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Abstract: The idea of bipolar single value neutrosophic set was created as an extension of a single
value neutrosophic set when every single value neutrosophic membership function has two poles.
In this study, we apply this idea in an algebraic environment when we initiate the novel concept of
bipolar single value neutrosophic subgroups and prove that every bipolar single value neutrosophic
subgroup generates two bipolar single value neutrosophic subgroups. we explain the level set,
support, kernel for bipolar single value neutrosophic set, bipolar single value neutrosophic
characteristic function, and bipolar single value neutrosophic point. Then, we illuminate the bipolar
single value neutrosophic subgroup, bipolar single value neutrosophic normal subgroup, bipolar
single value neutrosophic conjugate, normalizer for bipolar single value neutrosophic subgroup,
bipolar single value neutrosophic abelian subgroup, and bipolar single value neutrosophic factor
group. Furthermore, we present the linked theorems and examples and prove these theorems.
Finally, we discussed the image and pre-image of bipolar single-value neutrosophic subgroups
under homomorphism and proved the related theorems.
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1. Introduction

Zadeh [1] in 1965 developed the initial results of fuzzy sets (FSs) theory. This theory has been
successfully employed in handling uncertainty and ambiguous information in our real world. The
mathematical structure of this theory is characterized by the inclusion of a membership function that
represents the truth that an object belongs to a set of knowledge called the universal set. For example,
FSs provide suitable solutions to many problems related to bioinformatics and computational
biology, such as medical image processing, cell reconstruction, protein structure analysis, gene
expression analysis, and medical data classification. Atanassov [2] then came up with the idea of the

intuitionistic fuzzy set (IFS) to address uncertainty issues that the truth function of the fuzzy set alone
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cannot handle. Atanassov 's idea is an extension of the mathematical structure of the FS by adding a
second membership function called the falsity function. Smarandache [3] introduced the idea of
Neutrosophy from a philosophical point of view to handle the indeterminate information that exists
commonly in real situations. Neutrosophy idea considers an extension of the mathematical structure
when Smarandache adds a third function, named the indeterminacy-membership function, to study
the origin, nature, and scope of neutralities, as well as their interactions with different ideational
spectra that exist commonly in real situations. To adjust Smarandache's idea and put it into practice,
Wang et al. [4] new notion called single valued neutrosophic sets (SVNSs), which is more specified
from an engineering point of view. Researchers have been working on employing the concept of

SVNS in different mathematical directions.

Researchers have been working on employing the concept of SVNS in different mathematical
directions. Abuqamar and Hassan [5] defined the notion of neutrosophic normal soft groups under
Q effect and discussed some related properties. Al-Masarwah et al. [6] introduced the idea of the
direct product of sets that include Fermat neutrosophic (FN). Alqahtani et al. [7] studied neutrosophic
graphs under complex numbers and demonstrated their use in the design of hospital infrastructure.
Al-Quran et al. [8,9] made remarkable efforts to put out the notion of SVNS in decision-making
problems. Palanikumar et al. [10,11] discuss a new aggregation operator in this environment. Abed
[12,13] formulates and studies a new property, namely, the indeterminacy of the hollow module.
Romdhini et al. [14,15] present the Q-CNSFs and examine their unique algebraic properties. Al-
Qudah et al. [16,17] studied this concept in from many mathematical aspects. Bataihah and Azaymeh
[18-20] studied topological aspects and presented many important applications. Moreover, Hameed
et al.[21] discussed some characterisation SVN subgroups. Cetkin and Aygiin [22] examined the
subgroup and normal subgroup structures of single-valued neutrosophic sets. Zhang et al. [23]
generalized of the notion of the standard neutrosophic triplet group. On the other hand, these
modifications of SVNs cannot avail the positive pole and negative opinion of human thinking. To
cover this barrier, Deli et al. [24] introduced the concept of bipolar neutrosophic sets (BNSs) by
extending the notion of bipolar fuzzy sets (BESs) [25] where every SVN-membership has two poles,
i.e., positive pole and negative pole. This concept has been studied by many researchers, and many
results have been presented about it [26 -30]. But until now, the algebraic concepts and properties

have not been studied with BNSs, and this prompted us to present this study.

