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Abstract: In this paper we introduced the notions of neutrosophic (strong, weak, s-weak) hyper BCK-ideal
and reflexive neutrosophic hyper BCK-ideal. Some relevant properties and their relations are indicated.
Characterization of neutrosophic (weak) hyper BCK-ideal is considered. Conditions for a neutrosophic set
to be a (reflexive) neutrosophic hyper BCK-ideal and a neutrosophic strong hyper BCK-ideal are discussed.
Also, conditions for a neutrosophic weak hyper BCK-ideal to be a neutrosophic s-weak hyper BCK-ideal,
and conditions for a neutrosophic strong hyper BCK-ideal to be a reflexive neutrosophic hyper BCK-ideal
are provided.
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1 Introduction

Algebraic hyperstructures represent a natural extension of classical algebraic structures and they were
introduced in 1934 by the French mathematician F. Marty [1 7] when Marty defined hypergroups, began
to analyze their properties, and applied them to groups and relational algebraic functions (See [17]).
Since then, many papers and several books have been written on this topic. Hyperstructures have
many applications to several sectors of both pure and applied sciences. (See [4, 5, 8, 11, 14, 19, 25]).
In [16], Jun et al. applied the hyperstructures to BC'K-algebras, and introduced the concept of a
hyper BC K-algebra which is a generalization of a BC'K-algebra. Since then, Jun et al. studied more
notions and results in [12] and [15]. Also, several fuzzy versions of hyper BC K-algebras have been
considered in [10] and [13]. The neutrosophic set, which is developed by Smarandache ([20], [21] and
[22]), is a more general platform that extends the notions of classic set, (intuitionistic) fuzzy set and
interval valued (intuitionistic) fuzzy set. Borzooei et al. [0] studied neutrosophic deductive filters on

S. Khademan, M. M. Zahedi , R. A. Borzooei, Y. B. Jun, Neutrosophic Hyper BCK-Ideals.



202 Neutrosophic Sets and Systems, Vol. 27, 2019

BL-algebras. Zhang et al. [20] applied the notion of neutrosophic set to pseudo-BCI algebras, and
discussed neutrosophic regular filters and fuzzy regular filters. Neutrosophic set theory is applied to
varios part and received attentions from many researches were proceed to develop, improve and expand
the neutrosophic theory ([1], [2], [3], [7], [9], [18], [23] and [24]).

Our purpose is to introduce the notions of neutrosophic (strong, weak, s-weak) hyper BCK-ideal, and
reflexive neutrosophic hyper BCK-ideal. We consider their relations and related properties. We discuss
characterizations of neutrosophic (weak) hyper BCK-ideal. We give conditions for a neutrosophic set
to be a (reflexive) neutrosophic hyper BCK-ideal and a neutrosophic strong hyper BCK-ideal. We
are interested in finding some provisions for a neutrosophic strong hyper BCK-ideal to be a reflexive
neutrosophic hyper BCK-ideal. We discuss conditions for a neutrosophic weak hyper BCK-ideal to be
a neutrosophic s-weak hyper BCK-ideal.

2 Preliminaries
In this section, we give the basic definitions of hyper BCK-ideals and neutrosophic set.

For a nonempty set H a function o : H x H — P*(H) is called a hyper operationon H. If A, B C H,
then Ao B=U{aob|a€ A, be B}.

A nonempty set H with a hyper operation “o” and a constant 0 is called a hyper BCK-algebra (See
[10]), if it satisfies the following conditions: for any x,y,z € H,

(HBCK1) (zoz)o(yoz)<Kxoy,

(HBCK2) (zoy)oz=(roz)oy,

(HBCK3) zoH < {z},

(HBCK4) z < yandy< ximply z =y,

where x < y is defined by 0 € x oy. Also for any A, B C H, A < B is defined by Va € A, db € B
such that a < b.

Lemma 2.1. ([16]) In a hyper BCK-algebra H, the condition (HBCK3) is equivalent to the following
condition:
(Vz,y € H) (xoy < {x}). (2.1)

Lemma 2.2. ([16]) Let H be a hyper BCK-algebra. Then
(i) xo0 < {z},002x < {0} and 000 < {0}, for all z € H

(i1) (AoB)oC =(Ao(C)oB, Ao B« Aand 0o A < {0}, for any nonempty subsets A, B and C
of H.
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Lemma 2.3. ([16]) In any hyper BCK-algebra H, we have:
000={0},0< 2,z <zand A K A, (2.2)
A C B implies A < B, (2.3)
Oox = {0} and 00 A = {0}, (2.4)
A < {0} implies A = {0}, (2.5)
r€xol, (2.6)
for all z,y, z € H and for all nonempty subsets A, B and C' of H.
Let I C H be such that 0 € I. Then [ is said to be (See [16] and [17])
e hyper BCK-ideal of H if
Ve,ye H)(zoy< A, ye A = € A). (2.7)
e weak hyper BCK-ideal of H if
(Vz,ye H)(royC A ye A = z€A). (2.8)
e strong hyper BCK-ideal of H if
Ve,ye H)((zoy)NA#D, yec A = z€ A). (2.9)

A subset I of a hyper BCK-algebra H is said to be reflexive if (zxox) C I for all z € H.

