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1. Introduction

Since its inception by Zadeh in 1965 [14], the theory of fuzzy sets has transformed the way we
model membership via a continuous degree ¢ € [0,1]. In 1986, Atanassov expanded this frame-
work with intuitionistic fuzzy sets, introducing a second parameter f for non-membership,
subject to the constraint ¢t + f < 1 |I]. While this ensures consistency between member-
ship and non-membership, it limits the ability to handle contradictory or entirely unknown
information.

To overcome these limitations, Smarandache developed the theory of neutrosophy and the
corresponding neutrosophic sets between 1995 and 1998 [10,/11]. In this setting, each element is
described by three independent components—truth ¢, indeterminacy 4, and falsehood f—with

no restriction on the sum ¢+ i+ f. This added flexibility makes neutrosophic sets particularly
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well-suited for representing incomplete, inconsistent, or inherently indeterminate information,
and has led to applications in logic, algebra, decision-making, and information theory.

Despite extensive applied work, the algebraic and categorical structure of neutrosophic M -
groups remains underdeveloped, especially regarding inverse and direct systems. Such con-
structions are crucial both for functorial considerations and for understanding whether exact-
ness properties are preserved under limits.

In this paper, we fill this gap by developing the algebraic and categorical theory of neutro-
sophic M-groups through the introduction of inverse and direct systems. Drawing inspiration
from the frameworks in [3/4], we establish key structural properties of these systems and ex-
amine the behavior of their limits. In particular, we prove criteria under which inverse and
direct limits of exact sequences of neutrosophic M-groups themselves remain exact.

In Section [2| we recall the basic definitions and notational conventions for neutrosophic M-
groups, along with the necessary categorical and topological background. Section [3|is devoted
to inverse systems of neutrosophic M-groups: we introduce their morphisms, establish funda-
mental properties, and prove conditions under which inverse limits preserve exact sequences.
In Section [4] we develop the theory of direct systems and prove analogous results for direct
limits. Finally, in Section [5| we summarise the main contributions and suggest directions for

future developments.

2. Preliminaries

Before giving the formal definitions, we first discuss the intuition behind neutrosophic M-
groups and explain why their categorical and topological underpinnings are essential. Neutro-
sophic structures arise naturally when one wishes to handle simultaneously degrees of truth,
falsity, and indeterminacy in an algebraic setting; the extra flexibility of allowing these three
components to vary independently leads to richer notions of subgroup, quotient and limit.
Moreover, viewing neutrosophic M-groups as objects in a category with well-behaved prod-
ucts, coproducts and (co)kernels provides the groundwork for studying inverse and direct

systems in later sections.

Definition 2.1. [10,12] Let U be an initial universe set, a neutrosophic set (more, precisely

a single valued neutrosophic set) over U, denoted by A = (1, &,7) is a set of the form

A= {(z, p(2),&(2),v(x)) : x € U}

where p : U = I, £ : U = I and v : U — [ are the truth function, the indeterminacy
function and the falsity function of A, respectively and I = [0,1] is the unit interval of the real
line. For every x € U, p(z), £(z) and y(z) are said the degree of truth (or membership), the

degree of indeterminacy and the degree of falsity (or non-membership) of x in A, respectively.
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Throughout the paper, we also refer to u, &,y as modular grade functions. Moreover, for the
neutrosophic set A having initial universe U and modular grade functions u,& and vy, in order

to simplify the notation we denote it by A = (u,&,7vy) or A= (1, &,7)u.-

Definition 2.2. Let (G,0) be an abelian group and M be a set. Given an exterior operation
M x G — G, G is called an M-group if m(a ob) = (ma) o (mb) for all a,b € G and for all
me M.

Remark 2.3. Let (G,0) be an M-group. Denoted by 1 the identity of G, we can deduce that

mlg = 1g and mx~! = (mx)~! for allm € M and for all z € G.

Example 2.4. Every ring (R, +, X) is trivially an M-group where M = R and the operation
: M x R — R coincide with x.

Definition 2.5. Let (G, o) be an M-group. We say that G’ is a subgroup of G if

e Forallz,y € G, we have xoy~' € G'.
e For allm € M and for all x € G' we have mx € G'.

Observe that, if G' is subgroup of G, then quotient group G/G' is also an M-group where the

exterior operation is naturally induced by the operation - : M x G — G.

Definition 2.6. A neutrosophic set A = (u,&,7) on a group (G, o) is said to be a neutrosophic
group if G is the initial universe set of A and the following holds:

(1) p(x oy) > min{p(z), n(y)},
(2) &(zoy) = min{{(z), £(y)},
(3) 7w oy) < max{y(z),7(y)},
(4) w(z™") = p(z),
(5) &(z71) = €(2),
(6) v(z71) = y(z),
for all x,y € G. Moreover, if 0 is the unit of G, then u(0) = £(0) =1 and v(0) = 0.

Definition 2.7. Let a group (G,o) be M-group. A neutrosophic set A = (u,&,v) on a M-
group (G, o) is a neutrosophic M-group if G is the initial universe set of A and the following
holds:

(1) p(m(z oy)) = min{p(mz), p(my)},
(2) &(m(x oy)) > min{¢(mz),{(my)},
(3) v(m(z oy)) < max{y(mz),y(my)},
(4) w(ma~") = p(maz),
(5) &(ma~") = (ma),
(6) v(ma™') = ~y(mz),
forallm e M, x,y € G. Moreover, if 0 is the unit of G, then p(0) = £(0) =1 and v(0) = 0.
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3. Inverse system of neutrosophic M-groups

In this paper, A = (i, &, ) denotes a neutrosophic M-group of G. We denote this M-group
by (1,&,7)g. Recall that if G and G’ are M-groups, a group homomorphism f : G — G’ is
homomorphism of M-groups if f(ma) = mf(a) for all a € G and for all m € M. Moreover,
the sets ker(f) = {x € G| f(z) = 0} and Im(f) = {y € G’ | y = f(x) for some z € G} are
M-groups, and in particular they are subgroup of G and G’ respectively.

Definition 3.1. Let f : G — G be an homomorphism of M-groups. The related function
(&) — (W, €,9)qr is called a homomorphism of neutrosophic M -groups if u'(f(z)) >
w(x), €(f(x)) > &(x) and v/ (f(x)) < v(x) are satisfied. Neutrosophic M-groups and their

morphisms form a category. We denote this category by N-Mg.