In this work, we initiate an approach to the group structure of bipolar single-valued neutrosophic
sets (BSVNSs). We define bipolar neutrosophic normal subgroups and give some properties of these
structures. Moreover, we explain the image and preimage of a bipolar single-valued neutrosophic set
and examine the homomorphic image and preimage of a bipolar single-valued neutrosophic (normal)
subgroup. In this method, we pick up the generalized form of the fuzzy subgroup and the
intuitionistic fuzzy subgroups that are defined on a classical group.

The residual paper is organised into five sections: Section 2 presents the preliminary terms and
definitions that we used to propose the results in this work. The main results, i.e., the elementary
notions of BNSG and its elementary relevant theorems and examples, are present in Section 3. Also,
the main results, i.e., the elementary notions of BNNSG and its elementary relevant theorems and
examples, are present in Section 4. Section 5 hands over a summary, limitations, and future extent of

the results that are present in this work.
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2. Preliminaries

Definition 2.1 The following mathematical frame that is known on X
Is called NS where the three memberships I,(m),E4(m),Z,4(m) € [0,1] denotes to truth-
membership function, indeterminacy-membership function, and falsity-membership function
respectively for m € X with stander condition 0 < I ;(m) + E4(m) + Z,4(m) < 3.
Definition 2.2 Let
And
B = {ml <H‘B (m)l EB (m)! z:‘B (m)>! m € X}
Then the fundamentals set theory on NS given as following:
i The subset between two NSs denotes as A € B where
M,(m) < TMg(m), E4(m) = Eg(m) and Z,(m) = Zgz(m).
ii. The equals between two NSs denotes as A = B where
M4(m) =lg(m), E4(m) =Eg(m) and X ,(m) = Zz(m).
iii. The union between two NSs denotes as AUB where:
max{Il 4 (m), g (m)}

AUB =< min{E ,(m), Eg(m)}
min{Z ,(m), Zg(m)}

iv. The intersection between two NSs denotes as ANB where:

min{ll ;(m), Nz(m)}
ANB = {max{E_4(m), Eg(m)}
max{Z_;(m),25(m)}

V. The complement of NS denotes as A where:
Za(m)
M, (m)

Definition 2.3. A NS-Stricture A given in definition 2.1 on classical group (®,+) is called NS-
subgroup of G if for 1,1t € ® then we have,
i. M, (m xn) = min{ll ,(m), 1 4(n)}
Eq(m *n) 2 min{E,(m), E,(n)}
Za(m *n) < max{Z,(m),L,(n)}
ii. M, () = M, (m).
Eq0h) = E (m).

(1) < 5, (m).

The collection of all terms of N-subgroups of ($,%) denotes as NS(®).
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Definition 2.4. A NS-Stricture A given in definition 2.1 on classical group (®,x) is called NS-
subgroup of G if for i, it € ® then we have,
i. My(m *n) = min{ll 4 (m), N 4(n)}
Eq(m xn) = min{E,(m),E,4(n)}
Za(m xn) <max{Z (m),z4(n)}
ii. MG = M, (m).
Ea() = E (m).

3, (1) < 3, (m).

The collection of all terms of N-subgroups of ($,%) denotes as NS(®).
Definition 2.4 The following mathematical frame that is known on X

A= {m €X H(J:,q) (m);E(J:A) (m), Z(t/l) (m), Mgy (m), By (m), L4 (’WL)}

Is called BNS where the three memberships
Mgy (m), Egy (m), 20y (m), T 4y (m), Egy (M), Z()(m) € [~1,1] denotes to positive and negative
truth-membership function, positive and negative indeterminacy-membership function, and positive

and negative falsity-membership function respectively for m € X .

3. Bipolar single value neutrosophic subgroups

Here in this section, we going to diagnose the mathematical structure of Bipolar single value

neutrosophic subgroups and their fundamentals properties.

