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Abstract. The traditional soft set is a mapping from a
parameter set to family of all crisp subsets of a universe.
Molodtsov introduced the soft set as a generalized tool
for modelling complex systems involving uncertain or
not clearly defined objects. In this paper, the notion of
neutrosophic soft set is reanalysed. The novel theory is a
combination of neutrosophic set theory and soft set

i

theory. The complement, “and”, “or”, intersection and
union operations are defined on the neutrosophic soft sets.
The neutrosophic soft relations accompanied with their
compositions are also defined. The basic properties of the
neutrosophic soft sets, neutrosophic soft relations and
neutrosophic soft compositions are also discussed.
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1 Introduction

Uncertain data modelling is a complex problem
appearing in many areas such as economics, engineering,
environmental science, sociology and medical science.
Some mathematical theories such as probability, fuzzy set
[1], [2], intuitionistic fuzzy set [3], [4], rough set [5], [6],
and the interval mathematics [7], [8] are useful approaches
to describing uncertainty. However each of these theories
has its inherent difficulties as mentioned by Molodtsov [9].
Soft set theory developed by Molodtsov [9] has become a
new useful approach for handling vagueness and
uncertainty.

Later, Maji et al. [10] introduced several basic
operations of soft set theory and proved some related
propositions on soft set operations. Ali et al. [11] analysed
the incorrectness of some theorems in [10]. Then they
proposed some new soft set operations and proved that De
Morgan’s laws hold with these new definitions. Maji et al.
also [12] gave an application of soft set theory in a
decision making problem.

Above works are based on classical soft set. However,
in practice, the objects may not precisely satisfy the
problems’ parameters, thus Maji et al. [13] put forward the
concept of fuzzy soft set by combining the fuzzy set and
the soft set, then they [14] presented a theoretical approach
of the fuzzy soft set in decision making problem. In [15],
they considered the concept of intuitionistic fuzzy soft set.
By combining the interval-valued fuzzy set and soft set,
Yang et al. [16] proposed the interval-valued fuzzy soft set
and then analyzed a decision making problem in the
interval-valued fuzzy soft set. Yang et al [17] presented the
concept of interval-valued intuitionistic fuzzy soft sets
which is an interval-valued fuzzy extension of the
intuitionistic fuzzy soft set theory.

From philosophical point of view, Smarandache’s
neutrosophic set [26] generalizes fuzzy set and
intuitionistic fuzzy set. However, it is difficult to apply it
to the real applications and needs to be specified. Wang et
al. [27] proposed interval neutrosophic sets and some
operators of then. Wang et al. [28] proposed a single
valued neutrosophic set as an instance of the neutrosophic
set accompanied with various set theoretic operators and
properties. Ye [29] defined the concept of simplified
neutrosophic sets, which can be described by three real
numbers in the real unit interval [0,1] , and some
operational laws for simplified neutrosophic sets and to
propose two aggregation operators, including a simplified
neutrosophic weighted arithmetic average operator and a
simplified neutrosophic weighted geometric average
operator. In 2013 [18], we presented the definition of
picture fuzzy sets, which is a generalization of the Zadeh’s
fuzzy sets and Atanassov’s intuitionistic fuzzy sets, and
some basic operations on picture fuzzy sets. In [18] we
also discussed some properties of these operations, then the
definition of the Cartesian product of picture fuzzy sets and
the definition of picture fuzzy relations were given. Our
picture fuzzy set turns out a special case of neutrosophic
set. Thus, from now on, we also regard picture fuzzy set as
standard neutrosophic set.

The purpose of this paper is to combine the standard
neutrosophic sets and soft models, from which we can
obtain neutrosophic soft sets. Intuitively, the neutrosophic
soft set presented in this paper is an extension of the
intuitionistic fuzzy soft sets [13][15].

The rest of this paper is organized as follows. Section 2
briefly reviews some background on soft sets, fuzzy soft
sets, intuitionistic soft sets as well as neutrosophic set. In
Section 3, we recall the concept of the standard
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neutrosophic sets (SNSs) with some operations on SNSs,
then we present the concept of neutrosophic soft sets
(NSSs) with some operations. Some properties of these
operations are discussed in the Sub-section 3.3. Sub-
section 3.4 is devoted to the Cartesian product of NSSs.
The neutrosophic soft relations are presented in Section 4.
Finally, in Section 5, we draw the conclusion and present
some topics for future research.

2 Preliminaries

In this section, we briefly recall the notions of soft sets,
fuzzy soft sets, intuitionistic fuzzy soft sets as well as
neutrosophic sets. See especially [9][10][13][15] for
further details and background.

2.1 Soft sets and some extensions

Molodtsov [8] defined the soft set in the following way.

Let U be an initial universe of objects and E be the set of
related parameters of objects in U . Parameters are often
attributes, characteristics, or properties of objects. Let
P(U) denotes the power set of U and AcE .

Definition 2.1. [8] A pair (F,A) is called a soft set over
U, where F is a mapping givenby F:A— P (U).

In other words, the soft set is not a kind of set, but a
parameterized family of subsets of U [9][10][16]. For any
parameter e E, F(e)cU is considered as the set of e-
approximate elements of the soft set (F , A) .

