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Abstract. When conducting survey sampling, precise population mean estimation is essential, particularly
when additional indeterminate data is available. The intrinsic ambiguity and uncertainty in the study and aux-
iliary variables are handled by using neutrosophic logic, which consists of truth, indeterminacy, and falsehood.
In this paper, we extend the classical estimation techniques by incorporating bivariate auxiliary information
within the neutrosophic framework, offering an optimal neutrosophic framework for population mean estimation
under simple random sampling (SRS). Through simulation experiments and real-life datasets, the effectiveness
of the proposed optimal neutrosophic framework is evaluated and compared with the adapted neutrosophic
frameworks. The outcomes demonstrate that the suggested optimal neutrosophic framework demonstrates re-

duced mean square error (MSE) and enhanced efficiency in comparison to the adapted neutrosophic frameworks.
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1. Introduction

In survey sampling, auxiliary data is essential since it greatly improves the accuracy and
precision of the population mean estimation. By reducing the variance or MSE of the estima-
tor, auxiliary variables associated with the study variable help to produce more accurate and
efficient results. The estimation methods such as ratio, regression, product, logarithmic, expo-
nential, and their modified versions use supplementary data to reduce the mean square error
(MSE) and elevate the overall effectiveness of the estimation process. Many authors suggested
different estimation procedures for estimating the population parameter based on several aux-
iliary information in survey sampling. [1] estimated the population mean using two auxiliary
variables. Using two auxiliary variables in SRS, [2] created the best regression estimator for

the population mean. [3] used two auxiliary variables to estimate the finite population mean
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in SRS and stratified random sampling. Using multiple auxiliary information, [4] investigated
some new improved classes of estimators. A simulation analysis of the robust regression-ratio-
type estimators of the mean using two auxiliary variables was presented by [5]. Using two
auxiliary variables, [6] evaluated the effectiveness of the general class of ratio-exponential-log
type estimators. [7] used multi-auxiliary information under ranked set sampling to construct
a new class of efficient logarithmic estimators. [8] used two auxiliary variables under two-stage
sampling to estimate the finite population mean by examining an improved generalized class
of estimators. [9] introduced a few enhanced categories of estimators using bivariate auxiliary
information under stratified sampling. With two auxiliary variables, [10] created an improved
population mean estimation with probability proportionate to size sampling. Using multi-
auxiliary data, [11] proposed a few optimal classes of estimators for the population mean.
These classical estimation methods presuppose precise and complete data. In contrast to
this, indeterminate data is ambiguous, incomplete, or unsure; that frequently occurs in real-life
surveys because of inadequate data gathering methods or inconsistent responses from respon-
dents. Although being difficult, but indeterminate data can be managed by applying sophis-
ticated techniques like fuzzy logic or neutrosophic theory, which include uncertainty into the
analysis to generate more adaptable and realistic estimations. [12] developed the mathematical
modeling and fuzzy availability analysis of stainless steel utensil manufacturing unit in steady
state. [13] investigated shadowed type 2 fuzzy-based Markov model to predict shortest path
with optimized waiting time. For handling indeterminate data, the survey sampling literature
offers a few estimation techniques employing single auxiliary information. [14] presented the
neutrosophic ratio-type estimators for population mean under SRS. [15] developed a general-
ized neutrosophic sampling strategy for enhanced population mean estimation. With the use
of auxiliary data, [16] introduced the neutrosophic factor-type exponential estimators for im-
proved population mean estimation. A neutrosophic robust ratio-type estimator was proposed
by [17] for the estimation of the finite population mean. To estimate the neutrosophic finite me-
dian, [18] recommended employing robust parameters of the auxiliary variable. [19] determined
the population mean using neutrosophic exponential-type estimator. [20] suggested the gen-
eralized robust-type neutrosophic ratio estimators of pharmaceutical daily stock prices. [21]
proposed the ratio-type estimator for estimating the neutrosophic population mean in SRS
under intuitionistic fuzzy cost function. [22] developed the neutrosophic regression cum ratio
estimators for the population mean. [23] suggested the neutrosophic estimators in two-phase
survey sampling. [24] constructed an almost unbiased estimator for population mean using
neutrosophic theory. [25] computed the separate ratio and regression estimator under neu-
trosophic stratified sampling and provided an application of the methods using climate data.

Under neutrosophic ranked set sampling (NRSS), [26] suggested the generalized estimator for
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computing the population mean. Later on, [27] suggested the generalized regressed expo-
nential estimator for estimating the mean. Recently, [28] investigated the NRSS scheme for
estimating the imprecise population mean. However, for estimating the imprecise population
mean, some new modifications of ranked set sampling were suggested and demonstrated using
demographic data by [29]. [30] suggested the new comprehensive imprecise mean estimation
method using regression-cum-exponential type estimator. |31] estimated the population mean
using the neutrosophic exponential estimators with real data application. [32] designed the
neutrosophic mean estimators in the presence of extreme indeterminate observations.

In survey sampling, it is well-known that employing auxiliary information enhances the
efficiency of the estimator. Often, data on multiple auxiliary variables are available, providing
additional opportunities for improved estimation. Recently, [33] combined the two auxiliary
variables for efficiently estimating the finite population mean under neutrosophic structure.

This article introduces the following:

(1) Develops the methodology and notations consisting of bivariate auxiliary information
under neutrosophic setup.

(2) Adapts some fundamental neutrosophic estimators under SRS based on bivariate aux-
iliary information. Additionally, considers the existing neutrosophic estimators based
on bivariate auxiliary information under SRS.

(3) Proposes an optimal neutrosophic framework for the population mean estimation em-
ploying bivariate auxiliary information under SRS. This approach addresses challenges
associated with vague, indeterminate, and uncertain data.

(4) Discusses the efficiency of the proposed optimal neutrosophic estimators using simula-

tion study and a real-life application based on neutrosophic data.

1.1. Notations under neutrosophic setup

The statistical literature contains different kinds of neutrosophic data, including quantitative
neutrosophic data which is based on a number existing in an unknown interval [p, ¢]. This
unknown interval [p, g] based on neutrosophic numbers can be expressed in different forms.
In this paper, we have taken the neutrosophic interval values as Wy = Wy + Wy Iy such that
Iy € [Ir, Iy]. This shows that the notations utilized for neutrosophic data are in an interval
form Wy € [p, ¢], where p and ¢ represent the lower and upper values of the neutrosophic
data, respectively. For more deep study about neutrosophic notations, the reader may see [34].

