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ABSTRACT. In this paper, we present and expand on the idea of complex neutrosophic vague soft graphs (CNVSGs), a

sophisticated framework for simulating vagueness, uncertainty and indeterminacy in complex systems. We characterise

a strong complex neutrosophic vague soft graph (SCNVSG) as one in which, under soft set parameters, both the edges

and vertices have complex-valued memberships and high levels of neutrosophic vagueness. A revised metric that takes

into consideration a cumulative strength and uncertainty of connections within the graph properties, we also present the

complement of a complex neutrosophic vague soft graph and the complement of a strong complex neutrosophic vague

soft graph. In uncertain networks, a complement operations provide information about inverse behaviors and dual linkage.

We further explore the notion of isomorphism and provide criteria for structural equivalence under complex neutrosophic

inaccurate mappings. To demonstrate how the proposed ideas can be used, examples are provided. The theoretical results in

this paper provide the way for future studies of complex uncertain networks, particularly in areas such as information fusion,

cognitive modelling and decision support systems.

Keywords: Soft Graph; Neutrosophic Soft Graph; Complex Neutrosophic Vague Soft Graph.

—————————————————————————————————————————-

1. Introduction

Zadeh [22] developed the idea of fuzzy set theory to address the challenges associated with han-

dling uncertainties. Numerous scholars have since looked into fuzzy logic and fuzzy set theory in an

effort to address a variety of real-world issues involving vague and unsure environments. Smaran-

dache’s [15] proposal of neutrosophic sets (NSs) is a potent mathematical tool for handling inconsis-

tent, ambiguous and incomplete data in the real world. Neutrosophic sets are characterized individ-

ually by a truth-membership function (T ), an indeterminacy-membership function (I), and a falsity-

membership function (F ), each of which can take values within the standard or non-standard interval

from 0 to 1.
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Akram [4–7] distinguishes two separate soft computing methodologies for expressing ambiguity and

uncertainty: fuzzy sets and soft sets. They employed soft computing models to study graph ambiguity

and uncertainty. A few aspects of regular fuzzy soft graphs have been investigated. Then he presented

intuitionistic fuzzy soft graphs and their applications, as well as neutrosophic soft graphs. Soft graphs

include parameters for each vertex and edge. According to Satham Hussain [14], ambiguous sets and

neutrosophic soft sets are an effective technique for describing data with vague information. This ap-

proach produced neutrosophic vague soft graphs. This allows decision-makers to adapt their opinions

to their own areas of competence.

Satham Hussain [13] introduced the concepts of neutrosophic vague graphs and strong neutrosophic

vague graphs, which served as a foundation for the subsequent in-depth research. This innovative the-

oretical framework integrates characteristics of both neutrosophic graphs and vague graphs. In this

context, the sum of the membership values for truth, indeterminacy, and falsity lies between 0 and 2,

as the truth and falsity memberships are considered dependent variables. Neutrosophic vague graphs

are viewed as counterparts within this framework. The development of this theory is intended to

support applications in operations research and in addressing challenges in social networks. A par-

ticularly pressing issue in the latter domain is the proliferation of fake or fraudulent profiles. The

neutrosophic vague graph model offers a novel approach to tackling such challenges. Furthermore,

several essential properties of strong neutrosophic vague graphs, complete neutrosophic vague graphs,

and self-complementary neutrosophic vague graphs were investigated, and the proposed concepts were

illustrated with appropriate examples.

Said Broumi [12] proposed the complicated neutrosophic soft set model, which mixes neutrosophic

and soft sets. The fundamental operations of set theory, as well as other concepts related to this

model structure are given and demonstrated. To demonstrate the use of this paradigm, an example

of a decision-making dilemma with subjective and ambiguous information is offered.

In this paper, we provide complex neutrosophic vague soft graphs as well as strong complex neutro-

sophic vague soft graphs and constant complex neutrosophic vague soft graphs. Furthermore, with the

proper inspection, we established some amazing properties of the complement and self-complement of

the complicated neutrosophic vague soft graph.

To clearly highlight the value of the complex neutrosophic vague soft graph model, we give a

method-specific comparison with existing neutrosophic-based techniques:

• Standard Neutrosophic Graph: By assigning three membership degrees—truth (T), indeter-

minacy (I) and falsehood (F)—to each vertex and edge, with each value falling between [0, 1],
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standard neutrosophic graphs go beyond classical graphs. Their ability to handle sophisticated

vagueness or numerous criteria is limited, yet they are fundamental for modelling simple un-

certain relations.

• Neutrosophic Soft Graphs: Neutrosophic soft graphs enable parameter-based modelling by

fusing the idea of a soft set with neutrosophic graphs. Each vertex or edge relies on a variety

of soft qualities, which increases flexibility without specifically solving the vagueness issue.

• Neutrosophic Vague Graphs: The characteristics of vague set theory and neutrosophic logic

are combined in neutrosophic vague graphs. Each relationship is defined by imprecise degrees

(truth-membership and falsity-membership bounded by a degree of hesitation or vagueness)

in addition to T, I and F components. This model provides a more accurate representation

of many real-world uncertainties and is especially helpful when making decisions, including

hesitation or incomplete knowledge.

• Neutrosophic Bipolar Graphs: Neutrosophic bipolar graphs, which are essential for con-

flict analysis, psychology and negotiation systems, model contradictory or bipolar information

(such as support vs. resistance) by allowing positive and negative neutrosophic values to coex-

ist inside the same framework.

• Interval-Valued Neutrosophic Graphs: By permitting T, I and F to be intervals inside [0, 1],

interval-valued neutrosophic graphs enhance uncertainty handling by recording a range of po-

tential membership values. In situations where accurate assessments are challenging, this par-

adigm is more resilient.

• Complex Neutrosophic Vague Soft Graph: A thorough combination of complex neutro-

sophic numbers, vague sets, and soft sets is represented by the complex neutrosophic vague

soft graph. It models ambiguity and many criteria while capturing truth, indeterminacy and

falsity with complex values. Because of this, CNVSG is ideally suited for high-dimensional,

dynamic decision-making systems, including intelligent transportation systems, large data an-

alytic and medical diagnosis.

2. Preliminaries

This section provides a basic description and example to support the key findings.

Definition 1. (Adapted from [4]) A fuzzy soft graph G = (G∗, S,K,Q) is defined as an ordered

quadruple that satisfies the following conditions:

• G∗ = (V,E) is a simple graph,

• Q is a non-empty set of parameters,

• (S,Q) is a fuzzy set defined over the vertex set V ,

• (K,Q) is a fuzzy set defined over the edge set E,
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• For each a ∈ Q, the pair (S(a),K(a)) forms a fuzzy graph associated with G∗, such that:

K(a)(xy) ≤ min{S(a)(x), S(a)(y)}

holds for all x, y ∈ V .

For convenience, the fuzzy graph (S(a),K(a)) is denoted by H(a). Thus, a fuzzy soft graph can be

viewed as a family of fuzzy graphs parameterized by elements of Q. The class of all fuzzy soft graphs

over G∗ is represented by S(G∗).

Definition 2. [6] An intuitionistic fuzzy soft graph G = (G∗, S,K,Q) is defined as an ordered

quadruple that satisfies the following conditions:

• G∗ = (V,E) is a simple graph,

• Q is a non-empty set of parameters,

• (S,Q) constitutes an intuitionistic fuzzy set defined over the vertex set V ,

• (K,Q) represents an intuitionistic fuzzy set defined over the edge set E,

• For each a ∈ Q, the pair (S(a),K(a)) forms an intuitionistic fuzzy graph based on G∗.

Specifically,

ðK(a)(xy) ≤ min
{
ðS(a)(x), ðS(a)(y)

}
℘K(a)(xy) ≥ max

{
℘S(a)(x), ℘S(a)(y)

}
for all a ∈ Q and x, y ∈ V . For convenience, the intuitionistic fuzzy graph (S(a),K(a)) is denoted

by H(a). Thus, an intuitionistic fuzzy soft graph can be viewed as a parameterized collection of

intuitionistic fuzzy graphs.

