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Abstract. In this article, we have introduced and studied the concept of symbolic 2-plithogenic hyperbolic
functions and the symbolic 2-plithogenic identities. Also, we have discussed the derivatives and integrals of
the symbolic 2-plithogenic hyperbolic functions and presented the logarithmic forms of the inverse symbolic
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1. Introduction

The concept of refined neutrosophic structure was studied by many authors in [1-H4]. Sym-
bolic plithogenic algebraic structures are introduced by Smarandache, that are very similar
to refined neutrosophic structures with some differences in the definition of the multiplication

operation [11].
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In [10], the algebraic properties of symbolic 2-plithogenic rings generated from the fusion of
symbolic plithogenic sets with algebraic rings are studied. In [12}/13] was studied the concepts
of symbolic 2-plithogenic vector spaces and modules.

Recent works have significantly advanced the theoretical and applied aspects of fuzzy and
neutrosophic structures, including the development of various neutrosophic ideals in ternary
semigroups [14], the exploration of intuitionistic and fuzzy algebraic systems [15,19,[22], novel
weighted and trigonometric operators in complex fuzzy environments [16,/17], and the inte-
gration of neutrosophic models in graph theory and numerical analysis [20,21}26,27]; these
efforts are further extended by applications in intelligent systems, health technologies, and
topological frameworks [18,[23-25].

In [6], Alhasan Yaser et al., presented the concept of the symbolic plithogenic differentials
calculus, where the symbolic plithogenic differentiable is defined. Also in [7], they discussed
integrations in symbolic plithogenic field, where they presented direct methods for solving
integrations of symbolic plithogenic functions. Further the indefinite plithogenic trigonometric
integrals was discussed in [8].

Recently, in [5], Alhasan Yaser et al., introduced the idea of the neutrosophic hyperbolic
functions and studied the derivatives and integrals of the neutrosophic hyperbolic functions
and inverse neutrosophic hyperbolic functions. As an extension, in [9], the concept of 2-
refined neutrosophic hyperbolic functions with its differential and integrals was introduced
and studied.

Motivated by these works, we introduced the concept of symbolic 2-plithogenic hyperbolic
functions, the symbolic 2-plithogenic hyperbolic identities in this article. Also, we have studied
derivatives and integrals of the symbolic 2-plithogenic hyperbolic functions and presented the

logarithmic forms of the inverse symbolic 2-plithogenic hyperbolic functions.

2. Preliminaries

Definition 2.1. [10] Let R be a ring, the symbolic 2-plithogenic ring is defined as follows:
2 SPp= {ao +a1Pi+asPs;a; € R, P2 = P, Py % Py = Praa(12) = PQ}

Smarandache has defined algebraic operations on 2 — S Pg as follows:

Addition:

[ap + a1 Py + aoPs] + [bo + b1 Py + ba Po] = (ag + bo) + (a1 + b1) Py + (ag + ba) Py

Multiplication:

[ag + a1 Py + aa Py).[bo + b1 P + ba Py] = agbg + aogby P + agba Pa + a1bg P2 + a1ba Py Py + asbo Po +

agby PLPy + agby P§ + a1b1 PL Py = (agbo) + (aoby + a1bo + a1b1) Py 4 (agbz + aibs + asby + azby +

agb2) Py.

It is clear that 2 — SPpg is a ring. If R is a field, then 2 — S Pg is called a symbolic 2-plithogenic
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field. Also, if R is commutative, then 2 — SPg is commutative, and if R has a unity (1), than
2 — SPp has the same unity (1).

Definition 2.2. [6] The rules of the symbolic plithogenic derivatives
Let PN, = ag+a1Py +asPo + -+ a. P, and PNy = by + b1 Py +bs Py + -+ bsP;, € SPS
then we can prove each of the following:

(1) PC) = 0; where PN = ¢y+c1 Py +coPy+- - -+¢, P, is symbolic plithogenic constant.

&l
(2) L[PNsz+ PN,] = PN,
(3) L[PNa"] = nPN,z""!; n is real number.
(4) di[ePNsx"l‘PNr] PNSePNS$+PNT

X

Definition 2.3. [7] Let f : SPS — SPS to evaluate [ f(x, PN)dx, where PN = dy+di P; +
doPy+ -+ dp Py, put : x = g(u) = dx = ¢'(u)du, by substitution we get
J f(z, PN)dz = [ f(u)g (u)du

then we can directly integral it.