Let a finite population (U=U;, Us,...,Uy) be based on N identifiable units from which a
neutrosophic sample of size ny € [ng, ny| is randomly selected. Let yx (i) be the " unit
observation of the sample for the neutrosophic study variable yx expressed as yn(i) € [y,

yu ], whereas corresponding to the neutrosophic study variable, data on neutrosophic auxiliary
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variables xy and zy are expressed as zn(i) € [rr, zy] and zy(i) € [z, zu], respectively.
Let yn (i) € [y, Jul, Tn(i) € [T, Tu], and Zy(i) € [ZL, Zy] be the neutrosophic sample
means corresponding to the neutrosophic population means Yy € [ Yz, Y|, Xy € [X1, Xv],
and Zy € [Zy, Zy] for the neutrosophic study variable yy and auxiliary variables xy and
zn, respectively. The neutrosophic variation coefficients of variables yy, xn, and zy are
denoted as Cy, € [Cy,, Cy,l, Coy € [Cry, Copl, and Cy € [C,, C,,], respectively. The
neutrosophic correlation coefficients between the neutrosophic variables (zn, yn), (yn, 2n),
and (vn, zn) are denoted by pryy € [pay,, Payyls Pyen € [Pyzrs Pyzp)s and pozy € [puzy,
Pazy ], respectively. The neutrosophic skewness and kurtosis coefficients of zx are denoted by
Bi(zn) € [Bi(xr), Bi(zy)] and B2(zn) € [B2(zL), B2(xr)], respectively, while the neutrosophic
skewness and kurtosis coefficients of z are denoted by 51(zn) € [B1(21), B1(zr)] and Ba(zn) €
[B2(2L), B2(zv)], respectively.

To obtain neutrosophic Biasy € [Biasy, Biasy] and neutrosophic MSEyN €
[MSEr, MSEy] of the neutrosophic estimators, we take neutrosophic errors egny = (gn —
YN)/YN, ein = (Zny — Xn)/XnN, and eay = (v — Zn)/ZN such that eon € [eor, €ovl,

e1N € [e11, €1v], and ean € [ear, €ap] together with their expectations given as:

E(eon) = E(e1n) = E(ean) = 0,)
E(G%N) = ‘PNC§N7
E(G%N) = @Nciw
E(e3y) = onCay, (1)
E(eonein) = ©NPayn Can Cyn s
E(eonean) = ONPyzy Cyy Coys
and E(einean) = @Npzzy Cuy Cay,s

where oy = 1/ny, ny € [ng, nyl, Cyy = ayN/YN, Con = Oun/XN, Copy = 024/2N,
Jach € [ngo':%y]v UzN € [Ugyagu]v and oayy € [uy, s Oayy]-

The next section provides some adapted neutrosophic estimators based on bivarite auxiliary
information with their characteristics. The proposed optimal neutrosophic estimators, their
characteristics, and the conditions under which they dominate the adapted neutrosophic es-
timators are established in Section 3. A simulation study based on a hypothetically drawn
normal population is presented in Section 4. In Section 5, the seasonal temperature data is
used to illustrate the application of the proposed and adapted neutrosophic estimators. The

article ends with the conclusions in Section 6.
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2. Adapted neutrosophic estimators

This section adapts some well-known neutrosophic estimators for the population mean es-
timation under SRS employing bivariate auxiliary information.
If the auxiliary information is not available, then the neutrosophic mean per unit estimator

is the obvious choice for the neutrosophic population mean Yy given by
tm = TN
Theorem 2.1. The variance of the estimator t,, is given by
V(tm) = onYNCo ..
Proof. Consider the estimator t,, given as
ty, = YN-
Utilizing notations of (1)), we rewrite ¢, as follows:
tm = Yn(1+ €on),
tm — YN = YN€0N- (2)
Taking expectation both side to , we get
Bias(ty,) = 0.

This shows that the neutrosophic mean per unit estimator ¢,, is unbiased.

Again, squaring and taking expectation both sides of , we get

V(tm) = @NYﬁcgN.

The neutrosophic generalized ratio estimator of population mean Yy under SRS employing
bivariate auxiliary information is given by

~ [anXN+bN) [enZn +dy
tgr = YN - — )
aNZN + by cNZN +dN

where ay, by, ¢y, and dy are either real values or known parameters of neutrosophic auxiliary
variables ) and zpy, namely, neutrosophic mean, neutrosophic standard deviation, neutro-
sophic correlation coefficient, neutrosophic variation coefficient, neutrosophic skewness coeffi-
cient, neutrosophic kurtosis coefficient, etc. A few members of the neutrosophic generalized
ratio estimator ¢4 based on bivariate auxiliary information are compiled in Table [1] for ready

reference.
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TABLE 1. Some sub-classes of the neutrosophic generalized ratio estimator ¢,

based on bivariate auxiliary information

an by CcN dn Some sub-classes of the estimator ¢,
X Z
1 0 1 0 =gy (I;VV) (vav
2 _ = XN+Cx ZN+Cz
]. CIN 1 CZN th—yN ( EN‘FCQ;]]VV ) ( 2N+Cz1]\]\/ )

Cay  Palan)  Coy Palzn) tg =0 (%ﬁﬁfﬂiﬁféﬁﬂf) (ngﬁ?jéfﬁi)
Balen)  Can  falow)  Coy  thy =g (G ) (BEVIN G )
L e L ey the=uw () (B
L Ban) 1 falew) 8, =gy (ZaEEN)) (2R
L Bilew) 1 Bilew) it =g (DR (Zeha)

Theorem 2.2. The bias and MSE of the neutrosophic generalized ratio estimator ty, using

bivariate auxiliary information are presented below as

WEC2 4 I3C2 — Unpryy Con Cyy HprchchzN>

Bias(tg) =YnonN
+gpNﬂprzNCxNCzN

— C2 w2 C2 I3 02 — 20 CunCyy — 211 C.C
MSE(tgr) :Y]%SDN N + iy NPzyn“zn“yn NPyzyCznyCyn :
+2WNHNp:czNCxNCZN

where

CLNXN CNZN
Uy = ———7— dlly = ————— .
N (aNXN+bN> e N ( )

Proof. Consider the estimator g4, as

- <aNXN+bN> <CNZN+dN>
tgr = YN — — .
aNTn + by CNZN +dN

Utilizing notations given in , we get
QNXN—i-bN ) < CNZN+dN >
@NXN(1+€1N)+bN CNZN(1+€2N)+dN

aNXN-f-bN > ( CNZN+dN )
CLNXN-FCLNXNQN-{—I)N CNZN-FCNZNEQN—FCZN

tgr :YN(l + EON) (

=Yn(1+ eon) (
=Yn(1+ eon)(1 + Unern) (1 + Hyean) ™

Using Taylor series expansion, multiplying right hand side terms and excluding error terms

having power more than two, we get

- ( 1+ eon — Unein — Inean + VRe2y + 33y — Uneonein — Inegnean )
gr —IN .

+UnIINeinean
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Subtracting Yy both sides of the above expression, we get

2 2 2 2
- - eon —Yneiny — IIyeany + Vel y + 1IN €5y — Yneonein — IInegnean
tor — Vi =Y .

+UNnIINeiNean

(3)
Taking expectation both sides of , we get

W?VC:%N + HJ2VC3N - WNpl’yNC$NCyN - HprZNCyNCZN )

Bias(t ) :?NSON
7 ‘HPNHNPJUZNC:ENCZN

Squaring and taking expectation both sides of , we get

_ C?2 +w2C? +M%C% —2w CyoCy —2IT c,.C
MSE(th) _Y]\2[<PN< yN+ N J:N+ NYzn NPzyn Ly Cyn NPyzyCynCzy .