Definition 3. [7] A neutrosophic soft graph G = (G∗, S,K,Q) is defined as a quadruple satisfying

the following conditions:

• G∗ = (V,E) represents a simple (i.e., undirected and without loops or multiple edges) graph,

• Q is a non-empty collection of parameters,

• (S,Q) denotes a neutrosophic set defined over the vertex set V ,

• (K,Q) denotes a neutrosophic set defined over the edge set E,

• For every a ∈ Q, the pair (S(a),K(a)) forms a neutrosophic subgraph of G∗. Specifically,

the following conditions hold:

ðK(a)(xy) ≤ min{ðS(a)(x),ðS(a)(y)},

ℑK(a)(xy) ≤ min{ℑS(a)(x),ℑS(a)(y)},

℘K(a)(xy) ≤ max{℘S(a)(x), ℘S(a)(y)},

for all a ∈ Q and x, y ∈ V . The neutrosophic graph associated with a parameter a is denoted

by H(a) = (S(a),K(a)). Thus, a neutrosophic soft graph can be interpreted as a parameterized

collection of neutrosophic graphs.
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Definition 4. [13] A neutrosophic vague soft graph G = (G∗, S,K,Q) is defined as an ordered

quadruple that satisfies the following criteria:

• G∗ = (V,E) represents a simple graph,

• Q is a non-empty collection of parameters,

• (S,Q) denotes a neutrosophic vague set defined over the vertex set V ,

• (K,Q) denotes a neutrosophic vague set defined over the edge set E,

• For every parameter a ∈ Q, the pair (S(a),K(a)) forms a neutrosophic vague graph corre-

sponding to G∗. Specifically, the following conditions hold:

ð−K(a)(xy) ≤ min{ð−S(a)(x), ð
−
S(a)(y)}, ð+K(a)(xy) ≤ min{ð+S(a)(x),ð

+
S(a)(y)},

ℑ−
K(a)(xy) ≤ min{ℑ−

S(a)(x),ℑ
−
S(a)(y)}, ℑ+

K(a)(xy) ≤ min{ℑ+
S(a)(x),ℑ

+
S(a)(y)},

℘−
K(a)(xy) ≤ max{℘−

S(a)(x), ℘
−
S(a)(y)}, ℘+

K(a)(xy) ≤ max{℘+
S(a)(x), ℘

+
S(a)(y)},

for all a ∈ Q and x, y ∈ V . The neutrosophic vague graph (S(a),K(a)) is denoted by H(a). There-

fore, a neutrosophic vague soft graph can be regarded as a parameterized collection of neutrosophic

vague graphs indexed by elements of Q.

Definition 5. [13] Let the graph be denoted as G∗ = (R,S). A neutrosophic vague graph on G∗, or

simply a neutrosophic vague graph, is defined as a pair G = (A,B), where:

• A = (ð̂A, ℑ̂A, ℘̂A) represents a neutrosophic vague set on the vertex set R, and

• B = (ð̂B, ℑ̂B, ℘̂B) represents a neutrosophic vague set on the edge set S ⊆ R×R.

1. Vertex Set: Let R = {v1, v2, . . . , vn} be the set of vertices. The mappings:

ð−A : R → [0, 1], ℑ−
A : R → [0, 1], ℘−

A : R → [0, 1]

correspond to the lower bounds of the truth-membership, indeterminacy-membership, and falsity-

membership functions, respectively. These satisfy the constraint:

℘−
A = 1− ð+A.

Similarly, the upper bounds are defined as:

ð+A : R → [0, 1], ℑ+
A : R → [0, 1], ℘+

A : R → [0, 1]

which obey the condition:

℘+
A = 1− ð−A.

These functions respectively represent the degrees of truth, indeterminacy, and falsity associated

with each vertex vi ∈ R, satisfying the bounds:

0 ≤ ð−A(vi) + ℑ−
A(vi) + ℘−

A(vi) ≤ 2,

0 ≤ ð+A(vi) + ℑ+
A(vi) + ℘+

A(vi) ≤ 2.
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2. Edge Set: Let S ⊆ R×R represent the set of edges. Define the mappings:

ð−B : R×R → [0, 1], ℑ−
B : R×R → [0, 1], ℘−

B : R×R → [0, 1],

ð+B : R×R → [0, 1], ℑ+
B : R×R → [0, 1], ℘+

B : R×R → [0, 1],

which specify the lower and upper bounds for the truth-membership, indeterminacy-membership, and

falsity-membership values of the edge (vi, vj) ∈ S, respectively. These functions satisfy:

0 ≤ ð−B(vivj) + ℑ−
B(vivj) + ℘−

B(vivj) ≤ 2,

0 ≤ ð+B(vivj) + ℑ+
B(vivj) + ℘+

B(vivj) ≤ 2.

Additionally, the edge-related membership values are constrained in relation to the corresponding

vertex values as follows:

ð−B(vivj) ≤ min{ð−A(vi), ð
−
A(vj)}, ℑ−

B(vivj) ≤ min{ℑ−
A(vi),ℑ

−
A(vj)},

℘−
B(vivj) ≤ max{℘−

A(vi), ℘
−
A(vj)},

ð+B(vivj) ≤ min{ð+A(vi), ð
+
A(vj)}, ℑ+

B(vivj) ≤ min{ℑ+
A(vi),ℑ

+
A(vj)},

℘+
B(vivj) ≤ max{℘+

A(vi), ℘
+
A(vj)}.

Definition 6. [10] Assume U ̸= ϕ. A complex fuzzy set A is an entity with the following structure:

A = {(x, ρA(x)) : x ∈ U} = {x,ðA(x)eiwA(x)}

where i =
√
−1, ðA(x) ∈ [0, 1] and 0 ≤ wA(x) ≤ 2π.

Definition 7. [1] Assume U ̸= ϕ. An item of the type complex intuitionistic fuzzy set A

A = {(x, ðA(x), ℘A(x)) : x ∈ U}

A = {(x,ðA(x)eiαA(x), ℘A(x)e
iγA(x)) : x ∈ U}

where i =
√
−1, ðA(x), ℘A(x) ∈ [0, 1], αA(x), γA(x) ∈ [0, 2π] and 0− ≤ ðA(x) + ℘A(x) ≤ 1+.

Definition 8. [1] Assume U ̸= ϕ. An object with the shape of a complex neutrosophic set A is

A = {(x,ðA(x),ℑA(x), ℘F (x)) : x ∈ U}

A = {(x,ðA(x)eiαA(x),ℑA(x)e
iβA(x), ℘A(x)e

IγA(x)) : x ∈ U}

where i =
√
−1,ðA(x),ℑA(x), ℘A(x) ∈ [0, 1], αA(x), βA(x), γA(x) ∈ [0, 2π] and 0− ≤ ðA(x) +

ℑA(x) + ℘A(x) ≤ 3+.

Definition 9. [9] When A is a complex neutrosophic set on X and B is a complex neutrosophic

relation in X , then G = (A,B) is a complex neutrosophic graph on X ̸= ϕ.

ðB(xy)eiαB(xy) ≤ min{ðA(x), ðA(y)}eimin{αA(x),αA(y)}

SURIYAKUMAR G, V. J. SUDHAKAR, SYED TAHIR HUSSAINY and MANA DONGANONT,
Complex Neutrosophic Vague Soft Graphs

Neutrosophic Sets and Systems, Vol. 87, 2025                                                                               790



ℑB(xy)e
iβB(xy) ≤ min{ℑA(x),ℑA(y)}eimin{βA(x),βA(y)}

℘B(xy)e
iγB(xy) ≤ max{℘A(x), ℘A(y)}eimax{γA(x),γA(y)}

3. COMPLEX NEUTROSOPHIC VAGUE SOFT GRAPHS

Definition 10. A Complex Neutrosophic Vague Soft Graph (CNVSG) is defined as an ordered quadru-

ple G = (G∗, S,K, P ) that satisfies the following conditions:

• G∗ = (V,E) is a simple graph.

• P is a non-empty set of parameters.

• (S, P ) constitutes a complex neutrosophic vague soft (CNVS) set over the vertex set V .

• (K,P ) represents a CNVS set over the edge set E.

• For each parameter p ∈ P , the pair (S(p),K(p)) forms a complex neutrosophic vague graph

(CNVG) on G∗.

1. Let V = {l1, l2, . . . , ln}, and consider the functions:

ð−S(p) : V → [0, 1], ℑ−
S(p) : V → [0, 1], ℘−

S(p) : V → [0, 1]

ð+S(p) : V → [0, 1], ℑ+
S(p) : V → [0, 1], ℘+

S(p) : V → [0, 1]

These functions represent, respectively, the lower and upper bounds of the degrees of truth-

membership, indeterminacy-membership, and falsity-membership for each vertex li ∈ V under the

parameter p ∈ P .

These functions satisfy:

℘−
S(p) = 1− ð+S(p), ℘+

S(p) = 1− ð−S(p)

Additionally, let AS(p), BS(p), CS(p) ∈ [0, 2π] be the respective argument functions associated with

each membership function. Then, for each vertex li:

0 ≤ ð−S(p)(li)e
iAS(p)(li) + ℑ−

S(p)(li)e
iBS(p)(li) + ℘−

S(p)(li)e
iCS(p)(li) ≤ 2

0 ≤ ð+S(p)(li)e
iAS(p)(li) + ℑ+

S(p)(li)e
iBS(p)(li) + ℘+

S(p)(li)e
iCS(p)(li) ≤ 2

2. For the edge set E ⊆ V × V , the corresponding functions are defined as:

ð−K(p) : E → [0, 1], ℑ−
K(p) : E → [0, 1], ℘−

K(p) : E → [0, 1]

ð+K(p) : E → [0, 1], ℑ+
K(p) : E → [0, 1], ℘+

K(p) : E → [0, 1]

These functions denote the lower and upper degrees of truth-membership, indeterminacy-

membership, and falsity-membership for each edge lilj ∈ E with respect to parameter p. The argument

functions AK(p), BK(p), CK(p) ∈ [0, 2π] are also associated with the respective membership functions.
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For each edge lilj ∈ E, the following conditions must be satisfied:

ð−K(p)(lilj)e
iAK(p)(lilj) ≤ min{ð−S(p)(li), ð

−
S(p)(lj)}e

imin{AS(p)(li),AS(p)(lj)}

ð+K(p)(lilj)e
iAK(p)(lilj) ≤ min{ð+S(p)(li), ð

+
S(p)(lj)}e

imin{AS(p)(li),AS(p)(lj)}

ℑ−
K(p)(lilj)e

iBK(p)(lilj) ≤ min{ℑ−
S(p)(li),ℑ

−
S(p)(lj)}e

imin{BS(p)(li),BS(p)(lj)}

ℑ+
K(p)(lilj)e

iBK(p)(lilj) ≤ min{ℑ+
S(p)(li),ℑ

+
S(p)(lj)}e

imin{BS(p)(li),BS(p)(lj)}

℘−
K(p)(lilj)e

iCK(p)(lilj) ≤ max{℘−
S(p)(li), ℘

−
S(p)(lj)}e

imax{CS(p)(li),CS(p)(lj)}

℘+
K(p)(lilj)e

iCK(p)(lilj) ≤ max{℘+
S(p)(li), ℘

+
S(p)(lj)}e

imax{CS(p)(li),CS(p)(lj)}

Furthermore, each edge satisfies the bounded magnitude condition:

0 ≤ ð−K(p)(lilj)e
iAK(p)(lilj) + ℑ−

K(p)(lilj)e
iBK(p)(lilj) + ℘−

K(p)(lilj)e
iCK(p)(lilj) ≤ 2

0 ≤ ð+K(p)(lilj)e
iAK(p)(lilj) + ℑ+

K(p)(lilj)e
iBK(p)(lilj) + ℘+

K(p)(lilj)e
iCS(p)(lilj) ≤ 2

The pair (S(p),K(p)) is collectively referred to as the complex neutrosophic vague graph G for

simplicity. A CNVSG, therefore, represents a parameterized structure extending the concept of a com-

plex neutrosophic vague graph.

Example 1. Assume V = {l1, l2, l3} and E = {l1l2, l2l3, l1l3} is a graph G∗. Let (S, P ) be a complex

neutrosophic vague soft set (CNVSS) over V and P = (p1, p2) be a set of parameters. The complex

neutrosophic vague approximation function S : P → P (V ) is defined as

S(p1) =


{l1, (.30eiπ(1.5), .70eiπ(1.6), .60eiπ(1.4))−, (.40eiπ(1.6), .80eiπ(1.7), .60eiπ(1.7))+}

{l2, (.20eiπ(1.3), .60eiπ(1.7), .70eiπ(1.4))−, (.30eiπ(1.4), .80eiπ(1.6), .50eiπ(1.5))+}

{l3, (.10eiπ(1.4), .70eiπ(1.5), .80eiπ(1.6))−, (.30eiπ(1.7), .70eiπ(1.6), .70eiπ(1.4))+}

S(p2) =


{l1, (.10eiπ(1.7), .50eiπ(1.4), .80eiπ(1.6))−, (.20eiπ(1.6), .70eiπ(1.5), .60eiπ(1.5))+}

{l2, (.20eiπ(1.6), .80eiπ(1.3), .80eiπ(1.7))−, (.20eiπ(1.6), .60eiπ(1.7), .70eiπ(1.8))+}

{l3, (.20eiπ(1.2), .50eiπ(1.3), .60eiπ(1.4))−, (.40eiπ(1.8), .80eiπ(1.6), .50eiπ(1.5))+}

Let (K,P ) be a CNVSS over E and let P = (p1, p2) be a set of parameters. The complex neutro-

sophic vague approximation function K : P → P (E) is defined by

K(p1) =


{l1l2, (.20eiπ(1.2), .50eiπ(1.6), .70eiπ(1.3))−, (.20eiπ(1.3), .70eiπ(1.5), .60eiπ(1.6))+}

{l2l3, (.10eiπ(1.3), .50eiπ(1.4), .80eiπ(1.5))−, (.20eiπ(1.4), .60eiπ(1.6), .70eiπ(1.3))+}

{l1l3, (.10eiπ(1.4), .70eiπ(1.4), .70eiπ(1.5))−, (.30eiπ(1.5), .60eiπ(1.5), .60eiπ(1.6))+}
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K(p2) =


{l1l2, (.10eiπ(1.5), .50eiπ(1.2), .70eiπ(1.7))−, (.10eiπ(1.6), .60eiπ(1.4), .60eiπ(1.8))+}

{l2l3, (.10eiπ(1.2), .40eiπ(1.3), .80eiπ(1.6))−, (.20eiπ(1.5), .50eiπ(1.4), .60eiπ(1.7))+}

{l1l3, (.10eiπ(1.2), .40eiπ(1.2), .60eiπ(1.5))−, (.20eiπ(1.3), .60eiπ(1.4), .50eiπ(1.4))+}

l1 l2

l3

l1 l2

l3

l1l2

l2l3l1l3

l1l2

l2l3l1l3

G(p1) G(p2)

Figure 1: CNVSGs G ={G(p1),G(p2)}.

Definition 11. A CNVSG G = (G∗, S,K, P ) is considered complete if

ð−K(p)(lilj)e
iAK(p)(lilj) = min{ð−S(p)(li), ð

−
S(p)(lj)}e

imin{AS(p)(li),AS(p)(lj)}

ð+K(p)(lilj)e
iAK(p)(lilj) = min{ð+S(p)(li), ð

+
S(p)(lj)}e

imin{AS(p)(li),AS(p)(lj)}

ℑ−
K(p)(lilj)e

iBK(p)(lilj) = min{ℑ−
S(p)(li),ℑ

−
S(p)(lj)}e

imin{BS(p)(li),BS(p)(lj)}

ℑ+
K(p)(lilj)e

iBK(p)(lilj) = min{ℑ+
S(p)(li),ℑ

+
S(p)(lj)}e

imin{BS(p)(li),BS(p)(lj)}

℘−
K(p)(lilj)e

iCK(p)(lilj) = max{℘−
S(p)(li), ℘

−
S(p)(lj)}e

imax{CS(p)(li),CS(p)(lj)}

℘+
K(p)(lilj)e

iCK(p)(lilj) = max{℘+
S(p)(li), ℘

+
S(p)(lj)}e

imax{CS(p)(li),CS(p)(lj)}

for all li, lj ∈ V and lilj ∈ E.

Example 2. Let V = {l1, l2, l3, l4} and E = {l1l2, l2l3, l3l4, l1l4, l2l4} be a graph G∗ by assumption.

Let S and K be full complex neutrosophic vague soft subsets of V and E, respectively, as shown.

Let (S, P ) be a CNVSS over V and let P = p be a set of parameters. The complete complex neutro-

sophic vague approximation function S : P → P (V ) is defined by
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S(p) =



{l1, (.20eiπ(1.7), .70eiπ(1.6), .40eiπ(1.3))−, (.40eiπ(1.2), .60eiπ(1.5), .40eiπ(1.3))+}

{l2, (.30eiπ(1.5), .50eiπ(1.3), .50eiπ(1.5))−, (.30eiπ(1.4), .40eiπ(1.8), .60eiπ(1.7))+}

{l3, (.10eiπ(1.4), .60eiπ(1.4), .60eiπ(1.7))−, (.30eiπ(1.3), .50eiπ(1.4), .70eiπ(1.5))+}

{l4, (.50eiπ(1.3), .40eiπ(1.5), .30eiπ(1.8))−, (.60eiπ(1.6), .50eiπ(1.3), .50eiπ(1.4))+}

Let (K,P ) be a complete CNVSS over E and let P = p be a set of parameters. The complete complex

neutrosophic vague approximation function K : P → P (E) is defined by

K(p) =



{l1l2, (.20eiπ(1.5), .50eiπ(1.3), .50eiπ(1.5))−, (.30eiπ(1.2), .40eiπ(1.5), .60eiπ(1.3))+}

{l2l3, (.10eiπ(1.4), .50eiπ(1.3), .60eiπ(1.7))−, (.30eiπ(1.3), .40eiπ(1.4), .70eiπ(1.7))+}

{l3l4, (.10eiπ(1.3), .40eiπ(1.4), .60eiπ(1.8))−, (.30eiπ(1.3), .50eiπ(1.3), .70eiπ(1.5))+}

{l1l4, (.20eiπ(1.3), .40eiπ(1.5), .40eiπ(1.8))−, (.40eiπ(1.2), .50eiπ(1.3), .50eiπ(1.4))+}

{l2l4, (.30eiπ(1.3), .40eiπ(1.3), .50eiπ(1.8))−, (.30eiπ(1.4), .40eiπ(1.3), .50eiπ(1.7))+}

l1 l2 l3

l4

(l1l2) (l2l3)

(l3l4)
(l1l4) (l2l4)

Figure 2: Complete CNVSG G(p).