Theorem 2.4. [7] If [ f(z, PN)dz = ¢(z, PN), then:
J PN, f(PNz + PN,)dz = $3=o(PNsx + PN,) + PC

provided that g%; is divisible, where PN, = ag + a1 P, + asP> + --- + a. P and PN,, =
co+aPr+coPy+---+c.P. € SPS is symbolic plithogenic constant.

3. Symbolic 2-Plithogenic Hyperbolic Functions

Let f(z, Py, Py) = ellatbiPiteiP)at(aztboPiteal2)) then we can express the symbolic 2-
plithogenic function as follows:
fle, P, P) = o((a1+b1 Pitc1 Pa)a+(az+bz Pi+ca Ps)
e((ar+b1 Pr+ei Po)e+(az+b2Pi+caP2) | o—((a1+bi Pite Po)a+(az+b2Pi+ca P2))

2
e((a1 +b1 P1+c1 P2)z+(az+ba Pi+caPa)

e*((al +b1 P1+c1 P2)x+(az+ba Pi+ca P))

2
The odd function is called the symbolic 2-plithogenic hyperbolic sine function of x and the

_|_

even function is called the symbolic 2-plithogenic hyperbolic cosine function of x.
Hence for all z € (—o0, +00)
sinh((a1 + b1 Py + c1Pa)x + (az + ba Py + 2 P2))

_ ellar+by Pytey Po)at(ag+by Pi+caPy) _o—((ag+b1 Pr+ey Po)z+(ag+by Pr+eaPo))
- 2

cosh((a1 + b1 P1 + c1Po)x + (ag + ba Py + c2P))

e((a1+by P1+eq Pp)a+(ag+baPr+caPa) 4 o—((a1+b1 Pr+cq Po)a+(ag+by Pr+caPo))
= 2
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where a1, by, c1, as, by, co are real numbers.

Now, let us write the definition of symbolic 2-plithogenic hyperbolic functions as follows:
Definition 3.1. The symbolic 2-plithogenic hyperbolic sine function of x is

sinh((a1 + b1 P1 + c1Pa)x + (ag + ba Py + 2 P2))

e((a1+b1 Py+cy Po)zt(ag+by Py+caPo) _p—((a1+by Pr+cy Po)z+(ag+bg Py+cg Py))
2

Definition 3.2. The symbolic 2-plithogenic hyperbolic cosine function of z is

cosh((a1 +bP + cng)a: + (a2 + bo P + CQPQ))

_ ella1+by Py4cy Py)at(ag+ba Pi+caPo) 4 o—((ag+b1 Pr+eq Po)z+(ag+by Pr+ca Po))
- 2

Definition 3.3. The symbolic 2-plithogenic hyperbolic tangent function of x is
tanh((a1 + b1 P+ 01P2>l‘ + (CLQ + by P + CQPQ))

_ ellar+by Py+ey Py)at(ag+baPr+eaPy) _e—((ag+by Prdey Py)a+(ag+by Pr+eaP))
T el(a1+by Pydey Po)at(ag+ba Pi+cg Po) 4 o—((ag+b1 Pr+eq Po)z+(ag+ba Pr+ca Po))

Definition 3.4. The symbolic 2-plithogenic hyperbolic cotangent function of x is
coth((ar + b1 Py + c1P2)x + (ag + ba P1 + co Ps))

_ ella1+by Py4ey Po)at(ag+ba Pit+caPy) 4 o—((ag+b1 Py+eq Po)z+(ag+by Pr+caPo))
T el(ap+by Prtcy Po)at+(ag+by Py +cg Py) _o—((ag+by Py+cy Py)z+(ag+bo Py +ca Py))

Definition 3.5. The symbolic 2-plithogenic hyperbolic secant function of x is
sech((al + b1 P+ cng)x + (az + by P + CQPQ))

_ 1
" cosh((a1+b1 Pi+c1 P2)x+(az+ba Pi+c2 P2))

2
e((a1+b1 P1+cy Po)a+(ag+by Pi+ca Py) 4 o—((a1+b1 Pr+cy Po)a+(ag+ba Pr+ca Po))

Definition 3.6. The symbolic 2-plithogenic hyperbolic cosecant function of x is

cosech((a1 +bP + cng)x + (CLQ + bo P + CQPQ))

1
sinh((a1+b1 P14c1 Pa)z+(az+b2 Pitca P2))