Definition 3. 1. Let (®,+) be a classical group and A be a bipolar neutrosophic subset of classical
group 6 and p € [1,—1] . Then
(A = {iive 6,117, (), By (), 5y , (), 1Ty 5 (), Eay , (1), 5T, ()}
Where,
H(Jrﬂ)ﬁ(ﬁi) = {1t € 6|l = B, € [0,1]} and M), (1) = { e 6|, < B, € [-1,01},
E{ﬂ)ﬁ(m) = {ime 6|2, = p,p €[0,1]} and B, (1) = {fne 6|2, < B.B € [-1,01},
iy, () = {iit € 6|2, < B, B € [0,1]} and 2y, (i) = {rit € B[Z(,) > B, € [-1,0]}

Here we denotes to (A) as bipolar neutrosophic f-level set.

Remark 3.2. For two bipolar neutrosophic subset of classical group ® i.e A,B and if A B and
€[1,-1] then for positive side ¢y < Ty , Elyy < Efpy , E(q = Z(p and for negative
side My = MN& , Ey = E@) ., S < g -
Definition 3. 3. Let ($,x) be a classical group and A be a bipolar neutrosophic subset of classical
group & and B € [1,—1] . Then

(A)s = {1t € 6, 1145 (1), B )5 (1), )5 (1), ) (1), E oy (170), By (70}
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Where,
M¢ g, (i) = {ii € G|M¢,) = 0} and Mg, (1) = {fit € G|M,) < 0},
Bl (1) = {1 € G|E(,) = 0} and E(,) () = {1 € G|, < 0},
I (1) = {1 € G|3{,) < 0} and I, (i) = {ih € B|27,, = 0}.
Here we denotes to (A)s as bipolar neutrosophic support set.
Definition 3. 4. Let ($,%) be a classical group and A be a bipolar neutrosophic subset of classical
group & and B € [1,—1] . Then
(A = {iit € 6, ) (1), 8 )5 (1), 2y (1), My (1), Eay s (1), ) (1)}
Where,
¢y, (1) = {fit e G|, = 1} and Mg, (i) = {i € G|, = -1},
Bl (M) = [ € 6|2, = 1} and Eg, (1) = {1 € 6|2, = -1},
I () = {1 € 6|2, = 1} and Zg, (i) = {f € &[Ty, = -1}
Here we denotes to (A)y as Kernel of bipolar neutrosophic subset of classical group ®.
Definition 3.5. Let (6,+) be a classical group and for any subset H of a classical group ®. Then the
bipolar characteristic function neutrosophic (BCN) is denotes as
Az = {Mearse B Zear )

Where
(M, G =1 if meH

My, (1) =0 if it g3

Mgy, () = =1 if feH’
\ My, Gi) =0 if ieH

My, (M) =

(i, () =1 if meH

- . E{ﬂ)ﬂ(ﬁi)=0 if megH
By, (M) = o LN e

By, (M) = =1 if meH

Eay, (M) =0 if MmeH

|

S, () =1 if feH
Sy, (1) = 0 if ¢ H
S, (1) = =1 if feH
Sy, (1) = 0 if @& H

Remark 3.6. Evidently generalize a BCN is a BN-subset of classical group 6.

Definition 3. 7. Let (®,%) be a classical group and for any i, it € %, p € [-1,1] . Then the bipolar
neutrosophic subset of & given as following structure

A = (Tl Ewy 2w}
Where
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(MG =p if =i

oy Iy =0 if m+i
Sl ‘{ Mg (i) =p if =i’
\ N3y Gi) = 0 if v #ii

Bty (i) = 0 if it i
Ep() =p if =i
Lagﬂ)(m)zo if i it

IE(tﬂ)(ﬁ*) =p if m=i
B (i) =

( StoGi) =p if i=it

oy ) Zlp@) =0 if mi
Z(“”(m)_{ (i) = p if =i
\ Z5,Gi) =0 if it

Is said BN point with value, p € [-1,1] and support fit.

Definition 3. 8. Let (®,x) be a classical group and A be a bipolar neutrosophic set on classical
group & and g € [1,—1] . Then
(A = {iive 6,117, (1), By (0, 5y , (), T 5 (), gy , (1), 5T, (i)}
Where,
) , (i) = {iit € G|, = B, B € [0,1]} and M), (1) = {it € G|lg, < 8,5 € [-1,01},
E{ay, () = {it € 6|E¢,) = B, 8 € [0,1]} and E,), (1) = {ift € G|E¢,) < B, B € [-1,01},
i, () = {iit € 6|2,y < B, € [0,1]} and 2y, (i) = {rit € B[Z(,) > B, € [-1,0]}

Here we denotes to (A)g as bipolar neutrosophic f-level set.