+2wNHN,0mzN CxN CzN

O

The neutrosophic generalized power ratio estimator ¢, for population mean under SRS

employing bivariate auxiliary information is given by
P anXn + by by eNZN +dy fan
pr YN aNTN + bn cNZN +dN ’

where 61y and 0y are suitably chosen scalars. Some sub-classes of the estimator ¢,, are given

in Table [2] for ready reference.

TABLE 2. Some sub-classes of the neutrosophic generalized power ratio esti-

mator t,, based on bivariate auxiliary information

an by CN dn Some sub-classes of the estimator t,,
= \NOIN /5 \O2n
1 _~ X Z
< [ > 0
2 _ = XN+C(L‘ 1N ZN+CZ 2N
1 Cax 1 Con  tpr=UN <i'N+Cac]]VV ) N FCoy

3 _ — (ConXntBa(an)\ TN (Coy Zn+Ba(an) ) P2V
Con  Palzn)  Coy Pa(zn) tpr_yN(cx]ijNnLﬁz(mN)) (CZJJVVENJrBz(zN))

4 _ —  (Blan)XN+Ca OIN /By (en) Zn+Cay \ 2N
Palzn)  Cay  Palzn) Oy tpr = UN <52($N)$N+g7‘1]\:7> (BQ(Z%VN‘*‘CZg)
_ X +pzx N Z +pyz 2N
1 Pryn 1 Pyzy  tpr =N <2‘?1]\\77+qu5/1]\,\7> <2g+p;g>
o N /7 (235
L w1 e f=oy (BEEE) (AR50
= [ = [Z)
7 _ o (XntBien) \ Y (ZntBi(en) TN
1 ﬁl(xN) 1 61(21\7) tpr = YN <£1{1va($;\\77)> (%T%)
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Theorem 2.3. The bias, MSE, and minimum MSE of the neutrosophic generalized power

ratio estimator t,, are given by
Oin(O1n+1 Oan (B2n+1
Bias(ty) = Vwen OnOin )2 02 4 SOt 112 02 Gy Wy py Con Cyy
_02NHprZNCyNCZN + l*pNI]]VelNGQprZNC(a:NCVZN
CSN + Q%NW?VC%N + Q%NH?\/'CEN - 291N¢szyNC:BNCyN
—20oN 1INy Cyy Oy + 201 NO2NINTIN przy Oy Oy
and min.MSE(t,,) = YJ%@NCSN(l —-R2__ ),

Y.TZN

s -

where RZ.er = (pin +p§ZN —2payn Pyzn Pazy )/ (L= P2 ) is the multiple correlation coefficient.

Proof. Consider the estimator t,, as
b an Xy + 08\ (enZy +dy "N
pr =Y anTn + by cNZN +dN '
Using notations given in , we can rewrite the estimator t,, as
aNXN—I-bN >91N < CNZN—I-dN )921\7
aNXN(1+€1N)+bN CNZN(1+€2N)+dN ’
YN(l + EON)(l + WNelN)ielN(l —+ HNEQN)i'gQN.

tor = YN (14 eon) (

Using Taylor series expansion, multiplying right hand side terms, and excluding error terms

having power more than two, we get

.y 1+en —inUneiny — OonIInean + 791N(9§N+1)%%76%N + 792N(9§N+1)U]2V63N
pr —IN .
—01nYneonein — OaonIIneonern + OinvOanPnIINeiNean

(4)
Subtracting Y both sides of , we get

O1n(O1N+1) 7,2 2 Oan (02 n+1 2 2

" Y Y EON — 91]\/@]\[61]\[ — QQNHNGQN + %Q’NEU\/ + %HN@N

pr — IN = IN .
—OinUneonein — OanIIneonein + OinOanYNIINe NEaN

(5)
Taking expectation both sides of , we get
Bias(tp) =Ynen APt O 4 PNEPID IR C2 — UnOin payy Can Oy |
P _HNHQprzNOyNCzN +91N92NWNHprZNC:BNCZN
Squaring and taking expectation both sides of , we have
2 2 2 2 2 172 12
MSE(t,) V2o Cyy +OININCsy T ONIIRCE, — 200NYN Py Cuy CyN . (6)
—20oNIINpy-ny Cyn Coy + 201NN IINYN P2y Oy Cl

The optimum values of 81 and 055 can be calculated by minimizing @ as

91N :CyN (pryN — pyZNIOfEZN) and 92N — CyN (pyZN — pmprIZN).

CIN (1 - P%ZN) CZN (1 - P;%ZN)
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Putting optimum values of 61 and 2y in @, we get minimum MSE of ¢, as

min. MSE(ty,) = }7]\274,0]\/05 (1-R%,).

Y.TZ

Remark 2.4. Note that the minimum MSE of the estimator ¢,, is independent of the values
Uy and Iy which depend on different known parameters of auxiliary variables z and zy.

This shows that the MSE of the members tm, =1,2,...,7 will be the same.
Combining the two auxiliary variables, [33] suggested a ratio-cum-product exponential type
estimator of the finite population mean under neutrosophy as
tsg = YN €Xp (XN_tlJV) exp (tQN_ZN> )
XN+ N ton + Zn
In the estimator tzy, tiy = Ty + An(Xn —Zn) and toy = Zy + AN (Zn — Zn), where Ay and

Ap are suitably chosen constants.

Theorem 2.5. The bias, MSE, and minimum MSE of the neutrosophic estimator ts, are
given by
31— An)2C2, — 11— Ay)2c2, — U=An=dn) ) o Con
1-A 1-A
( N)pxyNCmNCyN { N)pyZNC C

1-A 1-A 1-A 1-A
2 +( 4N) CH%N_'_( 4N) 2 _( N)2( N)

+(1 = AN)pyzpn Con Oy — (1 = AN)pryn Can Cyy

Bias(tsg) :YNSON

- CxnC
MSE(tsy) =Y2on PrzyCanyCzaN

2C, 2z C,
where, Ay =1 — [%?Zjlvippziv)(pzylv pyzw) + 2pxyN Y ]

and Ay =1 — [st@(”lvifgzv)(pwyN - PyZN)]
Proof. Consider the estimator ¢4, as
tsg = YN €xXp (XN_th> exp <t2N_ZN> .
Xy +tn ton + ZN
Using the notations given in , we can rewrite the estimator t,, as

XN—(XN(1+€1N(1—AN))) [ZN(1+62N(1—AN))—ZN
XN+(XN (1+€1N(1fAN))) ZN(1+62N(1—AN))+ZN

en(l — Ay) ean (1 — An)
2(1+ 9 (1 - Ay)) 2(1+ 2% (1 - Ay))

Using Taylor series expansion, multiplying right hand side terms and excluding error terms

tsg = YN(l + 6ON) €xp

:YN(I + EON) exp [—

having power more than two, we get
1— 41— Ay) + gefy (1 — An)* + FH1 = Aw)
N/ A
teg = VN | —SMEN(1 — An)(1— Ay) — €2, L=an)
_|_€0N _ 6()N251N (1 _ AN) EON262N (1 _ AN)