T (a1 Fby PrFe1 P)at(ag+ba P+ Pa) _— (a1 +b1 P Feq Po)at(ag+ba Pr ez P2))
4. Symbolic 2-Plithogenic Hyperbolic Identities

(1) cosh((ay + b1 P + c1 Po)x + (ag + ba Py + coP)) + sinh((a1 + b1 P1 + c1 P2)x + (a2 +
ba P + coP2))
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— e((al+b1P1+01P2)x+(a2+b2P1+02P2)

(2) cosh((a1 + b1 P1 + c1Py)x + (ag + ba P + coP)) — sinh((a1 + b1 Py + c1 Po)x + (a2 +

boPy + c2P2))
— o—((a1+b1 Prtc1 Po)a+(ag+ba Pi+ca Pa))

(3) cosh®((a1 + b1 P + c1Py)x + (ag + by Py + c2P2)) — sinh®((a1 + b1 Py + c1Po)x + (ag +
boPL +coPs)) = 1

(4) sech®((a1 4+ b1 Py + c1P2)x + (az + ba Py 4 2 P2)) + tanh?((a1 + b1 Py + c1 Po)z + (az +
boPi + caPs)) =1

(5) coth?((a1 +b1 Py + c1Py)x + (az +ba Py + caPy)) — cosech?((ay + b1 Py + c1 Po)x + (as +
boPi + o)) =1

(6) sinh(2((a1 + b1 P1 + c1P2)z + (ag + boa P + c2P)))

2sinh((a1—i—blPl+01P2)a:+(a2+b2P1+62P2))cosh((a1+b1P1+01P2)33—|—(a2—|—b2P1+02P2))
(7) cosh(2((a1 + b1 P + Clpg)l‘ + (CLQ + by Py + CQPQ)))

= 2sinh2((a1 +b,P + Clpg)x + (GQ + by P + CQPQ)) +1
= 2cosh?®((a1 + b1P1 + c1P2)x + (a2 + baPL + 2 P2)) — 1

= cosh®*((a1 + b1 Py + c1 P)z + (ag + ba Py + o )
+sinh2((a1 + blpl + Clpg)fE + (CLQ + b2P1 + CQPQ))

(8) 3inh2(2((a1 + bP + 01P2)$ + (ag + b + CQPQ))) =

cosh(2((a1+b1 P1+c1 Py)x+(ag+be Pitca P2)))—1
2

(9) cosh*(2((a1 + bPr + caP)z + (a2 + bP 4+ b)) =

cosh(2((a1+b1 Pr4c1 Pp)a+(az+bo Pr4ca Pp)))+1
2

Proof. Tt is easy to prove the symbolic 2-plithogenic hyperbolic identities. For example let us
see the proof of identity (7) and (5).

Proof of (7):

COShQ((al +b1 P+ c1Py)x+(ag + b2 Pr +02P2))+sinh2((a1 +b01Pr+c1Po)x+ (ay+ba Py +coP))

. [e(aﬁ-blP1+C1P2)w+(a2+b2P1+02P2)+e—((a1+b1P1+61P2)$+(a2+b2P1+02P2)) ] 2

2

+ |:e((ﬂ1+b1P1+C1 Po)z+(ag+byP1+caPo)) _o—((ay+by Pyr+cy Po)z+(ag+by P1+coPa)) } 2
2
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_ 2¢2((ag+by Pydey Py)a+(ag+bo Pr+eg Po)) 4 9o—2((ag +by Py +cy Po)a+(ag+ba Pr+ca P))
- 4

_ e2((a1+by1 Pr+cq Po)a+(ag+by Pr+ca Po)) 4 o—2((a1+b1 Py+c1 Po)z+(ag+ba Pr+ca Po))
- 2

= COSh(Q((CLl + b1P1 + Clpg)l‘ + (CLQ =+ bgPl + 02P2)))
Moreover,

cosh(2((a1 +b,P + Clpg).%' + (CLQ + by P + CQPQ)))

= COShQ(((Ll + b1 P+ Clpg)l’ + (CLQ + bo P + CQPQ))
+sinh?((a1 + b1 Py + c1 Py)x + (ag + ba Py + c2 P))

=1+ SinhQ((al + b1 P+ C1P2)."L‘ + ((12 + by P + C2P2))
+sinh2((a1 + b1 P + cng)a: + (a2 + by P + CQPQ))

=1+ 2sinh2((a1 + b1P1 + Clpg)lt + (CLQ + bzpl + CQPQ))
And,

COSh(Q(((Zl + blpl + Clpg)l‘ + (CLQ + b2P1 + CQPQ)))