Let H be a non-empty set. A neutrosophic set (NS) in H (See [21]) is a structure of the form:

A= {{x; Ap(x), Ar(x), Ap(x)) | x € H}

where Ar : H — [0,1] is a truth membership function, A; : H — [0, 1] is an indeterminate membership
function, and Ap : H — [0, 1] is a false membership function. For abbreviation, we continue to write

A = (Ar, Aj, Ap) for the neutrosophic set

A= {{x; Ar(x), Ar(x), Ap(x)) | x € H}.

Given a neutrosophic set A = (Ar, A;, Ar) in a hyper BCK-algebra H and a subset S of H, by ,Ar,

*AT, *A[, *A[, *AF and *AF we 1mnean

7(S) = inf Ar(a) and *Az(S) = supAr(a),
acs acsS

*A -

Ar(S) = ilggAI(a) and *A(S) = supA;(a),
a a€eS

LAp(S) = irelgAp(a) and *Ap(S) = supAr(a),

a€eS

respectively.

Notation. From now on,in this paper, we assume that H is a hyper BCK-algebra.
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3 Neutrosophic hyper BCK-ideals

In this section, we introduced the notions of neutrosophic (strong, weak, s-weak) hyper BCK-ideal,
reflexive neutrosophic hyper BCK-ideal and discuss their properties.

Definition 3.1. Let A = (Ar, A7, Ar) be a neutrosophic set in H. Then A is said to be a neutrosophic
hyper BCK-ideal of H if it satisfies the following assertions for all x,y € H,

Ar(z) > Ar(y)
<y ={ Alx) > Aly) |, (3.1)
Ap(z) < Ap(y)
Arp(z) > min {,Ar(zoy), Ar(y)}
Ap(z) > min LA (zoy), A (y)} | (3:2)
Ap(r) <max{*Ap(zoy), Ar(y)}

Example 3.2. Let H = {0,a,b} be a hyper BCK-algebra. The hyper operation “o” on H described by
Table 1.

C( 2

Table 1: Cayley table for the binary operation

o 0 a b

0 {0} {0} {0}

a {a} {0,a} {0,a}
b {b} {a,b} {0,a,b}

We define a neutrosophic set A = (A, A, Ar) on H by Table 2

Table 2: Tabular representation of A = (Ar, A;, Ar)

H Ar(x) Aj(z) Ap(z)
0 0.77 0.65 0.08
a 0.55 0.47 0.57
b 0.11 0.27 0.69

It is easy to check that A = (Ar, A;, Ar) is a neutrosophic hyper BCK-ideal of H.

Proposition 3.3. For any neutrosophic hyper BCK-ideal A = (Ar, A, Ar) of H, the following assertions
are valid.

(1) A= (A, A, Ap) satisfies
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(2) If A= (Ar, A;, Ap) satisfies
Ar(a) = . Ar(S)
(VS C H)(Ja,b,ce S) [ Ar(b) =.A1(S) |, (3.4)
Ap(c) ="Ar(S)

then the following assertion is valid.

Ar(z) > min{Ar(a), Ar(y)}
(Vz,y € H)(Ja,b,c€xoy) | Ar(z) > min{A;(b), A;(y)} (3.5)
Ap(r) < max{Ar(c), Ar(y)}

Proof. By (2.2) and (3.1) we have

Assume that A = (A, Aj, Ap) satisfies the condition (3.4). For all x,y € H, there exists ay, by, co € xoy
such that

Ar(ag) = Ar(zoy), Ar(bo) = LAr(xoy) and Ap(cy) = "Ap(zoy).
Now condition (3.2) implies that

Ar(z) = min {, Ar(z o y), Ar(y)} = min{Ar(ao), Ar(y)}
Aj(r) = min {,A;(z o y), Ar(y)} = min{A;(bo), Ar(y)}
Ap(z) <max{"Ap(xoy), Ar(y)} = max{Ar(c), Ar(y)}.

This completes the proof. ]

We define the following sets:

U(Ar,er) :={x € H | Ap(x) > er},
U(A[,€]) = {i[f eHd ’ A[(l’) > 51}7
L(Ap,ep):={x € H | Ap(z) <er},

where A = (Ar, A;, Ap) is a neutrosophic set in H and er, €7, e € [0, 1].

Lemma 3.4 ([12]). Let A be a subset of H. If I is a hyper BCK-ideal of H such that A < I, then A is
contained in /.

