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Abstract: Though Neutrosophic graphs have high impact on dealing with problems of indeterminacy, it
may not directly address all aspects of edge membership degree constraints such as the truth membership
degree of all edge is greater than or equal to the minimum of the membership degrees of its nodes is a
specific structural constraint that may not be the case with the general framework of Neutrosophic graphs.
This paper introduces a novel concept in the realm of Neutrosophic graphs defining a new graph variation
called “Inverse Neutrosophic Graph”. This idea has the opportunity to enhance the field of Neutrosophic
graph and provide new perspective into handling ambiguity in complex systems. Additionally, the basic
properties and algebraic operations are studied in Inverse Neutrosophic graph. Moreover, we define Inverse
Neutrosophic multi-graph and planarity in this paper. The related theories that establish a Neutrosophic
Multi-graph’s strong (weak) planarity and score functions are then introduced. In our final section, we
demonstrate how planarity in Inverse Neutrosophic Multi-graphs can be used to make decisions about how
to minimize the expense of managing crops in inter cropping.
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1.Introduction

Neutrosophic graphs are a new, emerging discipline area in graph theory and fuzzy logic, which falls under
the larger theme of neutrosophy. Neutrosophy, initiated by Florentin Smarandach, is a generalization of
classical logic that brings in the perception of indeterminacy and uncertainty, which provides models for
complex and real-world systems. Neutrosophy introduced by Florentin Smarandache in the late 1990s,
expands the classical ideas of true, false, and indeterminacy. It emphasizes the study of indeterminate and
uncertain phenomena more than binary logic. In a neutrosophic graph, each edge or vertex is associated
with a triplet of membership functions representing truth, indeterminacy, and falsity. Early research on
neutrosophic graphs was primarily concerning on the extension of the classical graph theory concepts, such
as connectivity and paths, to the neutrosophic framework. These studies were designed to define basic
properties and operations within neutrosophic graphs, including the concept of neutrosophic distance and
centrality. Also advanced studies were developed by focusing on algorithm for shortest path, minimum
spanning tree and other graph related theories into neutrosophic theory. Furthermore, hybrid modelling
was established by incorporating fuzzy or probabilistic graphs in neutrosophy structure to enhance the
modelling of complex structure.

Arindam Dey and co-authors explores various types of operations on neutrosophic graph [2], Naz delves
into the operations on Single valued neutrosophic graphs along with its application [4]. Zeng S; Shoaib M
and co-authors, reviewed Certain Properties of Single-Valued Neutrosophic Graph with Application in
Food and Agriculture Organization [11]. Akram analyses the planarity concept in single valued neutrosophic
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graph and presented their exciting properties [1]. The Limitations in neutrosophic planar graph were
unveiled by Rupkumar Mahapatra, Sovan Samanta & Madhumangal Pal through the investigation of
generalized neutrosophic planar graphs by determining the overall planarity score including truth, falsity
and indeterminacy. Also, their properties were analysed and effective utilisation of GNPG is explored with
a real time applications. The Forgotten Topological Index (Tol) and the Edge Forgotten Index (EFI) that
provide deeper insight for quantifying uncertainty and the quality of connections in a neutrosophic graph
along with its application were explore by Vetrivel, G., Mullai, M., & Buvaneshwari, R, moreover these
authors present a comprehensive evaluation that showcases the transition from fuzzy logic to neutrosophic
logic in graph theory. [ 16,17]

The perception of Inverse Neutrosophic mixed graph were brought forward by Thempaavai and Antony
crispin sweety that deals with the scenario, where truth membership degrees of the edges are = to the
minimum truth membership degrees of the associated vertices, and where the false membership and
indeterminacy values of the edges are < to the maximum false membership and indeterminacy values of

the corresponding vertices. incorporating directed and undirected edges together[15]

The article probes deeper into the concept of Inverse Neutrosophic graph and provider in-depth
perspective on

» Commencing with an introductory section that likely explains the motivation behind Inverse NG
that is debuted as the solution for the scenario possessing inverse relationships.

» Exploring various mathematical concepts related to Inverse NG, such as complement, degrees,
subgraphs and various operations and associated theorems within this framework. These concepts
are clarified and demonstrated using examples.

» Familiarizing the concept of multigraphs, planarity, strong/week planarity within the context of
Inverse NG and its application that offers a significant insight.

2. Preliminary
Within this segment, the basic definitions are introduced.

DEFINITION 2.1

A fuzzy graph G (o, 1) is an ordered pair, where o signifies the fuzzy subset of vertices and p signifies
edge set that is a fuzzy relation on o.

DEFINITION 2.2

A graph G* = [V, 0 (T4, I, F1), u (T, I, F2)] is triplet that is said to be Neutrosophic graph, whete o (T4,
11, Fy) signifies the neutrosophic subset of vertices and p (T, 2, F2)] signifies edge set that is a
neutrosophic connection on o (T4, I1, Fy).