= cosh®*((a1 + b1 Py + c1 P)x + (ag + ba P + o))
+sinh2((a1 + b1 P + Clpg)l‘ + (CLQ + by Py + CQPQ))

= cosh®*((a1 + b1 Py + c1 P)z + (ag + ba P + o 2))
+cosh2((a1 + b1 P+ Clpz)l‘ + (a2 + by P + CQPQ)) -1

= 2cosh2((a1 + 0P+ Pz + (GQ + by P + CQPQ)) -1
Proof of (5):
COShQ((a1—|—b1P1+61P2)l‘+(ag+b2P1+02P2))—Sinh2((a1+b1P1—|—61P2).T—|—(a2+b2P1—|—62P2)) =1

Divide both sides by sinh?((a1 + b1 Py + c1P2)x + (ag + ba Py + caP»))

COSh2(((Z1 +01P1 + 1 Py)x + (ag + ba P + o P)) 1 1

sz’nhQ((al + 0P + cng)a: + (ag + bo P + CQPQ)) a sz’nhQ((al + 0P + cng)a: + (ag + bo P + CQPQ))
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coth?((a1 + b1 Py + c1Po)x + (ag + ba Py + caPs)) = 1 + cosech?®((ay + b1 Py + c1P2)x + (ag +
ba Py + c2 P»))

COthQ((CU +b1 P+ c1P2)x + (a2 +bo P +coPs)) — cosech2((a1 +01 P +c1Po)x+ (ag+bo Py +
CQPQ)) = 1D

5. Derivatives of Symbolic 2-Plithogenic hyperbolic functions

(1) “Lsinh((ar + b1 P+ c1 Pz + (ag + bo Py + c2P,))]

= (a1 + b1 P1 + c1P2)cosh((a1 + b1 Py + c1 Po)x + (ag + boPL + c2 %))
(2) %[cosh((al +01P1 + c1 )z + (az + ba P + c2P2))]

= (a1 + 1P+ c1Py)sinh((a1 + b Py + e Po)w + (az + b Py + c2Py))
(3) %[tanh((al + 1P+ 1)z + (az + ba Py + c2P))]

= (a1 +b0,P + c1P2)sech2((a1 +bP + Clpg)l’ + (a2 + by Py + CQPQ))
(4) %[coth((al +b1P + 01P2)$ + (ag + by P + CQPQ))]

= —(CLl + b1P1 + 61P2)00560h2(((11 + b1P1 -+ Clpg)x + (a2 =+ bgPl + CQPQ))
(5) ‘Llsech((a1 +b1Py + c1Po)z + (ag + bo Py + c2P2))]

= —(a1 + b1 P + c1Py)sech((a1 + b1 Py + c1Po)x + (ag + baP1 + co P2))
tanh((a1 +b0,P + 61P2)$ + (ag + by P + CQPQ))
(6) %[cosech((al + b1 P+ c1Po)x + (ag + ba Py + o Py))]

= —(al + b1 P + 01P2)cosech((a1 + b1 P + Clpg)ﬂf + (CLQ + by P + 62P2))
coth((a1 + 0P + Clpg)l’ + (az + by P + CQPQ))

Example 5.1.
(1) Llsinh((3 + 6P + Py)a® + (5 + TP + 6P))]
=3(3+ 6P, + Py)x%cosh((3+ 6P, + Py)x3 + (5+ TP + 6P))
(2) Llcosh(2((—1— Py — 5P)z + (3P + P»)))]

= L 2c0sh?((—1 — P1 — 5Py)x + (3P, + P)) — 1]

= —4(1 + P+ 5P2)008h((—1 - P - 5P2)x + (3P1 + PQ))
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sinh((—1 — Py — 5P2)x + (3P, + P»))
(3) Llcosh?((5— 3P —2P2)z + (-2 — Py + P»)))]

_d 1cosh(2((5=3P1—2P)z+(=2—P1+P)))+1
- dx[ 2 ]

= (5 - 3P — 2P2)S’th(2((5 - 3P — 2P2)CL' + (—2 — P+ Pg)))
(4) “Llcoth((1 — 4Pz + (=4 + TP+ 9P2)))]

= (=14 4Py)cosech®((1 —4Py)x + (=4 + TP, + 9P,))
di tanh\/ + P+ 2P2)2£C2 + P — PQ)]

_ 2(1+Py1+2Py)%xsech?/(1+P1+2P3)222+ P —Py)
2¢/((1+P1+2P2)222+ P, —P;)