Remark 3.2. Let (u,&,7)g be a neutrosophic M-group, let H be an M-group and let f :
G — H be an M -group homomorphism. Now, as stated in the following result, we can define a
neutrosophic M -group structure on H by considering the neutrosophic image f(G) (see [5,7/8])
which is the neutrosophic set (uf, €7, 7Y defined by:

sup  p(x) if £ ({y)) £ 0
py) =4 =l i) :
1 otherwise
sup  &(x) if £ ({wh) # 0
y) =4 e |
L 1 otherwise
- o
D B (L R A
0 otherwise

for everyy € H.

Proposition 3.3. Let f : G — H, with the notation above. If G is a neutrosophic M -group,
then (,uf,ff,’yf)H is a neutrosophic M-group. In particular, f : (u,&,7)a — (u/, &5,y ) g is

a homomorphism of neutrosophic M -groups.

Proof. Let us prove that uf (m(y; oy2)) > min{u/ (mz), uf (my)}. By definition we know that
w! (m(y1 0 y2)) > p(x), for all x € G such that f(z) = m(y; o y2) and let 21,22 € G such
that o (my1) = p(e1) and ! (mys) = p(es), in particular f(z1) = my, and f(z2) = mys.
We have f(z1 0 22) = f(z1) o f(x2) = my1 o myz = m(y1 o y2). Therefore, uf (m(y1 0 y2)) >
p(zy o x2) > min{(u(zy), u(z2)} = {(pf (ma1), u/ (mas)}. Using the same arguments, it is
possible to obtain the other conditions of M-group. In a similar way one can prove all the

other conditions.
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Remark 3.4. If G is an M-group and (n,0,v) g is an neutrosophic M-group and f : G — H
is a homomorphism of M -groups, then we can define a neutrosophic M -group structure in G
by ng(x) = n(f(x)), Or(x) = 0(f(x)), ve(x) = v(f(x)). Hence, it is clear that (ns,0f,v¢)q is
a neutrosophic M-group and f : (ns,0f,vf)a = (1,0,v)n is a homomorphism of neutrosophic

M -groups.

Lemma 3.5. Let G and H be M-groups and let f : G — H be an M-group homomorphism.
The following holds:

(1) If (1, &,v)a is a neutrosophic M -group, then for every modular grade functions (n,0,v)
on H, f: (u,&,v)a — (n,0,v)g is a neutrosophic homomorphism if and only if
n>ph 0> v <yl

(2) If (n,0,v)m is a neutrosophic M-group, then for every modular grade functions (u, &, )
on G, f:(u,&v)a — (n,0,v)g is a neutrosophic homomorphism if and only if pu <
np 8§ <0y 2 vy

Proof. 1t is straightforward.

Definition 3.6. Given an M-group H, and (n1,01,11), (n2,02,v2) modular grade functions
on H, we say that (n1,61,1v1) is smaller than (n2,02,v2) if m(x) < ne(x), O1(x) < O2(x) and
vi(xz) > vo(x) for every x € H. This definition provides a partial order in the set of modular

grade functions.

Let A be a set and { f;};cs be a family of functions f; : A — [0,1]. We define the following
functions
\/fi :A—[0,1] defined by x> sup{fi(z)|i€ I}
i€l
/\fi :A—[0,1] defined by x+—— inf{f;(z)|ie I}
el
Lemma 3.7. (1) Given M-groups {Go}aca, H and a family of M -group homomorphisms
A= {fa:Ga = H}aen, if {(ftas Ea, Vo )Go Yaen s a family of neutrosophic M -groups,
then there exists the smallest grade functions n = ,uX = pllet g = £X = ¢lfed =
'yX = ~Uet such that, for all o € A, f 2 (jias Eas Yo )G — (1,0,1) 5 is a neutrosophic
homomorphism.
(2) Given M-groups G,{Hpy}aecn and a family of M-group homomorphisms B = {g :
G — Ha}toen if {(MasOas Vo) H, Yaca 18 a family of neutrosophic M -groups, then there
exist the largest grade functions p = np = ngpy, £ =0 =051, v =vB = v,y such

that, for all « € A, f: (1, &,7)a = Moy Oas Va) 1, is a neutrosophic homomorphism.
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Proof. (1). Let =y = \ ple,0=¢" =V eev=1>= A\ A
a€eA

acA aEA
(2). Let u=np= A na)fa-§=0= A (ba)s..v=vB=V (Wa)s.- 0O
a€A acA acA

By using this lemma, we define subgroup, quotient M-group, product and co-product
operations in the category of neutrosophic M-groups. If (u,&,7)e is a neutrosophic M-
group and H C G is a subgroup, then (u|H,{|H,y|H)y is a neutrosophic subgroup of
(1, &,7)g. If (1,&,v)g is a neutrosophic M-group and p : G — G/ ~ is a canonical ho-
momorphism, then (u?,&P,9P)q/~ is a quotient M-group of (u,&,v)g. Hence, for each ho-
momorphism of neutrosophic M-groups f : (u,&,v)a — (1,0,v)H, a neutrosophic subgroups
(p|ker f,&|ker f,y|ker f)rery and the neutrosophic quotient M-group (9,607, V) g/, ¢ are ob-
tained, where p : H — H|Imf is a canonical homomorphism. If {(ta,&asVa)G, taca 1S a

family of neutrosophic M-groups, then we define product of this family by (ua,£4,74) 1 Ga

acA

where A = {770“ [ Goa — Ga} is a family of the usual projection maps. Co-product of
acA acA

this family is (,uB,gB,yB)Z G.» Where B = {ia, Ga — >, Ga} is a family of the usual
acA aEA
injections.

The following theorem is easily proved.

Theorem 3.8. The category of neutrosophic M -groups has zero objects, sums, products, ker-

nels and co-kernels.

Definition 3.9. Any functor D : A — N — Mg(D : A — N — Mg), where A is a directed
set (considered as a category), is called an inverse (direct) system of neutrosophic M -groups,

the limit of D is called a limit of the inverse (direct) system. Let
(H7 éa l)Q = {(Mon gaa f)/a)Gaaga/a}OéEA (1)

be an inverse system of neutrosophic M-groups. A = {Wa, I Ga — Ga} be a family of
aEA acA

projections and (pa,&a,YA) 1 G. be a direct product of the neutrosophic M-groups. Then we

acA

obtain a neutrosophic subgroup (,uAujLnGa,§A|@1Ga,’m\l'&n6‘a)@ga, where yLnGa is a limit

of an inverse system of M-groups {Ga}acna.