N)
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Subtracting Yy both sides of the above expression, we get
1— (1 - Ay) + gefy(1 = An)* + F(1 - Ay)
teg — Yy =Y _ieuv;w (1— An)(1 — Ay) — e U=an)
Teon — 60N2€1N (1 o AN) + 60N2€2N( AN)

Taking expectation both sides of , we get

1- 31— An)2C2, — 11— Ap)2c2, — =28y O Cyn

Bias(tsy) =YnoN
! %(1 - AN)(l - AN)pmzNCINCZN + (1= AN)pyZNCyNCZN

Squaring and taking expectation both sides of , we have
2 (1-An)* 2 (1-AN)? 2 (1-An)(A-An)
Con + TNCIN + %Cz - #

+(1 - AN)pyZNCZNCyN - (1 - AN)pwyNCINCyN

_ CxnC
MSE(tsy) =YZon PrzyCanCzy

The optimum values of Ay and Ax can be obtained by minimizing as

* 20y Pzz C
Neopt) = 1 = [W(nyN — Pyzn) + 2Payy CZ]

pZL‘ZN
. 2C \ Pz
and AN(opt) =1- [(M(pmyN - pyzzv):| . (10)

Putting these optimum values in , we get minimum MSE as
1-A 2 1-A3% 2
. 4! N(opt>) 2+ ( z\j}(om) 2,
. 2 1— A 1-A%
m’Ln.MSE(th) :YN(pN - ( N(Opt))z( N(Opt>) Pzzy C:EN CZN
+(1 - A*N(opt))pyZNCZNCyN - (1 - A*N(opt))pmyNC C

3. Proposed optimal neutrosophic estimators

The suggested optimal neutrosophic estimators are important because they improve the
accuracy and reliability of statistical analysis under ambiguity, vagueness, and indeterminacy.
These estimators are more successful than the conventional ones in dealing with imprecise, par-
tial, or inconsistent data because they use neutrosophic sets. This strategy facilitates improved
decision-making in real-world challenges including uncertainty. The optimal neutrosophic class
of estimators t; for population mean under SRS employing bivariate auxiliary information is
given by

CLNXN + bN>91N (CNZN + dN>92N

t =any
k NYN <aN:cN + by cNZN +dN

where ay, 01, and 05 are suitably chosen scalars. Some sub-classes of the proposed estimator

ti are reported in Table [3| for ready reference.
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TABLE 3. Some sub-classes of the optimal neutrosophic ratio type estimator

t; based on bivariate auxiliary information

an by CcN dn Sub-classes of the proposed estimator ¢
s \NOIN /5 \Oan
- (X Z
1 0 1 0 tiZCKNyN (ﬁ) <ﬁ>
< [ > 0
2 — XN+CI N ZN+CZ 2N
1 CZ‘N 1 CYZN tk_aNyN (i‘N-f—Cch]\\,/ ) ZN"FCz]]VV

3 _ ([ Capy Xn+Ba(an) \ IV (Copy ZntBa(an) |02V
Coy  Palan)  Coy fPalan) = anin (W) (m)

Bolan)  Coy  Palen)  Coy  th=angy (20 SntCon O (Bl ey ) B
1 Pryn 1 Pyzn  bh = QNN <§§i£:j§ )61N (fﬂ,’fﬁﬁ)aw
L Bew) 1 Bw) f=angy (R )Y (LG )R
L B 1 o) = owin (SR (Zehe)™

Theorem 3.1. The bias, MSE, and minimum MSE of the proposed optimal neutrosophic

estimator ty are given by

1+ 01N(0§N+1)W]2\790NC£N + 92N(0§N+1)H]2V90NCEN
Bias(ty) =Yn |an —OINYN Pryn Can Cyn — O2NIIN Py Cyp Cay -1,
+OINOoN NN P2y Cory Cry
1+ QONCEN + 29%N¢]2\790NC£N + 20§NH]2\7(10NC§N
1+ay | +OnT3oNCE + 0anIT3oNCE — 401 NUN payy Cony Cyn
—40oNIIN PN Pyzn Cyn Cony + 401N NYNIINON Pazy Cany Cay
1+ WOt g2 o 02 N0 172 o 02,
20N § —OINYNPzyn ConyCyn — OoNIINpyzp Cyn Czy
+OINOoNIINYN P2y Cry Cry

MSE(ty) =Y#

_ B2
min.MSE(ty) = Y3 ( - N) :
Proof. Consider the estimator t; as

anXn + bN>61N (CNZN + dN>02N

tr =anNYy
kTONUN < anNTn + by cNZN +dN

Using notations given in , we get

anXn + by >01N < cNZN +dy >92N
anXn(1+e1n) + by eNZN(1+ ean) +dy

ZOZNYN(l + EON)(l + LpNelN)_elN(l + UNEQN)_HQN.

tr =anYn(1+ en) <
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Using Taylor series expansion, multiplying right hand terms and excluding error terms having

power more than two, we get

— ]-+€0N791N¢N61N792NHN62N+MW]%G%N+MHJQVE%N
ty =anYn .

—Unbineonvein — IInOaneonern + UNIINOINOanEINELN
Subtracting Y both sides of the above expression, we get

1+ eony — Oin¥nein — OanIInean + wwfvﬁﬁv
tk— YN =YN | an +MH?V63N — O0inUneonein — onIIneonery | —1 |- (11)

+0inOanYNIINEr NEaN

Taking expectation both sides of , we get

1+ 01N(9§N+1)W12\790NC§N + 92N(9§N+1) H]2\790NCZ2N
Bias(ty) =Yn |an —OINYNPryny Con Oy — O2NIIN Py Cyn Oy -1
+01N92NHNWNPJ:,ZNC$NCZN

Squaring and taking expectation both sides of , we get

1+ onC2, + 201\ PR onCE,, + 205 130N C2,
L+ oy | +0inP3oNC2 + O0onTT3oNC2 = A0 NTN payy Can Cyn
*402NHN<PNPyzNCyNCzN + 491N92NWNHNSONP:L‘ZNC$NCZN
1+ 91N(9%N+1)97]%[80N0§N + 02N(9§N+1)H]2\f90NC:?N
—2apn _HleNpa:yNCzNCyN - GQNHprZNCyNCZN
i FOINOINIINYNPr2py Crny Coy

=Y2(1+ o%ANx — 2anBy). (12)

MSE(ty) =Y3

where,

Ay — 1+ oNCE + 2030 oNCE, + 203 113 oNCE + 08P oNC2 | + Oan T, oNC2
_491NWpryNCxNCyN - 492NHN90przNCyNCzN + 401N92NLPNHN§0NPCL‘ZNCZ‘NCZN ’

B — 1+ 01N(95N+1)W]2V90NC:%N + 92N(9;N+1)H]%/¢N03N — OINTIN Py Con Con
_HZNHprzNCyNCzN + 91N02NHN!prIZNCCCNCZN