Definition 12. Strong complex neutrosophic vague soft graph (SCNVSG) are defined as CNVSG G =

(G∗, S,K, P ) of G∗ = (V,E) if

ð−K(p)(lilj)e
iAK(p)(lilj) = min{ð−S(p)(li), ð

−
S(p)(lj)}e

imin{AS(p)(li),AS(p)(lj)}

ð+K(p)(lilj)e
iAK(p)(lilj) = min{ð+S(p)(li), ð

+
S(p)(lj)}e

imin{AS(p)(li),AS(p)(lj)}

ℑ−
K(p)(lilj)e

iBK(p)(lilj) = min{ℑ−
S(p)(li),ℑ

−
S(p)(lj)}e

imin{BS(p)(li),BS(p)(lj)}

ℑ+
K(p)(lilj)e

iBK(p)(lilj) = min{ℑ+
S(p)(li),ℑ

+
S(p)(lj)}e

imin{BS(p)(li),BS(p)(lj)}

℘−
K(p)(lilj)e

iCK(p)(lilj) = max{℘−
S(p)(li), ℘

−
S(p)(lj)}e

imax{CS(p)(li),CS(p)(lj)}
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℘+
K(p)(lilj)e

iCK(p)(lilj) = max{℘+
S(p)(li), ℘

+
S(p)(lj)}e

imax{CS(p)(li),CS(p)(lj)}

Example 3. Assume V = {l1, l2, l3} and E = {l1l2, l2l3, l1l3} be a graph G∗. Let (S, P ) be a strong

complex neutrosophic vague soft set (SCNVSS) over V and let P = (p1, p2) be a set of parameters.

The strong complex neutrosophic vague approximation function S : P → P (V ) is defined by

S(p1) =


{l1, (.30eiπ(1.5), .70eiπ(1.6), .60eiπ(1.4))−, (.40eiπ(1.6), .80eiπ(1.7), .60eiπ(1.7))+}

{l2, (.20eiπ(1.3), .60eiπ(1.7), .70eiπ(1.4))−, (.30eiπ(1.4), .80eiπ(1.6), .50eiπ(1.5))+}

{l3, (.10eiπ(1.4), .70eiπ(1.5), .80eiπ(1.6))−, (.30eiπ(1.7), .70eiπ(1.6), .70eiπ(1.4))+}

S(p2) =


{l1, (.10eiπ(1.7), .50eiπ(1.4), .80eiπ(1.6))−, (.20eiπ(1.6), .70eiπ(1.5), .60eiπ(1.5))+}

{l2, (.20eiπ(1.6), .80eiπ(1.3), .80eiπ(1.7))−, (.20eiπ(1.6), .60eiπ(1.7), .70eiπ(1.8))+}

{l3, (.20eiπ(1.2), .50eiπ(1.3), .60eiπ(1.4))−, (.40eiπ(1.8), .80eiπ(1.6), .50eiπ(1.5))+}

Let (K,P ) be an SCNVSS over E and let P = (p1, p2) be a set of parameters. The strong complex

neutrosophic vague approximation function K : P → P (E) is defined by

K(p1) =


{l1l2, (.20eiπ(1.3), .60eiπ(1.6), .70eiπ(1.4))−, (.30eiπ(1.4), .80eiπ(1.6), .60eiπ(1.7))+}

{l2l3, (.10eiπ(1.3), .60eiπ(1.5), .80eiπ(1.6))−, (.30eiπ(1.4), .70eiπ(1.6), .70eiπ(1.5))+}

{l1l3, (.10eiπ(1.4), .70eiπ(1.5), .80eiπ(1.6))−, (.30eiπ(1.6), .70eiπ(1.6), .70eiπ(1.7))+}

K(p2) =


{l1l2, (.10eiπ(1.6), .50eiπ(1.3), .80eiπ(1.7))−, (.20eiπ(1.6), .60eiπ(1.5), .70eiπ(1.8))+}

{l2l3, (.20eiπ(1.2), .50eiπ(1.3), .80eiπ(1.7))−, (.20eiπ(1.6), .60eiπ(1.6), .70eiπ(1.8))+}

{l1l3, (.10eiπ(1.2), .50eiπ(1.3), .80eiπ(1.6))−, (.20eiπ(1.6), .70eiπ(1.5), .60eiπ(1.5))+}

l1 l2

l3

l1 l2

l3

l1l2

l2l3l1l3

l1l2

l2l3l1l3

G(p1) G(p2)
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Figure 3: SCNVSG G ={G(p1),G(p2)}.

Definition 13. The complement of an CNVSG G = (G∗, S,K, P ) on G∗ is an CNVSG G∗ where

1. S̄ = S

2.

ð̄−S(p)(li)e
iAS(p)(li) = ð−S(p)(li)e

iAS(p)(li), ð̄+S(p)(li)e
iAS(p)(li) = ð+S(p)(li)e

iAS(p)(li)

ℑ̄−
S(p)(li)e

iBS(p)(li) = ℑ−
S(p)(li)e

iBS(p)(li), ℑ̄+
S(p)(li)e

iBS(p)(li) = ℑ+
S(p)(li)e

iBS(p)(li)

℘̄−
S(p)(li)e

iCS(p)(li) = ℘−
S(p)(li)e

iCS(p)(li), ℘̄+
S(p)(li)e

iCS(p)(li) = ℘+
S(p)(li)e

iCS(p)(li)

3.

ð̄−K(p)(lilj)e
iAK(p)(lilj) = min[ð−S(p)(li), ð

−
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)} − ð−K(p)(lilj)e
iAK(p)(lilj)

ð̄+K(p)(lilj)e
iAK(p)(lilj) = min[ð+S(p)(li), ð

+
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)} − ð+K(p)(lilj)e
iAK(p)(lilj)

ℑ̄−
K(p)(lilj)e

iBK(p)(lilj) = min[ℑ−
S(p)(li),ℑ

−
S(p)(lj)]e

imin{BS(p)(li),BS(lj)} −ℑ−
K(p)(lilj)e

iBK(p)(lilj)

ℑ̄+
K(p)(lilj)e

iBK(p)(lilj) = min[ℑ+
S(p)(li),ℑ

+
S(p)(lj)]e

imin{BS(p)(li),BS(p)(lj)} −ℑ+
K(p)(lilj)e

iBK(p)(lilj)

℘̄−
K(p)(lilj)e

iAK(p)(lilj) = max[℘−
S(p)(li), ℘

−
S(p)(lj)]e

imax{CS(p)(li),CS(p)(lj)} − ℘−
K(p)(lilj)e

iCK(p)(lilj)

℘̄+
K(p)(lilj)e

iCK(p)(lilj) = max[℘+
S(p)(li), ℘

+
S(p)(lj)]e

imax{CS(p)(li),CS(p)(lj)} − ℘+
K(p)(lilj)e

iCK(p)(lilj)

for all lilj ∈ E and p ∈ P

Definition 14. For a CNVSG on G∗, let G = (G∗, S,K, P ). Then, based on the description above, ¯̄G is

given by the complement of the complement of the complex neutrosophic vague soft graph ¯̄G = ( ¯̄V, ¯̄E)

on G∗, where
¯̄V = V and

¯̄ð−K(p)(lilj)e
iAK(p)(lilj) = min[ð−S(p)(li), ð

−
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)} − ð−K(p)(lilj)e
iAK(p)(lilj)

¯̄ð+K(p)(lilj)e
iAK(p)(lilj) = min[ð+S(p)(li), ð

+
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)} − ð+K(p)(lilj)e
iAK(p)(lilj)

¯̄ℑ−
K(p)(lilj)e

iBK(p)(lilj) = min[ℑ−
S(p)(li),ℑ

−
S(p)(lj)]e

imin{BS(p)(li),BS(p)(lj)} −ℑ−
K(p)(lilj)e

iBK(p)(lilj)

¯̄ℑ+
K(p)(lilj)e

iBK(p)(lilj) = min[ℑ+
S(p)(li),ℑ

+
S(p)(lj)]e

imin{BS(p)(li),BS(p)(lj)} −ℑ+
K(p)(lilj)e

iBK(p)(lilj)

¯̄℘−
K(p)(lilj)e

iAK(p)(lilj) = max[℘−
S(p)(li), ℘

−
S(p)(lj)]e

imax{CS(p)(li),CS(p)(lj)} − ℘−
K(p)(lilj)e

iCK(p)(lilj)

¯̄℘+
K(p)(lilj)e

iCK(p)(lilj) = max[℘+
S(p)(li), ℘

+
S(p)(lj)]e

imax{CS(p)(li),CS(p)(lj)} − ℘+
K(p)(lilj)e

iCK(p)(lilj)
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and

¯̄ð−K(p)(lilj)e
iAK(p)(lilj) = ð−K(p)(lilj)e

iAK(p)(lilj), ¯̄ð+K(p)(lilj)e
iAK(p)(lilj) = ð+K(p)(lilj)e

iAK(p)(lilj)

¯̄ℑ−
K(p)(lilj)e

iBK(p)(lilj) = ℑ−
K(p)(lilj)e

iBK(p)(lilj), ¯̄ℑ+
K(p)(lilj)e

iBK(p)(lilj) = ℑ+
K(p)(lilj)e

iBK(p)(lilj)

¯̄℘−
K(p)(lilj)e

iCK(p)(lilj) = ℘−
K(p)(lilj)e

iCK(p)(lilj), ¯̄℘+
K(p)(lilj)e

iCK(p)(lilj) = ℘+
K(p)(lilj)e

iCK(p)(lilj)

where the complex neutrosophic vague relation on V is denoted by E. Since ¯̄G is an SCNVSG, G ⊆ ¯̄G

is also an SCNVSG.