Theorem
3.10. FEvery inverse system in representation has a limit in the category of N-Mg, and
this limit is equal to the a neutrosophic subgroup (uﬂ@nGa,§A|@GQ,VA|@GQ)@GQ.

Proof. It suffices to show that, there exists a unique homomorphism of neutrosophic M-groups

P (n,0,v)g — (,U,A|@1G0“6A“£1Ga,’}/A|£DGO¢)£1LHGQ, which makes the following diagram is

commutative:
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Do
(777 0, V)H — (May fou ’Va)Ga

|

(:U’A |@Gaa gA ’@Ga, ’7A|@Ga)1(i£1Ga

Here, for every neutrosophic M-group (n,60,v)y and «a < o/, it holds that {@g : (n,0,v)g —
(Lo, s Yo )Gy faen 1s a family of homomorphism of neutrosophic M-groups, which makes up

the following diagram is commutative:

Do
(77> 67 V)H — (Naa gaa 'Ya)Ga

gy
p7

(:uo/a £a’a fYa’)Ga,

Also, 7, : (MA|L£HGQ,£A|@GQ,VA\@Ga)mGa — (ta,&asYa)a, is a canonical projection.
We define ¢ : H — @Ga as a homomorphism of M-groups such that for every x € H,
(z) = {pa(®)}aca. The homorphism ¢ is unique by the definition of HmGy. So it is
sufficent to show that ¢ : (n,0,v)g — (MA\@Ga,gA\@Ga,VA]@GQ)@GQ is a homomor-
phism of neutrosophic M-groups. Since @5 : (1,60,v)g — (ta,EasVa)G, i @ homomorphism
of neutrosophic M-groups for every a € A, the conditions pq(pa(x)) > n(x),&a(palx)) >
0(z),va(pa(z)) < v(x) are satisfied for every € H. Therefore, we obtain the conditions

pa{palz)}) = é\Aua(wa(w)) > n(x), Ea{pa(2)}) = é\Afa(soa(flf)) 2 0(x),7a({palr)}) =

V Yalpal(z)) < v(x). It is clear that lim is a functor from the category of inverse system of
a€cA
neutrosophic M-groups to the category of neutrosophic M-groups.

Let us review the problem of exact limit for inverse systems of exact sequences.
Definition 3.11. A sequence of homomorphisms

fn— fn
e — (//Jnflagn*lavnfl)anl —1> (ngna’Yn)Gn — (Nn+1a£n+177n+l)Gn+1 — (2)

of mneutrosophic M-groups 1is said to be a mneutrosophic exact if and only if
(nlImfn—1, &l Im fr—1, ynlImfn_1) = (un|ker fn, Enlker fr, ynlker fr), for every n € Z.
Ezactness of will necessarily provide exactness of

fnfl fnfl

anl Gn f—n> Gn+1 — (3)

since equality of two neutrosophic sets is just the equality of their respective maps, that implies
the equality of their corresponding domains (that is, kerf, = Imfn,_1). On the other hand,
exactness of does not necessarily imply exactness of .
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Example 3.12. Let G, = Z, G, = Z, Gl = Zs be M-groups where M = 7 and using the

usual ring operation, for all n € N. Then,

G = ({Gn}nENa {anrln : Gn+1 — Gna pn+1n(m) = 3m})7

Q/ = ({G;}neNa {Qn+1n : Giﬁ-l — G;m QnJrln(m) = 3m})7

G" = ({Gi}nen {rnsin = Gy = Grly ragan(m) = [ml})

are inverse systems of M-groups and f = {fn : GI, = Gyu|fa(m) = 2m}, g = {gn : Gn —
G"|gn(m) = [m]} are morphisms of inverse systems. The following sequence 0 — G’ ER [
G" — 0 is short exact sequence of inverse systems of M-groups. Taking the inverse limits of
this sequence into consideration, the sequence 0 — 0 — 0 — Zg — 0 is not exact. As it is
seen, the limit of inverse system of exact sequence of M -groups is not exact and, obviously,

the same happens equipping the M -groups with a neutrosophic structure.

It is known that in order to the inverse limit preserve short exact sequence of inverse system,
it is necessary to define derivative functor of inverse limit functor in N-Mg see |13, Chapter 3].
For this notion we get the inverse system in , assuming the set of indices A is equal to N,
and using additive notation for the groups G,. For a, o’ € N, we use the notation o < o/ to

denote o/ = o + 1. Consider the homomorphism of M-groups

d:[[Ga— ][] Ga (4)

defined by the formula: d({zs}) = {Ta — Pa’a(Ta/) }a<a- We show that d is a homomorphism
of neutrosophic M-groups. Indeed,

MA(d({mCY}» - MA({xa_pa’a(xa’)}a<a’)
{l\ua(xa - pcx’a(xa’))

Y

{X\ min{ua(l“a), Ma(po/a(‘ro/))}

v

/a\min{ua(xa),u’a(xa/)} (o pa(Para(Tar)) = par(zar))
{l\(ﬂa(xcx) A fo(xa’))

/a\ ,ua(xoa)
= pal{zal),
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gA(d({$a})) = gA({xa_pa’a(xa/)}a-«l’)
= {l\ga(-ra_pa’a(xa/))

Amin{éa(za), o (Paralrar))}
{l\miﬂ{fa(%)vf&(%')} (. &alPaal@ar)) 2 L (zar))
N(Ea(za) A Ea(Tar))

= N&alwo)

= &a{za}),

ARV

’}/A(d(l'a)) = ’YA({xa - pa’a($a’)}o¢-<o/)
\.{ 'Ya(xa - pa’a(xa’))

IN

!maX{%(%%’Ya(pa'a(xa'))} (. YalParalrar)) < Yar(ar))
gmax{%y(wa), Yo' (ar) }

\‘{(%(fﬁa) VY(Tar))

V0 (a)

= va({za})

Then, d is a homomorphism of neutrosophic M-groups. So, (pual|ker d,&alker d,yalker d)ker 4

I IA

and ((14)P, (€4)P, (74)P)coker 4, Where p is the canonical map defined by z — = + Im(d), are
defined.

