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Abstract: This paper explores the concept of 2-refined neutrosophic quaternion numbers by first
introducing their formal definition along with the notion of equality between two such numbers.
Furthermore, the study develops the foundational algebra of 2-refined neutrosophic quaternions
through the operations of addition, product, division, and conjugation. The article also addresses the
methods for calculate both the absolute value and the inverse of a 2-refined neutrosophic quaternion

number.
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1. Introduction and Preliminaries

In the pursuit of extending classical logic and traditional mathematical frameworks,
neutrosophic emerged as a revolutionary theory introduced by Smarandache. Unlike binary or fuzzy
systems that operate under limited truth values, neutrosophic offers a more generalized and flexible
approach to reasoning, accommodating not only truth and falsity but also indeterminacy. It is
designed to mathematically and philosophically handle uncertainty, inconsistency, incompleteness,
contradiction, and ambiguity —elements frequently encountered in real-world systems. At the heart
of neutrosophic lies neutrosophic logic, which provides the foundation for a wide range of
applications, including decision-making, artificial intelligence, data analysis, and more. He extended
this logic by defining neutrosophic real numbers [2,4], formulating neutrosophic probabilities [3, 5],
and developing the foundation of neutrosophic statistics [4, 6]. Furthermore, Smarandache proposed
notions of integration and differentiation within the neutrosophic context [1,8]. The AH-Isometry was
extended to  n-Refined  AH-Isometry @ by  Smarandache &  Abobala [11]
https://fs.unm.edu/NSS/RefinedLiteral21.pdf. In addition, Yaser Alhasan explored the application of

neutrosophic concepts within complex numbers [7, 9, 10].
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Quaternions play a significant role in various scientific and engineering fields due to their ability to
efficiently represent three-dimensional rotations. Unlike traditional rotation methods, quaternions
avoid gimbal lock and offer faster, more stable computations, making them essential in computer
graphics, robotics, aerospace, and virtual reality. Mathematically, quaternions extend complex
numbers and form a non-commutative algebra, providing a powerful tool for modeling spatial
transformations and complex systems this is what led us to present the study of the 2-refined

neutrosophic quaternions numbers in this paper.
2. Main Discussion

2.1 The 2-refined neutrosophic quaternions numbers
Definition 1
The numbers that take the form:

q= f + éll + t’[z +v= f + S’Il + f[z + (7{1 + ‘élll + fllz)i + (rlz + ‘§2[1 + fz[z)j + (7"3 + .§3[1 + i-3[2)ié

is the 2-refined neutrosophic quaternions numbers, denoted by symbol: Hgy
where: 7,8,{,7, 8, £,,75, 85, €5, 75, §3, {3 are real numbers, while I}, I, = indeterminacy and i, 7}, k are
units such that:

R~
= =t

Il
|
~C

The 2-refined neutrosophic quaternions number has two parts, a refined neutrosophic real (scalar)
part and a refined neutrosophic vector part, where:

7+ $I; + I, is the 2-refined neutrosophic real (scalar) part and (¥ + $11; + £, 1,)T + (7 + $,1, +
t,1,)f + (15 + §31; + £51,)k is the refined neutrosophic vector part

Example 1

1) q=-5+4L +10L, + (7 + 1, = L)i+ (=3 + 7, + L,)j — (1 + 61, — 141,)k
2) q= 7, —L)I+{+2l —3L)]+ (—1-15I, — L)k

3) q=10L, + (7], + L)I + (-8 + 2I, + 51,)k

4) q=-12+6l —14l, + (1 + 111, — 141,)i

Notes:

% Oypy =0+ 0L + 01, + (0401, + 0L,)T+ (0 + 0I; + 0L,)j + (0 + 01, + 0,)k

% 1ypy, =1+0L 40,4 (040l + 0L,)I+ (0 + 0l + 0L,)j + (0 + 01, + 01,)k

Definition 2
Let g, p € Hzy where:

p = d + Bll + C,IZ +u= 0’( + Bll + é]z + (a’l + b,]_Il + C’llz)i + (Cf2 + 5211 + éz]z)j + (0('3 + 5311 + é312)];
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q= T + éll + f]z +v= T + éll + f[z + (7{1 + élll + fIIZ)i + (T{Z + 51'211 + fz]z)j + (T"3 + §311 + 6312)];

wesay: p = q if and only if
d=7,b=%,6=f andu, = v,
then:

d1+b111+c,1]2 :f1+§111+£1]2 - dl =T"1,b1 :.Sl‘l and él :fl

dz + 5211 + C’212 = 7"2 + S’211 + tl:zlz Sl (X’z = 7"2 ,b’z = éz and éz = t,-z

d3 + b’gll + 6312 = 7{3 + égll + t,-312 5 d?’ = T"3 ,b’3 = .§3 and é3 = t’3

2.2 The 2-refined neutrosophic quaternions numbers algebra

2.2.1 Addition of the 2-refined neutrosophic quaternions numbers

Let q, p € Hgy where:
p= d + Bll + élz +u= d + 1511 + élz + (dl + b’lll + éllz)i + (dz + 6211 + éz]z)j + (d3 + 6311 + 6312)1\6

q= 7; + .§11 + i-lz +v= 'f + éll + i’]z + (7:1 + élll + fllz)i + (rlz + ‘§211 + fz]z)j + (7{3 + §311 + i-312)i€

then:
p+q=(d+bL+ ¢l +u)+ (F+8hL +t, +v)

=@+ +b+)L+(E+ DL+ ((0('1 +7) + (b + 8L + (6 + fl)lz)i

+ ((oz’2 +7) + (b + $,) + (6, + fz)lz)j + ((a’3 +75) + (bs + $3); + (65 + 63)12) k

Example 2

and q =5+ 2, + (3 — 121,)1 + (41 + 41, — 3L)j + (I, — 7Lk
then:

p+q=3+3L +11l, + (=4 + 61, — 161,)T + (39 + 81, + 3L,)j + (-8 — I, — 3L,k

Note:
v

Clearly, zero is neutral for addition of the 2-refined neutrosophic quaternions numbers.
4

For every number q € Hgy, its additive counterpart of the 2-refined neutrosophic quaternions
numbers is:

—q=—f—§11—f12—v

- —T,' - 5"]1 - i‘]z - (7{1 + 5111 + fllz)i - (7",2 + §211 + fz]z)j - (7",3 + §311 + f312)];

2.2.2 Multiplication of the 2-refined neutrosophic quaternions numbers

Let p, q € Hgy where:

P = d + Bll + élz +u= d + [)Il + élz + (dl + b’lll + éllz)z + (dz + b’211 + éz]z)j + (d3 + b’311 + ég]z)ié
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q= 7; + ‘§11 + i-Iz +v= 'f + éll + i-Iz + (7{1 + ‘§111 + fllz)i + (7{2 + ‘§211 + fz]z)j + (7{3 + S"3Il + i-312)k1

Then:
p.q = (& + Dbl + ¢l +u)(# + S + 1, +v)

=[d+ bl + ¢élp + (dy + b1y + & 1L)T+ (dy + byly + &1)] + (s + bsly + & L)k [F + $I + E1,
+ (4 + 810y + QL)+ (% + S0, + 61)] + (5 + S0y + £31)k]

= (& + bl + ¢L)(F + $I + t1) + (& + bly + ¢L) (7 + $1.1 + G 1)1+ (& + BI + ¢1,) (7 + .14 + 6,1,))
+ (& + bl + ¢L) (s + $31y + E31)k + (dy + byl + &1L (F + 81, + tL)T
+ (dy + bly + G L)IE + $10y + ST+ (dy + byly + 6117 + $,1y + £,1)]
+ (dy + boly + & L) + S50y + E 1)k + (g + boly + & 1)j(F + 81, + £1,)
+ (dy + byl + E1)J(4 + 811 + G0+ (do + boly + é1)J (0 + $,1 + E,1,))
+ (&g + boly + é,1)(15 + 31y + E31)k + (ds + bsly + &Lk (Fy + $11; + £ 1)1
+ (d3 + bsly + éL)k(F + 81, + t1,) + (s + b3y + &1L) k(Y + $,1 + £,1))
+ (ds + b3y + &1 k(s + $31 + E51,)k