Theorem 3.5. A neutrosophic set A = (Ap, A;, Ar) is a neutrosophic hyper BCK-ideal of H if and
only if the nonempty sets U(Ar,er), U(A,er) and L(Ag,er) are hyper BCK-ideals of H for all ep, 7,
EF € [O, 1]

Proof. Assume that A = (Ap, A;, Ap) is a neutrosophic hyper BCK-ideal of H and suppose that
U(Ar,er), U(Ar,er) and L(Ap,ep) are nonempty for all er, g, ep € [0,1]. It is easy to see that

S. Khademan, M. M. Zahedi , R. A. Borzooei, Y. B. Jun, Neutrosophic Hyper BCK-Ideals.



206 Neutrosophic Sets and Systems, Vol. 27, 2019

0 € U(Ar,er), 0 € U(Ap,er) and 0 € L(Ap,ep). Let z,y € H be such that z oy < U(Ap,er) and
y € U(Ar,er). Then Ar(y) > e and for any a € x oy there exists ag € U(Ar,er) such that a < ay.
We conclude from (3.1) that Ar(a) > Ar(ag) > ep for all a € x oy. Hence ,Ar(z oy) > 7, and so

Ap(z) > min{,Ar(xoy), Ar(y)} > er,

that is, © € U(Ag,er). Similarly, we show that if x oy < U(Aj,e;) and y € U(Ay,¢e), then z €
U(Ar,er). Hence U(Ar,er) and U(Ap,er) are hyper BCK-ideals of H. Let x,y € H be such that
xoy K L(Ap,ep)and y € L(Ap,ep). Then Ap(y) < ep. Let b € zoy. Then there exists by € L(Ap,er)
such that b < by, which implies from (3.1) that Ap(b) < Ap(by) < ep. Thus *Ap(x oy) < ep, and so

AF(ZU) S max{*AF($ e} y),AF(y)} S EF.
Hence x € L(Ap,er), and therefore L(Ap,er) is a hyper BCK-ideal of H.
Conversely, suppose that the nonempty sets U(Ar,er), U(Ar,er) and L(Ap,er) are hyper BCK-
ideals of H for all ey, e7, ep € [0,1]. Let x,y € H be such that x < y. Then
y e U(AT7 AT(Z/)) N U(AI7 AI(Z/)) N L(AF7 AF(y))7

and thus z < U(Ar, Ar(y)), * < U(Ar, Ai(y)) and © < L(Ap, Arp(y)). According to Lemma 3.4 we
have x € U(Ar, Ar(y)), x € U(A;, Ar(y)) and © € L(Ap, Ar(y)) which imply that Ap(z) > Ar(y),
Ar(x) > Ai(y) and Ap(z) < Ap(y). For any xz,y € H, let ep := min{,Ar(zoy), Ar(y)}, €5 =
min{,As;(xoy),A;(y)} and ep := max {*Ap(x oy), Ar(y)}. Then

(TR U(AT,EET) N U(A[, E]) N L(AF, EF),

and for each ar, by, cp € x oy we have

Ar(ar) > JAr(zoy) > min {LAr(z oy), Ar(y)} = er,

Ar(br) > Ar(zoy) > min {4 Ar(z o y), A1(y)} = &1
and
AF(CF) S *AF(I e} y) S max {*AF({L‘ (¢] y),AF(y)} = EF.
Hence ar € U(Arp,er), by € U(Ay, ;) and cp € L(Ap,er), and so zoy C U(Ar,er), xoy CU(A;, &)
and oy C L(Ap,er). By (2.3), we have x oy K U(Arp,e7), voy K U(Ar,er) and zoy < L(Ap,ep).
It follows from (2.7) that
v € U(Ar,er) NU(Ar,e1) N L(Ap,er).

Hence

Ap(z) > er = min {,Ap(z oy), Ar(y)}
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Ar(z) > ey =min {,Ar(zoy), Ar(y)}
and
Ap(z) <ep =max{"Ap(zovy), Ar(y)}.
Therefore A = (Ar, A7, Ar) is a neutrosophic hyper BCK-ideal of H. H
Theorem 3.6. If A = (Ar, A;, Ar) is a neutrosophic hyper BCK-ideal of H, then the set
J = {w € H | Ar(z) = Ar(0), Ay(x) = A(0), Ap(x) = Ap(0)} (3.6)
is a hyper BCK-ideal of H.

Proof. It is easy to check that 0 € J. Let z,y € H be such that zoy < J and y € J. Then Ar(y) =
Ar(0), Ar(y) = Ar(0) and Ap(y) = Ap(0). Let @ € x oy. Then there exists ag € J such that a < ay,
and thus by (3.1), Ar(a) > Ar(ag) = Ar(0), Ar(a) > Ar(ag) = Ar(0) and Ap(a) < Ap(ag) = Ar(0). It
follows from (3.2) that

Ar(r) > min {,Ar(voy), Ar(y)} > Ar(0),

Af(xz) > min{,A;(zovy), Ar(y)} > A;(0)
and
Ap(z) <max{"Ap(xoy), Ar(y)} < Ar(0).