(14 P2+4P2+2P) +4Py Py+4Ps)xsech? \/((1+P1 +2P)2224+P1—P,)
V((A+P1+2P,)222+ P — P,)

_ (1+3P1+12Py)zsech®/((1+P1+2P2) 222+ P — P,)
\/((1+P1+2P2)2502+P1—P2)

6. Derivatives of Inverse Symbolic 2-Plithogenic Hyperbolic Functions

(1) Lisinh~ (a1 + WP + aP)r + (a2 + bP +  cP)) =
(a14+b1 Pi+c1 Po)

V1+(( a1+b1P1+01P2)$+(a2+b2P1+ch2))2

Llcosh™ (a1 + P + aP)z + (a2 + P + b)) =
(a14+b1P1+c1 Po)

\/((a1 +b1 Pi+c1 P2)z+(ag+ba Pi+ca P2))2—
1—ao—boP1—co

(2)

a1+b1 Pi+c1 P *
3) Litanh (a1 + P + aP)r + (a2 + bP + b)) =
(a1+b1P14c1Ps)

T—((a1+b1 Pr+c1 P2)z+(ag+ba Pr+caPs))2
(a1 + 01 P + c1Po)x + (ag + ba Py + coP2)| < 1.
(4) Llcoth™ (a1 + WP 4+ aP)z + (a2 + P + b)) =

(a1+b1Pi4c1Po)
T—((a14b1 Pr+c1 Po)a+(aa+b2 PitcaP2))2 )

|(a1 + b1 P+ c1Po)x + (ag + ba Py + co Po)| > 1.
(5) dd$ [Sech ((a1 + b1 P+ Clpg).T + (CLQ + by P + CQPQ))}

(=a1=b1Pi—c1 ) .
((a14b1 P1+c1 Po)z+(az+b2 P1+c2 P2)) \/1*((611 +b1 Pi+c1 P2)z+(az+ba Pi+c2 P2))? ’

—ag—baP1—co Py <z< l—ao—boP1—coPs
a1+b1 Pi+c1 P2 a1+b1 Pi+c1 P2

(6) d%[cosech_l((al + 01 P14 c1P2)x + (a2 + ba P14 2 P2))]))
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(—a1—b1Pi—c1 P») .
|((al+b1P1+01P2)1'+(a2+b2pl+02p2))|\/1+((a1+b1P1+CIP2)1'+(@2+62P1+C2P2))2 ’
—ag—byP1—co Py

a1+b1 Pi+c1 P2

N

Example 6.1.

4 sinh~! — — 3+ P —2P;
(1) & [sinh™ (3 + P = 2Pa)z + (P1 + 5P3))] I+ ((B+P1—2P5)a+ (P, +5P,))2
(2) Llcosh ™ ((2+ 3P, +4P)z + (-1 — P, — )] = 243P,+4P,

z V((2+3P1+4Py)a+(—1-P1—P,))2—1
(3) di[coth_l(cos((5 +6P —2R)r + (3P — 4P)))]

*(5+6P1 72P2)8’L.TL((5+6P1 72P2)x+(3P1 74P2))
1—0082((5+6P1 —2Ps );U+(3P1 —4P2))

—(54+6P1 —2Ps)sin((5+6P1—2P>)x+(3P1—4P>))
sinz((5+6P1 72P2):C+(3P1 74P2))

_ —5—6P14+2P>
- Sin((5+6P1 —2P2)x+(3P1 —4P2))

= (=5 — 6P +2Py)cosec((5b+ 6P — 2P)x + (3P, — 4P))
(4) L[4+ P+ Py)wsinh ™Y (P + Py)x + (24 Py — TP))]

= (4 + P+ P)sinh™' (P, + Pz + 2 + P, — TR)) + (4 + P, +

P +Ps
o) V1+((Pr+Py)a+(2+P1—TP;))2

= inh~1 _ (Pi+Po)x
= A+ P+ P)sinh  (PL+ Pz + 24+ P —TR)) + N E AR oo
(5) - [cosech™ (8 + 9P1 + TPy)z + (1 — 3P1 + 11P))]

—(84+9P1+7Ps)
|(8+9P1+7P2)z+(1—3P1 +11P,)|y/1+((8+9P1 +7P2)z+(1—3P1 +11P,))?

