > Lt (Co1) A L1 (Co2),

Lrr(Co2 * Co1) < Lir(Co1) < Lir(Co2 * Co1) V Lir(Co2) < Lir(Co1) V Lrr(Coz),
and

L (Coz2 * Co1) < Lr(¢o1) < Lr(Coz *Co1) V Lr(Co2) < Lr(Co1) V Lr(Co2)-

Therefore L = (Lp, Lyp, Lip, L) is a GNeuSubAlg of P. =
The converse of Theorem [3.17] is not true. For example, the GNeuSubAlg L in Example
[3.21is not a GNI of P since

Lir(lly) = 0.5 # 0.6 = Lp(lly + la) A Lp(Uly).

We give a condition for a GNeuSubAlg to be a GNI.
Theorem 3.18. Let L = (Lp, Lyp, Lir, Lr) be a GNeuSubAlg of P 5

L1 (Co1) = L1(Co2) A L1 (Gos),
Lir(Co1) = Lir(Coz2) A Lir(Co3),
Lip(Co1) < Lir(Co2) V Lir(Co3),
Lp(Co1) < Lr(Go2) V Lr(Cos)
¥ Cot, Coz, Cos € P satistying the inequality Cop * Cor < Cos. Then L = (L, Lip, Lip, Ly) is a

GNI of P.

PI‘OOf. Recall that LT(O) 2 LT(C01)7LIT(O) 2 LIT(C01)7LIF(O) S LIF(COI) and LF(O) S

Lr(Co1) ¥V Co1 € P by Proposition Let (o1,Co2 € P. Since (o2 * Co1) * Co1 < (p2, it follows
from the hypothesis that

Lp(Go1) = Lr(Coz * Co1) A L1 (Coz),
Lir(Co1) = Lz (Coz * Co1) A Lir(Co2),
Lip(Co1) < Lir(Co2 * Co1) V Lir(Co2),
Lp(Go1) < Lr(Coz2 * Co1) V Lr(Co2)-
Hence L = (L, L, Lir, Ly) is a GNI of P. =

Theorem 3.19. A GNeuS L = (Lp,Lrp,Lip,Lr) in P is a GNI of P iff the fuzzy sets

Ly, Lir, Ly and L% are fuzzy ideals of P.
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Proof. Assume that L = (L7, Ly, Lir, Lr) is a GNI of P. Clearly, Ly and Lr are fuzzy
ideals of P. For every (o1, (o2 € P, we have
7r(0) =1 = Lir(0) > 1 — Lir(Co1) = Lip(Cor),
L%(0) =1 - Lr(0) > 1 — Lr(Co1) = L%(Cor),
Lip(Co1) =1 — L1r(Co1) > 1 — L1r(Co2 * Co1) V Lrr(Co2)
= /\{1 — Lrr(Co2 * Co1), 1 — L1r(Co2)}
= A\ {L5r(Coz * Co1), LG (Co2) }

and

L%(Co1) =1 — Lp(Co1) = 1 — Lr(o2 * Co1) V Lr(Coz)
= /\{1 — Lp(Goz * Co1), 1 — Lr(Go2) }
= /\{L%(COQ *Co1), LE(Co2) }-

Therefore Lr, Lir, LSy and L, are fuzzy ideals of P.
Conversely, let L = (L, Lir, Lip, Lr) be a GNeuS in P for which Ly, L7, LSy and L%
are fuzzy ideals of P. For every (o1 € P, we have Lp(0) > L7 (o1), Lrr(0) > L7 (1),

1—Lip(0) = Lp(0) > Lip(Co1) =1 — Lir(Cor), thatis, L;p(0) < Lip(Cor)
and
1 —Lp(0) = L%(0) > LS(Co1) = 1 — Lp(Cor), that is, Lp(0) < Lp(Cor).

Let (o1, (o2 € P. Then

L1 (Co1) L7 (Goz * Go1) A L1 (Coz),
Lir(Co1) =Lrr(Co2 * Go1) A L7 (Co2),
1 — L1 (Go1) =L7p(Co1) > Lip(Coz * Co1) A Lip(Co2)
= A{1 = Lr(Co2 * o1), 1 = Lrr(Goo)}
=1 — \/{L1r(Goz2 * C01)s Lir(Co2)},

and

1= Lr(Co1) =L%(Co1) = Li(Co2 * Co1) A LE(Co2)
= A\{1 = Lr(Coz * ¢o1), 1 = Le(Go)}
=1- \/{LF(Coz *Co1)s Lr(Coz) }s

that is, Lrr(Co1) < Lrr(Co2 * Co1) V Lrr(Co2) and Lr(Co1) < Lr(Co2 * Co1) V Lr(Co2). Hence
L= (LT,L[T,L[F,LF) isa GNI of P. =
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Theorem 3.20. If a GNeuS L = (Lp,Lip,Lip,Lr) in P is a GNI of P, then OL =
(Lp, Lyg, LSy, LS and OL = (LS, LS, L, Liy) are GNI’s of P.