Hence Ar(z) = Ar(0), Ar(z) = A;(0) and Ap(x) = Ap(0), that is, x € J. Therefore J is a hyper
BCK-ideal of H. [

We provide conditions for a neutrosophic set A = (A, A;, Ar) to be a neutrosophic hyper BCK-ideal
of H.

Theorem 3.7. Let H satisfy |z oy| < oo for all z,y € H, and let {J; | t € A C [0,0.5]} be a collection
of hyper BCK-ideals of H such that

H=|]J7. (3.7)
(Vs,t € AN)(s >t < Jg C Jp). (3.8)

Then a neutrosophic set A = (Ar, Ay, Ar) in H defined by

Ar: H—[0,1], x — sup{t € A | z € J;},
Aj: H—[0,1], x —sup{t € A |z € J;},
Ap:H—[0,1], x = inf{t € A |z € J;}

is a neutrosophic hyper BCK-ideal of H.
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Proof. We first shows that

ge0,1] = |J J,isahyper BCK-ideal of H. (3.9)

pEA,p>q

It is clear that 0 € |J J, for all ¢ € [0,1]. Let x,y € H be such that z oy = {ay,as, - ,a,},

PEAP>q
roy< U Jyandye |J J,. Theny € J, for some r € A with ¢ < r, and for any a; € zoy
PEAp>q PEA,p>q
there exists b; € |J J,, and so b; € J;, for some t; € A with ¢ < ¢;, such that a; < b;. If we let
PEN,p>q

t:=min{t; |1 € {1,2,--- ,n}}, then J;, C Jy forallie {1,2,--- ,n} and so x oy < J; with ¢ <t. We
may assume that r > ¢ without loss of generality, and so J, C J;. By (2.7), wehavex € J; C | J,.
pEAp>q
Hence |J J,is a hyper BCK-ideal of H. Next, we consider the following two cases:
pEA,p>q

(i)t=sup{ge A|qg<t}, (ii)t#sup{g€ A|q<t}. (3.10)

If the first case is valid, then

r€U(Ap,t) & zeJforallg<t & ze()J,

q<t

and so U(Ar,t) = () J, which is a hyper BCK-ideal of H. Similarly, we know that U(A;,t) is a hyper
q<t

BCK-ideal of H. For the second case, we will show that U(Ar,t) = JJ,. If 2 € JJ,, then z € J,

q=>t q=>t

for some ¢ > t. Thus Ar(xz) > ¢ > t, and so € U(Ar,t) which shows that |J.J, C U(Ar,t). Assume
q=>t

that © ¢ |JJ,. Then = ¢ J, for all ¢ > ¢, and so there exist 0 > 0 such that (¢t — d,¢) N A = (. Thus

q=>t
x ¢ J, for all ¢ >t — 0, that is, if v € J, then ¢ <t — 3§ < t. Hence v ¢ U(Ar,t). This shows that
U(Ar,t) = JJ, which is a hyper BCK-ideal of H by (3.9). Similarly we can prove that U(Ay,t) is a

q=t
hyper BCK-ideal of H. Now we consider the following two cases:

s=inf{reAls<r}and s#inf{re A|s<r}. (3.11)
The first case implies that

v € L(Ap,s) & w€J foralls<r & ze( ),
s<r

and so L(Ap,s) = () J, which is a hyper BCK-ideal of H. For the second case, there exists § > 0

s<r

such that (s,s+d)NA=0. If x € JJ,, then z € J, for some s > r. Thus Ap(z) < r < s, that is,
s>r
x € L(Ap,s). Hence |JJ. C L(Ap,s). If x ¢ |JJ,, then x ¢ J, for all r < s and thus = ¢ J,. for all
s>r s>r

r < s+ d. This shows that if © € J, then r > s+ 0. Hence Ap(x) > s+ > s, i.e., © ¢ L(Ap,s).
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Therefore L(Ar,s) C |J J,. Consequently, L(Ar,s) = |JJ, which is a hyper BCK-ideal of H by (3.9).

s>r s>r

It follows from Theorem 3.5 that A = (Ar, A;, Ar) is a neutrosophic hyper BCK-ideal of H. H

Definition 3.8. A neutrosophic set A = (Ar, A;, Ar) in H is called a neutrosophic strong hyper BCK-
ideal of H if it satisfies the following assertions.

An(e o) > Aa(e) 2 min { sup An(an) 42(0) },

apEcxoy

Af(xox) > Ar(z) > ming sup AI(bO),A[(y)} , (3.12)

boExoy

*Ap(rox) < Ap(z) < max{ inf Ar(co), AF(?J)}

cocxoy

forall z,y € H.

Example 3.9. Consider a hyper BCK-algebra H = {0, a, b} with the hyper operation “o” which is given
by Table 3.