Definition 3.9. Let (,%) be a classical group and A be a bipolar neutrosophic set on classical group
® . Then A is named bipolar neutrosophic subgroup of & if the following conditions satisfies:
i. A+ ) = min{AGR), A(R)} for all i1, #i € . Such that
M7 G+ ) = min{I1, (), TG (D)},
Y (i) = min{E5 (W), 24 ()}
IH (i) < max{Zh (), ()}
ii. A1) = A®H). Such that
4,031 = 114 0),
E4 (1) > 84 (),
Z5(i) < Z5G).
iii.  (ftxi)) < min{A®R), A} forall i it € 6. Such that
M7 G ) < max{TT i), T ),

E5 (fux it) < max{Ej (M), B4 (i)}
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X, * i) = min{Z; (), 24 ()}
iv. A1) < AGWR). Such that

M7 (M) < 17 (),

EL(™Y) < EZ (W),

I (7Y = 25 ).

Here the summation of all bipolar neutrosophic subgroups of & indicated as
BNS(6 ).

Example 3.10. Take & = K, = {1, 1, i, 1f * ii} is classical group with following Cayley table and

here *is natural multiplication:

* 1 m it W o* it
1 1 m it o it
m m 1 Ho* it it

And properties that m? = #t* = (fit % #1)2 = 1 and it * fi = it * 1.
Now take the BN subset values of & = K, as next

4= {(0.3,0.4,0.5, —0.4,—-0.6,—0.7) (0.3,0.4,0.5,—0.4,—0.6,—0.7)
- 1 ) ﬁ:I )

’

(0.3,0.4,0.5,-0.4,—0.6,—0.7) (0.3,0.4,0.5,—0.4,—0.6, —0.7)}
n m*n
Then we have to investigate:

1. A@n=*it) = min{A ), AGD)]} for all m,it € K,. Such that
MG+ i0) > min{IT (i), T (D),
85+ ft) = min{E3 (), B} ()}
5 (ox i) < max{Z} (), 23 (i)}
A1) = A(m). Such that
M (™) = M (i),
En(h) = E5 (1),

T () < 2 ().
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(M=) < min{A®Gn),A(H)} forall it € K,. Such that
T (i« 1) < max{Il, (i), M ()},
£ (i + 1t) < max{E;, (1), E, (1)}
X, * i) = min{Z; (), 2, (7))}
A1) < AGW). Such that
M5 G < M5 G,
EL(TH) < EZ (W),
oY) = 25 ().

2. Letm=1and ii =1

A «it) = min{A(n), AG)} for all m,it € K,. Such that

I (1t = 1) = min{I1% (i), T ()},
£ (i it) = min{E% (i), £ (i)}
oH(nx i) < max{Zh (), =G}
A1) = AGw). Such that
M5 G = 15 G,
ELGTH) = EL (),
L) < Zh 0.
(m=*1i) < min{AGn), A(H)} for all m,it € K,. Such that
I (i + 1) < max{Il, (), T ()},
E5 (v + i) < max{Ej, (W), E4 (1)}
Y, (M * i) = min{Z; (M), 4 ()}
A1) < AGW). Such that
M7, (MY < M5 (i),
Ex(i™) < EL (M),

IR () = 25 ().

And so on for the rest of the elements in K,, thus BN subset A of K, is BNSG.

Theorem 3.11. Assume that & is a traditional group and A is a bipolar neutrosophic subgroup of
®. Then, the subsequent properties are fulfilled:

i. AE) = A(f) where € is the identity element in group ® and e G.

ii. A1) > A(in), where 1it"lis the inverse element in group ® and it € .

Proof (i) Suppose that ¢ is the identity element in group & and # € .
Then by definition 3.1, we get for positive side:

M7 (&) = N5 G i)

= min{I1} (), 5 ()}

= min{Tl} (i), 1% ()} = 11 (i)

25 (@) =I5 (R«

< max{Z} (i), 25 (™)}

< max{Z} (W), 24 ()} = 2% (W)

Yousef Al-Qudah, Abdullah Alsoboh, Eman Hussein, Faisal Al-Shargi, and Abdullrahman A. Al-Magbali, A certain
algebraic structure of bipolar single value neutrosophic subgroups and its essential properties



Neutrosophic Sets and Systems, Vol. 90, 2025 397

-
'~

From similar steps, it is clearly shown that 2% (¢) > £} ().