Minimizing with respect to ay, we get

B%
QN (opt) = TN.
Putting an(op) in (12)), we get

_ B2
min.MSE(ty) = Y3 ( — AN> :
N

It is remarkable that the simultaneous optimization of ap, 61y, and oy is not possible. The

optimum values of 01, and O can be obtained by putting ay = 1 in the estimator ¢, and
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optimizing the MSE. The optimum values of 01y, and 0 are given as follows:

/] _CyN (pIyN — pyZprEZN) do _ CyN (pyZN — pxprer)
1IN = 2 an 2N = C 1 5 .
CLBN (1 - pzzN) ZN ( - p:r:zN)

The efficiency comparison of proposed and adapted estimators in survey sampling is critical
for determining which estimator produces more exact and trustworthy estimates with the
least variance or MSE. It assures that the new estimator outperforms existing estimators by
decreasing MSE and enhancing accuracy. Such comparisons offer a foundation for using more
effective estimators, which improves the overall quality of data gathering and decision-making

processes in research and practice.

e Comparison of the proposed optimal neutrosophic ratio type estimator ¢; with the

neutrosophic sample mean 7.

min.MSE(ty) < V(i)

N YN
BY, 2
E >1-— (‘ONCZ/N

e Comparison of the proposed optimal neutrosophic ratio type estimator ¢; with the

neutrosophic generalized ratio estimator t;.
min.MSE(ty) < MSE(tg)

}_/]\2[ <1 _ B?V) < YJ%@N CZ?N + WZ%TCH%N + H]2\70z2N B 2J/N'OfﬁyNCtl’NC(yN
An _2HprzNCyNCzN + QWNHprZNCxNCzN

AN

By > 1— oy Co, +VRC2, + II3,C2 — 20N pryy oy Cyy,
—21TN pyen Cyn Con + 2ONTIN Py Cy Con

e Comparison of the proposed optimal neutrosophic ratio type estimator t; with the

neutrosophic generalized power ratio estimator t,,.

min. MSE(ty) < min.MSE(ty,)

2
< N) < YN(»ON ( Rz zz)

2

N _ 2 2
AN>1 C (1 Rym)
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e Comparison of the proposed optimal neutrosophic ratio type estimator ¢; with the

neutrosophic ratio-cum-product exponential type estimator tg.

min.MSE(ty) < min.MSE(ts)

2 (1*471(opt>)202 +(1 N(opt>) 2,

_ 32 A* iy
+(1 — 44 (Opt))pyzNC C o ( o A?V(opt))pLEyNC C
) C2 + wca w%

+(1 - A}k\Z(Opt))pyZN CZNCyN - ( A}kv(opt))Pa:yNCxNCyN
4. Simulation study

A simulation study is essential for evaluating the effectiveness of the suggested estimators
in controlled conditions, as it allows researchers to test numerous situations and measure
flexibility. It reveals insights into estimators behaviour when real-world data is unavailable
or unsuitable. Therefore, we conduct a simulation study to examine the performance of the
adapted and suggested neutrosophic estimators using an artificially created normal population.
The trivariate normal population of size N = 500 is generated from R software using the
parameters Yy € [10, 20|, Xy € [15, 25], Zy € [20, 30], oy, € [24, 26], 0., € [25, 28],
0.y € [26, 30], and different values of correlation coefficients pgyy , pyzy, and py.,. Based on

15,000 iterations, the bias, MSE, and PRE are computed using the following formulas:

15,000
Bias(t*) = 15000 Z (t* — Yy), where t* = ty, tgr, tpr, and ty, (14)
) i—
L 15.000
MSE(t*) = t* —Yn)?, 15
MSE(t
and PRE(t,, t*) = J\LS’E((tT)) x 100. (16)

Utilizing the necessary parameters of the neutrosophic normal population and for different
values of correlation coefficients, the bias, MSE, and PRE results are obtained and compiled
in Table [4] Table [f] and Table [6] respectively.

From the bias results of Table it can be observed that the members t};, 1 = 1,2,...,7
of the proposed optimal neutrosophic estimator t, are negatively biased for each combina-
tion of correlation coefficients. From Table [5] it can be seen that the MSE of the members
};, i =1,2,...,7 of the proposed optimal neutrosophic estimator ¢ is less than the mean per
unit estimator ¢,,, the members tér of the generalized ratio estimator ¢4, and the members t;r

of the neutrosophic generalized power ratio estimator ¢,, for every combination of correlation
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coefficients. The PRE results of Table |§I indicate that the members ti, i = 1,2,...,7 of the

proposed optimal neutrosophic estimator ¢; outperform the mean per unit estimator %,,, the

members t;T of the generalized ratio estimator t4., and the members t;r of the neutrosophic

generalized power ratio estimator ¢,, for every combination of correlation coefficients. More-

over, it is also observed that the MSE and PRE of each member of the proposed estimator

decrease and increase as the values of correlation coeflicients increase.

TABLE 4. Biasy € [Biasy, Biasy] of neutrosophic estimators using neutro-

sophic normal population

Pryn 0.3 0.5 0.7 0.9

Pyzn 0.3 0.5 0.7 0.9

Pzzn 0.3 0.5 0.7 0.9
Estimators

In (0, 0) (0, 0) (0, 0) (0, 0)

t;,. (0.3014, 0.3867) (0.1737, 0.3106) (0.0622, 0.2337) (-0.0071, 0.15482)
tfn (0.2131, 0.3446) (0.0970, 0.2697) (0.0239, 0.1940) (-0.0429, 0.1164)
t;r (0.2225, 0.2605) (0.1184, 0.1659) (0.0167, 0.0710) (-0.0640, -0.0257)
t‘;r (0.2951, 0.3806) (0.1717, 0.3051) (0.0625, 0.2288) (-0.0058, 0.1507)
tg,. (0.2988, 0.3832) (0.1716, 0.3047) (0.0605, 0.2261) (-0.0075, 0.1461)
tST (0.1766, 0.3832) (0.0653, 0.2214) (-0.0039, 0.1477) (-0.0696, 0.0728)
t;r (0.2985, 0.3832) (0.1716, 0.3095) (0.0628, 0.2327) (-0.0064, 0.1539)
lsg (0.0117, 0.0003) (-0.0713, -0.0030) (-0.0371, -0.0140) (-0.0866, -0.0373)
t;n., 1=1,2,...,7 (0.0274, 0.0359) (0.0002, 0.0344) (-0.0324, 0.0148) (-0.0755, -0.0179)
t (-0.0830, -0.0441) (-0.1868, -0.0976) (-0.2618, -0.1644) (-0.3481, -0.2411)
t2 (-0.0830, -0.0441) (-0.1871, -0.0976) (-0.2620, -0.1645) (-0.3485, -0.2412)
t3 (-0.0830, -0.0441) (-0.1871, -0.09763) (-0.2620, -0.1645) (-0.3485, -0.2412)
th (-0.0830, -0.0441) (-0.1869, -0.0976) (-0.2619, -0.1644) (-0.3483, -0.2411)
2 (-0.0830, -0.0441) (-0.1869, -0.0976) (-0.2619, -0.1644) (-0.3483, -0.2411)
t¢ (-0.0831, -0.0441) (-0.1872, -0.0976) (-0.2621, -0.1645) (-0.3487, -0.2412)
tr (-0.0830, -0.0441) (-0.1868, -0.0976) (-0.2618, -0.1644) (-0.3481, -0.2411)

5. Real data applications

In March 2012, the Indian Government has published the national data sharing and

accessibility policy (NDSAP). The national policy is expected to increase the accessibil-

ity and easier sharing of non-sensitive data amongst the registered users and their avail-

ability for scientific, economic and social developmental purposes.