Maji et al. [13] initiated the study on hybrid structures

involving both fuzzy sets and soft sets. They introduced
the notion of fuzzy soft sets, which can be seen as a fuzzy
generalization of (crisp) soft set.
Definition 2.2 [13] Let F (U) be the set of all fuzzy
subsets of U, E be the set of parameters and Ac E. A
pair (F, A) is called a fuzzy soft set over U , where F is a
mapping givenby F: A— ]:(U ) .

It is easy to see that every (crisp) soft set can be
considered as a fuzzy soft set. Generally speaking, for any
parameter e E, F(e) is a fuzzy subset of U and it is
called fuzzy value set of parameter e. If for any parameter
ecA, F(e) is a subset of U, then (F,A) is
degenerated to the standard soft set. For all xeU and
ecE, let us denote by s, (x) the membership degree
that the object X holds parameter e. So then F (e) can be
written as

F () ={ (. (1) x e .

Before introduce the notion of the intuitionistic fuzzy
soft set, let us recall the concept of intuitionistic fuzzy set
(31, [4].

Let X be a fixed set. An intuitionistic fuzzy set (IFS)
in X is an object having the form

A={<X,,L1A(X),VA(X)>‘X c X},

where 2, (x)e[0,1] and v, (x)e[0,1] respectively define

the degree of membership and the degree of non-
membership of the element X to the set A such

that 1z, (X)+v,(x) <1 forall xe X . The set of all IFSs on
X is denoted by IFS(X).

In [15] Maji et al. proposed the concept of
intuitionistic fuzzy soft set as follows.
Definition 2.3 [15] Let E the set of parameters and
AcE.Apair (F,A) is called a intuitionistic fuzzy soft
set over U , where F is a mapping F: A— IFS(U).
Clearly, for any parameter ecE ,F (e) is an IFS

F(e) ={<x,ﬂF<e> (X)sVege (X)>‘X EU}’

where p 0 and Ve(e) are the membership and non-
membership functions, respectively. If for any parameter
ecA, v, e)(x):l—yp(e)(x) , then F(e) is a fuzzy set
and ( F, Ai is reduced to a fuzzy soft set.

2.2 Neutrosophic sets

Definition 2.4 [26] A neutrosophic set A in a on a
universe X 1is characterized by a truth-membership
function T, , an indeterminacy-membership function |,
and a falsity-membership function F, . For each xe X,
To(x) , 1,(x) and _F,(x) are real standard or
nonstandard subsets of JO’,1+[, that is T,, I, and F,:
X —>10’,1+[.

There 1s no restriction on the sum of T,(x), 1I,(
FA(X) , so 0°< supTA(X)+sup IA(X)+sup FA(X
forall xe X.

) and
<3,

)

Definition 2.5 [26] The complement of a neutrosophic set
A is denoted by A° and is  defined

as TAc(x)zil*}OTA(x) , |AC(X)=g1<+'}®|A(X) , and

FAC(X):{I+ OF,(x) forevery x in

Definition 2.6 [26] A neutrosophic set A is contained in
the other neutrosophic set B, Ac B if and only if

inf T, (X)<inf Ty (), supT,(X)<supT,(x),
ianA(X)ZianB(X), supIA(X)ZsupIB(X),

inf FA(X)Zinf Fs (X), and sup FA(X)Zsup Fs (X) for
every X in X .

Definition 2.7 [26] The union of two neutrosophic sets A
and B is a neutrosophic set C , written as C=AUB,
whose truth-membership, indeterminacy membership and
false-membership functions are related to those of A and
B by
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Te (X):TA(X)C'DTB(X)@TA(X)QTB (X)’
e (X)=1,(x)®15(x)O1,(x)O15(x) ,and

Fe(X)=F,(X)®F; (X) O F,(X)OFy (x) for any x

Definition 2.8 [1] The intersection of two neutrosophic
sets A and B is a neutrosophic set C , written as
C=AnB , whose truth-membership, indeterminacy-
membership and false-membership functions are related to
those of A and B by T.(X)=T,(X)OT,(x) .
le (X)=1,(x)O15(x) ;and F.(x)=F,(x)OF(x) for
any X in X

Definition 2.9 [29] Consider a neutrosophic set A in X
characterized by a truth-membership function T, , a
indeterminacy-membership function |, and a falsity -
membership function F, . If TA(X) , IA(X} and FA(X)
are singleton values in the real standard [O,l for every X
in X, that is T, , 1, and F, : X >[0,1] . Then, a
simplification of the neutrosophic set A is denoted by

A={{xTa(x), 14 (X), Fu (X)) xe X |,

which is called a simplified neutrosophic set.

3 Neutrosophic soft sets

In this section, first we recall the definition of the
standard neutrosophic sets (SNSs), some basic operations
with their properties, then we will present the neutrosophic
soft set theory which is a combination of neutrosophic set
theory and a soft set theory.