DEFINITION 2.3

The Inverse fuzzy graph containing a non-void set V,E € Vx Vand G = {V, E, i, T), where

w:V = 10,1], t: E = [0,1] such that 7 (ab) = u(a) A w(b), V ab € Ewhere u signifies membership value of
vertices and 7 signifies membership value of the edges.
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DEFINITION 2.4
A Neutrosophic multi graph, the triplet G* = [V, 0 (T4, 1, F1), t (T2q, 120, F2q)] where
V={vl,v2,v3,...vn} such that T;: V— [0,1, [;: V — [0,]]and F, : V — [0,1] and T}, : V X V —
[0,1], Ip: V XV — [0,1] and Fp,:V X V — [0,1],n = 1,2,...m |(v;, v;) € VX V } such that
T2n<vis Uj) S min {Tl (Ui), Tl (Uj)}
Lon(vi, vj) = min {L (), 1, (v)) }
Fyn(v, vj) < max {F;(v;), Fiv))}
and 0 < Ti(v) + Ii (17) + Fi (v) <3 TZn(via 'U]) + IZn(via 'UJ) + FZTL(UL" 17]) <3Vvie€E V (l - 1,2, 3, n)
here, (T, I1, F1)signify the degree of truth membership function, indeterminacy membership function,
and falsity membership function of the vertex v1 € V correspondingly and Ty, (v, vj), I (v;v;) and

Fyp (v, v;) signify the degree of truth-membership function, indeterminacy—membership function, and
falsity-membership function of the edge (v;, v;) correspondingly.

DEFINITION 2.5
A graph is termed to be planar if it can be embedded in the plane in a manner that no edges intersect,
except at their vertices.

3. INVERSE NEUTROSOPHIC GRAPH

Within this segment the Inverse Neutrosophic Graph is presented. Initially the Inspiration behind this
work is given, along with some preliminary concepts are analyzed.

3.1 Inspiration behind this work

Despite numerous real time application of Neutrosophic graphs, they are unable to address many
problems where graphs are employed for its representation. For the case, according to mixed cropping in
agricultural, when we cultivate two crops X and Y together in the same field minimizes the expenditure
and increases profitability over cultivating the crops individually, consequently Neutrosophic graphs is
inefficient in addressing this scenario. In general, according to probability theory for mutually exclusive
events, the probability of their union is equal to the sum of the probabilities of each individual event.
whereas for independent events the probability of union of two events is equal to the sum of probabilities
of each individual events from which the probabilities of its intersection are subtracted. Additionally, the
probabilities of intersection of two events are < to minimum of individual events. Also, the probability of
union of two events is = to maximum of individual events that is greater than equal to minimum of two
individual events in both the scenarios. Considering the event X to be the vertices of the graph, the true,
indeterminacy and false membership values for each vertex can be assigned such that membership values
can be equal to the probability of the associated events. more over the edge between two vertices X and

Y represents the event happening X U Y, the truth membership of edge will be = to minimum of the
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membership degrees of its vertices, indeterminacy and false membership degree of edge will be < to
maximum of the membership degrees of its vertices. To deal with the issues aforementioned, we propose
the Inverse Neutrosophic Graph to handle the problem where traditional graphs fall short. We evaluate
the properties of Inverse NG and examine the planarity in Inverse NG to determine the effectiveness and
developed the relates theorems. Finally explore the application for this model.

3.2. Frame work of Inverse NG

DEFINITION 3.1

Let V be a finite vertex set and E be a finite edge set contained in V x V. Then

¢ =V,E, (xr, X1, XF)> (€7, &1, €r)] is said to be an Inverse Neutrosophic Graph, were
(e, €1, €): V= [0, 1], (tr> X1, XF): E = [0,1] such that,

xr(mn) = ep(m) A ep(n), Vmn € E
xi(mn) < g/(m) V g(n),Vmn € E
xr(mn) < gp(m) V ep(n), Vmn € E

thereabouts (er, &, €F) denotes the true — membership degree of vertices, indeterminacy — membership
degree of vertices and false membership degree of vertices consequently, (xr, x;, xr) denotes the true-
membership degree of edges, indeterminacy - membership degree of edges and false membership degree

of edges consequently.

Example 3.1
U (0.5,0.1,0.4) Edges
9 uv (0.7,0.2,0.3)
W (0.2,0.3,0.4
( ) vw (0.4,0.1,0.3)
X (0.4,0.2,0.5)

wx (0.2,0.1,0.4)
uw (0.4,0.2,0.3)

V (0.6,0.3,0.2)

Figure 1.
DEFINITION 3.2

Assume {'= [V, E',(x7, X1, x£), (e, &1, €p)] and "= [V E", (X", x1' xr ), (€'t €1, €F)] be two Inverse
NG. Then {" is termed as the partial Inverse Neutrosophic subgraph, if V' € V', where "7 = x4, X'1i
< xii and x'p; < xpi, for all mi e V. ¢ is termed as an Inverse Neutrosophic subgraph, if

V" © V', where X'i; = Xrij > X 1ij = X1ij and X'gij = xpij for all (minj) € E".

Corollary: It’s obvious that Inverse Neutrosophic subgraph is partial Inverse NG but reverse is not
factual generally.
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Example 3.2
w (0.4,0.2,0.3)
edges
—0
x (0.5,0.2,0.4) vw (0.5,0.1,0.1)
wx (0.6,0.1,0.1)
v (0.8,0.1,0.2)
Figure 2.a
w (0.2,0.3,0.4)
° edges
x (0.4,0.2,0.5)
vw (0.4,0.1,0.3)
v (0.6,0.3,0.4) wx(02,01,04)
Figure 2.b.
DEFINITION 3.3

Assume ¢ = [V, E, (X7, X1, Xr), (€7, &, €r)] is an Inverse NG, subsequently
(@) The vertex degree of any vertex m € V is signified by deg (m) and described as
deg (m) = (degr(m),deg;(m),degr(m)) where

degr(m) = Ymneg Xr(mn),
deg;(m) = Xmneg x1(mn),
degr(m) = Xmneg Xr(Mn).