Table 3: Cayley table for the binary operation “o”

0 a b
{0} {0} {0}
{a} {0} {a}
{b} {b} {0,0}

Qe OO0

Let A = (Ar, A7, Ap) be a neutrosophic set in H which is described in Table 4.

Table 4: Tabular representation of A = (Ar, A7, Ap)

0 0.86 0.75 0.09
a 0.65 0.57 0.17
b 0.31 0.37 0.29

It is routine to verify that A = (Ar, A;, Ar) is a neutrosophic strong hyper BCK-ideal of H.

Theorem 3.10. For any neutrosophic strong hyper BCK-ideal A = (Ar, A;, Ar) of H, the following
assertions are valid.

(1) A= (Ar, A;, Ap) satisfies the conditions (3.1) and (3.3).
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(2) A= (A, A, Ap) satisfies

Ar(z) = min{Ar(a), Ar(y)}
(Vz,y € H)(Va,b,c € zoy) | Ar(x) > min{A;(b), A;(y)} : (3.13)
Ap(r) < max{Ar(c), Ar(y)}

which shows that (3.3) is valid. Let 2,y € H be such that 2 < y. Then 0 € x oy, and so
*Ar(xoy) > Ar(0), *Ar(zoy) > Ar(0) and ,Ap(xoy) < Ap(0).
It follows from (3.3) that

> min {"Ar(z 0 y), Ar(y)} > min{Ar(0), Ar(y)} = Ar(y),
Aj(x) = min {"A;(z o y), Ar(y)} = min{A;(0), Ar(y)} = As(y),
<max {,Ap(zoy), Ap(y)} < max{Ap(0), Ar(y)} = Ar(y).

Hence A = (Ar, A;, Ap) satisfies the condition (3.1) .
(2) Let x,y,a,b,c € H be such that a,b,c € x oy. Then

Ar(x) > min{ sup AT(ao),AT(y)} > min{Ar(a), Ar(y)},

apE€xoy

Ar(z) > min{ sup A[(bo),AI(y)} > min{A;(b), A;(y)},

boExoy

cocxoy

Ap(z) < max{ inf Ap(co),AF(y)} < max{Ar(c), Ar(y)}.

This completes the proof. Il

Theorem 3.11. If a neutrosophic set A = (Ar, A;, Ap) is a neutrosophic strong hyper BCK-ideal of H,
then the nonempty sets U(Ag,er), U(Ar,er) and L(Ap,er) are strong hyper BCK-ideals of H for all
er, €1, €r € [0,1].

Proof. Let A = (Ar, A;, Ar) be a neutrosophic strong hyper BCK-ideal of H. Then A = (Ar, Ay,
Ap) is a neutrosophic hyper BCK-ideal of H. Assume that U(Ar,er), U(Ar,er) and L(Ap,ep) are
nonempty for all e, €7, ep € [0,1]. Then there exist a € U(Ap,e7), b € U(Ar,er) and ¢ € L(Ap,er),
that is, Ar(a) > ep, A7;(b) > e; and Ap(c) < ep. It follows from (3.3) that Ar(0) > Ar(a) > er,
Ar(0) > As(b) > ey and Ap(0) < Ap(c) < ep. Hence

0e U(AT,€T) N U(A[,S[) N L(AF,SF)

S. Khademan, M. M. Zahedi , R. A. Borzooei, Y. B. Jun, Neutrosophic Hyper BCK-Ideals.



Neutrosophic Sets and Systems, Vol. 27, 2019 211

Let x,y,a,b,u,v € H be such that (z oy) NU(Ap,er) # 0, y € U(Ar,er), (aob) NU(Ar,er) # 0,
be U(Arer), (wov)N L(Ap,er) # 0 and v € L(Ap,er). Then there exist xg € (x oy) NU(Ag,er),
ap € (aob) NU(Ar,er) and ug € (uowv) N L(Ap,er). It follows that

Ar(2) Z min {"Ar(z 0 y), Ar(y)} > min{Az(zo), Ar(y)} > er,

Ar(a) > min { sup AI(d),AI(b)} > min{A;(ag), A;(b)} > ¢

d€aob

and

Ap(u) < max{ inf Ap(e), AF(U)} < max{Ar(uo), Ar(v)} < e.

ecuov

Hence x € U(Ar,er), a € U(Ar,e7) and u € L(Ap,er). Therefore U(Ar,er), U(Af,e7) and L(Ap,er)
are strong hyper BCK-ideals of H. L

Theorem 3.12. For any neutrosophic set A = (Ar, A;, Ar) in H satisfying the condition

Ar(a) ="Ar(S)
(VS C H)3abce 8) | Aib) ="Ai(S) |, (3.14)
Ar(c) = +Ar(9)

if the nonempty sets U(Ar,er), U(Ar,er) and L(Ap,er) are strong hyper BCK-ideals of H for all e,
er, erp € [0,1], then A = (Ar, A;, Ar) is a neutrosophic strong hyper BCK-ideal of H.