3.1 Standard neutrosophic sets

Intuitionistic fuzzy sets introduced by Atanassov in
1983 constitute a generalization of fuzzy sets (FS) [3].
While fuzzy sets give the degree of membership of an
element in a given set, intuitionistic fuzzy sets give a
degree of membership and a degree of non-membership of
an element in a given set.

A generalization of fuzzy sets and intuitionistic fuzzy
sets are the following notion of standard neutrosophic set
(SNS) .

Definition 3.1 [18] A SNS A on a universe X is an
object of the form

A={( 24 ()7 (x), v (%) e X

where 1, (X)€[0,1] is called the “degree of positive
membership of X in A7, UA(X)E[O,I] is called the
“degree of neutral membership of X in A ” and
va(x)e[0,1] is called the “degree of  negative
membership of X in A”,and u, , 17, and v, satisfy the

following condition:
ta (X) 74 (X)+va(X)<1, ¥XxeX .

The expression (1 —(,uA(X)+77A (x)+ vA(X))) is termed as
“degree of refusal membership” of x in A.

Basically, SNSs based models may be adequate in
situations when we face human opinions involving more
answers of type: yes, abstain, no and refusal. Voting can
be a good example of such a situation as the voters are
divided into four groups: vote for, abstain, vote against and
refusal of the voting.

Let  SNS(X) denote the set of all the standard
neutrosophic set SNSs on a universe X .

Definition 3.2 [18] For A, BeSNS(X), the union,
intersection and complement are defined as follows:

/’lA(X)SII’lB(X)
AcBein, (x)<n(X), ¥xeX;
va(X)2vg(x)

AgB'
Bc A’

° A:B<:>%

e AUBEeSNS(X) with
ta s (X) =max (1, (X). 1 (X))
Mae (X) =min (17, (x).75 (x)) . and
Vaoe (X) =min (v, (X),vg (X)), ¥xeX ;

) AmBeSNS(X) with

Hpg X) = mjn(/lA (

( X), 115 (X))
a8 (X) =mjn(77A(X)»775 (X)) , and
(X) (X),VB(X)), vxeX ;

Vg ( X)=max (vA

o COA= A" ={(x,v, (X).1 (%), (X)) X X .
In this paper, we denote aAb=min(ab) and
avb=max(a,b), forevery a, beR.

Definition 3.3 [18] Let X , Y be two universes
and Ae SNS (X ), BeSNS(Y). We define the Cartesian

product of these two SNSs by AxBeSNS(X xY) such
that

Haxs (X, y) :ﬂA(X)/\/‘B (y) >

M axs (X»y):UA(X)/\UB (Y) , and
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Vae (X Y)=va(X)vvg(Y), V(X,y)e X xY .

The validation of Definition 3.3 was shown in [18].
Now we consider some properties of the defined
operations on SNSs.

Proposition 3.4 [18] Forevery A, B, Ce SNS(X) :

(@)If AcB and BcC,then AcC;

(b) (A°) =A;
(c) Operations N and U are commutative, associative

and distributive;

(d) Operations N, Co and U satisfy the law of De
Morgan.

Proof. See [19][20] for detail proof. a

Convex combination is an important operation in
mathematics, which is a useful tool on convex analysis,
linear spaces and convex optimization. In this sub-section
convex combination firstly is defined with some simple
propositions.

Definition 3.5 [18] Let A, BeSNS(X). For each

0 €[0,1], the convex combination of A and B is defined

as follows:

CO(A,B):{(X,,uCU (X)o7, (%), (%)) x < x},
where

He, (X) = Oty () +(1-0) 15 () »

M, (X) =0, (X)+(1-0) 175 (x), and

ve, (X)=0v,(x)+(1-0)vg (x), VxeX.

Proposition 3.6 [18] Let A, BeSNS(X)

0, €[0,1], then

e If =1, then CQ(A,B)=A; and if =0, then

C,(AB)=B;

e If AcB,then AcC,(AB)cB;

e IfBc A and 6, <86,, then Cel (A,B)QCQZ(A,B).

3.2 Neutrosophic soft sets

Definition 3.7 Let SNS(U) be the set of all standard neu-

(){
and 6, 6, ,

soft set (or neutrosophic soft set for short) over U, where
F is a mapping given by F: A— SNS(U).

Clearly, for any parameter e E, F (e) is a SNS:

F(e)= {(X’”F(e) (%) 7e(e) (%) Ve (X))‘ xed } ’

where s, 77 and v, are positive membership,

neutral membership and negative membership functions
respectively. If for all parametere e A and for all xeU ,

e o) (x)=0, then F(e) will degenerated to be an intui-
tionistic fuzzy set and then (F,A) is degenerated to an
intuitionistic fuzzy soft set.

We denote the set of all standard neutrosophic soft sets
over U bySNS(U).