= (d&+bly + ¢L)(F + $L + t1) + (& + bly + ¢L)(F + $.1 + 1)1+ (& + BI + ¢1,) (0 + .1, + 6,1,)]
+ (& + BL + ¢1,) (s + 831, + E31)k + (dy + byly + é.1,) (7 + 81y + £1,)1
— (dy + bily + & 1) (0 + 8.1 + E1) + (dy + byl + 6 1L)I(, + $,1 + E,1))
+ (dy + bily + & 1)i(% + $31 + Es1)k + (dy + boly + é1)j(F + $I + E1,)
+ (dy + byly + E1)J (4 + $10y + 611 — (dy + boly + é31,) (0 + S50, + £515)
+ (dy + byl + é1)J (s + 831y + Es 1)k + (s + bsly + é31)k(Fy + §4 1 + £ 1)1
+ (3 + bsly + &Lk + 81, + t1) + (s + b3y + &1L) k(0 + $,1 + £,1))
— (3 + bsly + é31,) (5 + $s1y + E515)

= (& + bl + ¢L)(F + 81, + t1,)
—[(dy + byly + & 1) + $11 + E11,) + (b + boly + E1,) (1 + S0y + £515)
+ (ds + b3l + é31,) (s + 831 + E515)]
+ (& +BL + ¢L)[(#y + $11y + G LT+ (1 + $oIy + 1)) + (s + $31 + E51)k]
+ (F+ S + (L) [(dy + bily + & L)U+ (dy + byly + 61)] + (s + bsly + é31,)k]
+ (dy + boly + & 1L) (5 + Soly + 1)k — (dy + byly + & 1) (5 + $31y + £51))
— (dy + byly + é1) (4 + 810y + G 1)k + (dy + byly + é,1,) (s + 831 + E31,)T
+ (ds + b3ly + &31) (0 + $11 + 61)] — (s + b3l + é31,) (1 + $,1 + E,1)E

we can write it by the form:
p.q = (& +bLy + ¢L)(F + $I, + t1,) —w.v + (& + bl + ¢L)v + (F + $I, + tL)u + u x v

where:
wv = (dy + by + G L)+ 11y + 6 1) + (dy + byly + 61) (0 + $,1 + 515)
+ (ds + b3l + é31,) (% + $31, + 515)
i )i k
UXv=|d 4+ b1+ 61, dy+ byl + G0, dy+ baly +
HA$L+EL S0+ 6L v+ S+ G
Result 1

Multiplication of the 2-refined neutrosophic quaternions numbers is not commutative because:
UXvFEvXU
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Example 3

Let p=—2+1 + 1, + (1 +2I)i + (I; + 3L)j + (-1 — 4,k
andq=1+2L,+ G- L)+ A+ 1, — L)j+ (I, + 2I,)k

Then:

p.q=[-2+1L+ 1L+ @ +2)i+ (I +3L)J+ (-1 —4L)k]|[1+ 2, + B — L)+
1+ 1 —L)J + (I, +21,)k]
=243l —1,—[3+4l, — I, + 41, — 5I; — 101,]
+ [(—6+ 21, + 4L+ (=2 — I, + 3L)) + (2, — 21,)k]
i )i k
+[(A+ 20 +4L)i+ Bl +9L)] + (-1 —14Lk|+ |1+2I, L +3I, —1-—4l,
3—-1, 1+L—-1, I, +2I,

+ @B+ 71, +9L)j + (1 + 3, — 9L,k

Result 2

1) The 2-refined neutrosophic quaternions numbers Hgzy is closed in relation to the addition
operation, as the product of adding two 2-refined neutrosophic quaternions numbers is a 2-
refined neutrosophic quaternions numbers, its real part is (¢ +7) + ([) + 5‘)11 + (¢ + DI,
and its vector part is:

((oc’1 +7) + (b + )L + (6 + 61)12) I+ ((oc’2 +7) + (b + $)I + (¢ + fz)lz)j + ((a’3 +
75) + (bs + $3)h + (& + f3)12) k.