7. Integrals of Symbolic 2-Plithogenic Hyperbolic Functions

Let a1 # 0,a1 # —b1,a1 + b1 + ¢1 # 0 and aq, b1, ¢1, ag, ba, co are real numbers, while P;, Py

are indeterminacy. Then

(1) f sinh((a; + b1 P + c1 Po)x + (ag + ba Py + coP))dx

= (?ll_al(ablIerl)Pl_ e Ty L2)cosh((ar1+b1 P+ Pa) x4 (ag+ba Pr4-co P2 ) ) +C
(2) f cosh((al + b1P1 + Clpg)l‘ + (CLQ + bzPl + CQPQ))dQZ

= (aill_al(abll-&-h)Pl_ (a1+bl)(211+bl+cl)Pg)sinh((al—|—blP1+01P2)x+(a2+b2P1—i—czPQ))—i—C
(3) f SGChQ((CLl + b1 P + 61P2){L‘ + (ag + bo Py + CQPQ))dl’
_ (%_al(aﬁbrbﬂpl_ (a1+b1)(gll+bl+cl)Pg)tanh((al—i—b1P1—l—cng)x—i—(ag—l—bgPl—|—02P2))+C'
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) f COS€Ch2(<a1 + b1 P + Clpg)l’ + (CLQ + by P + CQPQ))CZ.@

_(?11 — (al;1+b1) (a1+b1)(211+b1+61)Pg)coth((al+b1P1+clP2):c+(a2+bQP1+02P2))+C'

(5)
f sech((a1 + b1 P+ cng)x + (GQ + by P + CQPQ))tanh((al +bP + cng)x + (az + by Py + CQPQ))d.CL’
_((711_ al(ab11+bl)P1_ (aﬁbl)(zlﬁbﬁq)Pg)sech((al+b1P1+01P2)a:+(a2+b2P1+CQP2))+C’

(6)
f COS@Ch((CLl + b1 P+ Clpg).%‘ + (CLQ + by P + CQPQ))COth((CZl +b1P + Clpg)l‘ + (a2 + by P + CQPQ))dJ)
— _(?11 _ al(alil-l-bl)P - (a1+b1)(211+bl+61)PQ)Cosech((al + 0P+ 1 Py)x + (ag +

by P + CQPQ)) +C

where C' = ag + bg P1 + coP» is integration constant and ag, by, cg are real numbers.

Example 7.1.

1) [cosh((44 P+ Py)x + (24 P — 7P))dx

=(3— 5P — 5P)sinh((4+ P+ P)z+ 2+ P, — TR)) + C

2) [ sth((?, + P —2P)z+ (14 P+ B))dz
COS]’L 2( 3+P1 2P2)x+(1+P1+P2)))—1 d.%'
2

fCOSh 6+2P1 4P2):t+(2+2p1+2P2))) dx

(5 — P+ EPg)smh((zl + P+ P+ 2+P—TP)-5+C
((

ftanh 4 2P + PQ).I + (2 - 3P — 5P2))d:L’

= sinh((4—2P1+Po)a+(2=3P1=5Py)) 1.
cosh((4—2P1+P)a+(2—3P,—5P,))

Put

u=cosh((4—2P1 + Py)x+ (2 — 3P, — 5P))
= du=(4—2P, + Py)sinh((4 — 2P, + P2)x + (2 — 3P, — 5P,))dx

= o = sinh((4 — 2P + Py)z + (2 — 3P1 — 5P))dx

ftanh((4 - 2P + PQ)LU + (2 - 3P — 5P2))dx
4—-2P+ P> u
= apmnlul + C
= —r—pInjcosh((4 — 2P, + Po)x + (2 — 3P — 5))|+ C

4—-2P1+Ps
= (1 %Pl - %Pg)ln]cosh((él — 2P1 + Pg)l' + (2 - 3P1 - 5P2))’ + C

4) [ sinh3((3 4+ 5Py + TPy)x — 11Py + 13P3))cosh((3 + 5P, + TP)x — 11P + 13P,))dx
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Put uw = sinh((3 4+ 5P1 + TPy)x — 11P; + 13P))

= du = (3+ 5P, + TPy)cosh((3+ 5P, + 7P)x — 11P, + 13P»))dx

= Hfﬁlﬁ = cosh((3+ 5P, + 7TP)x — 11P, + 13P,))dz

Now

[ sinh3((3 4 5P, + TPy)x — 11P, + 13Py))cosh((3 + 5Py + TPy)x — 11P; + 13Py))da
_ 1 3
= s75p77m; J widu