(ii) The otder of { is signified by O (¢) and well-defined as

O () = Xmev (&r(m), &(m), £ (m)).

(iii) The size of { is signified by S ({) and well-defined as S = ), nep( X7 (mn), ¥; (mn), ¥ (Mn))

Theorem 3.1

Assume that { is an Inverse NG. subsequently ey deg (m) = 2 e X (mn), x; (mn), xr (mn)

Proof: straight forward

Example 3.3
Consider the Inverse NG ¢ as in Figure 3.
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u (0.5,0.1,0.4)

(0.5,0.2,0.3) (0.4,0.2,0.3)

V(04,0205 ° W (0.2,0.3,0.4)
(0.2,0.1,0.4)

Figure.3
The degtree of vertices of ¢, deg(u) = (0.9,0.4,0.6), deg(v) = (0.7,0.3,0.7), deg(w) = (0.6,0.3,0.7)
The order of {, O(() = (1.1,0.6,1.3) and the size of {, S({) = (1.1,0.5,1).
Also, Y, mey deg (m) = deg(u) = (0.9,0.4,0.6) + deg(v) = (0.7,0.3,0.7) + deg(w) = (0.6,0.3,0.7)
= (2.2,1,2) = 2 Y mner X (mn), x; (mn), yr (mn) = 2(1.1,0.5,1).
DEFINITION 3.4

Assume ¢ = [V,E, (x7, X1, Xr), (€7, €, €r)] is an Inverse NG, subsequently { is said to have stable
vertex if for any mn € E, (g7, &, &) (m) = (&7, &, &) (n) and to have stable edge if for any mn €
E,Cxr, X1, xp)(Mmn) = (xr, X1, xr) (uv) and said to be stable if { has both stable vertex and stable edge.

Example 3.4
u (0.4,0.1,0.5)

(0.4,0.1,0.5)
(0.4,0.1,0.5)
Figure 4.
In the above figure, vertex u and v are said to be a stable vertex and edges uv & uw are said to be stable
edges.
DEFINITION 3.5

Assume { = [V E, (xr, X1 Xr)> (€T, €1, €F)] is an Inverse NG, subsequently complete Inverse NG is
defined as

xr(mn) = gx(m) A gp(n), Vmn € E

xi(mn) = g(m) V g(n), Vmn € E

Xr(mn) = ep(m) V gp(n), ¥V mn € E

J. P. Thempaavai, C. Antony Crispin Sweety, Planarity in Inverse Fuzzy Graphs dealing
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Example 3.5
u (0.4,0.1,0.5)
(0.4,0.3,0.5)
(0.4,0.2,0.5)
w (0.6,0.3,0.2) v (0.5,0.2,0.3)

Figure 5.

4. Operations on Inverse NG.

We explore several operations involving Inverse NG, such as union, intersection and cartesian product.

DEFINITION 4.1

Assume (’: [Vl, ]E"O(’;"> XI,' X;‘)' (82' 81,' 8;‘)] and (”: [V”) E”'O(,!I') XI”' Xg)' (g'é, &r,

ING. Subsequently, we denote and define the union of Inverse NG ¢’ and {"’ as

Tug =V UV, (B UE)Gruxp, CaVx'D (e VX'p) (g1 €1, (51U &), (gp U gF)]

er(m) when m € V andm ¢ V"
erU g (m)=1{ &'r(m) when m € V'andm ¢ V'
er(m)Vver(m) whenm € V' nV”’

g(m) when m € Vandm ¢ V"
g U g;(m)={ ¢;(m)when m € V'andm ¢ V'
g(m)Ae';(m) when m € V' nV”

e'z(m) when m € V'andm ¢ V'
ep(m) Ae'z(m) whenm € V' nV”

er U &' (m) =

xr(mn) when mn € E'and mn ¢ E”

xr(mn) when mn € E”" and mn ¢ E'

{ er(m) when m € V'andm ¢ V"
XrV x' (mn) = {

xr(mn) V y7(mn) when mn € E' n E”

x;/(mn) when mn € E' and mn ¢ E"
Xy )(’; (mn) =< x/(mn) when mn € E" and mn ¢ FE'
ximn) A xy(mn) when mn € E' n E’

xr(mn) when mn € E and mn ¢ E’
xr U )("F (mn) x'r(mn) when mn € E' and mn ¢ E’
xr(mn) A x7(mn) when mn € E' n E"

&r)] be two
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Example 4.1

Table 1: Two Inverse Neutrosophic graphs {; and {, as in Figure 6.a

Vertices of {; Edges of {; Vertices of {, Edges of ,
v,(0.1,0.2,0.1) v,05(0.4,0.1,0.1) v,1(0.5,0.1,0.4) 1;1,(0.7,0.2,0.2)
v5(0.5,0.2,0.4) 1,5(0.3,0,0.2) 1,(0.6,0.3,0.2) v,13(0.8,0.1,0.3)
1,4(0.1,0.2,0.2) v,1,4(0.2,0.1,0.1) v5(0.2,0.3,0.4) v,4v3(0.3,0.1,0.3)
1,4(0.4,0.2,0.5) v,14(0.5,0.1,0.4)

Table 2: The union of two Inverse Neutrosophic graph is Figure 6.b

s

Vertices of {; U {, Edges of {; U{,
v4(0.5,0.1,0.4) v,0,(0.7,0.2,0.2)
1,(0.6,0.2,0.1) v,13(0.8,0.1,0.1)

v5(0.5,0.2,0.4) v,v5(0.3,0,0.2)
1,4(0.4,0.2,0.2) v,1,(0.5,0.1,0.1)

)

V1
V2
Vs U3
1
Vg A
Figure 6.a {2
Figure 6.b
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2!