Proof. Assume that U(Ap,er), U(Ar,er) and L(Af,er) are nonempty and strong hyper BCK-ideals
of H for all ey, ¢7, ep € [0,1]. For any z,y, 2 € H, such that x € U(Ar, Ar(x)), y € U(Ar, Ar(y)) and
z € L(Ap, Ap(2)), since xox < z, yoy < y and zoz < z by (2.1), we have xox < U(Ar, Ar(x)), yoy <
U(A;, Ar(y)) and zoz < L(Ap, Ap(2)). By Lemma 3.4, xox C U(Ar, Ar(x)), yoy CU(A;, A;(y)) and
zo0z C L(Ap,Ar(2)). Hence a € U(Ar, Ar(x)), b € U(Ar, Ar(y)) and ¢ € L(Ap, Ar(2)) forall a € zox,
b€ yoyand ¢ € zoz. Therefore ,Ar(xox) > Ar(x), Ar(yoy) > A;(y) and *Ap(z0z) < Ap(z). Now,
let er := min {*Ar(zoy), Ar(v)}, er == min{*A;(x oy), A;(y)} and ep := max {L Arp(zoy), Ar(y)}.
By (3.14), we have

Ar(ag) = "Ap(xoy) > min {"Ar(zoy), Ar(y)} = er,

Ap(by) =*Af(xoy) > min{*Ar(z oy), Ar(y)} = er
and
Ap(co) = s Ap(zoy) <max{,Ap(zoy), Ap(y)} =er
for some ag, by, ¢y € v oy. Hence ag € U(Ar,er), by € U(Ar,er) and ¢y € L(Ap,ep) which imply that

(xoy)NU(Ap,er), (xoy) NU(Ar,er) and (xoy) N L(Ap,er)
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are nonempty. Since y € U(Ap,er) NU(Ap,er) N L(Ap,er), it follows from (2.9) that x € U(Ar,er) N
U(Ar,er) N L(Ap,er). Thus

Ar(z) > er = min {"Ar(z o y), Ar(y)},

Af(x) = er = min {"A;(z o y), Ar(y)}
and
Ap(z) < ep =max{,Ar(zovy), Ar(y)}.
Consequently, A = (A, Ar, Ar) is a neutrosophic strong hyper BCK-ideal of H. [

Since any neutrosophic set A = (Ar, Aj, Ar) satisfies the condition (3.14) in a finite hyper BCK-
algebra, we have the following corollary.

Corollary 3.13. Let A = (A, A;, Ar) be a neutrosophic set in a finite hyper BCK-algebra H. Then
A = (Ar, Ar, Ar) is a neutrosophic strong hyper BCK-ideal of H if and only if the nonempty sets
U(Ar,er), U(Ap,er) and L(Af,ep) are strong hyper BCK-ideals of H for all ey, ¢/, ep € [0, 1].

Definition 3.14. A neutrosophic set A = (A, A;, Ar) in H is called a neutrosophic weak hyper BCK-
ideal of H if it satisfies the following assertions.

Ar(0) = Ar(z) 2 min {,Ar(z o y), Ar(y)},

A;r(0) > Ar(x) > min {A(zoy), Ar(y)},
Ap(0) < Ap(z) < max {*Ap(zoy), Ar(y)}

(3.15)

for all z,y € H.

Definition 3.15. A neutrosophic set A = (Ar, A;, Ar) in H is called a neutrosophic s-weak hyper BCK-
ideal of H if it satisfies the conditions (3.3) and (3.5).

[19p)]

Example 3.16. Consider a hyper BCK-algebra H = {0,a,b,c} with the hyper operation “o” which is
given by Table 5.

Table 5: Cayley table for the binary operation “o”

0 a b c
{0} {0} {0} {0}
{a} {0} {0} {0}
{o} {o} {0} {0}
{c} {c} {b,c} {0,b,c}

o e OO0

Let A = (Ar, Ar, Ar) be a neutrosophic set in H which is described in Table 6.
It is routine to verify that A = (Ar, A;, Ar) is a neutrosophic weak hyper BCK-ideal of H.

S. Khademan, M. M. Zahedi , R. A. Borzooei, Y. B. Jun, Neutrosophic Hyper BCK-Ideals.



Neutrosophic Sets and Systems, Vol. 27, 2019 213

Table 6: Tabular representation of A = (Ar, A7, Ar)

0 0.98 0.85 0.02
a 0.81 0.69 0.19
b 0.56 0.43 0.32
c 0.34 0.21 0.44

Theorem 3.17. Every neutrosophic s-weak hyper BCK-ideal is a neutrosophic weak hyper BCK-ideal.