_ 1 ut
=smpm 1 T O
/1 5 7 sinh*((34+5P1+7P2)x—11P;+13Py))
(3 — a1 — o 2) i +C

= (15 — %P1 — 555 P2)sinh* (34 5P + TPy)x — 11P, + 13P,)) + C
(5) [[(4+5P+6P)x + (5— Py — Py)]cosh[((4+ 5P, + 6P2)x + (5 — Py — P))?]dx

Put v = ((4 + 5P + GPQ).%' + (5 — P — PQ))2

= sarsiaery = [(4+ 5P +6P)z + (5— P — Py)]da

Now
f [(4 + 5P + GPQ)I' + (5 — P - PQ)]COSh[((4 + 5P + 6P2)$ + (5 — P — PQ))z]de

1
= 2(4+5P,+6D;) J coshudu

_ 1 ;
= 2(4+5P1+6P2)3mhu +C

= (3 — 3P — £P)sinh[((44 5P +6P2)z+ (5— P, — P»))?| + C

8. Logarithmic forms of inverse Symbolic 2-Plithogenic hyperbolic functions

(1) Sinh_l((al + b1 P + cng)a: + (a2 + by P + CQPQ))

=In[(a1 + b1 P + c1 Po)x + (ag + ba Py + c2Pa) +
V(a1 + 1P+ 1 P2)x + (a2 + ba Py + o Ps))2 + 1]

|(a1 + b1 P+ c1Pa)x + (a2 + ba Py + co Po)| < 00
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(2) COShil((al +bP + cng)x + (az + by P + CQPQ))

=In[(a1 + b1 P1 + c1 Po)x + (ag + ba Py + coPo) +
\/((a1 +bP + 61P2)37 + (az + by P + CQPQ))Z — 1]

1—(a2+ba Pi+caPs)
T 2> a1—2i-b11231j-c112322
(3) tcmh_l((al + b1 P+ 61P2)$ + (CLQ + by P + CQPQ))

1 by P P bo P P
= dn(fHappa et BBl (o + b Py + aPo)a + (as + bo P+ e P)| < 1
(4) coth_l((al + b1 P+ Clpg)ﬂj + (ag + by P + CQPQ))

_ 1 (a14+b1 P1+c1 Po)z+(ag+baPi+ca Po)+1 .

= ﬁln((ai_;'_biPi+Cipz)x+(az+bzpi+czpz)_17 |(a1 + 01 P+ 1 Po)x + (a2 + ba Py + coP)| > 1
(5) sech_l((al + b1P1 + Clpg)l' =+ (a2 =+ b2P1 + CQPQ)) =

I 1+\/1—((a1+b1P1+01P2)96+(a2+b2P1+02P2))2.

n( (a1+b1 P1+c1 P2)xz+(az+ba Pi+ca Pa2) )

0< ((a1 +bP + Clpg)l' + (az + by P + CQPQ)) <1
(6) cosech ™ ((a1 + b1 Py + c1Py)x + (ag + ba Py + o))

ln( 1 I 1+\/1+((a1+b1P1+01P2)z+(a2+b2P1+02P2))2). x
(a1+b1 P1+c1 P2)z+(az+ba Pr+c2 P2) [(a1+b1 P1+c1 P2)x+(az+ba Pr+ca Po)| i
_astboPitcaPs

a1+b1 Pi+c1 P2

Proof. For example let us see the proof of the result (3).
Let u = tanh_l((al + b1 P+ Clpg)l‘ + (CLQ + by Py + CQPQ))

U _ ou
(a1 + b1 P+ Clpg)l‘ + (CLQ + bo Py + CQPQ) = tanhu = €

ev + e U
L+ 575 14 (a1 + 0P+ Pz + (a2 + boPr + o P)
1 o 6u,67u

rmw— 11— (a1 + b1 P+ c1P2):c — (CLQ + by P + CQPQ)

o2u _ 1+ (a1 +bP + C1P2).’E -+ (CLQ + by P + CQPQ)

 1— (a1 +b1P +c1Py)x — (ag + baPy + o)
Taking log on both sides we get

" lln 1+ (a1 + b1 P+ c1Po)x + (az + ba Py + 62P2)>
2 1— (a1 +b1Pi+ciPr)x— (ag + b2 P + 2 P)

1 1+ + b0 P+ a1 P + + by P + o P,
tanh_l((a1+b1P1+01P2)x+(a2—|-b2P1—|—02P2)):2ln< (a1 1P+ a1 Py)a + (ap 2l17 % 2)>

