BINSS Neutrosophic Sets and Systems, Vol. 85, 2025

m University of New Mexico
l y—- 4~

Properties of Neutrosophic - bi-ideals in near-subtraction
semigroups

B. Elavarasan', G. Muhiuddin?, Y. B. Jun® and K. Porselvi*
L4Department of Mathematics, Karunya Institute of Technology and Sciences, Coimbatore - 641 114, India.

!E-mail:belavarasan@gmail.com; elavarasan@karunya.edu;

4 E-mail:porselvi94@yahoo.co.in; porselvi@karunya.edu.
2 Department of Mathematics, University of Tabuk, P.O. Box-741, Tabuk-71491, Saudi Arabia.

2 E-mail:chishtygm@gmail.com.
3 Department of Mathematics Education, Gyeongsang National University, Jinju 52828, Korea.
3 E-mail:skywine@gmail.com.
*Correspondence: porselvi94@yahoo.co.in

Abstract. This paper presents the concept of neutrosophic s-bi-ideals within the framework of near-
subtraction semigroups and explores the associated findings. The concept of neutrosophic intersections is
explored. In addition, we establish some results regarding the homomorphic preimage of a neutrosophic »-bi-
ideal in near-subtraction semigroups.

Keywords: Subtraction semigroup, ideals, neutrosophic structures, s—bi-ideals, homomorphism.

1. Introduction

In [15], Schein conducted a study on functions of the form (X, 0,)\), where ¥ represents a
collection of systems that is closed under function composition o (making (¥, o) a function
semigroup) and set-theoretic subtraction \ (making (X,\) a subtraction algebra). Zelinka
conducted a study on Schein’s multiplication structure and successfully resolved a problem
related to atomic subtraction algebras, as documented in [18]. In subtraction algebras [§],
Jun et al. explored the notion of ideals by examining their characterization. Jun et al. [7]
investigated the ideals generated by a set and their corresponding consequences. Dheena et
al. [2] proposed the concepts of near-subtraction semigroups along with their strongly regular
variants. The authors discovered a strongly regular equivalent assertion for a near-subtraction
semigroup.

According to Zadeh [17], a fuzzy subset s of a set L can be characterized as a function
assigning to each element of L a value within the range [0, 1]. Subsequently, this notion has

been efficiently employed in various domains, such as image manipulation, system regulation,
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engineering, robotics, industrial automation, and optimisation. Molodtsov’s soft set theory,
developed in 1999 as an extension of fuzzy set theory, has demonstrated its effectiveness in
various domains. The idea of fuzzy bi-ideals in near-subtraction semigroups was introduced
by Chinnadurai et al. in their paper |1]. The authors also provided several characterizations
of these fuzzy bi-ideals.

In response to the persistent uncertainty, Smarandache devised neutrosophic sets. Both
fuzzy sets and intuitionistic fuzzy sets exhibit an increased scope. The three attributes, namely
falsity (F), indeterminacy (I), and truth (T), can be employed to characterise neutrosophic
sets. In order to address problems arising from vague information, these collections can be
utilised in various manners. A neutrosophic set can be used to differentiate between absolute
and relative membership functions. Smarandache utilised these collections for unorthodox
analyses, including sports outcomes (loss, draw, and victory), decision-making theory, and
similar subjects. Khan et al. studied e-neutrosophic »-subsemigroup and a semigroup in
[9]. Elavarasan et al. |3] investigated the concept of neutrosophic s-ideals in semigroups.
Elavarasan et al. analysed the properties of neutrosophic bi-filters and filters in semigroups [4].
In [12], Muhiuddin et al. defined and described neutrosophic »-interior ideals and neutrosophic
»-ideals in ordered semigroups, respectively. This area has been explored by several authors
(See [4-6,[13}|14}16]).

In [11], Muhiuddin et al. examined neutrosophic M—ideals and discovered several analogous
findings in near-subtraction semigroups. In addition, they showcased the idea of a neutrosophic
»— intersection. Furthermore, the researchers explored the concept of a homomorphism in a
near-subtraction semigroup with a neutrosophic s»— structure. They derived several results
based on the preimage of a neutrosophic »— left (or right) ideal in a homomorphic neutrosophic
»— structure.

As an extension of these ideas, this paper introduces the idea of neutrosophic »— bi-ideals
in near-subtraction semigroups and makes some statements that go with it. Here, we present
an example that illustrates the fact that not all neutrosophic »— bi-ideals can be classified as
neutrosophic »— ideals. Moreover, we establish the definition of the preimage of a neutrosophic

»— bi-ideal in near-subtraction semigroups.

2. Preliminaries

We will provide some fundamental definitions of near-subtraction semigroups and hybrid

structures. The power set of a set J is represented by J(J).

Definition 2.1. [15] Subtraction algebra is defined as a set N(# () with the binary operation
“—" that satisfies the conditions:
(i) b1 — (w1 — 1) = hy,
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(ii) hl — (h1 — ’w1> = w1 — (w1 — hl),
(iii) (hl — wl) — 81 = (hl — 81) — w1 Vhl,wl,sl € N.

Definition 2.2. [2] A right (resp., left) near-subtraction semigroup refers to a non-empty set
N equipped with two binary operations, denoted by “—” and “”, which satisfy the following
specific conditions:

(a) (N, —) is a subtraction algebra.

(b) (N, ) is a semigroup.

(¢) (Jo — J1)d2 = Joja — j1j2 (vesp., jo(j1 — j2) = jojr — Joj2) Vjo, j1,j2 € N.