For inverse system of M-groups {Ga,Po/a }acn, the M-group @(I)Ga = [[Ga/Imd is the
derivative functor [6]. "

frn:[][Ga — T&n“%?a is a canonical homomorphism, we can define a neutrosophic M-
(0%

group by ((#a)™), (§a)™, (M)”)yinmaa-

Definition 3.13. ((1a)™, (£4)™, (vA)" )im, 4 called “first derived functor” of limit of the
<—
inverse system of neutrosophic M -groups given in with A = N and o/ = a+ 1 (that we

always assume from now on).

The definition of l'&nm allows to define a functor from the category of inverse system to
the category of M-groups, considering known result in homological algebra (see [13]). In the
next result, we prove that it is also a functor if the objects are equipped with a neutrosophic
structure, that is, a functor from the category of neutrosophic inverse system to the category

of neutrosophic M-groups.

Proposition 3.14. @1(1) s a functor from the category of neutrosophic inverse system to the

category of neutrosophic M -groups.
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Proof. Let
A= {(Mmgm'Vn)Gnaanrl,n i Gp1 = Gn}neNv B = {(nn, On, Vn)NnaQnJrl,n : Npy1 — Nn}neN

be inverse systems and f = (f, : G, — Np)nen be a nutrosophic morphism (in particular,
every morphism f,, is neutrosophic) from A to B. We need to prove that the homomorphism
of M-groups

bW F : ((pa)", (€)™, () Dgm g, — ((18)7 (08) (V) ) jmio) v,

(ZEn)nEN + Imd — (fn(xn))neN + Imd

is a is also an homomorphism of neutrosophic M-groups. Denoted = = (z,,)nen and f(x) =

(fn(zn))nen, this fact is proved considering the inequalities:

(a)™(z+Imd) = sup pa(z+2)
ze€lmd

= sup sup pp(z+ 2)
neN zelmd

< sup sup u(f(7 +2)
neN zelmd

= sup na(f(z+2))

zelmd

= sup na(f(z)+ f(2))

ze€lmd

= sup na(f(z)+y)
y=f(2)

< sup na(f(z)+y)
yelmd

— ()" (i F (2 + Imd)),

and similarly, we have also the following:

((a)™(z+1Imd) = sup &a
z€Imd

2)

< sup Oa(f(z+2))
ze€lmd

(z +

(

= sup Oa(f(z) + f(2))
zelmd

= sup Oa(f(z) +y)
y=/(2)

< sup a(f(z) +y)
yelmd

= (04)"(tmF(x + Imd)),

(yA)™(z + Imd) = Elrllf ya(z + 2)

f
zenflmd VB f($ + Z)

[ Y
5 5
M 3
<
o? S
— —
~
—~
8

v
=3
._h
T
BN
—
&
+
<

= (VA)”(@(l)f(x + Imd)).
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Hence @(1) is a functor from the category of neutrosophic inverse system to the category of

neutrosophic M-groups.

To study the functor @nm functor, let us introduce category of chain (co-chain) complexes

of neutrosophic M-groups. This category is defined to the respective procedure [2].

Definition 3.15. A neutrosophic chain complez (1, &,v)a = {(tns&nsVYn)Gys On tnez 5 an
object in N-Mg together with a neutrosophic endomorphism 0 : (1, &,7)a — (11,€,7)a of
degree —1 with 00 = 0.

Definition 3.16. A morphism of neutrosophic chain complexes @ : (1, &,v)ac — (1,0,v)H
is a morphism © = {®,, : (tn,&n, V)G, — (MnyOn,vn)nN, }, which has a degree 0 such that

P10 Oy = 0, Pn, where & denotes the neutrosophic differential in (n,0,v)y.

Definition 3.17. Let (1,&,7)a = {(ttn, én, V)G, > On tnez be a neutrosophic chain complex.

The condition 0 o O = 0 implies that ImO,1 C kerd,, n € Z. Hence, we can associate the

neutrosophic graded M-group with (u,&,7v)a H((1,&,v)a) = {Hn(1t,€,7)a}, where
(pin|kerdn, Enlkerdn, ynlkerdn) .o

(kn| IMgOn11, En| IMgOnin, Yo IMGOn1) gy

n+1

Hn((u’ 67 V)G) =

Definition 3.18. H((1,&,7)g) is called a neutrosophic homology M -group of neutrosophic
chain complex (1, &,v)q. By duality, we can define co-chain complex and co-homology M -
group.

Definition 3.19. Let 0, : (u,&,v)a — (1,0,v) g be morphisms of neutrosophic chain com-
plexes. A neutrosophic homotopy ¥ : (i, €,v)a — (n,0,v) g between @ and ) is a neutrosophic
morphism of degree +1 such that ) — % = 0o i + i 0 0.

We say that B, ¥ are a neutrosophic homotopic, if there exists a neutrosophic homotopy i
between them.
A morphism of neutrosophic chain complexes f : (u,&,v)a — (n,0,v)y is called a chain ho-
motopy equivalence if there exist a morphism of neutrosophic chain complexes g : (n,0,v)y —
(u,€,7)q such that fog and go f are neutrosophic homotopic to the identity maps on (11,&,7)a
and (n,0,v)n (see also [13, Definition 1.4.4] for details about the maps outside the neutro-

sophic context).
The following definition is inspired by |13} Definition 1.1.2].

Definition 3.20. A morphism of neutrosophic chain complezes f : (u,&,7)a — (0,0,v) g is
called a quasi-isomorphism if the induced maps H,((11,&,7)a) — Hn((n,0,v)m), between the

neutrospohic homology M-groups, are all isomorphisms.
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Built upon the above, the results gathered in the following theorem can be argued straight-
forwardly by some known results in the context of homological algebra and can be easily

extended in the neutrosophic setting introduced in this work.

Theorem 3.21. The neutrosophic homotopy relation between neutrosophic chain complezes

is an equivalence relation. Moreover:

o Ifp, ¥ (u,&,7)a = (n,0,v)g are a neutrosophic homotopic maps of neutrosophic
chain complexes, then they induced the same map H,((p,&,v)a) — Hn((n,0,v)m)
between the neutrospohic homology M-groups.

e If f: (1&g — (n,0,v)y is chain homotopy equivalence, then f is a quasi-

isomorphism.

Considering the usual framework for inverse system of neutrosophic M-groups and the map

d({za}) = {xa — Paa(Tar) ta=a, let us consider the following a neutrosophic cochain complex

E _
0= (na, 64,7416 = (A €4,74) TG — 0.