2) The 2-refined neutrosophic quaternions numbers Hgy is closed in relation to the

multiplication operation, as the product of multiple two 2-refined neutrosophic quaternions

numbers is a 2-refined neutrosophic quaternions numbers, its real partis (& + bl, + ¢1,)(F +
$I + tI,) —u.v, and its vector partis (d& + b, + ¢L,)v + (F + §I; + t1,)u + u X v.

3) Multiplication accepts distribution on addition from the right and the left, so if we have three
2-refined neutrosophic quaternions numbers p, q,r € Hpy, then:

q(p+71)=qp +qr
(p+1)g=pq+rq
4) The neutrality of multiplying 2-refined neutrosophic quaternions numbers is 1 + 0/; + 01,

2.3 The 2-refined neutrosophic quaternions numbers conjugate

Definition 3

Let p € Hpy , where: p=d+ bl +¢él,+u=d+bly + ¢, + (dy + byl + é.1,)i + (b + boly +
6l )j + (a'3 + byl + &5 IZ)E. The 2-refined neutrosophic quaternions number conjugate define by the
following form:
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ﬁ = d + Bll + C,IZ —u= 0’( + Bll + é]z - (0('1 + b,]_I]_ + C’]_Iz)i - (a'2 + 5211 + éz]z)j - (0('3 +
bsly + é31y)k. .

Example 4

2) p= (=1 +3L) — (11 + 101, + 14L,)j — (15 — I, + 61,)k
= p=—(=I +3L)+ 11+ 10 + 14L)j + (15— I, + 61,)k

Result 3

1. The 2-refined neutrosophic quaternions number conjugate of p is the same the 2-refined
neutrosophic quaternions number p.

® =p
Proof:

Let p € Hgy, where p = & + bl; + ¢, + u, then:

2. If p= d + [711 + é]z +u= d + [)11 + élz + (dl + b’lll + éllz)i + (dz + b’z]l + ézlz)j+ (d3 +
bsl, + é31,)k

then:
> p+p=2(d+bl+¢lL)=Re(p)

> p - p_ =2u = Z(dl + 6111 + C’llz)i + Z(dz + 6211 + ézlz)j+ 2(d3 + b’311 + 6312)76 =
V(p)

where Re(p) is the 2-refined neutrosophic real part (scalar) of the 2-refined complex number and
V(p) is the 2-refined neutrosophic vector part.

3. The 2-refined neutrosophic quaternions number is real (scalar) if and only if: = p , and it is
vector if and only if p = —p.

Remarksl
p1+p,=p1+D:
Proof:

Let p;,p, € Hgy, where

py =+ bl + ¢l + (dy + byly + 6 L)+ (4 + boly + 61)) + (ds + bsly + é31,)k
P, = a+ bl +cly + (a; + byl; + ¢ 1) + (ay + byly + c,1,)f + (az + bsl; + c31,)k

then:
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pr+p, = (&+bI + ¢l +a+ bl +cly)+ (dy + byly + é0, + ay + byly + e, 1)i+ (4, + b1y +
boly + ay + byly + ¢ 1)f + (b3 + bsly + &1, + as + byl + c51,)k
pr +p; = (&+bl + ¢l +a+ bl +cly) — (dy + byly + é1, + ay + byly + ¢,
- (dz + 6211 + ézlz + az + b211 + Czlz)j - ((1'3 + 6311 + 6312 + a3 + b311 + C312)E

= O'l + 1511 + élz - (dl + 6111 + éllz)i’ - (dz + b’zll + éz[z)j - (d?, + b’311 + é3[2)i€ + a + bll +
C12 - (al + b1]1 + Cllz)i - (az + b211 + Czlz)j - (a3 + b311 + (:312)];

=p1tP2

Theorem 1
The conjugate of the product of two 2-refined neutrosophic quaternion numbers is equal to the
product of their individual conjugates.

p-4=4q.p
where p,q € Hpy

Proof:
Let p, q € Hzy where:

p = d + 1511 + C’Iz +u= d + bll + é]z + ((Z'l + 6111 + éllz)i + (dz + 6211 + éz]z)j + (0('3 + b’311 + é312)];
q=7+SL+th+v="~F+80 + L+ @+ 515 + LT+ Oy + $:1 + 61)] + (% + $31, + L)k