It is obvious that 0ly = 0 Viy € N.
Unless otherwise specified, the term N refers to a right near-subtraction semigroup (briefly,
NSS).

Definition 2.3. [2] For a NSS N,
(i) N is called a zero-symmetric if k10 = 0 Vk; € N.
(i) J C N\{0} is defined as a near-subtraction subsemigroup of N if yg — y1,yoy1 € J

whenever yg,y1 € J.
Definition 2.4. [10] For C, D € B(N), the product and * product are described as below:
CD = {Cldl | c1 € Canddy € D}
Cx*D = {c1dy — c1(¢} —dy) | e1,¢) € C and dy € D}.
Definition 2.5. [2| A subset J of a subtraction algebra N is considered a subalgebra of N if,

for any elements hg and a; in J, the difference hg — a1 also belongs to J.

Definition 2.6. [2] F € P(N)\{0} is termed as
(i) a left ideal if F' is a subalgebra of (N, —) & fso— f(v—s9) € FVf,v € N;sg € F.
(ii) a right ideal if F is a subalgebra of (N, —) & FN C F.
(iii) an ideal if F' is both a left & a right ideal.

Definition 2.7. [10] A subalgebra W of N is termed as a bi-ideal if WNW N WN x« W C W.

3. Basics of Neutrosophic - structures

This section introduces the fundamental concepts of neutrosophic s-structures of N, which
are required for the sequel. For N(# (), F(N,I7) refers to the gathering of negative-valued
functions from N to I™, where I~ = [—1,0]. An element k; € F(N,I7) is called as a s-function

on N, & se-structure represents (N, k1) of N.”

Definition 3.1. [9] The neutrosophic s-structure of a set K(# () is described as follows:

o K _ T X
KW T (TW»IW7FW) - {(TW(TO),IV\}(OT()),FW(TO)) cTo S K} 9
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where, in K, Ty, denotes the function corresponding to the degree of negative truth, Iy
signifies the function associated with the degree of negative uncertainty, and Fjy indicates the

function that measures the extent of negative falsity.
Clearly Kyy satisfies the requirement: —3 < Tyy(h1) + hy(h1) + Fw(h1) <0 Vh; € K.

Definition 3.2. [9] For K(# 0), let Ky = ﬁ and 0, o,y € I” with +¢+~ € [-1,0].
Consider the sets:

TS = {a1 € K | Ty(ar) < 04,15 = {a1 € K| In(a1) > ¢}, FR = {a1 € K|Fn(a1) < 7}
Then Ky (6, ¢,v) = {a1 € K|Tn(a1) < 0,In(a1) > ¢, Fn(a1) < v} is termed as a (0, ¢, y)-level
set of Ky. Clearly Ky (0, p,v) = T4 NI N FY.

Definition 3.3. (9] For a NSS N(# ), let Ny : and Ny :=

N
(Tv,Iv,Fv)’

i) Ny is referred as a neutrosophic s-substructure of Ny, denoted by Ny C Ny, if it meets
J J

_ _ N
(T5,13,Fy)

the following conditions: Vag € N,
T3(ao) = Ty (ao), I3(ao) < Iv(ao), F3(ao) = Fy (ao).
If Ny C Ny & Ny C Ny, then Ny = Ny,
(ii) the intersection of Ny & Ny is a neutrosophic s-structure is termed as follows:
Ny NNy = Ny, = (N; Ty, [inv, F3nv ), where, ¥V ag € N,
(T3 N Tv)(ao) =T3nv (a0) = Ty(ao) V Tv (ao),
(L3 N Iv)(ao) =I3av(ao) = I3(ao) A Iy (ao),
(F3 N Fy)(ao) =F3nv(ao) = F3(ao) V Fv (ao).
(iii) the union of N3y & Ny is a neutrosophic s-structure is termed as follows:
Ny UNy = Ny, = (N; Tyuv, Luv, Fauv ), where, ¥V ag € N,
(T3 UTv)(ao) =Tyuv (ao) = T5(ao) A Ty (ao),
(I3 U Iv)(a0) =Iuv (a0) = I3(ao) V Iy (ao),
(F3 U Fy)(ao) =Fsuv(ao) = F(ao) A Fy (ao).
(iv) the subtraction of Ny & Ny is a neutrosophic s-structure is termed as follows:
Ny =Ny =Ny = (N; T3y, Iy_v,Fy-v), where, ¥V ag € N,
/\ {T5(fo) VIv(co)t if ao=fo—co

(T3 - Tv)(ao) :Tj—v(ao) = 4 ao=fo—co ’
0 otherwise,

\  ALi(fo) Av(co)} if ag= fo—co
(IJ - IV)(aO) :Iﬁ—v(ao) = § ao=fo—co s
-1 otherwise,
N AF(fo) vV Fv(co)} if a0 = fo—co

(FJ - FV)(QO) :F3—V(a0) = § ao=fo—co
0 otherwise.
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(v) the product of Ny & Ny is a neutrosophic s-structure over N and is defined as follows:
NJNV = NCJV = (N;Tgul\unﬁv), where, for any hg € N,
N AT5(fo) vV Tv(co)} if ho = foco

(T5Tv ) (ho) =T3v (ho) =  ho=foco :
0 otherwise,

\ AL (fo) ATv(co)} if ho = foco
(I31v)(ho) =Iyv (ho) =  ho=foco :
-1 otherwise,
N AF(fo) v Fv(co)} if ho = foco
(FyFyv)(ho) =Fyv(ho) = { ho=foco .

0 otherwise.