Neutrosophic co-homology M-groups of this complex are kerd and cokerd.

Lemma 3.22. @(ua,ga,ya)(;a = kerd and Li&l(l)(ua,ga,va)ga = cokerd.

Proof. Straightforward.

We consider the set of natural numbers as an index set of inverse systems.

53

=2
Theorem 3.23. Let the following sequence (G1, p1,&1,7)aG, yls (Ga, p2,€2,72) G £ ke
an inverse sequence of neutrosophic M -groups. For each infinite subsequence of this sequence,

the derivative functors @1(1) are isomorphic, that is, @(1) does not change.

Proof. Let S ={i; <ig2 <i3g <---} be an infinite subsequence of natural numbers. From
Lemma @1(1) is defined by the following homomorphism of neutrosophic M-groups as

appropriate subsequence S

7, (/\us,/\gs,\/%)mi(AMS,A@,\/%)HGS.

seS seS seS seS sES seS
seS ses

with E,({xie}g) = {z;, — pzﬁ“ (73,1 ) }e- In order to simplify the notations, in what follows we
denote i1 = 4,12 = j and i3 = k.

We may define fo, f1 : [[ Gs — ][] Gn homomorphisms of M-groups with this formula:
seS neN

fO(zivxjamka o ) = (pzl(l‘l)apé(xz)a e 7p7z;71(xi)7xiapz+1(xj)7 e 7p;'_1($j)7$ja o )
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fl(xhxj:mk?”') = (0707 7xi707"' 7mj707"' 7xk707"')' AISO7

/E\Nﬂn> (p’l(ml),pé(xz), e 7p§—1(xi)’xi7pg+1(xj)v e ,p;:_l(ﬂfj),iﬂj, o )
p(P3 (@) A A i1 (P () A i) A g (g () A s A () A
[pi(wa) A= A i) A pa(@a)] A Qg () A A ()] A -

pi (@) A g (i) A==

= A ns(xs),

seS

[IAVARI

< /G\N§n> (pll(xl)>p22(xz)7 apgfl(xi)vxiapirl(xj)v"' 7p§71(x])71‘]7)

S (i) A= A Gima (Pl (@) A &) A &ia (P (27)) A== A&l A -+

> (&) A NE(m) NEi(xa)] N[ (i) A NE(xf)] A -+
— a) A () A
= /\ gs(xs)y
sesS
( \E/an) W4 (60, B30+ By (00)s 2oy (25), -+ P (23), 250

N (@) Ve VY (g (@) Vi (@) Vi (g (2)) VoV () Vo
(i) Voo Vo) Vi) V [y () Ve Vo)) Ve
Yilzi) Vvi(es) V-

=V s(ws)

seS

v

ne

= i) A pgla) A

= A pslws)

ses

(/\ §n> (0’0’... 7332.’0’... ’xjv(),...) — 51(0)/\.../\éi(g;i)A§i+1(0)/\.../\§j($j)/\...

neN
= &Gilwi) NEa) A -

- /\ gs(xs)

seS

ne

= ilzi) V() V-

= \/ ’Ys(xs)'

seS
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SES seS seS neN neN neN

Then fo, f; : </\ tss N\ &, V %) — </\ tns N\ &ns V ’yn> are homomor-
I Gs [1 Gn

seS neN
phisms of neutrosophic M-groups. It is clear that the following diagram is commutative:

(/\us,Ass,v%)H&L</\“"’“’”’V””>nan

ses ses ses neN neN neN
SES neN

E’l l&

(/\us,/\ss,v%)m#(/\ un,/\sn,v%)mn

SES SES SES neN neN neN
seSs neN

That is, {f, f1} are morphisms of neutrosophic cochain complexes. Now, let us define go, g1 :

II Gn — [] Gs homomorphisms with this formula:
neN ses

90($17$2,$3, o ) — (xia xjaxka o )
_ i+1 j—1 J+1 k-1
g1 (@1, 22,23, ) = (xi+p;" (Tip1) - +p;  (@j—1) zi+p; (i) ++p; (@Tp-1), ).
Let us denote L = N\ {1,...,7 — 1}. The following inequalities holds:
(A ) nayoannees) = o) Ayt A= A (o)

SES neN

(/\ §s> (i, gy ps o) = &i(@) N (x) Ao > N &nln)

seS neN

(v vs> (@i 2j,an ) = 3@ V() V- <V (e,

sES neN

< /\S:us> (@i + 9 (i) + o 0] (o) g DT (@), )
se

pi(xi + i (i) + - +Pffl($j71')) Ay 4+ (mpo)) A
min{pi (), (P (i), - pa(pl (@)} Amin{pg (), -+ (P (k1)) A -

min{ i (2;), i1 (@i1), -+ 5 pi—1(@i—) b A min{p; (), g (@), -1 (Te—1) A -

/\ Nm(xm)

meL

N tin(n)

neN

v v

A\

< /E\S§s> (@i + o @ign) + - 4Pl (@), 4o @), )
il +pi (i) + -+ +Pg_1($j—;)) NEilaj+ -+ (@po1)) A

min{& (), &) (@), &G0 (@0)} Amindg(ay), -+ &P (@roa)) P A
min{&§;(2:), §i1(Tiv1), -+ 5 §—1(@j—1) } Amin{&;(;), &1 (@), -+ Ge1(@p—1)F A -

meL

neN

v v

v

Jafari S., Rajesh N., Nordo G. and Cisto C., Properties of the category of neutrosophic subgroups



Neutrosophic Sets and Systems, Vol. 88, 2025 7]B:|

< VS%) (@i + P (i) + - 400 o), 2+ AP (@ka), )
s€

max{i(z:), %P, (is1)), -+ (P (wj-1))} vV max{y;(x;), v (PF (@re)) PV
max{v;(z;), Yit1(@it1), -, v—1(xj—1)} V max{yj(x;), vjr1(zjs1), - —1(Tp—1)}V - -

V' Ym(zm)

meL

V vn(wn).

neN

IAIA

IN

neN neN neN seS seS seS
neN seS

phisms of neutrosophic M-groups. We give

Thus, 99,9 : (/\ Hn, /\ Ens V '7n> — (/\ s, /\ &ss \/ 'VS> are homomor-
I1 Gn Il Gs