%)

U3

G1UG
Figure 6.c

From the above example it is evident that union of two inverse Neutrosophic graph is not an inverse

Neutrosophic graph. Therefore, a new operation called quasi — Union is introduced which ensures that

resulting graph maintains the characteristics of Inverse Neutrosophic graph.

DEFINITION 4.1

Assume (’: [V’, IE,,()(%, XI,'XI,’)' (8{“' 81,' 81,’)] and (” [V” E" (XI!I') XI 'XF (8 81 JEF) | be two ING.

Subsequently, we denote and define the quasi-union of Inverse NG ¢’ and {"' a

U=V uv"), (IE' u E,,)»(X’T u X,;')a xrvx ) (XrVx p) (etV € t) (71U €), (ep U £p)]

er(m) when m € V andm ¢ V"
erU e’ (m)=13 &r(m) when m € V'andm ¢ V'
er(m)Ae'r(m) whenm € V' nV”
g(m) when m € V'andm ¢ V"
g U e;(m)={ &;(m) when m € V'andm ¢ V'
g(m)ve(m) when m € V' nv”
er(m) when m € V'andm ¢ V"
epU 'z (m)={ &'z(m) when m € V'andm ¢ V'
ep(m)Ve'z(m) whenm € V' nV”
xr(mn) when mn € E andmn ¢ E"
xr Y )("T (mn) ={ y7y(mn) whenmn € E'andmn ¢ E’
xr(mn) V x5 (mn) whenmn € E' n E”
xi(mn) when mn € E'and mn ¢ E”
X1V )(’; (mn) =< x/(mn) when mn € E” and mn ¢ E’
x/(mn) A x7(mn) when mn €E' n E"
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xr(mn) when mn € E' and mn ¢ E'

Xr U )(’;, (mn) ={ x'r(mn) when mn € E' and mn ¢ E'
xr(mn) A x¥(mn) when mn € E' n E"
Theorem 4.1
The Quasi - Union of every two ING is an ING.
Proof:

Consider (' and {"' be two Inverse Neutrosophic graphs.
For every mn € E' U E”, one of these three instances occur.
Instance I:
Assume, mn € E' and mn € E” |, Thus

(i) xr(mn) =xr(mn) = xr (m) A xr (n)
given that, mn € E’ and mn € E” thereforem €V and m & V' orm € V' N V"
(i.e) er(m) = ex(m) or e (M) = ez (M) A €'7(m), thus ex(m) = ep(m).
Furthermore £7.(n) = e7(n).
Therefore xr (mn) = yp(mn) = xr (m) A xr (n) = xr(m) A xr(n).
(id) x;(mn) = x;(mn) < x; (M) v x; (n)
given that, mn € E’ and mn € E” thereforem €V and m & V' orm € V' N V"
(i.e) g(m) = g/(m) or g;(m) = gf(m) vV &';(m), thus & (m) < g(m).
Furthermore & (n) < g(n).
Therefore  x; (mn) = y;(mn) < xy; (M) Vv x';1 (M) < x;(m) v x;(n)
(iid) xr(mn) = yp(mn) < yp (M) V xr (n)
given that, mn € E’ and mn € E” thereforem €V and m € V' orm € V' N V"
(i.e) ep(m) = ep(m) or eg(m) = (M) V €'r(M), thus ep(m) < gp(m).
Furthermore e (n) < €x(n).
Therefore  xp (mn) = xp(mn) < xp (M) vV x'p (n) < xp (M) V xr(n)
Instance II:

Assume, mn € E” and mn € E' | Thus in similar way we obtain,

xr (mn) = yr(m) A xr(n), x; (mn) < y;(m) v x;(n), xp (mn) < yp(m) Vv xp(n)

Instance III:
Assume mn € E' N E", Thus
() xr(mn) = yp(mn) v yy(mn), where m,n € V' nV"

(i.e) er(m) = eg(m) A €'p(m) and er(n) = ex(n) A €'7(n).

Therefore, yr(mn) = xr(mn) v xr(mn) = {(er(m) A er(n)) v (er (m) A €'r(n))}
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= xr(m) vV xr(n).

(i) y;(mn) = y;(mn) A x; (mn), wherem,n € V' N V"’

(e)g(m) =g (m)V &';(m)and g(n) = &) Vv ().

Therefore, x;(mn) = x}(mn) A xi'(mn) < {(e}(m) V & () A (¢ (M) v &'3(n)}
< xi1(m) A x;(n).

(iii) xp(mn) = yp(mn) A yr(mn), where m,n € V' nV"

(.e) ep(m) =ep(M)V €p(m) and ep(n) = eg(n) Vv €'p(n).

Therefore, xp(mn) = yp(mn) A xp (mn) < {(ep(m) V (M) A (eg (M) v €'p(n))}
< xr(m) A xp(n).