Example 1. We consider the situation which involves four
economic projects evaluated by a decision committee ac-
cording to five parameters: good finance indicator (e, ),

average finance indicator (e, ), good social contribution
(e,), average social contribution (e,) and good environ-
ment indicator (e, ). The set of economic projects and the
set of parameters are denoted U ={p1, p,. Ps, p4} and
A={e,e, e, e, e}, respectively. So, the attractiveness of

the projects to the decision committee can be represented
by a SNS (F,A):

F(e) (p,,0.8,0.12,0.05),( p,,0.6,0.18,0.16),
e 5
(p;,0.55,0.20,0.21),( p,,0.50,0.20,0.24)

P

p;,0.82,0.05,0.10),(p,,0.7,0.12,0.10),

p,,0.60,0.14,0.10),(p,,0.51,0.10,0.24) |
(

p,,0.60,0.14,0.16),( p,,0.55,0.20,0.16),
p,,0.70,0.15,0.11),( p,,0.63,0.12,0.18) |

)|
@)-]
)|

The standard neutrosophic soft set (F, A) is a parame-

p,,0.7,0.12,0.07),( p,,0.75,0.05,0.16),
p;,0.60,0.17,0.18),( p,,0.55,0.10,0.22) ’

1 =

(

F(e,)= (

(

F(e)= (

(

F(e,)= (
c (p,,0.60,0.12,0.07),( p,,0.62,0.14,0.16),

e. )= .

’ (p,,0.55,0.10,0.21),( p,,0.70,0.20,0.05)

trosophic sets of U, E be the set of parameters and terized family {F(ei )|| :1,...,5} of standard neutrosophic

AcE. A pair (F,A) is called a standard neutrosophic

sets over U .
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Definition 3.8 1) For (F,A), (G,B)eSNS(U) over a

common universe U , we say that (F,A) is a subset of

(6.8). (F

satisfied:
(a)AcB;

,A)c=(G,B), if the following conditions are

(b) For all ee A, F(e) and G(e) are identical ap-

proximations.

2) (F,A) is termed as a superset of (G,B) ,
(F,A)Q(G,B),if (G,B) isasubsetof(F,A).

3) (F,A) and (G,B) are called to be equal,
(F,A)z(G,B), if (F,A)Q(G,B) and (G,B)Q(F,A).

It is easy to show that (F,A)=(G,B) iff A=B and
F(e):G(e) forall e A.

3.3 Some operations and properties

Now we define some operations on standard neutro-
sophic soft sets and present some properties.

Definition 3.9 The complement of a NSS (F,A), (F,A)",
is defined by (F,A)C :(FC,A), where F*: A— P(U) is
a mapping given by F°(e)= (F (e))c ,forall ec A.

Definition 3.10 If (F,A) s (G, B) e NSS (U) s then
“(F,A)and (G,B)” is a NSS denoted by (F,A)A(G,B)

and defined by (F,A)A(G,B)=(H,AxB) , where
H(a,8)=F(a)nG(p) forall (a,B)e AxB, thatis

Hu(a.p) (X) = min('uF(a) (X)"uG(ﬂ) (X)) >
M (a.p) (x)= min(’k(a) (X)’ﬂe(ﬂ) (X)) , and

VH(aﬁ)(X)zmax(vF(a) (X),VG(ﬂ) (X)) , VxeU.

Definition 3.11 If (F,A), (G.B)eNSS(U) |
“(F,A)or (G,B)” is a NSS denoted by (F,A)v(G,B)
and defined by (F,A)v(G,B)=(H,AxB) , where
H(a,8)=F(a)uG(p) forall (a,B)e AxB, thatis

then

Hyi(ap) (x) = max (/uF(a) (X)’/UG(ﬁ) (X)) )

oy () = 0 (7 ) (X)) () and

Vi (ap) (x)= min(vF(a) (X),ve(ﬁ) (X)) , VxeU.

Theorem 3.1 Let (F, A) s (G, B) e NSS (U ) , then we have
the following properties:

(1) ((F,A)A(G.B)) =(F.A) v(G.B) ;
@ ((F.A)v(G.B)) =(F.A) A(G.B)’.

Proof. (1) Assume that (F,A)A(G,B)=(H,AxB). Then
((F.A)A(G,B)) =(H.AxB) =(H*,AxB).

For any (a,ﬂ)e AxB, xeU, we have

H(ewB)(x) = (min (e (x). gy (¥)):
min(nF(a)(X)’nG(ﬂ)(X))
max(vF(a)(X),vG(ﬁ)(X))),

which implies

Hc(a,ﬂ)(x) = (max(vF(Q)(x),vG(ﬁ)(x)),
min(nF(a)(X)’nG(ﬂ)(X)) (M
min (11, (). ()

On the other hand,

(F.A) v(G.B) =(F".A)v(G",B).