D:HGn%HGn

neN neN

homomorphism of M-groups with this formula: D(x1, 72,23, ) = (21 + p3(x2) + -+ +

Py (@icr)s ma D3 (s) +o 4P (@ic1), o mio1, 0, @i P (Wira) iy (Tm1), Tiga+
i—1

e +pg+2 («Tj—l), ce. 7xj—1707 T )

We have the following:

< A Mn) (z1 +pi(a2) + - 4+ P (wic1), 22 + P3(xs) + -+ pb N(2i1), ++ ,2i-1,0, )
neN

= m(z1 +p%(962) 4+ +p§_1(iﬁi—1)) A pa(z2 +p§($3) 4 +pé_1(xi—1)) AR
A1 (1) A pi(0) A i (i + piEs (@ine) + -+ 4 pliy (@-1)) A -+

> min{p (1), (pF(22)), -+ (pi (wi1)) A
min{ps(z2), p2(p3(x3)), -+ pa(ph " (xi — D)} A pic1 (2im1)A
min{ i1 (@ir1), pir1 (P (@ig2))s - s i (P (@j—1))} A=+

> min{ui(z1), po(22), -+, pi-1(zi-1)} A min{po(@2), ps(xs), -+, pi—1(@i-1) }A

i1 (Ti—1) A pig1 (Tigr) A -
i—1 1—1

= A m(z) AN pr(xe) A
k=1 k=2

= /_\ Nn(xn)a

neN
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T]

neN

= &z +pi(@) + -+ P (@im1)) Ada(wa) + p3(ms) + -+ +p5

> min{& (z1), & (pF(22)), -, & (p i_l(ﬂfz‘ 1))}
min{&a(22), &(p3(3)), - -, E2(py (@i — 1))} A &imr(@i1)A
min{&11(2i41), &1 (0L (@ir2)), - & (Pl (1)} A -

= min{&(21), &(22), -+, &1 (wim1)} Amln{éz(xz),fs(ﬂ?:‘»)"" »Sifl(fifl)}A

Sic1(wim1) A1 (Tig) A
i—1 i—1

= A &G@e) AN &Glzr) A
k=1 k=2

/\ fn(wn),

neN

neN
= (1 +p3(2) + -+ P (@ic1)) V pa(w2) + p3(as) + -+ + ph
Ve Vi (ie1) Vo

(
(@), (P (wie1))}V
3)), -

< A §n> (z1 + pHwa) + -+ + P (wic1), w2 + p3(as) + -+ Py @), -

( v fyn> (21 + P2 (22) + -+ P (@io), 2+ PIwa) + - 4 P (@it)s- -+

)xi—1707"

)

. (@i1)) A~
N&i-1(2io1) A&G(0) A Lot (igr + PiTT (wina) + -+ Py (2i-1)) A+

1(%71)) Vo
i—1
0) V Yiy1(wip +P2ﬁ($z +2) 4+ (2

1))V

> max{y1(z1),71(p1
max{7y2(22), 2 (p3 coy2(py (2 = D)V v (@io)V
max{Yi41(@is1), Yie1 P (@i42)), -+ Y1 (P (@j—1))} Ve

> max{yi(z1),72(x2), -+, Yi-1(zi-1)}V
maX{Vz(ﬂfz) 35563), Yiet(@ic)} Voyici(wion) Vi (@ig1) Ve

= \/ Ye(Tr) V \/ Ye(Tr) V

k=1 k=2

= \/ Yr(Zn),

neN

neN neN neN neN neN neN

xi—1707"'

D : </\ tns N &n, V %) — </\ tns N\ &ny V ”yn) is a homomorphism of
[1G I1 Gn

neN neN
neutrosophic M-groups.

Now consider the following neutrosophic cochain complexes

neN neN neN neN neN neN

%(/\Hm/\ém\/%>chi</\ﬂm/\§mv%>ncn

neN

SES SES SES sES SES SES

neN

9:0- (AMS,A@,\/%)HGSd—&(/\us,/\gs,v%%aio

seS seS

—0

By computation, it is shown that the map f : € — 2 given by f = {f, f1} is a chain

homotopy equivalence. In particular, considering g : 4 — €, given by g = {gy,9;}, then

fogand fog are neutrosophic homotopic to the identity maps, where D is a neutrosophic
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homotopy. More in detail, one can compute D od = id — fp 0o go, do D = id — f1 o g1,
id—goo fo =0, id— g1 0 fi = 0. Therefore, ¥ and & are quasi-isomorphic and the theorem is

proved, since @1(1) is the first homology M-group of the above neutrosophic chain complexes.

O

Remark 3.24. Given an inverse system {(fin,&n, Vo), PP nen, since @(Mmgm’Yn)Gn =
kerd and p?(z,41) = x, are satisfied for each {x,} € NG,

pin(Tn) = /Ln(pZJrl(xn-i-l)) > pnt1(Tne1),

En(Tn) = én(pz+1(xn+l)) > Ent1(Tnt1),

YnlTn) = %(PZH(%H)) < Ynt1(Tns1)

that is, for each {x,} € kerd, {un(x,)} is a decreasing sequence, {&,(xn)} is a decreasing

sequence, {Vyn(xn)} is an increasing sequence.

Theorem 3.25. Let {(tin,&n, Yn)an) s {10, & m)an)} and {(pn, &, vn)an)} be inverse sys-

tem of neutrosophic M -groups. Suppose the diagram below is a short exact sequence of inverse

system of neutrosophic M -groups and one of the following occurs,

(1) L Hns Ens V) ay =0
(2) For every {zl'} € kerd = Jm ( s &ns )G, it holds hm un(xly =0, ILm &(xn) =0,
hm () = 1.

Then the sequence 0 — L(u;, & Vo), — M (tin, &y Vo), — Hm(ur, &7, ) ey
= Wm® (a7, &9 6, = W (i, €y ), — T (i, €747 )G — 0 s ezact.

\: \: i
0 = (& ma, — (K2,&,7)e — (15,8,7%)ay —0
A i A

0 — (lu’lhgivr)/i)G’l — (M17§1)71)G1 — (:U’/lla ilvlyi,)Glll —0

Proof. For an inverse system of neutrosophic M-groups {(tn,&ns ¥n)G,, tneN,

02 d 0,50
C=0— (,uA,fA,’yA)H G — (Ha,84,74) MG, >0—= -

neN neN

is a cochain complex of neutrosophic M-groups.