Hence, The Quasi - Union of {' and {" is an Inverse Neutrosophic Graph.
Hence the proof

Example 4.2
Considering two Inverse Neutrosophic Graph in Figure 6.a & 6.b,

The quasi union of {;and {; is
Table 3: Quasi — union of {;and {,

. Vertices of {; U (, Edges of {; U (,
v,(0.5,0.1,0.4) ,1,(0.7,0.2,0.2)
,(0.1,0.3,0.2) ,75(0.8,0.1,0.1)
Vs 5(0.2,0.3,0.4) ,5(0.3,0,0.2)
A V2 ,(0.1,0.2,0.5) ,1,(0.5,0.1,0.1)
U3
Figure 7
DEFINITION 4.3

Assume ¢'= [V', E'Ger, X1, Xp), (e, €1, €p)] and §7= [V, Y0y, 11, XF ), (€6 €1, €F)] be two ING.
Subsequently, we denote and define the intersection of Inverse NG (' and {"' as

Ing =V nv), (E' nE')Ornx'p, Gnx'), e N x'p) (g0 €0, (10 ), (ep N &p)]
erNer (m)=er (M)Aer (m) VmeV nvV”
gNneg'(m)=g@m)V g (m) VmeV NV’

ggNeg (M)= e (M)V &f (m) VmeV nv”’
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xr 0 x5 (mn) = xp(mn) A x7(mn) when mn € E'n E
xi N x', (mn) = x{(mn) v x;'(mn) when mn € E'n E"

Xk 0 X', (mn) = xp(mn) V x¢' (mn) when mn € E'n E”

Theorem 4.2
The Intersection of any two ING is an ING.
Proof:
Consider ¢’ and {"’ be two Inverse Neutrosophic graphs, whereby V' N V"' is a filled set.
Then forallmn € E' NE",
(@) xr(mn) = er(m) Aer(n) and yr(mn) = er (m) A er (n)
Therefore,
xr(mn) = xr(mn) A xr(mn)
= { er(m) Aer(m)} AMer (m) Aer (n)}
= xr(m) A xr(n).
(if) xr(mn) < &7(m) V £(n) and y;(mn) < &' (M) V &' (n)
Therefore,
xi(mn) = xj(mn) V x;' (mn)
<{eam)vem}vieg' (m) Ve (n)}
< xum) Vv ().
(ii)) xr(mn) < ep(m) V ep(n) and xp(mn) < &7 (M) V & (n)
Therefore,
Xr(mn) = xp(mn) V xp (mn)
< {er(m) Vv er(m)} vier (m) v er ()}
< xr(M)V xr ().
Consequently, { =" N {"" is an Inverse Neutrosophic Graph.
Hence the proof
DEFINITION 4.3

Assume {'= [V, E',(xr, X1, Xr)» (€6, €1, €p)] and ("= [V, E",(¢'r, X1, xr ), (€7, &1, €F)] be two
ING. Subsequently, we denote and define the cartesian product of Inverse NG ¢’ and ("' as
¢'x g =V XV, (B X E"),Qer X X'p)s Qi < X' (Xp X X'p), (87 % €7
(g1 % &), (g X £F)]
er(mn) = er(m) A €r(n),

1,11

xrimn)mn")} = er(m) A xr@m'n"), yr{(m'n)(m"n)} = yrm'm") Aer (o)
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g(mn) = ¢€/(m) V € (n),
xiimn)mn')} =€(m) Vv /' (m'n"), x; {(m'n)m"n)} = x;m'm") Ve (n)
gp(mn) = €p(m) V €g (n),

! I .17

xe{mn)(mn')} = ep(m) vV xg(m'n"), xp{(m'n)m"n)} = yp(m'm") v eg (n)

Theorem 4.3
The cartesian product of any two ING is also an ING.
Proof:

Consider ' and {"' be two Inverse Neutrosophic graphs, the cartesian product of two ING possess two
categories of edges

@ (mn") (mn") that fulfills yr{(mn") (mn")} = er(m) A 7 (n'n").
In this category, Given that, yr(n'n'") = ef(n') A ex(n”).
Thus, er(m) A xr (n'n"") = ep(m) A [e7 (n) A e (n")].
=er(mn’) A er(mn”)
Therefore, yr{(mn") (mn'")} = er(mn') A er(mn’’)
(i) (mn') (mn'") that fulfills y;{( mn") (mn'")} = g(m) V x;'(n'n'").
Given that, ;' (m'n'") < &'n") v &'(n").
Thus, &/(m) V x;'(n'n") < g(m) V [g'(n) Vv &' (n")].
=g (mn')Ve(mn')

Therefore, y;{(mn') (mn"")} < gmn")Vemn')

(i) (mn') (mn'") that fulfills yz{( m n") (mn"")} = ex(m) V yg (n'n"").
Given that, yy(n'n'") < (') vV g (n").
Thus, h(m) V y¢('n") < ep(m) V[ () V el ("),

=¢gp(mn) Vep(mn')

Therefore, yp{(mn’) (mn")} < ep(mn’) V ep(mn")

b. (m'n) (m''n) that fulfills yr[(m'n) (m'"n)] = y'(m'm'") A ef (n)
In this category, by using the same approach, we can demonstrate
Xr{i(m'mm'm)} = ex(m'n) A ep(m'n)
(M)} < € m'n) v &m"n)
Xr{(m'm)(m'm)} < epm'n) V ep(m’n)
Consequently, { = {' X {" is an Inverse Neutrosophic Graph.

Hence the proof
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5. Inverse Neutrosophic Multigraphs

DEFINITION 5.1

Let Vis a non-void set, (€7, &, €r): V = [0,1] is Neutrosophic Set and E = {(x,y), [(X7i, Xii>XFi)
&y)Li= 1,2,...m | (x,y) € VX V } be a Neutrosophic multiset of V X V such that y7; (xy) = &7 (x) A
er(y) , X1 xy) < &) VE®Y) , Xri xy) S, 6p(X) VL, ep(y) for i= 1,2,...m where m = maximum { i :
Xri %), Xri (xy) XFi (xy) # 0 }. Then ¢ = ({V, E, (e, &, €r), (Xri» Xii» Xri)} is called as Inverse
Neutrosophic Multi graphs where €7 (x), &(x),ep(x) signify true membership, indeterminacy
membership and false membership of vertices x and yr;(xy), x5 (xy), xri (xy) signifies the true

membership, indeterminacy membership and false membership of edges (xy) within { correspondingly.