Now for negative side, we get:

IPOERIVIGES )

< max{I1 (i), I (™)}

< max{I1 (i), M (i)} = M (i)

Za(®) = Zp (i)

> min{Z7 (), 57 (1))

= min{2, (M), £ ()} = £ ()

From similar steps, it is clearly shown that 27 (¢) < £ (it). Hence, we get the desired inequality in
i A@ = A@m).

Proof (ii.) Suppose that fit € & and it~

is the inverse element of it € 6. Again, by applying (ii) in
definition 3.1 and utilizing the group properties of ®, the other side of the inequality is proved as
next:
M () = ML ()™ = MR (R and M5 () = M5 (™)™ < 500,
EL@i) = EZ( )™ 2 E5(W7Y) and E5 () = EZ ()T < EL (7Y,
Th(M) = 2L (7D < SRR and IR () = 2L (M) 2 IR,
Therefor,

AT = (G, B (i), 25 (), T (), 25 (A7), 25 (™)

= (TG0, 5, (i), 25, (), 115 (i), 5 (i), 25 (i)

= A(1).

Theorem 3.12. Assume that & is a traditional group and A is a bipolar neutrosophic set of G.
Then A € BNS(®) if and only if A* (it *ii™') > min {A* (1), AT (™)} = min {A* (i), A* (i)}
and A~ (@ *fi~1) < max {A~ (), A~ (H 1)} = max {A~ (), A" (i)} where each 1,1 € &.

Proof. Suppose that A is a bipolar neutrosophic subgroup of & and for 1i,ii € 6.

Then it’s clear based on above discation we get

M5 G *it™1) > min {1} GR), TLGE ™D} = min {15 (), 145G} and

M i * 1) < min {15 i), M5 G} = min {17 (), 1 ()}

Thus for other terms,

ELGR i) = min {£4(), 245G} = min {Ef (W), 2% (1)} and
ThGn i) < max {T5G0), 253G} = max {4 (W), 24 ()} and
G« = min {(37(i), 3G} = max {37(@), 25},
Hence

A+ i) = (5 (o fi71), X (o 771, B8 (s 71, T G« 1), B (i i71), 25 (i o+ it 1))
> (min{I1} (), M (D)}, min{E% (), £ (D)}, max{Z} (i), 25 (D)},
max{I1 (i), [ (D)}, max{E% (i), E (D)}, min{Z (), £ (D}

= min({I1% (), £ (), 2 (i)}, {T15 (1), 25 (1), 25 (D),
max (T (), E5 (), 23 (), (15 ), 80, Z2 ()

=min {A*(h), A1)} and max {A~ (1), A~ (i)}
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Conversely, let ¢ be the identity element of classical group &.Then
ER(HT) = B (6 %71 = min {E5(8),E4 (D} = min {5+, E5G)
> min (24), £ (), 24} = £,
And with similar steps with the rest of the borders we get A € BNS(®).
Theorem 3.13. Assume that & is a traditional group and A and B are two bipolar neutrosophic
set on ®, if A and B are two bipolar neutrosophic subgroup of ®, then ANB is also bipolar
neutrosophic subgroup of 6.
Proof. Let i1, it €  and by theorem 3.4, we have,,
ANB@ +ii~1) = min{ANB (i), ANB(i1)}, such that
s (o 171 = min{Ilh 5 (), 1505 (D)3,
Ehns(txit™) = min{E% 5 (M), EX 5 ()},
Thns (i« i) < max{Zh s (W), 50 (W)}
Now, reflect on the positive truth membership degree of the intersection as follows, and the other
inequalities are likewise proved.

s Gt 671) = min{TL Gt » 70, 15 G » 7271}

> (min{min{I}; (i), % ()}, min{I13 (i), T (i)}})

= (min{min{I1}, (W), I (i)}, min{I1%; (i), 113 (i) }})