Let us assume that (F°,A)V(G°,B):(K,Ax B). We

obtain

(max (/JFC(Q) (X)’f“d(ﬁ) (X))’

)

77Fc(a)=77|:(a) 5 VFC(a)_’uF(a) 5

K(a,p)(x) =
min (UFC(Q) (%), s:() (X))
min(vFC(a) (X)’VGC(/f) (X))

Since u Ve >

Fé(a)

Vo) Me(p) = e(p) Vor(p) = Holp)®
(mx (v (%)- Ve (9)-
min(UF(a) (X)’UG(/}) (X))

min(,uF(a) (%) o) (X)))'

Hae(p)

K(ap)(x) =
@
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Combining (1) and (2), the proof is completed. Definition 3.12 The intersection of two NSSs (F,A) R
(2) The proof is similar to (1). m] (G,B)e NSS(U), denoted by (F,A)n(G,B), is a NSSs
Theorem 3.2 Let (F,A), (G,B), (H,C)eNSS(U), then (H.C),where C=AUB and forall e€C,

we have the following properties:

F(e) if ecA\B
2) (F,A)A((G.B)A(H.C))=((F.A)A(GB))A(H.C) s H(e)=1G(e) it ecB\A . 3)
F(e)nG(e) if ecAnB

b) (F.A)v((G.B)v(H.C))=((F.A)v(G.B))v(H.C) .
Proof. (1) Assume that
(G,B)A(H,C)=(1,BxC),

Definition 3.13 The union of two NSSs (F,A),
(G,B)e NSS(U), denoted by (F,A)U(G,B), is a NSSs
(H,C), where C=AUB and forall eeC,

e F(e) if ecA\B
H(B.7r)(x) = (min(ﬂe(ﬂ)(x),ﬂw)(x))a H(e)=1{G(e) if ecB\A . 3)
min(ﬂe(ﬁ)(x)’m(;,)(x)) F(e)uG(e) if ecAnB
max (VG(ﬁ) (X) Vg (X)))’ ;:e;:f;lv;;pl;z;e(;;::) , (G,B)eNSS(U), then we have
Y EEC, XeL. ) ((FA)A(G.B)) ~(F.AF UGB

We assume that

(F.A)A((G,B)A(H.C))=(K,AxBxC). b) ((F.A)u(G,B)) =(F.A) n(G.B)".

Proof. a) Assume that (F,A)n(G,B)=(H,C), with
In other words,
C=AuUB, then
(K,AxBxC)=(F,A)A(I,BxC). .
((F.A)n(G.B)) =(H.C)"=(H".C).
By definition of A operator for two NSSs,
By Definition 3.13,

K (a,ﬂ,y)(x) = (min(,uF(a) (X),min(,uG(ﬂ) (X),yHm (X))),

F(e) if eeA\B
min 7 () min 7 (X)) () H ()= Egeg G(e) li ee/E-;\\AB'
e)niGle) 11 ee AN
max (VF(a) (x), max (VG(IK) (%) V) (X))))ft mplics
or
Fe(e) if ecA\B
K(ap.r)(x) = (mi“(#w)(X)’f‘cs(m(x)aﬂw)(x))a H°(e)=1G"(e) if eeB\A . )
min(nF(a)(X)’UG(ﬁ)(X)>77H(7/)(X)) Fe(e)uG(e) if eecANB
max (Ve () Ve (X)s Vi (x))). Similarly, we denote (F,A)"U(G,B)" =(K,C) with
By a similar argument, we get C=AUB. Since (K’C):(F ’A)U(G ’B)’
((F,A)/\(G,B))/\(H,C):(K,/-\xB><C). (o) gzgei li ee:ii ©
€)= € 1 ee .
This concludes the proof of a). = (e)uG° (e) F ec ANB
The proof of b) is analogous. o

From (5) and (6), we get H® = K . Hence,
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((F,A)m(G,B))C :(F,A)CU(G,B)C, :”(o]uoz)xoj(xvy) = (,uq(X)/\,uos(y))v(yoz(X)/\,uos(y))
b) Similarly, we have b). o = Moo, (X% Y)Y too, (X.Y)
3.4 Cartesian product of neutrosophic soft sets = Hoo(o:0) (x.y).

Definition 3.14 Let O, cSNS(X,) and O, e SNS(X,) . oroyo (%Y) = (10, (x) 10, (¥)) A (16, () 710, ()

The Cartesian product of these two NSSs is = UOIXOJ(X7y)/\7702x03(X’y)

O, x0, € SNS(X, x X, ) defined as = oo, (%y).

Hare, (%:3) =, (X) 6, (7) oo () = (v (v () A(ve, ()vvo, (¥)

Moo, (X ¥) =110, (X) A1, () and = Voo, (X Y)AVo o (X))

Voxo, (X’ y) =Vo, (X)VVOZ (Y), V(X’ y) = Xl X Xz- V(o,xol)u(ozxq)(X’y)’v(x7y) € X, xX,.

It is easy to check the validation of Definition 3.15. The proof is given.

Theorem 3.4 For O,, O,eSNS(X,), 0O,eSNS(X,), adiiThe proof of d) is analogous. o

O, €SNS (X3) : Now we give the definition of the Cartesian product of

a) 0,x0, =0,x0,; neutrosophic soft sets.
Definition 3.15 Let X,, X, be two universes, E be the

b) (0, x0,)x0, =0,x(0,x0,);
( 1 3) ) 1 ( ’ 4) set of parameters, A, B < E. Then the Cartesian product

¢) (0,U0,)x0, =(0,x0,)u(0, x0;); of (F,A)eNSS(X,)and (G,B)eNSS(X,) is denoted by
@ (0,10,)x0,=(0,x0,)~(0,x0). (F.A)=(@,B) and defined by {H, AxB), where