Proof. Let A = (Ar, A;, Ar) be a neutrosophic s-weak hyper BCK-ideal of H and let z,y € H. Then
there exist a,b,c € x oy such that

Ar(xz) > min{Ar(a), Ar(y)} > min{ inf Ar(aop), AT(y)} ,

apExoy

Ar(z) > min{A;(b), A;(y)}, > min{ inf Al(bo),AI(y)} ,

boExoy

Ap(z) <max{Ar(c), Ar(y)}. < max{ sup AF(CO),AF(y)} :

coEToY

Hence A = (Ar, A;, Ar) is a neutrosophic weak hyper BCK-ideal of H. H

We can conjecture that the converse of Theorem 3.17 is not true. But it is not easy to find an
example of a neutrosophic weak hyper BCK-ideal which is not a neutrosophic s-weak hyper BCK-ideal.

Now we provide a condition for a neutrosophic weak hyper BCK-ideal to be a neutrosophic s-weak
hyper BCK-ideal.

Theorem 3.18. If A = (Ar, A;, Ar) is a neutrosophic weak hyper BCK-ideal of H which satisfies the
condition (3.4), then A = (Ap, A;, Ar) is a neutrosophic s-weak hyper BCK-ideal of H.

Proof. Let A = (Ar, A;, Ar) be a neutrosophic weak hyper BCK-ideal of H in which the condition
(3.4) is true. Then there exist ag, by, co € = oy such that Ar(ag) = Ar(zoy), Ar(by) = «Ar(x oy) and
Ap(cy) = *Ap(xz oy). Hence

Ap(z) > min {,Ar(z 0 y), Ar(y)} = min{Ar(ao), Ar(y)},
Af(z) > min {,A;(z o y), Ar(y)} = min{A;(bo), As(y)},
Ap(z) <max{"Ap(xoy), Ar(y)} = max{Ar(c), Ar(y)}.

Therefore A = (Ar, A;, Ap) is a neutrosophic s-weak hyper BCK-ideal of H. ]

Remark 3.19. In a finite hyper BCK-algebra, every neutrosophic set satisfies the condition (3.4). Hence
the concept of neutrosophic s-weak hyper BCK-ideal and neutrosophic weak hyper BCK-ideal coincide
in a finite hyper BCK-algebra.
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Theorem 3.20. A neutrosophic set A = (Ap, A;, Ar) is a neutrosophic weak hyper BCK-ideal of H if
and only if the nonempty sets U(Ar,er), U(Ar,er) and L(Ap, er) are weak hyper BCK-ideals of H for
all e, g7, ep € [0, 1].

Proof. The proof is similar to the proof of Theorem 3.5. ]

Definition 3.21. A neutrosophic set A = (Ar, A;, Ap) in H is called a reflexive neutrosophic hyper
BCK-ideal of H if it satisfies

WAp(zox) > Ar(y)
(Ve,y e H) | «Ar(xoz) > Ai(y) |, (3.16)
*Ap(zox) < Ap(y)

and

Ar(xz) > min {*Ar(zovy), Ar(y)}
(Ve,y e H) | Ar(z) > min{*A;(zovy), Ar(y)} : (3.17)
Ap(z) < max { Ap(zoy), Ar(y)}

Theorem 3.22. Every reflexive neutrosophic hyper BCK-ideal is a neutrosophic strong hyper BCK-ideal.
Proof. Straightforward. ]

Theorem 3.23. If A = (Ap, A;, Ap) is a reflexive neutrosophic hyper BCK-ideal of H, then the nonempty
sets U(Ar,er), U(Ar,er) and L(Ap,er) are reflexive hyper BCK-ideals of H for all ep, ¢/, ep € [0, 1].

Proof. Assume that U(Ar,er), U(Ar,er) and L(Ap,er) are nonempty for all er, e, ep € [0,1]. Let
a € U(Ar,er), b€ U(Ar,er) and ¢ € L(Ap,ep). If A= (Ar, A;, Ar) is a reflexive neutrosophic hyper
BCK-ideal of H, then by Theorem 3.22, A = (Ar, A;, Ap) is a neutrosophic strong hyper BCK-ideal
of H, and so it is a neutrosophic hyper BCK-ideal of H. It follows from Theorem 3.5 that U(Ar,er),
U(A,er) and L(Ap,ep) are hyper BCK-ideals of H. For each x € H, let ag, by, ¢y € x o x. Then

Ar(ag) > inf Ap(u) > Ar(a) > er,

~ u€Ezxox

A[(bo) > inf A[(U) 2 A[(b) Z €r,

T vExox

Ar(co) < sup Ap(w) < Ap(c) < e,

weTrow

and so ag € U(Ar,er), by € U(Ap,er) and ¢y € L(Ap,er). Hence xox C U(Ar,er), xox C U(Ar,er)
and x ox C L(Ap,ep). Therefore U(Ap,e7), U(Ar,e7) and L(Ap,ep) are reflexive hyper BCK-ideals
of H. O

Lemma 3.24 ([15]). Every reflexive hyper BCK-ideal is a strong hyper BCK-ideal.
We consider the converse of Theorem 3.23 by adding a condition.