(vi) the *-product of Ny & Ny is a neutrosophic s-structure over N and is defined as follows:

NJ * Ny = NJ*V = (N; T:j*vylg*v’f’}*v), where, for any hg € N,

/\ {T5(20) V Ty (co)} if ho = zoco — 20(bo — co)
(T3 % Tv ) (ho) =Tyv (ho) = § ho=20c0—z0(bo—co) ,
0 otherwise,
\V {I(20) A Iv(co)} if ho = 20c0 — 20(bo — co)
(I3 * Iv)(ho) =I34v (ho) = § ho=20co—20(bo—co) ,
-1 otherwise,
/\ {Fy(20) V Fy(co)} if ho = zoco — 20(bo — co)
(Fy * Fv)(ho) =F3xv (ho) = { ho=20c0—20(bo—co)
0 otherwise.

Definition 3.4. For Vj C N # (), the neutrosophic s-structure

_ N
xv,(Np) = (xv(T)p,xvI)p,xv(F)p)’

where
xvo(T)p :N—=17, ji — {;1 z; ﬁ Z “2,
xvo)p : N—=17, j1 — {21 ijfj;leéé‘;ofov
Xvo (F)p : N—=1T7, ji — {(;1 z;i;“ig

is the characteristic neutrosophic »-structure of Vi over N.

If Vo = N, then we use that xny(Np) = B.

4. Properties of neutrosophic s»-bi-ideals

In this portion, we define the idea of neutrosophic s-bi-ideals of near-subtraction semigroups

and build an example to show that every neutrosophic s-bi-ideal need not be a hybrid ideal
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of near-subtraction semigroups. Within near-subtraction semigroups, we define neutrosophic

s intersection and provide some results about neutrosophic s-bi-ideals.

Definition 4.1. A neutrosophic s-subalgebra N; := % of N is termed as a neutrosophic
»-bi-ideal of N if (N;8BN;) N (N8B «N;) C Nj.

Definition 4.2. A neutrosophic s-structure Ng = m of N is termed as a neutrosophic

»-ideal of N if it fulfils the assertions:
Tp(g1 —u1) <Tg(g1) vV Tr(u1)
(i) (Vui,g1 €N) | Ip(g1 —u1) > Ip(g1) A Ip(w1)
Fp(g1 —w1) < Fp(g1) V Fp(u1)
Tg(ciur —c1(j1 —u1)) < Tp(ur)
(ii) (Ver,j1,ur € N) | Ip(ciur —e1(j1 —u1)) > Ip(ur)
Fp(ciur —c1(j1 —w)) < Fp(ur)
Tp(u1q1) < Tp(u1)
(iii) (Vui,q1 € N) | Ip(uiqi) > Ip(u1)
Fp(uiq1) < Fp(u1)

A subset Np of N is termed a left hybrid ideal if conditions (i) and (ii) are satisfied. It is
called a right hybrid ideal when conditions (i) and (iii) are fulfilled.

Notation 1. For a near- subtraction semigroup N, we use the following notations.

(i) NL(N) (respectively Ng(N)) represents the gathering of all neutrosophic -
left(respectively right) ideals of N.

(i) NBz(N) represents the collection of all neutrosophic »- bi-ideals of N.

Example 4.3. Let Q = {0, p, w, z} in which “—” and “” are defined by:

-0 p w =z -‘Opwz
0j0 0 0 O 0/]0 0 0 O
plp 0 p p plp p p P
wlw w 0 w w|0 0 0 w
z|lz 2z 2z 0 2|0 0 0 =z

Then (Q, —,-) is a NSS. Here

0 w z
Q%:{ (-0.8,-0.1,—0.7)’ (70.6,78.4,70.6)’ (—0.4,—0.6,—0.5)> (—0.2,—0.8,—0.4) }ENBI(N)~

Clearly N(N) N Nr(N) € NBz(N)(see Lemma [£.5). The following example demonstrates

that the reverse statement does not hold.

Example 4.4. Let N = {0, p, w, z} in which “—” and “” are defined as in Example Then

Ng; = { (70.8,78.1,70.7)’ (70.6,78.4,70.6)’ (70.4,71(1)].6,70.5)’ (70.6,78.4,70.6) } S NBI(N)v
but Ny of N is not a left neutrosophic s- ideal, since Ty (wz — w(0 — 2)) = Tp(w) = —0.4 £
—0.6 =T»(2), Iz(wz—w(0—2)) = [z(w) = —0.6 # —0.4 = I»(2) and Fop(wz—w(0—2)) =
Fo(w) = —05 £ —0.6 = Fip(2).
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Lemma 4.5. Let Nj := (TLI%IIFL)' If N;, € NL(N), then N;, € NBz(N).

Proof. Let a’ € N be such that @’ = voyoso = zodo — 20(q0 — do), where v, yo, S0, 20, qo, do € N.
Then

(TyBTL) N (TyB * Tp))(d) = (T BTL) (') V (TpB * Tr)(a') = (TB * T1)(a')
= /\ {(TB)(20) vV T1.(do)}

a'=zodo—2z0(q0—do)

> A {B(20) V T1(20do — 20(g0 — do))}
a'=zodo—20(q0—do)
= /\ T1.(z0do — 20(qo — do)) = Tr(d),

a’=zodo—z0(go—do)

((ILiBIL) N (IL% « IL))(CL,) _ (ILSBIL)(G/) A (IL% * IL)(O/) S (IL% *IL)(G/)
= \/ {(B)(20) A I1(do)}

a’=zodo—z0(gqo—do)

< \/ {ULB)(20) AN IL(do)}

a’=zodo—z0(gqo—do)