Proof. a) and b) are straightforward. We consider c¢) and d). H(a,B)(x,y) = (min(yF(a) (x),ye(ﬁ) (y)),

c) We have

min (UF(a) (X)’ne(ﬂ) (y))’

o0, (X) = Ho, (X)V o, (X)),
yz H H maX(VF(a)(X),VG(ﬁ)(Y))),

UOIUOZ (X) :770| (X)/\UOZ (X) > and

Ve, AxB, V(X, X, xX,.
Voo, (X)=Vo (X)Avg (X), ¥XeX,. (@ B) e Ax (xy)e X, xX,

Theorem 3.5 Let X,, X,, X, be three universes, E be
the set of parameters, A, A,, B, DcE. For <F1,A1> ,
Hoonpo, 06 Y) = (o, (X)V o, (X)) Ao, (¥) (F,,A)eNsS(X,) ,  (G,B)eNSS(X,)  and
(H,D)e NSS (X, ), we have:

a) (F,A)x(G,B)=(G,B)x(F,A);
b) ((F.A)x(G.B))x(H.D)

Thus,

To,00, )0, (X’ y) = (7701 ()()/\7702 ()())/\7703 (Y) ,and

V0,00, <0, (X’ y) = (Vo1 (X)/\Vo2 (X))VVq (Y) )

V(X,y)e X, xX,.

Using the properties of the operations A and v we obtain =<F"A‘>X(<G’B>X<H’D>);
o) ((F.A)U(F,.A))x(G,B)
=((F.A)x(G.B))U((F,.A)x(G,B));
d) ((F.A)(F.. A))x(G.B)
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=((F.A)x(G.B))n({F,.A)x(G,B)). - min(max(vpl(a) (X)-Veip) (y)),max(vpz(a) (X)-Ve) (y))) .

Proof. The proof of a) and b) is omitted. Let us denote (H LA B> _ (F], A > o < G. B> and

¢) Use Definition 3.14, if (F',AUA,)=(F,A)U(F,,A), (H,,A, xB)=(F,,A)x(G,B). We have:
then forall ae A UA, :

F () if acA\A ey (% Y) =i (11 (0), g (¥)
O ) A ) el ()
Let assume that (K,(A UA)xB)=(F,AUA)x(G,B). (s (%) = max v ) (X)- Vo (y)) :
Forall (X,y)e X, x X,, there are following three cases : V(a,B)e AxB and (x,y)e X, xX,;
*Case 1: (a,8)e(A\A)xB. by (%:Y) =min(ﬂpz<a) ()t (y)) ’
ey (%) =min e (X): g () By (6¥) =min () (X)o7 (¥)

K (a.p) (xy)= min(ﬂp,(a) (X)»”G(ﬁ) (y)) ,and

"K(a,ﬁ)(x’y):max("a(a)(x)v‘”e(p)(y))- V(e B)eA xB and (x,y)e X, xX,.

* Case 2: (a,8)e(A,\VA)xB. We consider,

H(ap) (X’ y)zmin(,qu(a) (X)’:“G(/;)(y)) ) <K"(A XB)U(AZ X B)>:<H1’A x B>U<H1aA1 x B>~

Again, we have following three cases:
ety (%0 ¥) =i (7 ()75 (y)) - * Case 1: (@, 8) e (A xB)\(A xB)=(A\A)xB.We

have:
v

K(a.p) (x,y) =max (sz(a) (X)»Ve(/a) (y)) :

* Case 3: (a,8)e(A, NA)xB

Ftap) (6 Y) =ty ) (X:Y)
= min(ﬂa(a) (X)»ﬂe(a) (y)) ;
M (e p) (xy)= T, (a.p) (%)
= min(ﬂp,(a) (X)’UG(a) (y)) ;
Vic(ap) (xy)= Vi (ep) (%)
= max (VF,(a) (%) Vo ( y)) :

* Case 2: (a, B) e (A, xB)\(AxB)=(A\A)xB

= min nFl(a)(X)’an(a)(X)’UG(/J’)(y))’ and i (X y)= it (o) (X,y)
Vitas) (%¥) = ma"("a(«)uw) (%):Vos) (y)) = min(#pz(a) (%) Mo (y)) ;
:max(min(vﬁ(a)(X),vFg(a)(X)),VG(,;)(Y)) M ( Y)= Mo p) (x y)
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=min (an(a) (X)”]G(a) (v));

\<v

Vietap) (X ¥) =V,

= max(sz(a) (%)s Ve (Y)) .
* Case 3: (. B) € (A xB) (A xB)=(ANA)xB
Hc(a,p) (xy)= M (ap))(Ha(ap) (x.y)
:max(/,tH ) (V) ) (x,y))
- max(min(yﬁ (o ()i () ) mmin (41, ) (), (y))) ;
Nk (a.p) (xy)= T, () A s () (x.y)
= min (7, .5y (% Y) T (0 Y)
= minmin (1, (X). ) () Jmin (7, (). 711 (9))
=min (7 ()7 ) (X)- (¥)) : and
Victa) (% Y) = Ve ppfraesy (% Y)

5 (% y))