Over the years, var-

ious data holding organizations of Central and State Governments have published their
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TABLE 5. MSEyN € [MSEr, MSEy]| of neutrosophic estimators using neu-

trosophic normal population

Pryn 0.3 0.5 0.7 0.9

Pyzn 0.3 0.5 0.7 0.9

Pazy 0.3 0.5 0.7 0.9
Estimators

YN (5.3664, 6.3157) (5.3439, 6.2731) (6.0146, 6.2923) (5.8616, 6.3965)
t;r (6.9095, 11.8385) (4.9639, 9.0733) (3.3643, 6.3644) (1.4265, 3.6615)
tgr (6.2520, 11.1024) (4.4883, 8.3975) (3.0891, 5.7489) (1.2091, 3.1069)
tgr (6.3071, 10.4377) (4.5119, 7.7881) (2.9753, 5.1977) (1.1023, 2.6169)
t;,. (6.6440, 11.5662) (4.7695, 8.8249) (3.2481, 6.1379) (1.3338, 3.4549)
tgr (6.7967, 11.6679) (4.8149, 8.7922) (3.2097, 5.9970) (1.2645, 3.2319)
tgr (5.9734, 10.2322) (4.2882, 7.6031) (2.8972, 5.0373) (1.0580, 2.4856)
t;r (6.8853, 11.8154) (4.948, 9.0530) (3.3694, 6.3482) (1.4326, 3.6487)
tsg (4.9010, 5.7798) (4.0440, 4.7580) (3.035, 3.2601) (1.1136, 1.2367)
t;r, 1=1,2,...,7 (4.6688, 5.5090) (3.6444, 4.2911) (2.4857, 2.7518) (0.8542, 0.9699)
t,lg (4.2008, 5.3831) (3.3626, 4.2100) (2.4431, 2.7206) (0.8531, 0.9682)
t2 (4.2111, 5.3850) (3.3757, 4.2124) (2.4469, 2.7226) (0.8528, 0.9687)
t3 (4.2098, 5.3868) (3.3739, 4.2145) (2.4482, 2.7243) (0.8528, 0.9691)
ti (4.2047, 5.3838) (3.3676, 4.2108) (2.4446, 2.7213) (0.8530, 0.9684)
t‘z (4.2027, 5.3836) (3.3664, 4.2110) (2.4451, 2.7218) (0.8530, 0.9686)
t¢ (4.2158, 5.3874) (3.3815, 4.2153) (2.4498, 2.7249) (0.8525, 0.9683)
tr (4.2009, 5.3831) (3.3628, 4.2100) (2.4431, 2.7207) (0.8531, 0.9795)

non-sensitive data, keeping in view, the broad guidelines delineated in the right to in-
formation (RTI) Act 2005. Under NDSAP, in January, 2023, the India Meteorolog-
ical Department (IMD) also published the data which is based on Seasonal and An-
nual Minimum/Maximum Temperature series for the period 1901-2021. This data can
be assessed from the publicly available website https://www.data.gov.in/resource/
seasonal-and-annual-minimum-maximum-temperature-series-period-1901-2021. The
temperature of months October-December during 1901-2021 is taken as neutrosophic study
variable yy, while the temperature of months June-September and March-May during 1901-
2021 is taken as neutrosophic auxiliary variables z and zy, respectively. The important
characteristics related to this data are compiled in Table

This real dataset is used to examine the performance of the adapted and proposed neutro-
sophic estimators in terms of bias, MSE, and PRE. From the findings of real data compiled in
Table(8] it is observed that the members t};, it =1,2,...,7 of the proposed optimal neutrosophic
estimator t; are negatively biassed. The findings of Table 8] also show that the members ti:

of the proposed neutrosophic estimator t; obtain the least MSE and highest PRE than the
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TABLE 6. PREyN € [PREL, PREy] of neutrosophic estimators using neutro-

sophic normal population

Pryn 0.3 0.5 0.7 0.9

Pyzn 0.3 0.5 0.7 0.9

Pazn 0.3 0.5 0.7 0.9
Estimators

YN (100.0000, 100.0000) (100.0000, 100.0009) (100.0000, 100.0000) (100.0000, 100.0000)
t!l??“ (77.6675, 53.3488) (107.6560, 69.1381) (178.7782, 98.8676) (410.8916, 174.6957)
tg,. (85.8342, 56.8861) (119.0636, 74.7021) (194.7050, 109.4534) (484.7652, 205.8810)
th (85.0846, 60.5086) (118.4403, 80.5473) (202.1504, 121.0606) (531.7292, 244.4284)
tgr (80.7701, 54.6049) (112.0444, 71.0843) (185.1730, 102.5166) (439.4532, 185.1448)
tST (78.9554, 54.1292) (110.9866, 71.3482) (187.3867, 104.9256) (463.5458, 197.9191)
th (89.8383, 61.7242) (124.6201, 82.5068) (207.5966, 124.9151) (553.9966, 257.3452)
t;,, (77.9403, 53.4531) (107.9928, 69.2932) (178.5046, 99.1204) (409.1544, 175.3112)
tsg (109.4961, 109.2726) (132.1436, 131.8424) (198.1643, 193.0072) (526.3398, 517.2179)
t;r, (114.9416, 114.6424) (146.6347, 146.1879) (241.9613, 228.6578) (686.2144, 659.4919)
t (127.7474, 117.3239) (158.9198, 149.0046) (246.1812, 231.2789) (687.0395, 660.6028)
2 (127.4350, 117.2824) (158.3024, 161.5663) (245.8035, 231.1135) (687.3027, 660.2914)
3 (127.4736, 117.2443) (158.3891, 148.8429) (245.6697, 230.9710) (687.2713, 660.0523)
i} (127.6288, 117.3089) (158.685, 148.9740) (246.0303, 231.2194) (687.1212, 660.4837)
3 (127.6887, 117.3128) (158.7405, 148.9688) (245.9860, 231.1831) (687.1460, 660.3635)
t$ (127.2924, 117.2308) (158.0313, 148.8145) (245.5129, 230.9163) (687.5282, 659.9868)
tr (127.7447, 117.3239) (158.9115, 149.0036) (246.1845, 231.2762) (687.0472, 660.5961)

members tzT of the generalized ratio estimator ¢4, and the members t;,r of the neutrosophic

generalized power ratio estimator t,,.