< \V} {B(20) A I1(20d0 — z0(q0 — do))}
a’=zodo—2z0(q0—do)
= \/ I (z0do — 20(q0 — do)) = I (d),

a’=zodo—z0(qo—do)

((FLBFL) N (FpB + F1))(d) = (FLBFL)(a') N (FLB * Fr)(a') > (FpB * Fr)(d)
— A\ {(FLB)(20) V Fr(dg)}

a’=zodo—2z0(q0—do)

> /\ {B(20) V Fr(20do — 20(q0 — do))}
a’=zodo—2z0(g0—do)
= /\ Fr(z0do — z0(q0 — do)) = Fr(d').

a’=zodo—z0(qo—do)

If o' cannot be expressed as a’ = voyoso = 20do — 20(qo — do), then (T BTy) N (T1B *
TL))(CL/) =0> TL(a’); ((ILSBIL)O(ILEB*IL))((I/) =-1< IL((L,), ((FLSBFL)Q(FL%*FL))(CL,) =
0 > Fr(a’). Hence N; € NBz(N).

The proof of the following lemma follows a similar approach to that used in the proof of

Lemma We present the proof for readers’ convenience.
Lemma 4.6. Let Ny, := ﬁ If Ny € Ng(N), then N € NBz(N).

Proof. Let ' e N: o/ = vy =xj — 2(q — j), v = v1v9, where v,v1,v2,y,x,q,j € N. Then
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((TLEBTL) N (TLSB * TL))( /) = (TLSBTL)( ,) (TL% * TL)(ZL‘,)
> /\ {(TB)(v) vV TL(y)}

/' =vy

{ /\ { /\ {TL(Ul)\/%(UQ)}}\/TL(y)}

x! =vy \V=v1v2

{ /\ { /\ TL(vl)}VTL(y)}

= Tp(v1) V Tr(y) (since Tr(vy) = Tr(vivey) < Tp(v1))
> T (vy) = Tr(a'),

((ILBIL) N (I * I1))(2") = (ILBIL)(2") A (I * I1)(2)
< \/ {(IB)(v) ANL(y)}

z'=vy

{ \/ { \/ {IL(vl)A‘B(Uz)}}AIL(y)}

' =vy \v=viv2

{ \/ { \/ wl)}m(y)}
z'=vy \v=vi1v2

= I1(v1) AN L(y) (since Ir(vy) = IL(vivay) > I1(v1))
< Ip(vy) = I(2),

(FLBFL) N (FL%B * Fp))(2") = (FLBFL)(2") V (FLB * F)(2)
> N\ {(FLB)(v) v Fr(y)}

' =vy

{ /\ { /\ {FL(vl)V’B(W)}}VFL(y)}

' =vy \v=viv2

{ A { A FL<v1>}vFL<y>}

= Fr(v1) V Fr(y) (since Fr(vy) = Fr(vivay) < Fr(v1))

> Fi(vy) = Fr(2).
If 2/ cannot be expressed as 2/ = vy = zj —x(q—j), then (T BTL)N(TLB+TL))(2') =0 >

TL($/); ((IL%IL) N (IL% * IL))(.’IJI) =-1 S IL(x’), ((FL%FL) N (FL% * FL))( ) =0 > FL(.’L‘ )
Hence Nj, € NBz(N).

Theorem 4.7. Let Ng :=
NBz(N).

G/ﬂdNL W IfNﬁ NL ENBI( ) thenNgﬂNL S

__ N
(T,1a,Fg)
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Proof. Let Ng, Ny, € NBz(N), and let zg,ty € N. Then

(Ta NTL) (20 — to) = Ta(zo — to) V Tr(20 — to)
< (T(z0) V Ti(to)) V (Tr(20) V Tr(to))
= (Tx(20) V TL(20)) V (Tw(to) V TL(t0))
= (Ta vV TL)(20) V (Ta V T )(to),
(Ig N Ip)(z0 —to) = Lg(z0 — to) A Ir(20 — to)
> (Ix(20) A La(to)) A (IL(20) A IL(to))
= (Ia(20) N L(20)) A (La(to) A 1L (to))
= (Ia A1) (20) A (Ia A L)(to),
(Fa Fr)(20 — to) = Fa(zo — to) V Fi(20 — o)
< (Fa(20) V Fg(to)) V (FL(20) V FiL(t0))
= (Fa(20) V F(20)) V (Fia(to) V FL(to))
= (Fa V FL)(20) V (Fa V FL)(to).

Let j’ € N and choose h,w, s,j,t,a € N be such that j/ = hws = ja — j(t — a). Since Ng and

Ny, are neutrosophic - bi-ideals of N, we get

{ A (Tﬁ(h)\/Tﬁ(S))} V{ A (Tﬁ(i)\/Tﬁ(a))} > Ta(i'),

i'=hws i'=ja—j(t—a)

{ \/ (Iﬁ(h)Mﬁ(s»}A{ \/ (Iﬁ(jMIﬁ(a))} < I(i),

i'=hws i'=ja—ij(t—a)

{ N (Fa(h) v Fﬁ(s))} v { AN (Fa() vFﬁ<a>)} > Fa(').

j'=hws i'=ja—j(t—a)

and

{ N (TL<h>vTL<s)>}v{ A (TL<j>vTL<a))} > T (i),

j'=hws i'=ja—j(t—a)

{ V (IL(h)/\IL(S))}A{ \ (ILO)ML(a))} < I.(j"),

i'=hws i'=ja—j(t—a)

{ A (FL(h>vFL(s)>}V{ A <FL(j>vFL(a>>} > Fr(f).