=min (max(vFl (@ (%), V() ( Y)) »max (Vg () (%) Vo(a) ( Y))) :

=min(le(aﬁ)(X,y),vH (

We then obtain K =K’ which completes the proof of
c). The proof of d) is analogous. ]

4 Standard neutrosophic soft relations

4.1 Standard neutrosophic relations

Fuzzy relations are one of the most important notions
of fuzzy set theory and fuzzy system theory. The Zadeh’s
composition rule of inference [2] is a well-known method
in approximation theory and inference methods in fuzzy
control theory. Intuitionistic fuzzy relations were received
many results [21][22]. Xu [24] defined some new intuition-
istic preference relations, such as the consistent intuition-
istic preference relation, incomplete intuitionistic prefer-
ence relation and studied their properties. Thus, it is neces-
sary to develop new approaches to issues, such as multi-
period investment decision making, medical diagnosis,
personnel dynamic examination, and military system effi-
ciency dynamic evaluation. In this section we shall present
some preliminary results on standard neutrosophic rela-
tions.

4.1.1 Standard neutrosophic relations

Let X , Y and Z be ordinary non-empty sets. A
standard neutrosophic relation is defined as follows.

Definition 4.1 [18] A standard neutrosophic relation
(SNR) R between X and Y isaSNSon X xY ,ie

R ={((x,y),yR (%Y):77: (X, ¥). v (X, y))‘(x,y) e X ><Y} ,

where 1, 175, Vg : X xY —[0,1] satisfy the condition
:uR(Xa y)+’7R(Xay)+VR(X9 y)SI; (Xa y)E X xY .

We will denote by SNR(X xY

between X and Y .

) the set of all SNRs

Definition 4.2 [18] Let R € SNR(X xY ), the inverse rela-

tion R of R isa SNR between Y and X defined as
Ho (Yo X) = g (X, Y) 5 7 (¥5X) =175 (X, y) , and
Ve (¥:X) = ve (%), ¥ (Y, X)€Y xX .

Now we will consider some simple properties of SNRs.

Definition 4.3 [18] Let R, PeSNR(X xY), for every, we

define:

RvP = {((x,y),yR(x,y)vyp(x,y),
b) e (% Y) A7 (X, ),
Ve (X, Y) AV, (x,y))‘(x, y)e X xY };
RAP = {((x,y),yR(x,y)/\yp(x,y),
c) e (% Y) AT (X, ),

ve (X, Y) Ve (x,y))‘(x, y)e X xY };

0 " {(0y)ve (63). 70 (6 ¥) e (x.9)
(X.y)e X xY|

Proposition 4.1[18] Let R, P, Q e SNS(X xY ). Then
a) (RM) =R;

b) R<P=R'<P";

B.C. Cuong, P.H. Phong, and F. Smarandache, Standard Neutrosophic Soft Theory: Some First Results



Neutrosophic Sets and Systems, Vol. 12, 2016

89

cl) (RvP) ' =R"vP™"; 2)(RAP) =R AP™;
d1) R/\(PVQ)z(R/\P)v(R/\Q);
d2) RV(P/\Q)z(RvP)/\(RvQ);

e) RAPLR, RAPLP;
fl) f R>P and R>Q then R>PVvQ;

£2)If R<P and R<Q then R<PAQ.

Proof. For the detail proof of this proposition, see [20].
4.1.2 Composition of standard neutrosophic
relations

In this sub-section we present some compositions of
SNRs.

Definition 4.4 [20] Let ReSNR(XxY) and
PeSNR(Y xZ) . We will call max - min composed
relation Po, ReSNR(X xZ) to the one defined by

/‘P—,R (X’Z):\Y/{IUR (X’ y)/\/lp (y,z)},
e R (XJ) Z/Y\{UR (X,Y)/\np (y,z)}, and

VP\IR(X,Z)=/y\{vR (x,y)vvp(y,z)}, V(x,z)eXxZ.

Definition 4.5 [20] Let

P € SNR (Y X Z) . We will call max - prod composed rela-
tion Po, Re SNR(X xZ) to the one defined by

ReSNR(X xY) and

tox (:2) =Vt (% Y) 1 (:2)}
TTp.,r (X’Z) = /y\':’h (X7y)'77p (y,z)} ,and
Vo (%.2) = A {ve (X ¥) 45 (%.2) =ve (x.y) v (v.2)}

V(X,Z)EX xZ .

Definition 4.6 [20] Let # be a t -norm, p be a t -conorm,
Re SNR(X ><Y) and P e SNR(Y ><Z) . We will call

max -t composed relation Ro, P e PFR(X xZ) to the
one defined by

,UR,SP(X,Z) = \y/(ﬂ(,uR (X, y),yp (y,z))) ,
Tk SP(X, 7)= /y\{ﬂ(UR (X, Y),UP (y,z))} , and

Var (%.2)= {0 (v (. ¥).v0 (v.2))}

V(X,Z)eX xZ .

The validation of Definitions 4.5-4.7 were given in
[30].