Proposition 1. If G is the complement of the complement of SCNVSG G, then G is an SCNVSG

(G = ¯̄G).

Proof: Let SCNVSG G.

Let (S, P ) be a SCNVSS over V and let P = p be a set of parameters. The strong complex neutro-

sophic vague approximation function S : P → P (V ) is defined by

S(p) =



{l1, (.30eiπ(1.3), .60eiπ(1.4), .50eiπ(1.5))−, (.50eiπ(1.2), .70eiπ(1.5), .40eiπ(1.4))+}

{l2, (.20eiπ(1.6), .80eiπ(1.3), .70eiπ(1.8))−, (.40eiπ(1.4), .50eiπ(1.4), .60eiπ(1.6))+}

{l3, (.10eiπ(1.4), .40eiπ(1.6), .80eiπ(1.7))−, (.20eiπ(1.1), .40eiπ(1.7), .70eiπ(1.6))+}

{l4, (.30eiπ(1.4), .70eiπ(1.5), .60eiπ(1.9))−, (.40eiπ(1.3), .80eiπ(1.4), .50eiπ(1.7))+}

Let (K,P ) be a SCNVSS over E and let P = p be a set of parameters. The strong complex neutro-

sophic vague approximation function K : P → P (E) is defined by

K(p) =


{l1l4, (.30eiπ(1.3), .60eiπ(1.4), .60eiπ(1.9))−, (.40eiπ(1.2), .70eiπ(1.4), .50eiπ(1.7))+}

{l2l3, (.10eiπ(1.4), .40eiπ(1.3), .80eiπ(1.8))−, (.20eiπ(1.1), .40eiπ(1.4), .70eiπ(1.6))+}

{l2l4, (.20eiπ(1.4), .70eiπ(1.3), .60eiπ(1.8))−, (.40eiπ(1.3), .50eiπ(1.4), .60eiπ(1.7))+}

l1 l2

l3l4

(l2l3)
(l2l4)

(l1l4)

Figure 4: G - SCNVSG.
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Take the complement for a strong complex neutrosophic vague soft graph.

Let (S, P ) be a complement of SCNVSS over V and let P = p be a set of parameters. The complement

of the strong complex neutrosophic vague approximation function S : P → P (V ) is defined by

S(p) =



{l1, (.30eiπ(1.3), .60eiπ(1.4), .50eiπ(1.5))−, (.50eiπ(1.2), .70eiπ(1.5), .40eiπ(1.4))+}

{l2, (.20eiπ(1.6), .80eiπ(1.3), .70eiπ(1.8))−, (.40eiπ(1.4), .50eiπ(1.4), .60eiπ(1.6))+}

{l3, (.10eiπ(1.4), .40eiπ(1.6), .80eiπ(1.7))−, (.20eiπ(1.1), .40eiπ(1.7), .70eiπ(1.6))+}

{l4, (.30eiπ(1.4), .70eiπ(1.5), .60eiπ(1.9))−, (.40eiπ(1.3), .80eiπ(1.4), .50eiπ(1.7))+}

Let (K,P ) be a complement of SCNVSS over E and let P = p be a set of parameters. The complement

of the strong complex neutrosophic vague approximation function K : P → P (E) is defined by

K(p) =


{l1l2, (.20eiπ(1.3), .60eiπ(1.4), .70eiπ(1.8))−, (.40eiπ(1.2), .50eiπ(1.4), .60eiπ(1.6))+}

{l1l3, (.10eiπ(1.3), .40eiπ(1.4), .80eiπ(1.7))−, (.20eiπ(1.1), .40eiπ(1.5), .70eiπ(1.6))+}

{l3l4, (.10eiπ(1.4), .40eiπ(1.5), .80eiπ(1.9))−, (.20eiπ(1.1), .40eiπ(1.4), .70eiπ(1.7))+}

l1 l2

l3l4

(l1l3)

(l3l4)

(l1l2)

Figure 5: Ḡ−Complement of SCNVSG.

Take the complement of the complement of a strong complex neutrosophic vague soft graph.

Let (S, P ) be a complement of the complement of an SCNVSS over V and let P = p be a set of pa-

rameters. The complement of the complement of a strong complex neutrosophic vague approximation

function S : P → P (V ) is defined by

S(p) =



{l1, (.30eiπ(1.3), .60eiπ(1.4), .50eiπ(1.5))−, (.50eiπ(1.2), .70eiπ(1.5), .40eiπ(1.4))+}

{l2, (.20eiπ(1.6), .80eiπ(1.3), .70eiπ(1.8))−, (.40eiπ(1.4), .50eiπ(1.4), .60eiπ(1.6))+}

{l3, (.10eiπ(1.4), .40eiπ(1.6), .80eiπ(1.7))−, (.20eiπ(1.1), .40eiπ(1.7), .70eiπ(1.6))+}

{l4, (.30eiπ(1.4), .70eiπ(1.5), .60eiπ(1.9))−, (.40eiπ(1.3), .80eiπ(1.4), .50eiπ(1.7))+}

SURIYAKUMAR G, V. J. SUDHAKAR, SYED TAHIR HUSSAINY and MANA DONGANONT,
Complex Neutrosophic Vague Soft Graphs

Neutrosophic Sets and Systems, Vol. 87, 2025                                                                               798



Let (K,P ) be a complement of the complement of an SCNVSS over E and let P = p be a set of pa-

rameters. The complement of the complement of a strong complex neutrosophic vague approximation

function K : P → P (E) is defined by

K(p) =


{l1l4, (.30eiπ(1.3), .60eiπ(1.4), .60eiπ(1.9))−, (.40eiπ(1.2), .70eiπ(1.4), .50eiπ(1.7))+}

{l2l3, (.10eiπ(1.4), .40eiπ(1.3), .80eiπ(1.8))−, (.20eiπ(1.1), .40eiπ(1.4), .70eiπ(1.6))+}

{l2l4, (.20eiπ(1.4), .70eiπ(1.3), .60eiπ(1.8))−, (.40eiπ(1.3), .50eiπ(1.4), .60eiπ(1.7))+}

l1 l2

l3l4

(l2l3)
(l1l3)

(l1l4)

Figure 6: ¯̄G - Complement of the complement of an SCNVSG.

Hence, G = ¯̄G.

Example 4. Consider a CNVSG G∗ =(V,E). Take a look at an SCNVSG G as shown in figure 7, the

complement of SCNVSG as shown in figure 8 and the complement of the complement of SCNVSG as

shown in 9, which shows it clearly.

Let strong complex neutrosophic vague soft graph G.

l1 l2

l3l4

(l1l2)

(l2l3)

(l3l4)

Figure 7: G - SCNVSG.
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Vertices:

S(p) =



{l1, (.60eiπ(1.3), .60eiπ(1.4), .30eiπ(1.5))−, (.70eiπ(1.2), .70eiπ(1.5), .20eiπ(1.4))+}

{l2, (.70eiπ(1.6), .80eiπ(1.3), .20eiπ(1.8))−, (.80eiπ(1.4), .50eiπ(1.4), .20eiπ(1.6))+}

{l3, (.50eiπ(1.4), .40eiπ(1.6), .50eiπ(1.7))−, (.60eiπ(1.1), .40eiπ(1.7), .30eiπ(1.6))+}

{l4, (.60eiπ(1.4), .70eiπ(1.5), .40eiπ(1.9))−, (.80eiπ(1.3), .80eiπ(1.4), .10eiπ(1.7))+}
Edges:

K(p) =


{l1l2, (.60eiπ(1.3), .60eiπ(1.3), .30eiπ(1.8))−, (.70eiπ(1.2), .50eiπ(1.4), .20eiπ(1.6))+}

{l2l3, (.50eiπ(1.4), .40eiπ(1.3), .50eiπ(1.8))−, (.60eiπ(1.1), .40eiπ(1.4), .30eiπ(1.6))+}

{l3l4, (.50eiπ(1.4), .40eiπ(1.5), .50eiπ(1.9))−, (.60eiπ(1.1), .40eiπ(1.4), .30eiπ(1.7))+}
Take the complement for a strong complex neutrosophic vague soft graph.

l1 l2

l3l4

(l1l3) (l2l4)(l1l4)

Figure 8: Ḡ−Complement of SCNVSG.

Vertices:

S(p) =



{l1, (.60eiπ(1.3), .60eiπ(1.4), .30eiπ(1.5))−, (.70eiπ(1.2), .70eiπ(1.5), .20eiπ(1.4))+}

{l2, (.70eiπ(1.6), .80eiπ(1.3), .20eiπ(1.8))−, (.80eiπ(1.4), .50eiπ(1.4), .20eiπ(1.6))+}

{l3, (.50eiπ(1.4), .40eiπ(1.6), .50eiπ(1.7))−, (.60eiπ(1.1), .40eiπ(1.7), .30eiπ(1.6))+}

{l4, (.60eiπ(1.4), .70eiπ(1.5), .40eiπ(1.9))−, (.80eiπ(1.3), .80eiπ(1.4), .10eiπ(1.7))+}
Edges:

K(p) =


{l1l3, (.50eiπ(1.3), .40eiπ(1.4), .50eiπ(1.7))−, (.60eiπ(1.1), .40eiπ(1.5), .30eiπ(1.6))+}

{l2l4, (.60eiπ(1.4), .70eiπ(1.3), .40eiπ(1.9))−, (.80eiπ(1.3), .50eiπ(1.4), .20eiπ(1.7))+}

{l1l4, (.60eiπ(1.3), .60eiπ(1.4), .40eiπ(1.9))−, (.70eiπ(1.2), .70eiπ(1.4), .20eiπ(1.7))+}
Take the complement of the complement of a strong complex neutrosophic vague soft graph.
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l1 l2

l3l4

(l1l2)

(l2l3)

(l3l4)

Figure 9: ¯̄G - Complement of the complement of an SCNVSG.