Theorem 3.25. Let A = (Ar, A;, Ar) be a neutrosophic set in H satisfying the condition (3.14). If the
nonempty sets U(Ar,er), U(Ar,er) and L(Ap,efr) are reflexive hyper BCK-ideals of H for all e, ey,
ep € [0,1], then A = (Ar, A;, Ar) is a reflexive neutrosophic hyper BCK-ideal of H.
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Proof. If the nonempty sets U(Ar,er), U(Ar,er) and L(Ap,er) are reflexive hyper BCK-ideals of H,
then by Lemma 3.24 they are strong hyper BCK-ideals of H. By Theorem 3.12 that A = (Ar, Ay,
Ar) is a neutrosophic strong hyper BCK-ideal of H. Hence the condition (3.17) is valid. Let =,y € H.
Then the sets U(Ar, Ar(y)), U(Ar, Ar(y)) and L(Ap, Ar(y)) are reflexive hyper BCK-ideals of H, and
soxox C U(Ar, Ar(y)), vox C U(A;, Ar(y)) and x ox C L(Ap, Ar(y)). Hence Ar(a) > Ar(y),
Ar(b) > As(y) and Ap(c) < Ap(y) for all a,b,c € x oz and so ,Ar(xox) > Ar(y), +Ar(zox) > As(y)
and *Ap(x o x) < Ap(y). Therefore A = (Ap, Ar, Ap) is a reflexive neutrosophic hyper BCK-ideal of
H. O

We provide conditions for a neutrosophic strong hyper BCK-ideal to be a reflexive neutrosophic
hyper BCK-ideal.

Theorem 3.26. Let A = (Ar, A;, Ar) be a neutrosophic strong hyper BCK-ideal of H which satisfies
the condition (3.14). Then A = (Ar, A;, Ar) is a reflexive neutrosophic hyper BCK-ideal of H if and
only if the following assertion is valid.

Ap(zox) > Ap(0)
(Ve e H) | Ar(zox)> A;(0) . (3.18)
*Ap(rox) < Ap(0)

Proof. It is clear that if A = (Ar, A;, Ap) is a reflexive neutrosophic hyper BCK-ideal of H, then the
condition (3.18) is valid.

Conversely, assume that A = (Ar, A;, Ap) is a neutrosophic strong hyper BCK-ideal of H which
satisfies the conditions (3.14) and (3.18). Then Az (0) > Ar(y), A7(0) > A;(y) and Ap(0) < Ap(y) for
all y € H. Hence

Ap(zox) > Ar(y), «Ar(rox) > Ar(y) and "Ap(zox) < Ap(y).
For any =,y € H, let

er == min{"Ar(zoy), Ar(y)},
er:=min{*Ar(zoy), Ar(y)},
ep = max {,Ap(zoy), Ar(y)}.

Then U(Ar,er), U(Ar,er) and L(Ap,er) are strong hyper BCK-ideals of H by Theorem 3.11. Since
A = (Ar, A;, Ap) satisfies the condition (3.14), there exist ag, by, ¢y € = oy such that

Ar(ag) = "Ar(zoy), Ar(by) = "Ar(zoy), Ar(co) = Ar(roy).

Hence Ar(ag) > er, Ar(bo) > e and Ap(cy) < ep, that is, ag € U(Ar,er), by € U(A,er) and
co € L(Ap,ep). Hence (xoy) NU(Ar,er) # 0, (xoy) NU(Ar,er) # 0 and (xoy) N L(Ap,ep) # 0.
Since Yy e U(AT,ZET) N U(A[,S]) N L(AF,SF), by (29), T € U(AT,ST) N U(A[,S]) N L(AF,SF) Thus

r(r) > er = min {"Ar(z o y), Ar(y)},
(x) > er=min{"A;(roy), As(y)}

A
A )
Ap(z) < ep = max{,Ap(zoy), Ar(y)} .
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Therefore A = (Ap, Ar, Ar) is a reflexive neutrosophic hyper BCK-ideal of H. O

4 Conclusions

We have introduced the notions of neutrosophic (strong, weak, s-weak) hyper BCK-ideal and reflexive
neutrosophic hyper BCK-ideal. We have considered their relations and related properties. We have
discussed characterizations of neutrosophic (weak) hyper BCK-ideal, and have given conditions for
a neutrosophic set to be a (reflexive) neutrosophic hyper BCK-ideal and a neutrosophic strong hyper
BCK-ideal. We have provided conditions for a neutrosophic weak hyper BCK-ideal to be a neutrosophic
s-weak hyper BCK-ideal, and have provided conditions for a neutrosophic strong hyper BCK-ideal to
be a reflexive neutrosophic hyper BCK-ideal.
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