Proof. Assume that L = (L, L, Lir, Lr) is a GNT of P and let Co1, Coz € P. Note that
OL = (Ly, Lip, Ly, LS) and OL = (LS, L, L, Lir) are GNeuS’s in P. Let Cor, Coz € P.
Then

L57(Coa * Co1) =1 = Lrr(Coz * Gon) < 1= A{Lir(Cor), L7 (Co2)}
=\/{1 = Lir(Gon), 1 — Lir(Go)}
= \/{L57(Co1), L7 (Co2)},

L5(Coz * Go1) =1 = L1 (o2 * Con) < 1= N{Lr(Gon), Lr(Co2)}

=\/{1 = Lo (¢or), 1 — Lr(Co2)}
= \/{L57(¢o), L5 (Go2) }

Lip(Coz * Co1) =1 = Lir(Goa * or) = 1= \/{L1r(Cor), Lrr(Go2)}
= A\{1 = Lir(Cnn), 1 = Lir(Go2)}
= A\ {L5r(Cor), LG (Co) }

and
L5:(Goz * Co1) =1 = Lp(Coz * Go) = 1= \/{Lr(Cor), Lr(Co)}
= A= Lr(on), 1 = Lr(Go2)}
= A\ {L5(Co), L3 (Co2)}-
Therefore OL = (Lr, Lz, Ly, L§) and OL = (LS., LS, L, Lip) are GNIs of P. =

Theorem 3.21. If a GNeuS L = (Ly, L7, Lip,Lr) is a GNI of P, then the set U(T, A7),
UIT, 1), L(F, up) and L(IF, urr) are ideals of P Y A\p, A\rr, pur, prr € [0, 1] whenever they

are non-empty.

Proof. Assume that U(T,A\r),U(IT,A\;7), L(F,ur) and L(IF,purrp) are nonempty V
Ay A, prsprr € [0,1]0 It is clear that 0 € U(T,Ar),0 € U(IT, A7), 0 € L(F, ur)
and 0 € L(IF,purp). Let Co1,C02 € P. If (o2 x o1 € U(T, 1) and (o2 € U(T, Ar), then
L1(Co2 * Co1) > A and L7 (Co2) > Ar. Hence

L7(Co1) = L7 (Co2 * Co1) A L1(Co2) > A7,

and so (o1 € U(T, Ar). Similarly, if (o2 * (o1 € U(IT, Ar) and (o2 € U(IT, A1), then (o €
U(IT, ). If Gog * Co1 € L(F, ur) and (o2 € L(F, pur), then Lp(Co2 * Co1) < pr and Lp(Co2) <
ur. Hence

Lr(Co1) < Lr(Goz * Co1) V Lr(Co2) < pr,
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and so (o1 € L(F, pp). Similarly, if (oo * (o1 € L(IF,urr) and (o2 € L(IF, urr), then (o1 €
L(IF, ur). This completes the proof. =

Theorem 3.22. Let L = (LT,L[T,L[F,LF) be a GNeuS in P > U(T,)\T),U(IT,)\[T),
L(F,up) and L(IF,pu;p) are ideals of P YV Ap,Arr,pp,purp € [0,1].  Then L =
(LT,L[T,L[F,LF) isa GNI of P.