HO(C) = @((Nnagna'Yn)Gn)Ganl(C) = @(1)((/1,%,5”,7”)0”)@”,Hk(C') =0,k>2 (5)

are neutrosophic cohomology M-groups of this complex. Similarly, for the inverse system of

M-groups { (i, &5 Yn)ar, )} and { (e, &, v )Gr) b, We can establish the following neutrosophic
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cochain complexes

=0 d 0 =0
neN neN
6 d 0 -0
C¢"=0— (MA?SA?’YA) Inc: — (H;&v /f/l’rYA) TGy — 0=

neN neN
With abuse of notation, we denote with d the map as in for each inverse system introduced.
It is clear that cohomology M-groups of this complexes have the form of . From the
condition of this theorem, the following sequence

0—-C"-C—-C">0

is a short exact sequence of cochain complexes of neutrosophic M-groups. From the previous
exact sequence, we can define the following sequence of cohomology M-groups (see also |13|
Theorem 1.3.1])

0= HO(C') » H(C) —» HY(C") & HY(C') —» H'(C) —» H'(C") —

However, in this context, this sequence is not exact, because we do not know if 9 is an homo-
morphism of neutrosophic M-groups. But in this case H(C") = ker d = @(H%v ,’1’,%’1’)(;;{.
So, if L Loy &msm)cr = 0 the result trivially holds since the homomorphism 0 S H Len
is trivially neutrosophic. While, if lim p!/(2) = 0, lim &!(z))) = 0 and lim ~)/(2))) = 1,
n—00 n—00 n—0o0
by construction we have that the grade functions (u”,£”,4”) of the neutrosophic M-group
(1", &", 7" ) go(cmy are trivial, that is we have p”({x,}) = £"({x,}) = 0 and v"({z,}) = 1 for
all {z,} € L Lors &my )G (see Definition . This assures that 0 is a homomorphism of

neutrosophic M-groups. Therefore, the sequence of neutrosophic homology M-groups
0 HO(C') = HY(C) — H(C") & HY(C') = HY(C) — HY(C") -
is exact. By using , we obtain the following exact sequence of neutrosophic M-groups
0 = Jm(pr,, &0 vm) ey, = M, &n, e, — Im(uy, &7, m) ey

— m(l) (M;La dw V;L)GQL — @(1) (.una En»%) — L(l)(:una n’ VZ)G;{ -0

Let us investigate necessary conditions in order the derivative functor I'&n(l) to be equal to

Zero.

Theorem 3.26. Given the following inverse system of neutrosophic M -groups

(11, &1,71) 6 - (M2,€2,’Y2)G2 & (6)

if every homomorphisms ©, is a neutrosophic epimorphism, then @1(1) (ttns &nsYn)a, = 0.
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Proof. The proof is obvious, since under the hypothesis the map

d: H(un,fn,’}/n)Gn — H(Nn7§n77n)Gn
n=1

n=1

is a neutrosophic epimorphism.

Definition 3.27. Given inverse system of neutrosophic M -groups in @, for every integer n,

if there exists m > n such that

Im((.uivgia%)Gi — (Mnaéna'Yn)Gn) = Im((,um»£ma'7m)Gm - (ngna’Yn)Gn) for all i > m,

then it is said that the inverse system in @ satisfies the Mittag-Leffler condition.

Theorem 3.28. If the inverse system in @ satisfies the Mittag-Leffler condition, then
T&n(l)(,u’rwgna’}/n)Gn =0.

Proof. Let us denote G!, = Im?,, for large i. By the condition of the theorem, the homomor-
phism ¢,/ carries the M-group Ghi1 to G,. Then, ¢ cr ., 1s an epimorphism. Thus, for

large ¢, the homomorphisms

@n = (i, Snicr, o i, e, = (Bniays Snlcy > Tniey)ar,

are epimorphisms. Therefore, by Theorem we have @1(1)(/%,@’1,7;1)@;1 = 0. Here ), =
Pn|G s &, = Eniar s v = Ynlcr, - Let us consider the following sequence of the inverse system of

neutrosophic quotient M-groups

(M757%)G1/G/1 — (m,é,%)GQ/G,Q — o, (7)

For every n, there exists m > n such that the homomorphism G,,|G), — G,|G,, is a zero
homomorphism. Then, @(ﬁ;,g},%)Gn /cr, = 0, that is the limit of inverse system in is
equal to 0. Therefore, @(1)(%, f:l,fy;)gn /. = 0 as well. Then, let us consider the following

short exact sequence of inverse systems in the category of N-Mg.

0— {(M;nf;w%lm)G%} - {(Mn7£n7%‘b)0n} - {(/77-;7517%)Gn/G;1} — 0. (8)

Granting that m(ﬁ;, §~n, )G, sar. = 0, we can apply Theorem (3.25(to the sequence , we

obtain the following exact sequence
0— Um (k. & Yoy, = Wm(tn, &ny Yo) G = W (10, &0 V)G, jcr, =
m ™ (ur,, &)y, = Hm® (i, €, m) @, = I { (i, &0, ), b — 0.
Since Im® (up,, &, vh)ay, = 0, WmD{(n, &, W), jcr, b = 0 and lm{ (72, €n, Fn) @, jcr } =0,

respectively, sequence @ would look like

0— Wm (i, &y )y, — Wm(pn, &n, o) G, —0 = 0 — @1(1)(%, Ensn)a, — 0 — 0.
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This proves that @(1)(Mn, énsn)a, = 0. g

4. Direct system of neutrosophic M-groups

Building on the classical theory of direct limits for groups and modules, we consider systems
of neutrosophic M-groups linked by extending morphisms. The inductive limit then produces
an M-group capturing the cumulative behavior of truth, indeterminacy, and falsehood com-
ponents.