Table [9] displays bias, MSE, and PRE for the classical data. The members of the suggested

estimator t; are the most efficient among all estimators, with the lowest MSE and highest

PRE. When comparing neutrosophic findings in Table [§ with classical findings in Table [9] we

can conclude that in situations where data are not clear and crisp, instead of relying on a single

value in the case of classical estimators, we have an interval to rely on for better results, as

we can accept the output if it falls in between these values, because we are handling uncertain

data.
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TABLE 7. Descriptive values of neutrosophic and classical parameters for real

dataset

Neutrosophic parameter

Neutrosophic values

Classical parameter

Classical values

Nn

121

(30, 30)

(17.431, 28.478)

(24.092, 31.684)

(21.747, 33.209)
0.028, 0.019
0.009, 0.013
0.019, 0.012

0.427, 0.357

0.247, 0.405

3.121, 2.997
(-0.122, 0.074)
(2.828, 3.136)
(0.183, -0.163)

( )
( )
( )
(0.452, 0.694)
( )
( )
( )

N 121

n 30
Y 22.954
X 27.888
7z 27.478
Cy 0.020
Cy 0.010
C, 0.016
Py 0.649
Pz 0.314
Pyz 0.317
Br(x) 0.239
Ba(x) 2.975
B1(2) 0.030
Ba(2) 3.132

TABLE 8. Biasy € [Biasy, Biasy|, MSEy € [MSEp, MSEy], and
PREyN € [PRE}L, PREy] of the neutrosophic estimators for real data set

Estimators

(Biasy, Biasy)

(MSEL, MSEy)

(PREL, PREy)

YN
thn
t2,
t3,
ts,
2,
8,
tr
tsg
th,
th
ti
t
th
£y
th

t

(0, 0)
(0.00016, 0.00008)
(0.00016, 0.00008)
(0.00019, 0.00002)
(0.00016, 0.00008)
(0.00016, 0.00007)
(0.00016, 0.00008)
(0.00016, 0.00006)
(-0.00001, -0.00001)
(0.00001, -0.00009)
(-0.00009, -0.00012)
(-0.00009, -0.00012)
(-0.00009, -0.00012)
(-0.00009, -0.00012)
(-0.00009, -0.00012)
(-0.00009, -0.00012)
(-0.00009, -0.00012)

(0.0079, 0.0103)
(0.0091, 0.0074)
(0.0091, 0.0074)
(0.0093, 0.0126)
(0.0090, 0.0074)
(0.0090, 0.0073)
(0.0090, 0.0074)
(0.0089, 0.0072)
(0.0066, 0.0050)
(0.0064, 0.0053)
(0.0062, 0.0038)
(0.0062, 0.0038)
(0.0062, 0.0038)
(0.0062, 0.0038)
(0.0062, 0.0038)
(0.0062, 0.0038)
(0.0062, 0.0038)

(100.0000, 100.0000)
(87.0250, 139.0112)
(87.0844, 139.0788)
(84.7288, 82.0142)
(87.3052, 139.0359
(87.8766, 141.5893
(87.5085, 138.5515
(88.3912, 142.5806

= I O =

(119.5000, 153.2665)
(122.7051, 192.8389)
(126.2444, 204.3487)
(126.2444, 204.3487)
(126.2449, 204.3487)
(126.2444, 204.3487)
(126.2444, 204.3487)
(126.2444, 204.3487)
(126.2443, 204.3486)
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TaBLE 9. Bias, MSE, and PRE of estimators under classical data

Estimators Bias MSE PRE

y 0.0000  0.0070 100.0000
th 0.0001  0.0069 101.5228
e 0.0001  0.0069 101.5880
t3, -0.000009 0.0062 111.5913
to 0.0001  0.0069 101.5437
£, 0.0001  0.0068 102.9575
8, 0.00009  0.0061 113.3949
tr, 0.00009  0.0062 112.8295
tsg -0.000006 0.0051 137.4965
th,, i=1,2,..,7 -0.00001 0.0040 172.4487
th -0.0001  0.0039 177.1242
3 -0.0001  0.0039 177.1242
t3 -0.0001  0.0039 177.1235
th -0.0001  0.0039 177.1242
£ -0.0001  0.0039 177.1242
&9 -0.0001  0.0039 177.1241
tr -0.0001  0.0039 177.1242

6. Conclusions

In this paper, we presented an optimal neutrosophic framework for estimating the population
mean under SRS by employing bivariate auxiliary information. The use of neutrosophic sets
enabled us to account for the uncertainty, indeterminacy, and imprecision inherent in real-
world survey data. By incorporating neutrosophic logic into classical sampling theory, we
created an optimal neutrosophic estimation method that outperforms the adapted neutrosophic
estimation methods in cases with high uncertainty. A simulation study is undertaken on an
artificially generated normal population. The simulation findings reveal that the suggested
neutrosophic estimator outperforms the adapted neutrosophic estimators, with lower MSE
and higher PRE. In addition, the suggested neutrosophic framework outperformed the adapted
ones in terms of accuracy as well as reliability when applied to real-life temperature data. This
demonstrates the practical application of the suggested neutrosophic estimators in statistical
estimating procedures, which provide considerable benefits in uncertain contexts.

In future studies, we may look at expanding this study to more complex sampling designs,
including stratified and double sampling. Furthermore, real-life case studies would help to
evaluate the efficiency of the neutrosophic framework and broaden its applicability in a variety

of survey research and data analysis fields.

Anoop Kumar, Priya, and Vrijesh Tripathi, Optimal neutrosophic framework for population
mean estimation under simple random sampling



Neutrosophic Sets and Systems, Vol. 86, 2025 @

Funding: No funding was received for conducting this study.

Acknowledgments: The authors are highly thankful to the editor and reviewers for their

valuable suggestions to improve the quality of the paper.

Conflicts of Interest: The authors declare no conflict of interest.

Data availability statement: Data included in article/supplementary material/referenced

in article.

References

1]

2]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

Gupta, S.; Shabbir, J. On the use of transformed auxiliary variables in estimating population mean by
using two auxiliary variables. J. Stat. Plan. Inference. 2007, 137(5), 1606-1611.

Awan, W.H.; Shabbir, J. On optimum regression estimator for population mean using two auxiliary vari-
ables in simple random sampling. Commun. Stat. Simul. Comput. 2014, 43(6), 1508-1522.

Muneer, S.; Shabbir, J.; Khalil, A. Estimation of finite population mean in simple random sampling and
stratified random sampling using two auxiliary variables. Commun. Stat. Theory Methods 2017, 46(5),
2181-2192.

Bhushan, S.; Gupta, R.; Singh, S.; Kumar, A. Some new improved classes of estimators using multiple
auxiliary information. Glob. J. Pure Appl. Math. 2020, 16(3), 515-528.

Zaman, T.; Dunder, E.; Audu, A.; Alilah, D.A.; Shahzad, U.; Hanif, M. Robust regressionratiotype
estimators of the mean utilizing two auxiliary variables: a simulation study. Math. Probl. Eng. 2021,
2021(1), 6383927.