i'=hws j’=ja—j(t—a)
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Now, (Te N T1)B(Ta N Tp)) (i) V (Te N T1)B * (Ta N TL))(i")

:{ A ((Tﬁ\/TL)(h)V(TRVTL)(S))} V{ A ((TR\/TL)(j)V(TR\/TL)(a))}

i'=hws i'=ja—j(t—a)

= { N (Ta(h) v Tr(h) v (Ta(s) v TL(S))} v { AN (T6) Vv TL()) v (Ta(a) v TL(a))}

j'=hws i'=ja—j(t—a)

{ N Tar)vTas)v N (Tﬁ(i)VTﬁ(a))}

j'=hws i'=ia—i(t—a)

Y { /\ (I',(h) VTL(s))V /\ (T1(3) VTL(G))}
i'=hws i'=ja—j(t—a)

> Ta(i") VTL(') = (Ta Vv Tr)(), (La N IL)B(Ia N 1)) (") A ((Ie N 12)DB * (Ie N 1)) ()

((IRAIL)(h)/\(Iﬁ/\IL)(S))}/\{ V ((IRAIL)(j)/\(IR/\IL)(a))}

j'=ja—j(t—a)

j'=ja—j(t—a)

:{ (La(h) AL (h)) A (Ia(s) A IL(S))} A { \V  T:06) ATLG)) A (Is(a) A IL(G))}
y'=hws

(I A Ia(s) A\ (Ta() A Ia(a)) }

j=hws y'=ja—i(t—a)

/\{ \/ (Ir(h) N1L(s)) A \/ (IL(j)/\IL(a))}

j'=hws i'=ja—j(t—a)

< Ia(i) ML) = (Ia A L) (),
(FeNFL)B(FaN FL))(i') V ((Fr N FL)B * (Fa N FL))()

= { N (Fav FL)(h) v (FrV FL)(5)>} Vv { N (FaVFL()V (FaV FL)(Q))}

i'=hws i'=ja—j(t—a)

={ A (Fﬁ(h)VFL(h))V(FR(S)VFL(S))}V{ A (Fﬁ(j)\/FL(j))V(FR(a>\/FL(Q))}

j'=hws ji'=ja—j(t—a)

{ N Fa(h) v Fa(s)v N\ (Fﬁ(j)\/Fﬁ(a))}

j'=hws i'=ja—i(t—a)

\/{ /\ (Fr(h)V Fr(s)) vV /\ (FL(j)VFL(a))}
i’=hws i'=ja—j(t—a)

> Fe())V FL()') = (Fs V FL)(j').
Hence Ng "Ny € NBz(N). g
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Theorem 4.8. If Ny := % € NBz(N), then the (0, ¢, v)-level set N1(0,,v) of N is
a bi-ideal Y0, p,v €17,

Proof. For 0, p,v € I™ and m1,b1 € NL(0, ¢,v), Tp(m1 —b1) < Tr(m1) VTL(b1) <0, Ip(my —
bl) Z IL(ml) A IL(bl) Z ®, FL(m1 — bl) § FL(ml) V FL(bl) § v. It follows that mi — b1 S

NL(3, ¢,v).
Let 2’ € N and 2’ ¢ NL(67 ¥, V)%NL(87 2 V) N NL(67 2 V)% * NL<87 ¥, V)‘ If there exist

fla‘bubceNL(ﬁa@vV) and f27f7u7u27y € N such that 2 = quUC—U(y—C), f: flf2 and

u = ujus, then

TL(Z/) S((TL’BTL) vV (TL% * TL))(Z/)
:(TL%TL)(Z,) V (TL% * TL)(Z/)

{ A {(TL‘B)(f)VTL(Q)}} V{ A {(TL%)(U)VTL(C)}}

Z'=fq z'=uc—u(y—c)

{ /\ ( /\ (TL(fl)\/’B(fz))> \/TL(Q)}

Z=fq \f=hf

v{ A ( A (TL(ul)\/%(uQ))>\/TL(c)}

z'=uc—u(y—c) \u=uiuz

<(Te(f1) VTe(q) VTr(u) VTL(c) <0,
IL(Z,) Z((IL%IL) VAN (IL% * IL))(Z/)
:(ILSBIL)(Z,) A (IL’B * IL)(Z,)

{ \V} {(ILSB)(f)AIL(q)}} A{ \V4 {<IL%>(u>ML<c>}}
z'=fq

z'=uc—u(y—c)

{ \/ ( \/ ([L(fl)/\%(fQ))) AIL(Q)}

Z=fq \f=/1f2

/\{ \/ ( \V (IL(ul)/\‘B(UQ))>/\IL(c)}

z'=uc—u(y—c) \u=uiuz

>(IL(f1) ANMr(g) ANL(u) Ar(c)) = o,
FL(Z/) S((FL%FL) V (FLEB * FL))(Z/)
(FL%FL)(Z/) V (FL% * FL>(Z/)

{ A {(FL%)(f)VFL(Q)}} V{ A {(FL%)(U)VFL(C)}}

Z'=fq z'=uc—u(y—c)
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{ /\ ( /\ (FL(fl)\/%(fz))) VFL(q)}

Z=fq \f=/1f2

\/{ A ( A (FL(ul)\/‘B(UQ))>\/FL(C)}
)

z'=uc—u(y—c) \u=uiuz

<(FL(f1) V FL(q) V FL(uw) V Fr(c)) < w.
This implies that 2’ € N1(9, p,v). So N.(3, p,v) of N is a bi-ideal.