6. Inverse Neutrosophic Multigraphs and its planarity.

Within this segment, the planarity in terms of some key related concepts, such as interconnecting value
and inverse Neutrosophic planarity values are defined.

Let { = ({V, E, (e7, €1, €r), (X1i» X1i>Xri)} be an Inverse Neutrosophic Multi-graph and a specific
geometric illustration it has two Inverse Neutrosophic edges ((X,¥), (xri» X1i> XFi) %, ¥)) and ((p, q),
(rj» Xij»Xrj) (p, q) which are interconnected by a single point P, where i, j are constant integers. In
Neutrosophic sense, if atleast one of (X,y), (¢ri» Xri» Xri) (%, ¥)) and (Xrj, Xi1j, XFj) (P> Q) is close
to zero, then the overlapping won’t be significant in the illustration. However if both of ((X,¥), (Xri ,
Xii» Xri) (5 ) and (Xrj, X1j, XFj) (> Q) are close to one, then the overlapping will be considered
significant in the illustration.

Building on the concept, let us describe the interconnecting value and Inverse Neutrosophic planarity
values.

DEFINITION 6.1

Consider ¢ = ({V, E, (er, €1, €r), (X1i» X1i>Xri)} to be an Inverse Neutrosophic multi-graph
possessing a certain geometric illustration which has the interconnecting Point S among inverse

Neutrosophic edges ((x,¥), (¢ri» Xi1i» Xri) (%)) and ((p, 9), (XTj » X1j>XrFj) (P> 9),Then the value
of intersecting edges at the point S is defined by

xriCe+xri®a@)  xiGCey)+xj®a)  xrily)+xei@®.49)
S=(STaSItSF)=( - 2 L > . 2 / 5 . 2 . )
If the number of interconnecting points in an Inverse Neutrosophic multi-graph rises, then planarity value
declines. Also, if the value of interconnecting points declines, then planarity value rises. Therefore, IP is
inversely related to the planarity value. Based on this concept, the idea of planarity value of an Inverse
Neutrosophic multi-graph is defined.

DEFINITION 6.2

Let { = ({V, E, (e7, €1,€r), (X1i» X1i>Xri)} be an Inverse Neutrosophic multi-graph with a specific
geometric illustration, which has n intersection Points Sy, S5, S3...5,. Then the Inverse Neutrosophic
planarity value of S’ of this geometric illustration of y is well-defined by
(2+S7=S1=Sk)

3

S =
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1 1 _ Sint+Spzt+Sin Sl = SF1+Sp2+:+SEn
1+{Sr1+Sro++Spn} > "1 n > °F n

Where St =

It is evident that 0 = §” < 1 and we assert that each geometric illustration of Inverse Neutrosophic multi-
graph is planar by specific planarity value S'.

Examples 6.1
Table 4: Vertices & Edges of Figure. 7
Vertices Edges
u (0.6,0.6,0.4) uz(0.8,0.4,0.2)
u v v (0.8,0.7,0.2) uw(0.7,0.5,0.3)
w (0.3,0.4,0.6) zw(0.5,0.1,0.2)
x (0.6,0.1,0.7) xy (0.5,0.6,0.3)
z v y (0.5,0.8,0.4) yz(0.5,0.4,0.1)
z(0.7,0.5,0.3) ux(0.6,0.3,0.2)
vy(0.7,0.5,0.1)
y X
Figure. 7

The geometric illustration of ¢ has 2 intersection points, S; and S,.

The intersection value of edges at the point Sy and S is

_ 0.6+0.7 _ 03+05_ 02401 _

Sp, === 0.65,S;,= ———"= 0.4, Sp, = ———=0.15,
_ 0.8+0.7_ 05404 _ _03+0.2_
Sp,==——= 075, S},= === =045, S, = ———== 0.25.

Sr=042,5 =041,S = 0.2,
Therefore, the planarity value S'of this geometric illustration of { is S’ = 0.6.

Lemma 6.1

Provided that the degree of planarity of an ING be (S'r, S'1, S'5), consequently Sp + S; + Sp < 3.
Proof.

Let ¢ be an ING. Therefore 0 < yr xy)< 1,0 < x; x0)< 1,0 < yr xy)< 1.

Hence, the score of connection amid two edgesare 0 < S7<1,0 <§, < 1,0 <Sp < 1.
Consequently, the degtee of planarity value 0 <S7<1,0 <5/<1,0 <Sp=<1.

Therefore Sr+ S/ +Sp<3.

2. Provided that the score of planarity value of an ING is S’ consequently 0 < S" < 1.
Proof.
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2+S7—S]—SF)
( T31 F)ond

0 <S7<1,0 <5/<1,0 < Si=<1.Furthermore, it is noted that the value of S is max if the value of
Sr is max and S] , S are minimal.
2+1-0-0) _

Let S’ be the score of planarity value of an ING, therefore S’ =

So, the max value of S" is S’ = 1.