Proof. Let Ap, A\rr, pup, prr € [0,1] be > U(T, Ap),U(IT, A7), L(F, up) and L(IF, prr)
are ideals of P. For any (o1 € P, let Ly (Co1) = A, Lir(Co1) = Arr, Lir(Co1) = prr and
Lp(Co1) = pp- Since 0 € U(T, Ap),0 €e U(IT, M\j7),0 € L(F, up) and 0 € L(IF, urr), we have
L7(0) > A = L7(Co1), Lir(0) > A = Li7(Co1), Lir(0) < prr = Lip(Co1) and Lp(0) <
ur = Lp(Co1). If there exist r,s € P > Lp(s*r) < Lp(r) A Ly(s), then r,s € U(T, A\og) and
s*xr & U(T, \g) where \g := Lr(r) A Lr(s). This is a contradiction, and hence L1 (o2 * o1) >
L7(¢o1) A L7(Co2) ¥ o1, Co2 € P. Similarly, we can verify Lrr (o2 * Co1) > Lir(Co1) A L7 (Co2)
V Co1,Co2 € P. Suppose that Lip(s *xr) > Lrp(r)V Lip(s) for some r,s € P. Taking
po := Lip(r) V Lip(s) induces r,s € L(IF,urr) and s« r ¢ L(IF,purp), a contradiction.
Thus Lir(Co2 * Co1) < L1r(Co1) V Lir(Goz2) V Co1,Co2 € P. Similarly we have Lp(Coz2 * Co1)
Lp(Co1) V Lr(Co2) VY Co1, Co2 € P. Consequently, L = (L, Ly, Lip, Lr) is a GNI of P.

Let A be a nonempty subset of [0, 1].

[ IA

Theorem 3.23. Let {I(y,) | g2 € A} be a collection of ideals of P >

i P= U I(‘IQ)’
qEN
(ii) (Vr1,q2 € A)(r1 > g2 & Iy C I(gy)).

Let L = (Lp,Lyp,Lip, Lr) be a GNeuS in P given as follows:

L7(Co1) = V{g2 € A | o1 € I(gy) = Lir(Co1)} ) )
Lir(Go1) = NMa2 € A | Co1 € I1gp) = Lr(on)}
Then L = (L, Lip, Lip, Lp) is a GNI of P.

(V Co1 € P) (

Proof. According to Theorem it is sufficient to show that U(T, q2),U(IT, q2), L(F,r1)
and L(IF,r) are ideals of P for every g2 € [0, L7(0) = L;7(0)] and 1 € [Lrr(0) = Lr(0),1].

In order to prove U(T, q2) and U(IT,q2) are ideals of P, we consider two cases:

(1) e2=V{nn € A 1 <o},
(ii) g2 # V{an € A | 1 < g2}
For the first case, we have
1 €U(T,q2) & (Va1 < q2)(Con €1g,) © ¢ € () Lo,

q1<q2

(o € UUIT,q2) & (Y @1 < 42)(Con € 1) & Con € () Loy

q1<q2
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Hence U(T,q2) = () Iy =U(IT,q2), and so U(T,q2) and U(IT, q2) are ideals of P. For the
q1<q2
second case, we claim that U(T,q2) = U 1Iq, = U(IT,q2). If (o1 € U Iy, then (o1 € Iy,
q124q2 41292
for some q; > go. It follows that L;p(Co1) = Lr(Co1) > q1 > q2 and so that (o1 € U(T, q2)

and (o1 € U(IT,q2). This shows that |J I, € U(T,q2) = U(IT,q2). Now, assume that
122

Co1 € U Iy Then (o1 € Iy, ¥V 1 > qo. Since 2 # V{q1 € A | ¢1 < ¢2}, there exists € > 0
q1242

5 (g2 —€,q¢2) N A = 0. Hence (o1 € I, V 1 > g2 — €, which means that if (o € I, then

g1 < g2 — e Thus Lip(Co1) = Lr(Co1) < ¢2 — € < g2, and so (o1 & U(T', q2) = U(IT, q2).
Therefore U(T,q2) = U(IT,q2) € |J I,. Consequently, U(T,q2) = U(IT,q2) = U Iy

41292 q12q2
which is an ideal of P. Next we show that L(F,r1) and L(IF,ry) are ideals of P. We consider

two cases as follows:
(iii) 1 = N{r2 € A | 1 < 1o},
(iv) i # N{ra € A | r1 <2}
Case (iii) implies that

Co1 € L(IF,71) < (¥ r1 <7r2)(Co1 € Iry) < Co1 € ﬂ IL,,

r1<r2

g(]l € U(F, 7“1) = (\V/ r < T2)(<01 S Ir2) = COl € m ITQ.

r1<r2

It follows that L(IF,r1) = L(F,r1) = () I,, which is an ideal of P. Case (iv) induces

r1<re
(ri,71 +€)NA =0 for some e >0. If (o € | I,, then {p1 € I, for some ro < r1, and so

r12>T2

Lir(Co1) = Lr(Co1) < 7o < 1y, that is, (o1 € L(IF,r1) and (o1 € L(F,r1). Hence |J I, C

r12>T2

L(IF,r1) =L(F,r1). If (o1 & U Iy, then (o1 & I, V 9 <71 which implies that (o; & I, V

r12>T2

ro <11 +¢, that is, if (o1 € I, then 9 > 71 + €. Hence Lip(Co1) = Lp(Co1) > r1+€ > 71, and
SO 401 € L(L[F,T‘l) = L(LF,T‘l). Hence L(L]F,’I”l) = L(LF,T‘l) = U ITQ which is an ideal of

ri>T2

P. This completes the proof. =

Theorem 3.24. Let h: P — @ be a homo of KU-algs. If a GNeuS L = (Ly,Lip,Lir, LF)
in Q is a GNT of @, then the new GNeuS L" = (LI L Lh. L) in Pis a GNI of P.