Lemma 4.9. For any subsets K,V of N and Ny := the following statements are

_ N
(Tn,IN,FN)’
true:

(i) xxk(Nn) N xv(Ny) = xgnv(Nn).
(i) xrx (NN) U xv(Ny) = xxov (Nn).
(i41) xx (NN)xv(Nn) = xxv(Ny).

(i) xx(Nn) * xv(Nn) = xrav (Nn).
(v) If K CV, then xk(Nn) € xv(Nn).

Proof. The proofs are obvious.
Lemma 4.10. For a subset K of N and Ny :=

(i) K of N is a bi-ideal,
(ii) xk (Nn) € NBz(N).

(TNINﬁ, the below statements are equivalent:

Proof. (i) = (ii) For y1,c1 € N, if y1,¢; € K, then y;—c; € K which implies xx (Tn)(y1—c1) =
—1 = x&(Tn) (1) VX (Tn)(e1), xx (In)(y1—c1) = 0 = xx (In) (Y1) Axx (In)(c1), X& (FN) (Y1 —
c1) =—1=xx(Fn)(y1)V xx (Fn)(c1). Otherwise y; ¢ K or ¢; ¢ K. Then xg(Tn)(y1 —c1) <
0= xx (Tn)(y1) VX (Tn) (1), xx (In)(y1—c1) = —1 = xx (In)(y1) Axx (In) (1), xx (Fn ) (y1—
1) <0=xx(Fn)(y1)V xx(Fn)(c1). So xx(Ny) of N is a neutrosophic s- subalgebra.

By Lemma |4.9) we have

Xk (NN)Bxk (Ny) N xx (Nv)B * xx (Nn) = xxng (Nv) 0 xgner (Nwv)
= X(xnrn(kN«K)) (NN) < XK (Ny).
So, xxk (Ny) € NBz(N).
(i1) = (i) Let v € KNKNKNx* K. Then v/ = hv = uq —u(z — q) and h = hihs; u = ujus

for some hq,v,q,u1 € K and ho,u, z,us € N. Now,

xr(Tn) (') <(xxBxr N xrB * xx)(Tn)(w)
=(xxBxx)(Tn) (') V (xxB * xx)(Tn) (W)
= A\ {(xB)(Tn)(h) V Xk (Tw)(v)} v A D) (Tn)(@) Vv xk(Tn)(g)}

u'=hv u/'=uq—u(z—q)
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{ A ( A XK(TN)(hl)V%(hQ)) VXK(TN)(”>}

uw'=hv \ h=hih2

u/'=uq—u(z—q) \u=uiuz

v{ /\ ( /\ XK(TN)(Ul)V%(U2)> \/XK(TN)(Q)}

< Xk (Tn)(h1) V Xk (TN)(v) V Xk (Tv)(u1) V Xk (Tn)(g) = —1,
Xi (IN) () >(xx Bxr N xxB * xx ) (In)(u)
=(xxBxK)(IN) (W) A (xKB * xx)(In)(u)
=\ {(xxB)In)(h) A xrIn)(v)} A Vo A&B)Un) (@) Axk(In)(9)}

u'=hv u/'=ugq—u(z—q)

{ \/ ( \ XK(IN)(hl)A‘B(hz)) /\XK(IN)(U)}

uw'=hv \ h=h1ihso

A { \/ ( \/ xk (In)(u1) A %(W)) A XK(IN)(Q)}

uw'=uq—u(z—q) \u=uiu2
>xk (IN)(h1) A xx (IN)(v) A xr (In)(u1) A xk (In)(g) =0,
X (Fn) (') <(xxBxr N xxB * xx)(Fy)(u)
=(xxBxr)(Fn) (W) V (xxB * xx ) (Fn) ()
= N\ {(xxB)(Fn)(h) V XK (Fy)(v)} V A AB)(Fx) () v xx(Fy)(a)}

u'=hv uw'=uq—u(z—q)

uw'=hv \h=hihso

{ /\ ( /\ XK(FN)(M)V%(hz))\/XK(FN)(U)}
\/{ /\ ( /\ XK(FN)(Ul)\/‘B(U2)>VXK(FN)(Q)}

w'=uq—u(z—q) \u=ui1u2

<xx (Fn)(h) V xk (Fn)(v) V x (FN) (un) V xr (Fy)(g) = —1.
Thus v € K and hence KNK N KN« K C K.

Theorem 4.11. For a neutrosophic »- subalgebra Ny := (TNINﬁ of N, if Ny BNy C Ny,
then Ny € NBI(N).

Proof. Assume NyBNy C Ny and let y; € N. Then

(INBTN) NV(TNDB TN ))(y1) = (TNBIN)(y1) V (INDB * Tn)(y1) > (INBTN)(y1) > Tn(y1),
((UNBIN) N (INDB *IN))(y1) = (UINBIN)(y1) A UNDB x In)(y1) < (INBIN)(y1) < IN(y1),
(FENBFN) N (ENB x Fn))(y1) = (ENBFN)(y1) V (FNDB * Fn)(y1) > (FNBEN)(y1) > Fy(y1)-
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Thus NyBNy NNy B « Ny C Ny and so Ny € NBz(N). g

Theorem 4.12. If N is a zero-symmetric NSS and Nj :=
N;/BN; CNy.

il € NBr(N), then

Proof. Let Ny € NBz(N). Then N;8BN; NN «N; C N;. Clearly, N;(0) 2 N;(d) Vd € N.
Since N is zero-symmetric, NyBN; C N8B « Ny, So NyBN;NNyB « Ny = NyBN; C Nj.
Hence N;yBN; C Njy. g

Theorem 4.13. If N is a zero-symmetric NSS and for a neutrosophic s- subalgebra Ny :=

m of N, the below statements are equivalent:

(a) NN c NBI(N),
(b) Ny9BNy € Ny.