Again, the value of §' is minimal. if St is minimal. and S} , Sg are max. So, the minimal. value of S’ is

§' =201 = Then0 <8 <1,
3

Theorem 6.1

Each Inverse neutrosophic multi-graph { with the geometric illustration having n intersection points
L <S' <
1+n 1+an

Where @ = min {(e7,&;, €p)(x) : x € V}.

Proof:

In accordance to Definition 6.2:
_ (2+S7 =S/ —Sp)
- 3

_ Sp1+Sp2++Smm

’
Sli -

!

1
1+{ST1+ST2+*+STn}’
and in accordance to the definition 6.1 and 6.2,

_ o xriGe)txri0a)  xnGey)+xiia) xri(xy)+xrj(®.9)
(STaSIlSF) - ( 2 > 2 5 2 )
and lemmas, we attain (Sg;, Sy;, Spi) < 1

_ SF1+Sp2+:+Spn

Wherein, Stj = , Spi =

n

fori= {1,2,..,n}, we attain {Stq + Sp + - + Stp < n and via lemma, S’ = %}ﬂ = ﬁ
conversely,

Xr () = £ (0 A ep(3), 21 (<9) < €1 V 13), X (x3) < () V €(y) and for cach inverse
Neutrosophic edge.

As a = min {(e7,&;, €7)(x) : x € V}. and we attain y7;(x,y) = aso, (Sp;, Siiy Spi) =1
fori={1,2,..,n}, we attain {Sp; + Stz + -+ S = n a and via lemma so

gl — &SreSimsp) 1
3 — 1+an’

DEFINITION 6.3:

Consider { = ({V, E, (e7, €1, €r), (X7i» X1i>Xri)} to be an Inverse Neutrosophic Multi-graphs with a
specific geometric illustration having n intersecting points Sy, S1, ..., S, so that m of these

interconnecting points fulfills Isi 2 0.5, for i = 1, 2,..,m. Therefore, this geometric illustration of ¢ is
termed as inverse Neutrosophic strong planar multi-graph S > 0.5 and m < %

This indicates that a geometric illustration of { is an inverse Neutrosophic strong planar multi-graph,
provided the inverse Neutrosophic planarity value is superior than 0.5 and the interconnecting points that
fulfil I¢ = 0.5 are fewer than half of the total interconnecting points n. Alternatively, this geometric

illustration of { is termed as inverse Neutrosophic weak planar multi-graph.
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Example 6.2

Consider { = ({V, E, (e7, €1, €r), (X7i» X1i»XFi)} to be an Inverse Neutrosophic Multi-graph with a

specific geometric illustration as depicted in the figure as follows,

X z Table 5: Vertices & edges of Figure 8
4 )
Ve Vertices edges
S2 x(0.8, 0.4, 0.4) xv (0.4,0.4,0.3)
51 y(0.2,0.4,0.3) yu (0.3, 0.3,0.5
2(0.9,0.2,0.1) xw(0.8,0.5,0.2)
u(0.5,0.6,0.0) zu(0.6,0.4,0.5)
v(0.1,0.5, 0.4) yw (0.2, 0.2,0.1)
w(0.7,0.6,0.1) vz (0.5,0.4,0.3)
Figure. 8

Consequently, this geometric representation of ¢ has two intersecting points, S; andS,. The
interconnecting value at the location Sy is Sy, = 0.3, S, = 0.3, Sg, = 0.2, S1,= 0.4, §;,= 0.35, Sg, = 0.4. St
=0.588, S; = 0.325, Sp = 0.3, therefore S" = 0.654. Hence, this geometric illustration from { is strong
planar.

By drawing the Inverse Neutrosophic multi-graph ¢ in alternative geometric illustration presented within

Figure beneath,
Table 6: vertices & Edges of Figure. 9
: Y Vertices Edges
u (0.9,0.6,0.2) xu (0.8,0.8,0.2)
v (0.7,0.4,0.6) yv (1,0.6,0.2)
w (0.7,0.5,0.3) xw (0.6,0.5,0.1)
w z | x(0.5,0.9,0.3) wv (0.8,0.3,0.5)
y (0.8,0.7,0.5) yz(0.7,0.6,0.3)
z (0.5,0.8,0.4) zu (0.8,0.3,0.4)

Figure. 9

Consequently, the above geometric illustration of { has one intersecting point S (0.8, 0.7, 0.2), thus the
planarity value of the intersecting edge Sis St = 0.56, S = 1, Sp = 0.7, therefore S’ = 0.5.
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Hence aforementioned geometric representation from ¢ is weak planat.

Remark: In the Inverse Neutrosophic graph the circumstances is distinct, since as per the application, a
particular number of intersection point is sometime needed to resolve our issue. In the inverse
Neutrosophic graph, our focus is not on finding a geometric illustration devoid of intersecting points.
Instead, based on the problem requirements, we identify the required number of intersecting points and
aim to determine a geometric illustration that meets our condition. Additionally, we attempt to minimize
the danger associated with these intersecting points (lowest {Ig }) and maximize the inverse planarity
value (§'), as will be demonstrated in the application.

Example 6.3

The geometric illustration of { that is depicted in Figure 8, having 2 intersecting points such that Sy
and S,, St =0.42,5; =041, S = 0.2 and S’ = 0.6. Despite P' > 0.5, the condition m < g fails to be

met.
Therefore, the aforementioned geometric illustration of ¢ is weak planar.