Vertices:

S(p) =



{l1, (.60eiπ(1.3), .60eiπ(1.4), .30eiπ(1.5))−, (.70eiπ(1.2), .70eiπ(1.5), .20eiπ(1.4))+}

{l2, (.70eiπ(1.6), .80eiπ(1.3), .20eiπ(1.8))−, (.80eiπ(1.4), .50eiπ(1.4), .20eiπ(1.6))+}

{l3, (.50eiπ(1.4), .40eiπ(1.6), .50eiπ(1.7))−, (.60eiπ(1.1), .40eiπ(1.7), .30eiπ(1.6))+}

{l4, (.60eiπ(1.4), .70eiπ(1.5), .40eiπ(1.9))−, (.80eiπ(1.3), .80eiπ(1.4), .10eiπ(1.7))+}
Edges:

K(p) =


{l1l2, (.60eiπ(1.3), .60eiπ(1.3), .30eiπ(1.8))−, (.70eiπ(1.2), .50eiπ(1.4), .20eiπ(1.6))+}

{l2l3, (.50eiπ(1.4), .40eiπ(1.3), .50eiπ(1.8))−, (.60eiπ(1.1), .40eiπ(1.4), .30eiπ(1.6))+}

{l3l4, (.50eiπ(1.4), .40eiπ(1.5), .50eiπ(1.9))−, (.60eiπ(1.1), .40eiπ(1.4), .30eiπ(1.7))+}
Hence, G is self-complementary.

Definition 15. A SCNVSG G is said to be self-complementary if it is isomorphic to its complement,

denoted by Ḡ. In this context, Ḡ represents the complement of the CNVSG G.

Proposition 2. Let G = (G∗, S,K, P ) be a strong complex neutrosophic vague soft graph if

ð−K(p)(lilj)e
iAK(p)(lilj) = min[ð−S(p)(li),ð

−
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)}

ð+K(p)(lilj)e
iAK(p)(lilj) = min[ð+S(p)(li),ð

+
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)}

ℑ−
K(p)(lilj)e

iBK(p)(lilj) = min[ℑ−
S(p)(li),ℑ

−
S(p)(lj)]e

imin{BS(p)(li),BS(lj)}

ℑ+
K(p)(lilj)e

iBK(p)(lilj) = min[ℑ+
S(p)(li),ℑ

+
S(p)(lj)]e

imin{BS(p)(li),BS(p)(lj)}

℘−
K(p)(lilj)e

iCK(p)(lilj) = max[℘−
S(p)(li), ℘

−
S(p)(lj)]e

imax{CS(p)(li),CS(p)(lj)}

℘+
K(p)(lilj)e

iCK(p)(lilj) = max[℘+
S(p)(li), ℘

+
S(p)(lj)]e

imax{CS(p)(li),CS(p)(lj)}
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for all lilj ∈ V and p ∈ P .

Then G is self-complementary.

Proof: Let G = (G∗, S,K, P ) be a SCNVSG such that

ð−K(p)(lilj)e
iAK(p)(lilj) = min[ð−S(p)(li), ð

−
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)}

ð+K(p)(lilj)e
iAK(p)(lilj) = min[ð+S(p)(li), ð

+
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)}

ℑ−
K(p)(lilj)e

iBK(p)(lilj) = min[ℑ−
S(p)(li),ℑ

−
S(p)(lj)]e

imin{BS(p)(li),BS(lj)}

ℑ+
K(p)(lilj)e

iBK(p)(lilj) = min[ℑ+
S(p)(li),ℑ

+
S(p)(lj)]e

imin{BS(p)(li),BS(p)(lj)}

℘−
K(p)(lilj)e

iCK(p)(lilj) = max[℘−
S(p)(li), ℘

−
S(p)(lj)]e

imax{CS(p)(li),CS(p)(lj)}

℘+
K(p)(lilj)e

iCK(p)(lilj) = max[℘+
S(p)(li), ℘

+
S(p)(lj)]e

imax{CS(p)(li),CS(p)(lj)}

for all lilj ∈ V and p ∈ P . Then G ≈ Ḡ under the identity map I : V → V.

Hence, G is self-complementary.

Proposition 3. Consider the SCNVSG G = (G∗, S,K, P ). Then∑
li ̸=lj

ð−K(p)(lilj)e
iAK(p)(lilj) = 1/2

∑
li ̸=lj

min[ð−S(p)(li), ð
−
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)}

∑
li ̸=lj

ð+K(p)(lilj)e
iAK(p)(lilj) = 1/2

∑
li ̸=lj

min[ð+S(p)(li), ð
+
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)}

∑
li ̸=lj

ℑ−
K(p)(lilj)e

iBK(p)(lilj) = 1/2
∑
li ̸=lj

min[ℑ−
S(p)(li),ℑ

−
S(p)(lj)]e

imin{BS(p)(li),BS(lj)}

∑
li ̸=lj

ℑ+
K(p)(lilj)e

iBK(p)(lilj) = 1/2
∑
li ̸=lj

min[ℑ+
S(p)(li),ℑ

+
S(p)(lj)]e

imin{BS(p)(li),BS(p)(lj)}

∑
li ̸=lj

℘−
K(p)(lilj)e

iCK(p)(lilj) = 1/2
∑
li ̸=lj

max[℘−
S(p)(li), ℘

−
S(p)(lj)]e

imax{CS(p)(li),CS(p)(lj)}

∑
li ̸=lj

℘+
K(p)(lilj)e

iCK(p)(lilj) = 1/2
∑
li ̸=lj

max[℘+
S(p)(li), ℘

+
S(p)(lj)]e

imax{CS(p)(li),CS(p)(lj)}

Proof: If G is a complex neutrosophic vague soft graph self-complementary. Then, an isomorphism

f : V1 → V2 that satisfies

ð̄−S(p)(f(li))e
iAS(p)(f(li)) = ð−S(p)(f(li))e

iAS(p)(f(li)) = ð−S(p)(li)e
iAS(p)(li)

ð̄+S(p)(f(li))e
iAS(p)(f(li)) = ð+S(p)(f(li))e

iAS(p)(f(li)) = ð+S(p)(li)e
iAS(p)(li)

ℑ̄−
S(p)(f(li))e

iBS(p)(f(li)) = ℑ−
S(p)(f(li))e

iBS(p)(f(li)) = ℑ−
S(p)(li)e

iBS(p)(li)

ℑ̄+
S(p)(f(li))e

iBS(p)(f(li)) = ℑ+
S(p)(f(li))e

iBS(p)(f(li)) = ℑ+
S(p)(li)e

iBS(p)(li)
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℘̄−
S(p)(f(li))e

iCS(p)(f(li)) = ℘−
S(p)(f(li))e

iCS(p)(f(li)) = ℘−
S(p)(li)e

iCS(p)(li)

℘̄+
S(p)(f(li))e

iCS(p)(f(li)) = ℘+
S(p)(f(li))e

iCS(p)(f(li)) = ℘+
S(p)(li)e

iCS(p)(li)

and

ð̄−K(p)(f(li)f(lj))e
iAK(p)(f(li)f(lj)) = ð−K(p)(f(li)f(lj))e

iAK(p)(f(li)f(lj)) = ð−K(p)(lilj)e
iAK(p)(lilj)

ð̄+K(p)(f(li)f(lj))e
iAK(p)(f(li)f(lj)) = ð+K(p)(f(li)f(lj))e

iAK(p)(f(li)f(lj)) = ð+K(p)(lilj)e
iAK(p)(lilj)

ℑ̄−
K(p)(f(li)f(lj))e

iBK(p)(f(li)f(lj)) = ℑ−
K(p)(f(li)f(lj))e

iBK(p)(f(li)f(lj)) = ℑ−
K(p)(lilj)e

iBK(p)(lilj)

ℑ̄+
K(p)(f(li)f(lj))e

iBK(p)(f(li)f(lj)) = ℑ+
K(p)(f(li)f(lj))e

iBK(p)(f(li)f(lj)) = ℑ+
K(p)(lilj)e

iBK(p)(lilj)

℘̄−
K(p)(f(li)f(lj))e

iCK(p)(f(li)f(lj)) = ℘−
K(p)(f(li)f(lj))e

iCK(p)(f(li)f(lj)) = ℘−
K(p)(lilj)e

iCK(p)(lilj)