Proof. By Theorem [£.11 and Theorem [£.12] the proof is obvious.

Theorem 4.14. If N is a zero-symmetric NSS and Ny := m € NBz(N), then
Nn(qijic1) 2 Ny (q1) "Ny (er) VYar, ji,e1 € N

Proof. Suppose Ny € NBz(N) of a zero-symmetric NSS. By Theorem NyBNy C Ny.
Let q1,71,c1 € N. Then

Tn(qjicr) < (INBTN)(qrjic1) = /\ {(TnB)(d1) V T (ma)}

q1j1c1=dimy

< (InB)(q151) V In(cr)
< Tn(q1) VB(j1) VIn(cr)
=Tn(q1) VTn(c1),

In(qjrer) > (INBIN)(qie) =\ {InB)(d) A In(m)}

q1j1c1=dimy

> (IN®B)(q151) N In(c1)

= In(q1) AB(j1) A In(c1)

=In(q1) NMN(er),
Fx(qujier) < (FNBFEy)(@ie) =\ {(FnB)(di) v Fy(m1)}

q1j1c1=dim1

< (FNB)(quj1) V En(c1) < Fn(q1) VB(j1) V Fn(cr)

= FN(ql) \/FN(Cl).
Hence NN(qulcl) D) NN(ql) N NN(Cl). 0
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Theorem 4.15. If N is a zero-symmetric NSS & Ny := m € NBz(N), the below
assertions are equivalent:

(i) Nn(gjc) 2 Nn(g) "Ny (c) Vg, j,c €N,

(ii) NyBNy C Ny.

Proof. (i) = (ii) Let v" € N. If 3 d, m,d;,ds € N such that v = dm and d = d;ds.

Then by hypothesis, Tn(didem) < Tn(d1) V Tn(m),In(didem) > In(di) A
In(m), Fy(didem) < Fn(dy) V Fy(m) .

Now,

(TvBTN)() = N\ (TB)(d) Vv T (m)

v'=dm

= A | A {Tw(d)VvB(do)} | VIn(m)

v'=dm \d=dids

= A ( A {TN(dl)\/1}> VTn(m)

v'=dm \d=dids2
= A {Ind)VInm)} > N Tn(didem) =T (v),
v'=di1dam v'=didam
(INBIN) () = \/ (INB)(d) AIn(m)
v'=dm

= \/ \/ {IN(dl)/\SB(d2)} /\IN(m)

v'=dm \d=didsz

= \/ | V {Un(@)A0}]| Alnim)

v'=dm \d=dids

= \/ {In(dy) NIy(m)} < \/ In(didam) = In(v'),

v'=d1dam v'=d1dam

(FNBEFy)(W) = N (FxB)(d) V Fy(m)

v'=dm
= /\ ( /\ {FN(dl)\/%(dQ)}) \/FN(m)
v'=dm \d=didz

= /\ /\ {FN(dl)\/—l} \/FN(m)

v'=dm \d=dida

= A (FEx(d)VEvm) > N Fy(didam) = Fy(v').

v'=d1dom v'=didom
Hence NN%NN - NN.
1) = (i) Suppose that NyBNy C Ny and let d,m, g,v" € N be such that v = dmg. Then
(#1) = (i) Supp ;M g, g
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Tn(dmg) = Ty(v) < (TnBIN)() = N {(TwB)(f) Vv In(y)}
v'=fy

= A A ATv (1) VB(f2)} | Vv Tn(y)
v'=fy \f=f1f2
< Twn(d) VvV B(m) V Tn(g)

= Tn(d) VTn(9),

(INBIN) () = \/ (INB)(f) A In(y)

v'=fy

In(dmg) = In(v)

Y

=\/ \ IN(f)AB(f2) | An(y)
v'=fy \f=fif2

> In(d) AB(m) A In(g)

= In(d) N INn(g),

(FNBFN) () =\ {(FNB)(f) V Fx(y)}

v'=fy

FN(dmg) = FN(U/)

IN

= /\ /\ {Fn(f1) VB(f2)} | V Fn(y)
v=fy \f=hf>
< Fy(d) vV B(m)V Ex(g) = Fx(d) V Fx(g),

Hence Ny (gjc) 2 Ny(q) " Ny(c) Vq,j,c € N.

N

Theorem 4.16. For a neutrosophic »- subalgebra Ny := TN IN TN of a zero-symmetric

NSS, the below assertions are equivalent:
(i) Ny € NBz(N),
(it) Ny (gjc) 2 Nn(q) "Ny (c) Vg, j,c € N.
(iii) NyBNy C Ny

Proof. By Theorem and Theorem the proof is simple.

5. Homomorphism of a neutrosophic s- structure

In this portion, we explore some characteristics of neutrosophic s- structures that are ho-
momorphic to near-subtraction semigroups. Hereafter, N and N' denote the zero-symmetric

near-subtraction semigroups.

Definition 5.1. Let ¢ : N — N’ be a mapping.
(i) % is a homomorphism of N into N if ¢)(m; — v1) = 1(my) — ¥ (v1) and Y(miv) =
(mi)(vy) Ymy, v € N,
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(ii) For I. € $H(N
trosophic - structure of N defined by

'), the preimage of l} under 1, represented as )~

Y1), is a neu-

(1)(r1)

") = @D, 9 (<)), where !