Then:
p.q = (& +bly + ¢l + u)(* + S + t1, + v)

=[d+ bl + ¢l + (dy + byly + & 1L)T+ (dy + byly + &1)] + (s + bsly + &1Lk [F + $I + €1,
+ (4 + 51 + QLT+ (% + S0, + 61)] + (5 + S0y + £31)k]

= (& + bl + ¢L)(F + 81, + t1,)
—[(dy + byly + & 1) + $11 + E11,) + (g + boly + E1,) (1 + S0y + £515)
+ (ds + b3l + é31,) (s + 831 + E515)]
+ (& +BL + ¢L)[(y + $11y + G LT+ (1 + $oIy + 1)) + (s + $31 + E51)k]
+ (F+ S + (L) [(dy + bily + & L)U+ (dy + byly + 61)f + (s + bsly + é31,)k]
+ (dy + bily + & 1) (7 + S0y + 1)k — (dby + byly + é.01,) (5 + S0y + E31,))
= (dy + byly + é1) (4 + 10y + G 1)k + (dy + byly + é,1,) (s + 31 + E31,)1
+ (ds + b3y + é31) (0 + 810y + 61)] — (d3 + b3y + E31,) (7 + $o1y + £,1,)1

we can write it by the form:
p.q = (& +bI + ¢L)(F + $I, + t1) —w.v + (& + bl + ¢L)v + (F + $I, + tL)u + u x v

where:
wv = (dy + byl + G L)+ $11y + 6 1) + (dy + byly + 61) (0 + $,1 + £,15)
+ (ds + b3l + é31,) (% + $31, + t51,)
i )i k
uXv=|d, +b 1+, dy+byly + G0, dy+ bily +
HA$L+EL S0+ 6L v+ S+ G
then:
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p-q = (& +bIy + ¢L)(F + $I, + t1,) —w.v — (& + I, + ¢1,)v — (F + $I, + tL)u —u x v
g.p = (d&+bI + ¢l —u)(# + 8L, + {1, —v)

= [d + 1511 + élz - (dl + b’lll + éllz)i - ((Xlz + 6211 + éz]z)j - (d3 + 53[1 + 6312)1\6][72 + éll + EIZ
— (14 + 5y + G — (0 + 1 + 61)] — (s + $31y + G1)K]

= (& + bl + ¢L)(F + 81, + t1,) — (& + bIy + ¢1)(Fy + $11y + 6 1)1 — (& + bl + ¢1,) (% + S0y + 6,1,)f
— (& 4 bI + ¢1,) (s + $31, + E31,)k — (dy + byly + é.01,) (7 + 81y + £1,)1
— (dy + bily + G L)+ $ 1 + 6 1) + (dy + byl + é.1,) (0 + 8,1 + E1)k
— (dy + bily + & 1L) (5 + $31y + E31)) — (dy + byly + é,1)(F + SI + 1))
— (dy + baly + é1) (0 + $11y + 611k — (g + byly + &61,) (0 + $314 + £,1,)
— (dy + baoly + é,1,) (15 + S5y + E51)1 — (d + bsly + é31,)(F + $1y + 1)k
+ (ds + bsly + é31) (4 + 10y + 1)) — (d3 + b3y + E31,) (0 + $,1 + E,1,)1
— (ds + b3y + é51,) (% + $31 + E51,)

= (& + bl + ¢L)(F + S + t1) — (dy + byl + é,1,) (7 + 11, + £11,)
— (dy + byly + é,1) (% + $,1 + E51,) — (s + bsly + ¢31,) (15 + $31y + £315)
— (& + bl + ¢L,) (4 + 8.1y + 8, 1)T — (& + DIy + ¢L,) (7 + $,1y + £,1,)]
— (& + b + ¢1,) (s + $31, + E31,)k — (dy + byly + é.1,) (7 + 81y + £1,)1
— (dy + byly + é1)(F + SI + £1)) — (ds + b3y + &31,)(F + $I + t1)k
+ (a1 + bily + & 1) (0 + $1y + E1)k — (b + byly + é.1,) (s + S0y + £31,)
— (&g + boly + é1) (0 + $11y + 1)k — (g + byl + 61) (s + $31y + E31)T
+ (ds + b3y + é31) (4 + 10y + 61)] — (d3 + b3y + E31,) (0 + $,1 + E,1,)1