4.2 Neutrosophic soft relations

4.2.1 Some operations on neutrosophic soft
relations

In this sub-section, we give the definition of standard
neutrosophic soft relation (SNSR) as a generalization of
fuzzy soft relation and intuitionistic fuzzy soft relation.
The novel concept is actually a parameterized family of
standard neutrosophic relations (SNRs).

In following definitions, X , Y are ordinary non-
empty sets and E is a set of parameters.

Definition 4.7 Let AcE . A pair (R,A) is called a

standard neutrosophic soft relation (SNSR) over X xY if
R assigns to each parameter € in E a SNR R(e) in

SNR(X xY ), that is
R: A= SNR(X xY).

The set of all SNSRs between X and Y is denoted by
SNSR(X xY).

Definition 4.8 Let A, B< E . The intersection of two
SNSRs (R;,A) and (R,,B) over XxY is a SNSR
(R3,C) over X xY such that C=AuUB and for all
eeC,

if ecA\B,
if ecB\A,
R (e)AR,(e) if eeANB.

This relation is denoted by (R,,A)"(R;,B).

Definition 4.9 Let A,B < E .The union of two SNSRs
(R,A) and (R,,B) over X xY is a SNSR (R,,C) over
X xY ,where C=AuUB and forall ecC,

R (e) if ecA\B,
R,(e)=1R,(e) if eeB\A
R (e)vR,(e) if eeANB.

This relation is denoted by (R, A)U(R,,B).

4.2.2 Composition of neutrosophic soft relations
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We denote by SNSR¢ (X xY') the set of all SNSRs on

X xY with the corresponding parameter set E, . Similarly,
SNSR. (Y xZ) denotes the set of all SNSRs on Y xZ

with the corresponding parameter set E, .

Definition  4.10  Let ReSNSR. (X ><Y) and

PeSNSRe (Y xZ). We will call max - min composed
relation Pe, ReSNSRe ¢ (X xZ) to the one defined by

Pe R(e.e,)= {( 2). tour (X ¥)(€128, ).
nPolR(Xﬂz)(elﬁez)
Vour (%,2)(61,8,)|(x,2) € X xZ,

V(e.e,)e A xA, . Where
/UP-IR(X’Z)(el’ez):\y/{/'lR(e])(X’ y)/\ﬂp(ez)(yaz)},
UP-‘R(X’Z)(el’ez):/y\{ (X Y)/\Up (y, )},

Vour (62)(818) = A Vi) (6Y) Vv (v:2)]
)eX xZ, (el,ez)eAlez.
Definition 411  Let ReSNSR. (X xY)

P e SNSR, (Y ><Z) . We will call max - prod composed
relation Pe, ReSNSR; ¢ (X xZ) to the one defined by

Pe,R(e.e,)= {(x,z),yp,zR(x,y)(el,ez),
UP-ZR(X’Z)(eHeZ)
Vour (x,z)(el,e2)|(x,z)e X xZ},
V(e.e,)e A xA . Where
Howi (%:2) (€18) =ty (1Y)t (¥:2)}
o (%:2)(81:8) = M) (6 Y) T (%:2)]
2)(ene) = AMVa) (6 ¥)+ e, (1:2)
_VR(e‘)(X’y)'VP(ez)(y’Z)}’

)eXxZ, (el,ez)eAlez.

for all (X, z

and

Vour (x,

for all (X, z

Definition

We

412 Let ReSNSR, (XxY)

PeSNSR, (Y xZ),f isa t-normand p is a t-conorm.

will call max - t composed relation

Pe,ReSNSR, . (X xZ) to the one defined by

Pe.R(e.e,)= {( 2), tou s (X.¥)(€1:8,),
’7P-3R(X’Z)(el’e2)
Vour (%:2)(,,8,)|(x,2) € X xZ},

V(e.e,)e A xA, . Where

o (12},
>(y’z))} :

IIJP R e]’e {ﬂ

Veur (X.2)(e).8,)

forall (x,z)e X xZ, (el,ez)eAlez.

The validation of Definitions 4.11-4.13 is trivial by fol-
For each pair (e.e,)eAxA ,
Pe R(e.e,) is max - min composition of two SNRs
R(e) and P(e,),ie.

lowing arguments.

Pe, R(elaez): P(ez)ol P(e2)'

By the validation of o, , Pe R(e,e,)eSNR(X xZ)
which yields Pe, ReSNSRg ¢ (X X Z) . The validation of

¢, and e, are also obtained by analogous calculations.

Conclusion

In 2013, the new notion of picture fuzzy sets was in-
troduced. The novel concept, which is also termed as
standard neutrosophic set (SNS), constitutes an importance
case of neutrosophic set. Our neutrosophic soft set (NSS)
theory is a combination of the standard neutrosophic theo-
ry and the soft set theory. In other words, neutrosophic
soft set theory is a neutrosophic extension of the intuition-
istic fuzzy soft set theory. The complement, “and”, “or”,
union and intersection operations are defined on the NSSs.
The standard neutrosophic soft relations (SNSR) are also
considered. The basic properties of the NSSs and the
SNSRs are also discussed. Some future work may be con-
cerned interval- valued neutrosophic soft sets and interval-
valued neutrosophic relations should be considered.
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