() & »1(s)(r1) = s(¥(r1)) ¥ri € N.
Theorem 5.2. For a homomorphism ¢ : N = N and NIN = %, if N;\, € NBI(N/),
then 1~ (Ny) € NBz(N).
Proof. Suppose Ny € NBz(N') and let wg,dy € N. Then o~ (Tx)(wo — do) = Tn((wo —
do)) = Tn(p(wo) — ¢(do)) < Tn(p(wo)) V Tn(P(do)) = ¢~ (Tw)(wo) V ¢~ (Tw)(do),
= IN)(wo — do) = In(P(wo — do)) = IN(¥(wo) — P(do)) > In(¥(wo)) AIN (¢(do)) =
I (wo) AT (In)(do), ¥ (Fn)(wo — do) = Fn(vh(wo — do)) = Fn(1h(wo) — ¢(do)) <
Fn (1p(wo)) V Fxn(¥(do)) = ¢~ (Fi)(wo) Vo~ (Fn)(do)-
By Theorem assume that NyBNy C Ny. Let w, g, m,w’ € N be such that w' = wgm.
Then
¢~ (Tw) (wgm) = Tn (P(w')) < (TnBTw) (Y (w'))
= N\ A@B) @) v Tn ()}
w'=fy
_ /\ ( /\ {Tn (2 V%(f2)}) VTN (Y(y))
w'=fy \f=/1f2
< Tn(¥(w)) vV B(g) V ITn(¥(m))
= Tn ((w)) V T ((m)) = = (Tw) (w) V ¢~ (T ) (m),
o~ (In)(wgm) = In(dp(w')) > (INBIN)(P(w'))
=\ A E0)) A In ()}
w'=fy
=V ( V {n@ /\%(fz)}) NN (¥(y))
w'=fy \f=f1f
= In(¥(w)) AB(g) AN (P(m))
= In(P(w)) A In($(m)) = ¢~ (In)(w) A~ (In)(m),
¢~ (Fn)(wgm) = Fy((w') < (FNBFy) (% (w'))
= A AFNB) ) Y P (b))
w'=fy
— /\ ( /\ {Fn (¢ V%(fQ)}) V Fn(¥(y))
w'=fy \[f=/1f2
< Fn((w)) vV B(g) V Fn(¥(m))
= Fn(¢(w)) V Fx((m)) = ¢~ (Fn)(w) V¢~ (Fy)(m).
So ¢~ 1(Ny) € NBz(N). 0
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Theorem 5.3. For a onto homomorphism ¢ : N - N & NIN = m if (N )
NBz(N), then Ny € NBz(N).

Proof. Let = '(Ny) € NBz(N) & #,2/ € N'. Then 3 z,¢ € N such that (¢) = ¢ and
¥(z) = 2. Now,

Tn(¥ = 2") =Tn((t) — ¥(2)) = (w(E —2))

“HTw)(®) VYT H(T)(2)
= TN(%ZJ(E)) v TNWJ(Z)) =Tn(¥)VIN(),
IN(E = 2") = In(P(t) = (2)) = In(P(E - 2))
= (In)(E - 2)
>~ IN)(8) AT H(IN)(2)
= In(p(6) NN(¥(2)) = In(E) AN (),

<O EN)(®) VYT (EN)(2)
= Fn((8) V Fn(d(2) = Fn(¥) V Fn(2),

By Theorem assume that [ Bl < I.. Let €,7/,m/,¢’ € N'. Then 3 ¢,7,m € N such
that ¢ (€) =€, ¥(r) =1/, (m) =m’ and ¢’ = €r'm’. Then

Ty (Er'm) =Ty (y(g') < (TN‘BTN)W( ) = ¢~ (INBIN)(d)

= N\ ¢ " INB) () Ve (Tw)(y)
9'=fy
= A ( N\ ¢ (T (f) V%(f2))) Vv (Tw) (y)
g'=fy \[f=fife

< N (Tw) (&) v B(r) V¢~ (Tn)(m)
=N Twn)(®) VY~ (Tn)(m) = Tn($(8) V T ($(m)) = T (¥) V Ty (m'),

IN(Er'm') = IN(d(d')) > (IN%IN)WJ(Q'))=¢71(IN‘31N)(9')

=\ ¢ 'InB) () A (In) ()
g'=fy
=V ( \V v N () A‘B(fz))> AN I (y)
g'=fy \f=fif2
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6.

> (In)(8) AB(r) Ay (In)(m)
=~ (In)(®) A (In) (m) = IN($(8) A In(p(m)) = In(¥) A In(m),
FN(E’r’m’>= N(¥(g) < (FNBFN)((g) = &~ (FNBFN)(9)
= /\f ¢ (FNB)(f) Vo (Fy) ()

= A | A ¢ ENR)VBR) | Ve EN) )

g'=fy \f=hf2
<YTHEN)(8) VB(r) VT (Fy)(m)
= 1 (Fn)(8) Vo~ 1 (Fn)(m) = Fn(¥(8) V Fn(¢(m)) = Fx(¥) V Fy(m').

So Ny € NBz(N').

Conclusions

This research examines the properties of neutrosophic s¢-bi-ideals and develops correspond-

ing bi-ideals within the context of near-subtraction semigroups. Additionally, various aspects

of the neutrosophic s-preimage of the neutrosophic s-bi-ideal of a near-subtraction semigroup

are analyzed under homomorphism mapping. The findings presented in this paper aim to pave

the way for defining the concept of a neutrosophic s-prime bi-ideal and exploring its related

properties in near-subtraction semigroups.
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