= pq=qp
2.4 The absolute value of a 2-refined neutrosophic quaternions number

Let p € Hgy, where:
p= 0’! + Bll + élz + (dl + 61]1 + éllz)i + (dz + b’211 + ézlz)j + (a,3 + 6311 + 6312)12

then the absolute value of a 2-refined neutrosophic quaternions numbers defined by form:

Ip| = \/(0’( + bl + ¢1)2 + (dy + byl + ¢11,)% + (G + byly + 6,1,)2 + (ds + byly + é31,)?
Example 5

Let p=—=2+1L +1,+ 1 +2L)i+ U +3L)j + (1 — L)k, then:

Ipl = J(d + bl + ¢1,)2 + (dy + byl + 611,)2 + (Gy + byly + 6,1,)2 + (d3 + bsly + ¢31,)2

=J(=2+1 + )2+ (1 +2[)? + (I; + 35,)2 + (1 — I)?

=\/4_411+11_412+211+12+1+411+411+Il+611+912+1_212+12
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= /6 + 141, + 51,

=V6+[V6+14+5—V6+5]I, + [V6 + 5 — V6],

= |pl=v6+[5- V11| + [V11 - Vé]I,

Theorem2

Let p € Hgy, where:
p=d+bl+ ¢ +u=d+bl +¢él+ (dy +bily + é5L)1+ (4 + byly + 61)) + (ds + bsly + é31)k
Then product the absolute value of 2-refined neutrosophic quaternions number p by its conjugate
equals to square of the absolute value of p.

p.p = Ipl?
Proof:

p=d+bl,+¢L+u

p.p = (& + bl + ¢l + w)(& + bl + ¢, —u)
= (& +bIy + é1,)" = (& + bI, + é1)u + (& + bI, + é1,)u —uw.u
= (o’z +bI, + C'Iz)2 -—u.u
= (¢ + bl + c'Iz)Z + (dy + byly + 6 1,)% + (G, + byly + E,15)% + (ds + bsly + E315)% = |pl?

= pp=Ip
Example 6

Let p=3+2L + (142l +1L,)i —4l,j + 21k, then:
p-p = Ipl?
=B +2L)2+ (1 + 2L + L)? + 161, + 41,
=9+ 121, + 4l + (1 + 41, + 41, + 21, + 41, + I,) + 161, + 41,

=10+ 161, + 351,
Remarks 2

Let p,q € Hgy, then:

1) Ipl=Ipl = |-pl
2) lIpql = Ipl.lql

Proof (2):
Ip.ql* =p.q(-9) = p.q.4.p = p-1q91>.5 = p-p-lql* = Ip|*.1q]?
2.5 Division of 2-refined neutrosophic quaternions numbers

Let p,q € Hzy where:

p=d+bl+ ¢ +u=d+bl+ ¢+ (dy +bily + & L)I+ (dy + byly + 1)) + (ds + bsly + &1k
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q= 7; + ‘§11 + i-Iz +v= 'f + éll + i-Iz + (7{1 + ‘§111 + fllz)i + (7{2 + ‘§211 + fz]z)j + (7{3 + S"3Il + i-312)k1

then:
p_d+blL+¢L+u

q F+SL+tL+v
multiply the numerator and denominator by conjugate of g we get:

p (d&+bL + ¢l +u)(F +SL + t, —v)
q  (F+8L +t, +v)(F + $I + t, — v)

(@ +bL +¢L +u)(F + $L + t, — v)
- (F + $I, + t1,)? — (v)2

(@ + bl +¢L)(F + SL + L) —wv — (d+ DL + ¢L)v + (F+ 8L + thu —uxv
B (F + $1, + £1,)2 — (v)?

where:
wv = (dy + by + & L) T+ $11y + 61) + (dy + byly + 61) (1 + $,1 + £515)
+ (ds + b3l + é31,) (% + $31, + t51,)
i )i k
uXv=|d,+b 1+ 61, dy+ byl + G0, dy+ byly + é,
HA$ L+ 0L S L+ 6L s+ S+ G