7. Application: Decision making in mixed cropping using Inverse Neutrosophic graph:

Mixed cropping or inter cropping is an agricultural practice that involves two or more crops are grown
together in the same field. This approach integrates different farming activities to maximize resource use,
improve productivity, and enhance sustainability. Mixed cropping offers numerous advantages in terms of
resource efficiency, economic stability, and environmental benefits. However, it also presents challenges
related to management complexity and economic risks. Successful mixed cropping relies on effective
planning, resource management, and integration of sustainable practices to optimize the benefits of
combining different crop production.

For instance, combining of crops can be done with minimizing expenditure that becomes more significant.
Each crop is considered as a vertex of a graph as expenditure is considered as significant in our study, we
assign a membership degree representing its resource management expenditure. This membership degree
can be regularized by dividing every expected expenditure for each crops with average total expenditure,
the expenditure is varying on certain circumstances, the expected expenditure for resource management of
the particular crops is considered as truth membership, there is a chance of high level of uncertainty about
the exact expenditure, possibly due to complex management, pest and disease management & economic
and market risk which is considered as the indeterminacy membership and There may be chance that the
stated expenditure of is inaccurate or misleading which is considered as false membership.

Accordingly, provided that the expenditure (that incorporates labor expenditure, crop maintenance charge)
for different crops w, x, y, z is {3200, 2000, 2500, 4000} also the satisfactory factor of the expected
expenditure is {90%,80%,70%,85%}

The Membership values are denoted as

Truth membership value (TMV) = Ratio of estimated expenditure to average total expenditure (provided
that the estimated expenditure is greater than average total expenditure, then TMV is considered as 1.

Indeterminacy Membership Value (IMV) = 20 % of the estimated expenditure.
FMV = considering the satisfactory factor False membership of a vertex is 1- satisfactory.

(&7, &1, 8p)(W) = (1,0.2,0.1)
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(&1, €1, €F) (%) = (0.7,0.14,0.2)

(&1, &1, ER)(y) = (0.8,0.16,0.3)

(&1, €1, €r)(2) = (1,0.2,0.15)
Our objective is combining of crops so that we can allocate crop in one field. To evaluate our options, we
construct an inverse Neutrosophic graph for each situation. In this graph, we connect vertices representing
combining of crops with edges that intersect at a point P, representing the same farm.

For n farms (particular area), each graph will feature n intersecting points, each representing a farm the
particular area. The vertices connected by intersecting edges denote the two crops in same area field of the
farm.

Each graph consists of four vertices (each crop), two edges (illustrates combining of crops), and one
intersecting point (illustrates the same field of the farm). This configuration forms an inverse Neutrosophic
graph where each edge is allocated a membership degree, indeterminacy degree and false degree
representing the required expenditure of maintaining crops in the same field of the farm. To ensure
accuracy, these membership degrees are normalized by considering average of the total maintenance
expenditure. It's crucial to note that each edge's membership degree (illustrates combining of crops) will
inevitably exceed the expenditure of maintaining crops separately. Optimal planning involves selecting
pairs of crops that can be combined in same field of the form that leads to minimization of maintenance
and maximizing the production and profit. So, to estimate the best combination, the study of planarity in
every possible inverse neutrosophic graph is sufficient and to select the one which is strong planar that has
the greatest inverse neutrosophic planarity value P'. If all the selections are weak planar, then it is sufficient
to choose the one with the greatest inverse Neutrosophic planarity value P'.

In our instance we have 3 possible options. First option, to combine crop w and crop x in the same field
of the fam, crop y and crop z in the other field of the farm.

We signify this option by the inverse Neutrosophic graph {; revealed in the Figure 10 (a)

(@) (b)
Figure 10.

Second option, to combine crop w and z in the particular field of the farm and crops x and y in another
field of the farm.

We signify this option by the Neutrosophic fuzzy graph {, revealed in Figure 10 (b)
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Third option, to combine crop w and x in particular field of the farm and crops z and y in another field of
the farm.

We signify this option by the Neutrosophic fuzzy graph {3 revealed in Figure 10 (c).

©

To determine the optimal option, the calculation of the Inverse Neutrosophic planarity value for every
option are required.
Within {7, we obtain S = 0.54, §{ = 0.05, Sg = 0.075 and S" = 0.8 indicating that {; is strong planar.
Within {5, we obtain S7 = 0.5, §] = 0.075, Sp = 0.12 and S’ = 0.79 indicating that {, is strong planar.
Within {3 , we obtain Sp = 0.57, S; = 0.1, Sg = 0.1 and §' = 0.7 indicating that {3 is strong planar.
As a result, the Inverse Neutrosophic strong planar graph exhibiting highest Inverse Neutrosophic planarity
value serves as the optimal option, considering that the expenditure will be minimized. It means that the

First choice is the optimal one in our instance.
8. Conclusion:

The core intension of developing Inverse Neutrosophic graph was to provide an enhanced and flexible
framework interpreting multifaced system where uncertainty and the directionality of interactions are
significant. Explores both the similarities and differences between Inverse Neutrosophic graph and
Neutrosophic graphs. Then, perception of Inverse Neutrosophic Multi-graphs and defined the notation for
the planarity of such structures using intersecting values and inverse Neutrosophic planarity values. Several
theorems were presented to establish extremes for the inverse neutrosophic planarity value. Furthermore,
we defined strong and weak planarity and applications related to these concepts. The significant crop
combinations for intercropping are identified using the notion of planarity in Inverse Neutrosophic Graphs
that minimizes the expenditure in maintenance of the crops. Looking ahead, future research will focus on
further exploring planarity and investigating the concepts of faces and duality in inverse Neutrosophic
multi-graphs.
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