℘̄+
K(p)(f(li)f(lj))e

iCK(p)(f(li)f(lj)) = ℘+
K(p)(f(li)f(lj))e

iCK(p)(f(li)f(lj)) = ℘+
K(p)(lilj)e

iCK(p)(lilj)

for all (lilj) ∈ E1

we have

ð̄−K(p)(f(li)f(lj))e
iAK(p)(f(li)f(lj)) = min[ð̄−S(p)(f(li)), ð̄

−
S(p)(f(lj))]e

imin{AS(p)(f(li)),AS(p)(f(lj))}

−ð−K(p)(f(li)f(lj))e
iAK(p)(f(li)f(lj))

i.e

ð−K(p)(f(li)f(lj))e
iAK(p)(f(li)f(lj)) = min[ð−S(p)(f(li)),ð

−
S(p)(f(lj))]e

imin{AS(p)(f(li)),AS(p)(f(lj))}

−ð−K(p)(f(li)f(lj))e
iAK(p)(f(li)f(lj))

ð−K(p)(lilj))e
iAK(p)(lilj) = min[ð−S(p)(li),ð

−
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)} − ð−K(p)(lilj))e
iAK(p)(lilj)

that is

∑
li ̸=lj

ð−K(p)(lilj)e
iAK(p)(lilj)+

∑
li ̸=lj

ð−K(p)(lilj)e
iAK(p)(lilj) =

∑
li ̸=lj

min[ð−S(p)(li),ð
−
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)}

similarly,∑
li ̸=lj

ð+K(p)(lilj)e
iAK(p)(lilj)+

∑
li ̸=lj

ð+K(p)(lilj)e
iAK(p)(lilj) =

∑
li ̸=lj

min[ð+S(p)(li),ð
+
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)}

∑
li ̸=lj

ℑ−
K(p)(lilj)e

iBK(p)(lilj)+
∑
li ̸=lj

ℑ−
K(p)(lilj)e

iBK(p)(lilj) =
∑
li ̸=lj

min[ℑ−
S(p)(li),ℑ

−
S(p)(lj)]e

imin{BS(p)(li),BS(p)(lj)}

∑
li ̸=lj

ℑ+
K(p)(lilj)e

iBK(p)(lilj)+
∑
li ̸=lj

ℑ+
K(p)(lilj)e

iBK(p)(lilj) =
∑
li ̸=lj

min[ℑ+
S(p)(li),ℑ

+
S(p)(lj)]e

imin{BS(p)(li),BS(p)(lj)}
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∑
li ̸=lj

℘−
K(p)(lilj)e

iCK(p)(lilj)+
∑
li ̸=lj

℘−
K(p)(lilj)e

iCK(p)(lilj) =
∑
li ̸=lj

max[℘−
S(p)(li), ℘

−
S(p)(lj)]e

imax{CS(p)(li),CS(p)(lj)}

∑
li ̸=lj

℘+
K(p)(lilj)e

iCK(p)(lilj)+
∑
li ̸=lj

℘+
K(p)(lilj)e

iCK(p)(lilj) =
∑
li ̸=lj

max[℘+
S(p)(li), ℘

+
S(p)(lj)]e

imax{CS(p)(li),CS(p)(lj)}

Then ∑
li ̸=lj

ð−K(p)(lilj)e
iAK(p)(lilj) = 1/2

∑
li ̸=lj

min[ð−S(p)(li), ð
−
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)}

∑
li ̸=lj

ð+K(p)(lilj)e
iAK(p)(lilj) = 1/2

∑
li ̸=lj

min[ð+S(p)(li), ð
+
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)}

∑
li ̸=lj

ℑ−
K(p)(lilj)e

iBK(p)(lilj) = 1/2
∑
li ̸=lj

min[ℑ−
S(p)(li),ℑ

−
S(p)(lj)]e

imin{BS(p)(li),BS(lj)}

∑
li ̸=lj

ℑ+
K(p)(lilj)e

iBK(p)(lilj) = 1/2
∑
li ̸=lj

min[ℑ+
S(p)(li),ℑ

+
S(p)(lj)]e

imin{BS(p)(li),BS(p)(lj)}

∑
li ̸=lj

℘−
K(p)(lilj)e

iCK(p)(lilj) = 1/2
∑
li ̸=lj

max[℘−
S(p)(li), ℘

−
S(p)(lj)]e

imax{CS(p)(li),CS(p)(lj)}

∑
li ̸=lj

℘+
K(p)(lilj)e

iCK(p)(lilj) = 1/2
∑
li ̸=lj

max[℘+
S(p)(li), ℘

+
S(p)(lj)]e

imax{CS(p)(li),CS(p)(lj)}

Proposition 4. Consider the complement of SCNVSG Ḡ1 ≈ Ḡ2 (isomorphism) and G1 and G2.

Proof: There exists a bijection f : V1 → V2 such that the graphs G1 and G2 are isomorphic under

this mapping.

ð−S1(p)
(li)e

iAS1(p)
(li) = ð−S2(p)

(f(li))e
iAS2(p)

(f(li)), ð+S1(p)
(li)e

iAS1(p)
(li) = ð+S2(p)

(f(li))e
iAS2(p)

(f(li))

ℑ−
S1(p)

(li)e
iBS1(p)

(li) = ℑ−
S2(p)

(f(li))e
iBS2(p)

(f(li)),ℑ+
S1(p)

(li)e
iBS1(p)

(li) = ℑ+
S2(p)

(f(li))e
iBS2(p)

(f(li))

℘−
S1(p)

(li)e
iCS1(p)

(li) = ℘−
S2(p)

(f(li))e
iCS2(p)

(f(li)), ℘+
S1(p)

(li)e
iCS1(p)

(li) = ℘+
S2(p)

(f(li))e
iCS2(p)

(f(li))

for all li ∈ S1

and

ð−K1(p)
(lilj)e

iAK1(p)
(lilj) = ð−K2(p)

(f(li)f(lj))e
iAK2(p)

(f(li)f(lj)),

ð+K1(p)
(lilj)e

iAK1(p)
(lilj) = ð+K2(p)

(f(li)f(lj))e
iAK2(p)

(f(li)f(lj))

ℑ−
K1(p)

(lilj)e
iBK1(p)

(lilj) = ℑ−
K2(p)

(f(li)f(lj))e
iBK2(p)

(f(li)f(lj)),

ℑ+
K1(p)

(lilj)e
iBK1(p)

(lilj) = ℑ+
K2(p)

(f(li)f(lj))e
iBK2(p)

(f(li)f(lj))

℘−
K1(p)

(lilj)e
iCK1(p)

(lilj) = ℘−
K2(p)

(f(li)f(lj))e
iCK2(p)

(f(li)f(lj)),

℘+
K1(p)

(lilj)e
iCK1(p)

(lilj) = ℘+
K2(p)

(f(li)f(lj))e
iCK2(p)

(f(li)f(lj))
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for all lilj ∈ K and p ∈ P

we have

ð̄−K1(p)
(lilj)e

iAK(p)(lilj) = min[ð−S1(p)
(li), ð−S1(p)

(lj)]e
imin{AS1(p)

(li),AS(p)(lj)} − ð−K1(p)
(lilj)e

iAK(p)(lilj)

= min[ð−S2(p)
(f(li)), ð−S2(p)

(f(lj))]e
imin{AS2(p)

(f(li)),AS(p)(f(lj))}

− ð−K2(p)
(f(li)f(lj))e

iAK(p)(f(li)f(lj))

= ð̄−K2(p)
(f(li)f(lj))e

iAK(p)(f(li)f(lj))

ℑ̄−
K1(p)

(lilj)e
iBK(p)(lilj) = min[ℑ−

S1(p)
(li),ℑ−

S1(p)
(lj)]e

imin{BS1(p)
(li),BS(p)(lj)} −ℑ−

K1(p)
(lilj)e

iBK(p)(lilj)

= min[ℑ−
S2(p)

(f(li)),ℑ−
S2(p)

(f(lj))]e
imin{BS2(p)

(f(li)),BS(p)(f(lj))}

−ℑ−
K2(p)

(f(li)f(lj))e
iBK(p)(f(li)f(lj))

= ℑ̄−
K2(p)

(f(li)f(lj))e
iBK(p)(f(li)f(lj))

℘̄−
K1(p)

(lilj)e
iCK(p)(lilj) = min[℘−

S1(p)
(li), ℘

−
S1(p)

(lj)]e
imin{CS1(p)

(li),CS(p)(lj)} − ℘−
K1(p)

(lilj)e
iCK(p)(lilj)

= min[℘−
S2(p)

(f(li)), ℘
−
S2(p)

(f(lj))]e
imin{CS2(p)

(f(li)),CS(p)(f(lj))}

− ℘−
K2(p)

(f(li)f(lj))e
iCK(p)(f(li)f(lj))

= ℘̄−
K2(p)

(f(li)f(lj))e
iCK(p)(f(li)f(lj))

ð̄+K1(p)
(lilj)e

iAK(p)(lilj) = min[ð+S1(p)
(li),ð−S1(p)

(lj)]e
imin{AS1(p)

(li),AS(p)(lj)} − ð+K1(p)
(lilj)e

iAK(p)(lilj)

= min[ð+S2(p)
(f(li)),ð−S2(p)

(f(lj))]e
imin{AS2(p)

(f(li)),AS(p)(f(lj))}

− ð+K2(p)
(f(li)f(lj))e

iAK(p)(f(li)f(lj))