And: (F+8L+EtL)2— ()2 =G+ 8L +EL)2 + (Y + $.0, + 61,)% + (7 + 8,1, + 6,1)% + (5 +
5311 + i-312)2

Example 7
Let p=3+1i+ Lk andq =3+ 2I,+ (1 + 21, + I,)I — 41,] + 2L,k
then:

p_ 3+1+ Lk
q 3+2L+ A +2L + L) —4L]+ 2Lk

B (B+1+LE)(3+2l, — (1 + 21 + )T + 4L, — 21,k)
(34 2L, + (1 + 21y + I)T — 4L,] + 2L, k) (3 + 21, — (1 + 21, + L)V + 41,] — 211k)

10+ 21, + 9L, + (611 + )T + (=41, + 10L)) + (=61, + 9L)k
B 10 + 161, + 351,

_ 10 + 211 + 912 + 611 + 12 o + _4’[1 + 1012 o + _611 + 912 ~
T 10+ 161, +35I, ' 10 + 16], + 351, " 10 + 161, + 35, ' 10 + 161, + 351,

—1 214 26 ( 254 1

I L+ I + 1>“+( 681+21)“+( 461+11)1€
27451 " 3527 \27251 T452)! 549'1 " 92)) 30517 5t

2.6 Inverted 2-refined neutrosophic quaternions numbers
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Definition4
We define Inverted of p € Hgy as p~! € Hgy, whereas:

p-p~t=php =1y,
whereas: p # Oy,
Remark 3
pl?=p.p = p=E = pi=Lb
p Ipl?
Proof:

Let p € Hgy where:
p = d + 1511 + C’Iz +u= d + bll + é]z + ((Z'l + 6111 + éllz)i + (dz + 6211 + éz]z)j + (0('3 + b’311 + é312)];

then:

=

-1 _

1
p =-=7— . B z PR . 7 . ” , 4 P ¥
P G+ bl + ¢l + (dy + byly + G 1)U+ (dy + boly + &1)] + (ds + bsly + é31,)k

_ &+ bI, + ¢,
(¢ +bL + ¢L)" + (dy + Buly + 611)° + (dy + Boly + é1,)° + (dis + Byl + &51,)°

(dy + byly + é4115) 5
— l

(¢ + b1, + 0'12)2 + (dy + by + 6112)2 + (dy + by, + 6'212)2 + (d3 + bsly + c’312)2
(dy + by + 6,1) 5
- p p p p ]

(¢ + b1, + élz)z + (dy + by + 6112)2 + (dy + by + 6212)2 + (d3 + b3l + é312)2
_ (d3 + bsly + é31,) g

(¢ + bl + 6'12)2 + (dy + b1y + c’llz)z + (dy + boly + c’212)2 + (ds + bsl; + c'312)2

P
Ipl?
Example 8
1
34 2L+ (1+ 2l + L)i—4L,j + 21,k
3421, (1+2L+1) 41, 21, o

_ _ i k
10 + 161, + 35l, 10 + 161, + 35, ' 10 + 161, + 35,7 _ 10 + 161, + 354

_3 161 171+< ! 581+11)“+( 161+41)“+( 21)12
10 5491 902 10 274517 18"2)" 6751 " 45'2)/ 61 !

Remark 4
. t=qtp" , whereas: p.q # Oy,

Remark 5

Since any 2-refined neutrosophic complex number p = ¢ + bl, + ¢I, + (a'1 + byl + c’llz)i can
be written in the form:

then:
RN c CN c HRN
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3. Conclusions

Quaternions are widely recognized for their effectiveness in representing rotations in three-
dimensional space, which makes them fundamental in numerous scientific and engineering
disciplines. In this work, we introduced the concept of 2-refined neutrosophic quaternion numbers
and examine their algebraic structure, including operations such as addition, multiplication,
conjugation, and inversion. We also investigated how to compute the absolute value and the inverse
of a 2-refined neutrosophic quaternion. we obtained accurate calculation results by providing

appropriate examples for each case.
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