Shabbir, J.; Ahmed, S.; Sanaullah, A.; Onyango, R. Measuring performance of ratioexponentiallog type
general class of estimators using two auxiliary variables. Math. Probl. Eng. 2021, 2021(1), 5245621.
Bhushan, S.; Kumar, A. New efficient logarithmic estimators using multiauxiliary information under ranked
set sampling. Concurr. Comput. 2022, 34(27), e7337.

Ahmad, S.; Hussain, S.; Shabbir, J.; Aamir, M.; El-Morshedy, M.; Ahmad, Z.; Alrajhi, S. Improved
generalized class of estimators in estimating the finite population mean using two auxiliary variables under
two-stage sampling. AIMS Mathematics. 2022, 7(6), 10609-10624.

Bhushan, S.; Kumar, A.; Onyango, R.; Singh, S. Some improved classes of estimators in stratified sampling
using bivariate auxiliary information. J. Probab. Stat. 2022, 2022(1), 2660114.

Ahmad, S.; Zahid, E.; Shabbir, J.; Aamir, M.; Onyango, R. Enhanced estimation of the population mean
using two auxiliary variables under probability proportional to size sampling. Math. Probl. Eng. 2023,
2023(1), 5564360.

Bhushan, S.; Kumar, A.; Alsadat, N.; Mustafa, M.S.; Alsolmi, M.M. Some optimal classes of estimators
based on multi-auxiliary information. Axioms. 2023, 12(6), 515.

Chhoker, P.K.; Nagar, A. Mathematical modeling and fuzzy availability analysis of stainless steel utensil
manufacturing unit in steady state: a case study. Int. J. Syst. Assur. Eng. Manag. 2015, 6, 304-318.
Kumar, P.; Dudeja, C. Shadowed type 2 fuzzy-based Markov model to predict shortest path with optimized
waiting time. Soft Comput. 2021, 25, 995-1005.

Tahir, Z.; Khan, H.; Aslam, M.; Shabbir, J.; Mahmood; Smarandache, F. Neutrosophic ratio-type estima-
tors for estimating the population mean. Complex Intell. Syst. 2021, 7(6), 2991-3001.

Yadav, S.K.; Smarandache, F. Generalized neutrosophic sampling strategy for elevated estimation of pop-
ulation mean. Neutrosophic Sets Syst. 2023, 53, 1-20.

Yadav, V.K.; Prasad, S. Neutrosophic estimators for estimating the population mean in survey sampling.
Measurement: Interdiscip Res. 2024. DOI:10.1080/15366367.2023.2267835.

Anoop Kumar, Priya, and Vrijesh Tripathi, Optimal neutrosophic framework for population
mean estimation under simple random sampling



Neutrosophic Sets and Systems, Vol. 86, 2025 @

[17]

[18]

[19]

[20]

21]

22]

23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

32]

33]

[34]

Alqudah, M.A.; Zayed, M.; Subzar, M.; Wani, S.A. Neutrosophic robust ratio type estimator for estimating
finite population mean. Heliyon. 2024, 10(8), 1-12.

Masood, S.; Ibrar, B.; Shabbir, J.; Shokri, A.; Movaheedi, Z. Estimating neutrosophic finite median
employing robust measures of the auxiliary variable. Sci. Rep. 2024, 14(1), 10255.

Kumar, S.; Kour, S.P.; Choudhary, M.; Sharma, V. Determination of population mean using neutrosophic
exponential-type estimator. Lobachevskii J. Math. 2022, 43(11), 3359-3367.

Singh, R.; Smarandache, F.; Mishra, R. Generalized robust-type neutrosophic ratio estimators of pharma-
ceutical daily stock prices. In Cognitive Intelligence with Neutrosophic Statistics in Bioinformatics. 2023,
417-429. Academic Press.

Ullah, A.; Shabbir, J.; Alomair, A.M.; Alomair, M.A. Ratio-type estimator for estimating the neutrosophic
population mean in simple random sampling under intuitionistic fuzzy cost function. Axioms. 2023, 12(9),
890.

Singh, A.; Aslam, M.; Vishwakarma, G.K.; Dhital, A.; Patrascu, I. Neutrosophic regression cum ratio
estimators for the population mean: an application in medical science. In Cognitive Intelligence with
Neutrosophic Statistics in Bioinformatics. 2023, 313-333. Academic Press.

Yadav, V.K.; Prasad, S.P. Neutrosophic estimators in two-phase survey sampling. Neutrosophic Sets Syst.
2023, 61(1), 29.

Singh, R.; Kumari, A.; Smarandache, F.; Tiwari, S.N. Construction of almost unbiased estimator for
population mean using neutrosophic information. Neutrosophic Sets Syst. 2025, 76(1), 449-463.

Singh, A.; Kulkarni, H.; Smarandache, F.; Vishwakarma, G.K. Computation of separate ratio and regression
estimator under Neutrosophic stratified sampling: an application to climate data. J. Fuzzy Ext. Appl. 2024,
5(4), 605-621.

Vishwakarma, G.K.; Singh, A. Generalized estimator for computation of population mean under neutro-
sophic ranked set technique: An application to solar energy data. Comput. Appl. Math. 2022, 41(4),
144.

Khanna, B. Generalized regressed exponential estimator for estimation of mean under neutrosophic ranked
set sampling. Natl. Acad. Sci. Lett. 2024, 1-7.

Singh, R.; Kumari, A. Neutrosophic ranked set sampling scheme for estimating population mean: An
application to demographic data. Neutrosophic Sets Syst. 2024, 68, 246-270.

Kumari, A.; Singh, R.; Smarandache, F. New modification of ranked set sampling for estimating population
mean: Neutrosophic median ranked set sampling with an application to demographic data. Int. J. Comput.
Intell. Syst. 2024, 17(1), 210.

Alomair, A.M.; Ahmad, S. New comprehensive mean estimation using regression-cum-exponential type
estimator: Application with neutrosophic data. Kuwait J. Sci. 2025, 52(1), 100346.

Singh, A.; Singh, P.; Sharma, P.; Aloraini, B. Estimation of population mean using neutrosophic exponen-
tial estimators with application to real data. Int. J. Neutrosophic Sci. 2025, 25(3), 322-338.

Yadav, V.K.; Majhi, D.; Alkhathami, A.A.; Prasad, S. Neutrosophic mean estimators using extreme
indeterminate observations in sample surveys. Neutrosophic Sets Syst. 2025, 80, 86-117.

Singh, P.; Gupta, S. Combining two auxiliary variables for elevated estimation of finite population mean
under neutrosophic framework. Neutrosophic Sets Syst. 2025, 76, 275-287.

Smarandache, F. Introduction to neutrosophic statistics. Sitech & Education Publishing, 2014.

Received: Nov. 14, 2024. Accepted: May 25, 2025

Anoop Kumar, Priya, and Vrijesh Tripathi, Optimal neutrosophic framework for population
mean estimation under simple random sampling



	1. Introduction
	1.1. Notations under neutrosophic setup

	2. Adapted neutrosophic estimators
	3. Proposed optimal neutrosophic estimators
	4. Simulation study
	5. Real data applications
	6. Conclusions
	References