1— (a1 + b1 P+ c1Py)x — (ag + ba Py + o Ps)
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9. Integrals of inverse Symbolic 2-Plithogenic hyperbolic functions

1 . —
(1) f \/(a1+b1P1+01P2)2+12 dv = sinh 1(

ln(m + \/(al + b1 P+ 61P2)2 + 1}2) +C

1 — -1 T
(2) f \/x2—(a1+b1P1+c1P2)2 d.’]j - COSh (a1+b1P1+01P2) + C

xi p—
al+b1P1+01P2) +C

= In(x + \/1:2 —(a1+b0Pi+c1P)?)+Cix >a1 + b1 P+ 1 Po

1
(3) f (a1+b1 Prtc1 P2)2—x2 dz

_ -1
- (a o 611(!114-171)131 - (a1+b1)(211+b1+C1)P2)tanh (a1+b11§1+01P2) +C

_ —1
- (E o al(a1+b1)P1 N (a1+b1)(211+b1+61)P2)COth (a1+b11§1+C1P2) +C

=11 _ _ c1 a1+ Prtci Pt
- 2(a1 a1(a1+b1)P1 (a1+b1)(a1+b1+61)P2)ln‘a1+b1P1+01P2*Z‘ +C

@ f

a1+b1 P1+c1 P2)2—x?

— _(i o by P — c1
al a1(a1+01)" 1 (a1+b1)(a1+b1+c1)

Py)sech™!| |+ C

___r
a1+b1 Pi+c1 P2

_ /1 b1 o c1 a1+b1 P1+c1 Pa++/(a1+b1 Pi+cy Py)? — 22
- (111 a1(a1+b1)P1 (a1+b1)(a1+b1+01)P2)ln( | +
C)
5 1 dx
( ) fx\/(a1+b1pl+clp2)2+552
S ¢ p—— Ll Py)cosech™ | —+~—— |+ C
a1 ai(ar+b1) " 1 T (ar+b1)(a1+bi+er) a1+b1 Pi+c1 P2
1 by _ c1 a1+b1 P1+c1 Pa++/(a1+b1 Pi+cy Py)2 422
- (al al(a1+b1)P1 (a1+b1)(a1+bl+61)P2)ln( |z +
C:x#0

Example 9.1.

W f

1 i —1 i —1/1 5 1
Gram )i oL = sinh [sm5p=2m;) + C = sinh™ (5 — 511 + 51 2)r + C

(or)

i 1 dx
(3+5P1 72P2)2+:t2

Ahmad A. Abubaker, Nedal Tahat, Sara A.Khalil, Khaled Matarneh, Mutaz
Shatnawi, Ahmed Atallah Alsaraireh, P. Prabakaran and Abdallah Al-Husban, On Symbolic

2-Plithogenic Hyperbolic Functions



Neutrosophic Sets and Systems, Vol. 87, 2025 m

=In(z++/(3+5P —2P)2 +22)+ C

= In(z + /9 + 25P2 + 4P§ 4+ 30P, — 20P\ P, — 12P + 22) + C

= l’I’L($+ \/9—|—25P1 + 4P, +30P; — 20P, — 12P, +$2) +C

=In(x + 9+ 55P — 28P, + 22) + C

e(5+P2)z
@ J (—2+P1—3P2>2—e2<5+”2>fdm

Let u = e®TP2)T = dy = (5 + Py)ePHP2)2dy = 5_‘&—“]32 = O+ dy

e(5+P2)z

J (C27 P, 322 EFFs 07

1 1
5+ J (—2+P,—3P;)2—u2 du

_ 1 1 -1 U
= 5t [—2+P1—3P2 tanh (—2+P1—3P2] +C

tanh™ Y (—F—5] + C

_ 1
- (5+P2)(—2+P1—3P2) —24+P1—3P>

_ 1 -1

= —osp—tory tonh” (p =] ¥ C

= (—Tlg — %P1 + %Pg)t(mh_l(—% + %Pl + %Pg)u +C

= (_Tlo - %Pl + %Pg)tanhfl((_% + %Pl + %P2)6(5+P2)2) +C

10. Conclusions

This article is an extensio of the studies on symbolic 2-plithogenic derivatives and integrals.
In this article we have introduced the concept of symbolic 2-plithogenic hyperbolic functions
and symbolic 2-plithogenic inverse hyperbolic functions with its differential and integrals.
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