= ð̄+K2(p)
(f(li)f(lj))e

iAK(p)(f(li)f(lj))

ℑ̄+
K1(p)

(lilj)e
iBK(p)(lilj) = min[ℑ+

S1(p)
(li),ℑ+

S1(p)
(lj)]e

imin{BS1(p)
(li),BS(p)(lj)} −ℑ+

K1(p)
(lilj)e

iBK(p)(lilj)

= min[ℑ+
S2(p)

(f(li)),ℑ+
S2(p)

(f(lj))]e
imin{BS2(p)

(f(li)),BS(p)(f(lj))}

−ℑ+
K2(p)

(f(li)f(lj))e
iBK(p)(f(li)f(lj))

= ℑ̄+
K2(p)

(f(li)f(lj))e
iBK(p)(f(li)f(lj))
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℘̄+
K1(p)

(lilj)e
iCK(p)(lilj) = min[℘−

S1(p)
(li), ℘

+
S1(p)

(lj)]e
imin{CS1(p)

(li),CS(p)(lj)} − ℘+
K1(p)

(lilj)e
iCK(p)(lilj)

= min[℘−
S2(p)

(f(li)), ℘
+
S2(p)

(f(lj))]e
imin{CS2(p)

(f(li)),CS(p)(f(lj))}

− ℘+
K2(p)

(f(li)f(lj))e
iCK(p)(f(li)f(lj))

= ℘̄+
K2(p)

(f(li)f(lj))e
iCK(p)(f(li)f(lj))

for all (lilj) ∈ k and p ∈ P

Hence Ḡ1 ≈ Ḡ2.

Definition 16. Let G = (G∗, S,K, P ) be a complete complex neutrosophic vague soft graph, where

G∗ = (V,E). The complement of G, denoted by Ḡ = (S̄, K̄), is defined as another complex neutro-

sophic vague soft graph over the same underlying structure G∗ = (V̄ , Ē), where:

(1) The vertex set remains unchanged, i.e., V̄ = V .

(2) The complex neutrosophic vague soft values on vertices are preserved:

ð̄−S(p)(li)e
iAS(p)(li) = ð−S(p)(li)e

iAS(p)(li), ð̄+S(p)(li)e
iAS(p)(li) = ð+S(p)(li)e

iAS(p)(li),

ℑ̄−
S(p)(li)e

iBS(p)(li) = ℑ−
S(p)(li)e

iBS(p)(li), ℑ̄+
S(p)(li)e

iBS(p)(li) = ℑ+
S(p)(li)e

iBS(p)(li),

℘̄−
S(p)(li)e

iCS(p)(li) = ℘−
S(p)(li)e

iCS(p)(li), ℘̄+
S(p)(li)e

iCS(p)(li) = ℘+
S(p)(li)e

iCS(p)(li).

(3) The complex neutrosophic vague soft edge functions of the complement K̄ are defined as:

ð̄−K(p)(lilj)e
iAK(p)(lilj) = min[ð−S(p)(li), ð

−
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)} − ð−K(p)(lilj)e
iAK(p)(lilj),

ð̄+K(p)(lilj)e
iAK(p)(lilj) = min[ð+S(p)(li), ð

+
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)} − ð+K(p)(lilj)e
iAK(p)(lilj),

ℑ̄−
K(p)(lilj)e

iBK(p)(lilj) = min[ℑ−
S(p)(li),ℑ

−
S(p)(lj)]e

imin{BS(p)(li),BS(p)(lj)} −ℑ−
K(p)(lilj)e

iBK(p)(lilj),

ℑ̄+
K(p)(lilj)e

iBK(p)(lilj) = min[ℑ+
S(p)(li),ℑ

+
S(p)(lj)]e

imin{BS(p)(li),BS(p)(lj)} −ℑ+
K(p)(lilj)e

iBK(p)(lilj),

℘̄−
K(p)(lilj)e

iCK(p)(lilj) = max[℘−
S(p)(li), ℘

−
S(p)(lj)]e

imax{CS(p)(li),CS(p)(lj)} − ℘−
K(p)(lilj)e

iCK(p)(lilj),

℘̄+
K(p)(lilj)e

iCK(p)(lilj) = max[℘+
S(p)(li), ℘

+
S(p)(lj)]e

imax{CS(p)(li),CS(p)(lj)} − ℘+
K(p)(lilj)e

iCK(p)(lilj),

for all lilj ∈ E and for each p ∈ P .

Proposition 5. Consider the complement of a complete complex neutrosophic vague soft graph that

contains no edges. In this case, if G is a complete graph, then its complement Ḡ contains no edges,

i.e., the edge set of Ḡ is empty.
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Proof: Consider the graph G = (G∗, S,K, P ), which represents the complement of a complete

complex neutrosophic vague soft graph.

ð̄−K(p)(lilj)e
iAK(p)(lilj) = min[ð−S(p)(li), ð

−
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)}

ð̄+K(p)(lilj)e
iAK(p)(lilj) = min[ð+S(p)(li), ð

+
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)}

ℑ̄−
K(p)(lilj)e

iBK(p)(lilj) = min[ℑ−
S(p)(li),ℑ

−
S(p)(lj)]e

imin{BS(p)(li),BS(p)(lj)}

ℑ̄+
K(p)(lilj)e

iBK(p)(lilj) = min[ℑ+
S(p)(li),ℑ

+
S(p)(lj)]e

imin{BS(p)(li),BS(p)(lj)}

℘̄−
K(p)(lilj)e

iAK(p)(lilj) = max[℘−
S(p)(li), ℘

−
S(p)(lj)]e

imax{CS(p)(li),CS(p)(lj)}

℘̄+
K(p)(lilj)e

iCK(p)(lilj) = max[℘+
S(p)(li), ℘

+
S(p)(lj)]e

imax{CS(p)(li),CS(p)(lj)}

for all lilj ∈ V and p ∈ P

Hence in Ḡ,

ð̄−K(p)(lilj)e
iAK(p)(lilj) = min[ð−S(p)(li), ð

−
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)} − ð−K(p)(lilj)e
iAK(p)(lilj)

= min[ð−S(p)(li), ð
−
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)}

−min[ð−S(p)(li),ð
−
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)}

= 0,∀i, j, ..., n

ð̄+K(p)(lilj)e
iAK(p)(lilj) = min[ð+S(p)(li), ð

+
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)} − ð+K(p)(lilj)e
iAK(p)(lilj)

= min[ð+S(p)(li), ð
+
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)}

−min[ð+S(p)(li),ð
+
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)}

= 0,∀i, j, ..., n

ℑ̄−
K(p)(lilj)e

iAK(p)(lilj) = min[ℑ−
S(p)(li),ℑ

−
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)} −ℑ−
K(p)(lilj)e

iAK(p)(lilj)

= min[ℑ−
S(p)(li),ℑ

+
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)}

−min[ℑ−
S(p)(li),ℑ

−
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)}

= 0,∀i, j, ..., n
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ℑ̄+
K(p)(lilj)e

iAK(p)(lilj) = min[ℑ+
S(p)(li),ℑ

+
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)} −ℑ+
K(p)(lilj)e

iAK(p)(lilj)

= min[ℑ+
S(p)(li),ℑ

+
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)}

−min[ℑ+
S(p)(li),ℑ

+
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)}

= 0,∀i, j, ..., n

℘̄−
K(p)(lilj)e

iAK(p)(lilj) = min[℘−
S(p)(li), ℘

−
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)} − ℘−
K(p)(lilj)e

iAK(p)(lilj)

= min[℘−
S(p)(li), ℘

−
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)}

−min[℘−
S(p)(li), ℘

−
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)}

= 0, ∀i, j, ..., n

℘̄+
K(p)(lilj)e

iAK(p)(lilj) = min[℘+
S(p)(li), ℘

+
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)} − ℘+
K(p)(lilj)e

iAK(p)(lilj)

= min[℘+
S(p)(li), ℘

+
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)}

−min[℘+
S(p)(li), ℘

+
S(p)(lj)]e

imin{AS(p)(li),AS(p)(lj)}

= 0, ∀i, j, ..., n

Thus

(ð̄K(p)(lilj)e
iAK(p)(lilj), ℑ̄K(p)(lilj)e

iBK(p)(lilj), ℘̄K(p)(lilj)e
iCK(p)(lilj))− = (0, 0, 0)−

(ð̄K(p)(lilj)e
iAK(p)(lilj), ℑ̄K(p)(lilj)e

iBK(p)(lilj), ℘̄K(p)(lilj)e
iCK(p)(lilj))+ = (0, 0, 0)+

Consequently, if G represents a complete complex neutrosophic vague soft graph, then the edge set

of its complement, denoted by Ḡ, is void.

4. Conclusion

This work focuses on the innovative concept of complex neutrosophic vague soft graphs. Ad-

ditionally, it explores several fundamental properties of strong, complete, complementary, and self-

complementary types of complex neutrosophic vague soft graphs. The introduced notions are further

elucidated through pertinent examples. Future work will emphasize operations related to complex

neutrosophic vague soft graphs, particularly their regular forms and other variants. The framework of

complex neutrosophic vague soft graphs holds potential for diverse applications, such as social net-

work analysis, recommendation systems, traffic modeling, and transportation systems.
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