We are going to investigate direct systems of neutrosophic M-groups. Let

(ﬁv Ea 7)@ = {(Ma7§aa7a)GaaT)ala}aeA (10)

be direct system of neutrosophic M-groups, (,LLB 6B 4B )o G, the neutrosophic M-group as
defined in Lemma B.7.
Recall that lim G can be expressed as @ Go/K where K is generated by the set {7 (2q) —
(6% «

o (po"o‘/ (za)) | @ € Ao € Gy}, where 7, : Go — @ G, are the canonical projections.
(67

Let m : @Gy — li_l}n G, be the canonical epimorphism. Then we have the neutrosophic
(&3 o

M-group ((MB)ﬂa P, (’YB)ﬂ)hmG as defined in Lemma

Theorem 4.1. Every direct system in the representation has a limit in the category N-Mg
and this limit is equal to the neutrosophic M-group ((u®)™, (€5)™, (v?)7),

imGea”
o

Proof. It suffices to demonstrate that, there exists a unique homomorphism of neutrosophic
M-groups 1 : ((1P)™, (£B)", (73)”)limG — (n,0,v)g which makes the following diagram is

commutative:

Pa
(/’LOH ga; FYQ)GQ — (777 07 V)H

I

()7 €5 () i,

where @ = {@, (ftas §as Vo )G — (1,0,0) g }aen is a family of homomorphisms of neutrosophic

M-groups which makes the following diagram is commutative:

Pa
(Mom faa 'Ya)Ga — (777 0> Z/)H

—a,a’
P ‘/ Do

(,uo/a fa’a fYo/)Ga,

and also iy : (fa)€a,Va)a. — (UP,68,7P)eq., are usual injections and 7, = 7 o4,. For
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every z € lim Ga, there exists x, € G, such that 7m,(z,) = . If my(zy) = x for each
(0%
ZTor € Gy, then oo (z47) is equal to o (xq). We define the homomorphism ) : lim Gy — H
a
by ¥(z) = pa(ra). Now, we can check if 1 is a homomorphism of neutrosophic M-groups.

For each z € li_1>"ﬂ G, let moig(zy) = x. Here,
(NB)TF(x) = SUP(X ta)(T) = SUP{X fa(a) : Ta(za) = 2}
(€P)7(2) = sup(y ) (@) = Sup{Y € () : Ta(wa) = o}

(v%)7(2) = (A ya)(2) = nf{Ava(2a) : Ta(za) = 2}

Therefore, (¢ (z)) = n(pal(za)) 2 pa(ra), 0 () = O(palza)) 2 Salza), v(¥(2)) =
N(¢a(ra)) < Yalra). Since this inequality is satisfied for each x, which satisfies 7, (z4) = x,
we write the inequality as n(i(z)) > (1P)™(2), 0(¥(2)) = (£%)(2), v(¥(2)) < (vP)(2).
From the definition of 1, it is obvious that the above diagram is commutative and the unique-
ness of ¢ follows from the uniqueness of 1, which is a consequence of the definition of direct

limit -0

We can easily show that hgrl is a functor from the category of direct systems of neutrosophic

M-groups to the category of neutrosophic M-groups. Let

G = {(Mavéav%)Ga’ﬁa/a}aeA

!

& = {7}

— —o
G = {(/‘L,c/w gv’Yg)Gg,Paa}

be direct systems of neutrosophic M-groups, and the sequence

a€A

acA

[elENeENed (11)

~Lt°‘

be an exact sequence of this systems.

Theorem 4.2. Direct limit of exact sequence in Hm (kg §as Vo) e, = Hm(pas oy Ya)Ga —
e (o4

: " 1 7 .
l%n(/"‘cw a”Ya)Gg is exact.

Proof. Let the sequence in be exact. Then, the ordinary sequence of M-groups
{G} = {G.} — {G2} is an exact sequence, for every o € A. Hence, the following se-
quence {G/ }4 RECIN {Ga}a ook, {G"}, is exact sequence of the direct system of ordinary

M-groups. Then the limit of this exact sequence

1&11 fa 12;11 Ja
lim G, —— lim Go — lim G (12)
o a o
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is also exact. For the following sequence of neutrosophic M-groups

lgnfa lgnga
o Bym B\ By o B\ B\ B\
T () € ) i, —— (VP (6P

()™, €5, (5,

im G G
(1) I i fo = ()7 leer lim ga

(€77 Im tim fo = (67)"[kerlim g

(v?)"1Tm lim fo = (v?)"|ker lim ga

are true, because sequence in ([12)) is exact. g

Corollary 4.3. The direct limit functor preserves monomorphism and epimorphism in the

category of neutrosophic M -groups.

Now, we consider direct system of chain complexes. Let I be directed set
and for every i € I, let C() = {(u.€6”9) 0,00 5 (n0), &0 (D) (D)) =

(pin—1(1), &n—1(2), anl(i))cn,l(i)}n be chain complexes of neutrosophic M-groups and for ev-
ery i < j, let f;; : C(i) = C(j) be a morphism of chain complexes and let {C(i), f;;} be a

direct system of these chain complexes.

Theorem 4.4. The limit of homology M -groups of direct system of chain complexes of neu-
trosophic M -groups is isomorphic to the homology M -groups of the limit of this direct system,
that is, Hy, (1%)11 C(z)) ~ lién H,(C(1)).

Proof. The proof of this theorem is provided by using Corollary [£.3] Hence,

h_f’n Hn(C(Z)> - h_f)n <Mn(z)7 én(z)’ Pyn(z))keré,(z’)\[m Ont1(4)
~ lim (i Kern(0), nlkerdn(i), valkerDn(D) o
\ li_I}Il (,un|k:er5n (1), &n|keron (i), *yn]kergn(i))kergn(i)

~  kerlimdy(i)| lim 9y, (i)

~ a1, (1mcw).
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5. Conclusions

In this paper we have established a comprehensive framework for inverse and direct sys-
tems in the category of neutrosophic M-groups, proving that under natural conditions both
projective and inductive limits exist and preserve exact sequences. By introducing an adapted
version of the Mittag—Leffler condition for neutrosophic morphisms, we showed that exactness
is maintained in inverse limits, while for direct systems we identified precise criteria ensuring
that the accumulation of truth, indeterminacy and falsehood through extending maps does
not break short exact sequences. Our explicit examples demonstrate how these construc-
tions recover the classical behavior when the indeterminacy component is trivial and, more
interestingly, exhibit genuinely new phenomena arising from the free interaction of the three
neutrosophic degrees.

Looking forward, several concrete extensions of our work suggest themselves. First, the
constructions of inverse limits in Section |3| (cf. Theorem 3.10) and of direct limits in Section
(cf. Theorem 4.2) could be implemented within some computer algebra environments, to au-
tomate the assembly of large or parametrized families of neutrosophic M-groups. Second, the
core notions and exactness results for neutrosophic M-groups (see Definitions 2.4 and 2.7), and
the exactness criteria in Sections |3| and [4)) admit immediate analogues for neutrosophic rings
and modules, thereby extending classical algebraic categories while preserving the independent

truth—indeterminacy—falsehood framework.
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