Proof. We first have

L(0) = Ly(h(0)) = L1 (0) > Ly (h(¢o1)) = Li(Cor),
(

)
L7 (0) = Lip(h(0)) = Li7(0) = Liz(h(Cor)) = Lir(Cor),
L}p(0) = Lip(h(0)) = Lip(0) < Lip(h(Cor)) = Lz (Cor),
L(0) = Lp(h(0)) = Lp(0) < Lp(h(¢o1)) = LE((o1)
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V (o1 € P. Let (p1,Cp2 € P. Then

L#(Co1) =Lz (h(Co1)) = Lr(h(Coz) * h(Cor)) A L (h(Co2))

=L (h(Co2 * Co1)) A L1 (h(Co2))

=L} (Co2 * Co1) A L (Co2),
Lir(Gor) =Lrr(h(¢or)) > Lir(h(Goz) * h(Go1)) A Lrr (h(Co2))
=Ly (h(Co2 * Co1)) A Lrr(h(Co2))
=L (o2 * Cor) A Lz (Co2),
Lipor) =Lip(h(Gon)) < Lir(h(Co2) * h(Con)) V Lir(h((o2))
=L1r(h(Co2 * Co1)) V L1r(h(Co2))

(

=L7p(Coz * Co1) V Lip(Co2)

and

L (o) =Lr(h(Gor)) < Li(h(Co2) * h(Cor)) V L (h(Co2))
=Lr(h(Coz2 * Co1)) V Lr(h(Co2))
=L (Co2 * Co1) V L(Co2).-

Therefore L" = (LA, L, Lh., L) in P is a GNI of P.

(1]

Theorem 3.25. Let h: P — @ be an onto homo of KU-algs and let L = (Lp, Lyp, Lip, LF)
be a GNeuS in Q. If the induced GNeuS L" = (Léﬂ7 L’}T, L}ILF, Lh) in Pisa GNI of P, then

L= (LT,L[T,L[F,LF) isa GNI of Q

Proof. For any (p1 € Q, there exists r € P 3 h(r) = (p1. Then

L7(0) = Ly (h(0)) = LE(0) > Li(r) = Ly (h(r)) = Lr(¢or),
Li7(0) = Lrr(h(0)) = Lz
Lir(0) = L1 (h(0)) = Lip(
Lp(0) = Lp(h(0)) = L(0) < Li(r) = Lp(h(r)) = Lr(Con)-

o O

) > Lip(r) = Lir(h(r)) = Lz (Cor),
) < Lip(r) = Lip(h(r)) = Lir((o1),
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Let o1, Co2 € Q. Then h(r) = (o1 and h(s) = (o2 for some r,s € P. It follows that

r)

Ly (Co) = Ly (h(r)) =L}
%s*r)/\LT()

>L

=Ly (h(s) = h(r)) A Lp(h(s))
=L1(Goz * Go1) A L1 (Co2),
Lir(Son) =Lrr(h(r)) = Liz(r)
Tr(s ) A Liz(s)
=Lrr(h(s*r)) A Lrr(h(s))
=Lrr(h(s) * h(r)) A Lir(h(s))
=Lrr(Coz2 * Co1) A Lrr(Co2),
(
(
(
(
(

(
(
=Lz (h(s+7)) A L (h(s))
(
(

Lip(Co1) =Lip(h(r)) = Lip(r)
<Lha(s*r)V Lip(s)
=Lir(h(s*71))V Lirp(h(s))
=Lip(h(s) * h(r)) V Lir(h(s))
=L1r(Co2 * Co1) V L1r(Co2),

and

h(r)) = L (r)

ss1)V Lh(s)
h(s*7))V Lp(h(s))
h(s) * h(r)) vV Lr(h(s))
o2 * Co1) V Lr(Coz)-

Il
Dl
—~ —~ —~ —~ —~

Therefore L = (Lp, Lyp, Lip, L) is a GNI of Q.
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