= min{Il}nz (M), 10z (1)}
Therefor ANB € BNS.
Proposition 3.14. Let & be a traditional group and A be a bipolar neutrosophic set of & if and only
if for all B €[-1,1], B —levelset of A H(tﬂ)ﬁ My, E(fﬂ)ﬂ, B E&)B, (), are classical
subgroups of traditional group ©.
Proof. In this proof we will only deal with the positive and negative true membership side and the
rest of the sides the proof is similar based on above definitions. Therefor,
Let A be a bipolar neutrosophic subgroup of ®, g € [-1,1] and for 1, ii € Mg PR Then, by the
assumption, we have:
Y (o« i71) = min{IT (i = 1i~1), T4 (i« 7 1)}
= min{B, B} = B
And
M (i * it 1) < max{ITf (i* #71), T3 (o« 17 1)}

< max{B,p} = B

Hence, we conclude TI{, s Hgarea classical subgroups of & for each g € [-1,1].

Conversely, Assume that I, s+ e, are a classical subgroups of & for each g € [—1,1]. Let
fiyii€ 6, f = min {n(tﬂ) G, T B(ﬁ)} and & = TI{, ().

Since l'[aq)ﬁ and TIf,y, are a classical subgroups of ®, then it i € HE’ﬂ)B and ! € My

Thus, Mgy Gits i) = = min {[Igy) (i), Mgy, (D} and My () = B = 11 ().

Hence, the conditions given in Definition 3.1 are satisfied.
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Theorem 3.15. Let F be a homomorphism mapping from classical groups 6, to classical groups 6,
and A be a BN-subgroup of ®,, then the image of A,i.e F(®,) is a BN-subgroup of ,.

Proof. In this proof we will only deal with the positive memberships side and the rest of the sides the
proof is similar based on above definitions. Therefor,

Assume that i, , th, € &, such that F(fy) =i, and F(r,) = f,. Since F be a group

homomorphism, then:
F(Ey)G*i™) = min )H(fﬂ)(m) > T3 (it * ),

it~ L=F (it

FEL)GixfiTD = min 8 (i) 2 8y (it ™),

F(E) i) = aeIAX 2y () < B (i )

Now we will work to prove that F(A) (it * i, ) = min{F (A) (i), F (A) (i)},

FCA) iy * iz ™) = (F(0e))(fir = f2™), F () (fir * 2™, F (50 (i » 7))

— . l-[+ . , . E+ . , Z+ o )
(o MO0, iy 20, mag 2L )

> (Mg Gt 1070, B gy G i), 5 (it x 1i71) )
2 (min{l'[g:ﬂ) (1), H(t,q) (mz)}» min{E(t,q) (1), E(t/z) (mz)}' max{Z("ﬂ) (i), 2:(t,q) (mz)})
= (min {(11¢4) Giv), By Git), Egy () ) (Mg i), By (i), By (i) ) })

This fluffed for each 1, 1, € ®; with F(iy,) =i, and F(fit,) = fi,. Then we get the following:

F(A)(fy *it,”") = min \/ Mg (i), \/ Elq (1), /\ Elq (1)

F(fg) =ity F(rirg)=iiq F(tiq)=iiq
\ mew, \/ stet, [\ st
F (1) =ftz F (i) =fiz F(1iy) =i,

= (min {(TE4) (i), By (in), By Gin) ) (Mg i), E gy i), By (i) ) })

= {F(A) (i), F(A) (i)}

Hence, the image of a BN-subgroup is also a BN-subgroup.

Theorem 3.16. Let F be a homomorphism mapping from classical groups ®, to classical groups &,
and B be a BN-subgroup of 6,, then the preimage of A,i.e F71(&,) is a BN-subgroup of ;.
Proof. In this proof we will only deal with the positive memberships side and the rest of the sides the
proof is similar based on above definitions. Therefor,

Assume that i, , th, € &, such that F(iy) =i, and F(i,) = ii,. Since F be a group

homomorphism, then:
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F I(B)(ml*mz 1)

= (HErB) (T(ﬁ‘l * "ﬁz_l))'E&) (T("ﬁl * fﬁz_l))'z&) (T(ﬁh * fhz_l))>
= (1) (F i) « F (™)) By (FOi) « F (i, ™)),

St (F i) + T(ﬁ&z‘l)»

max{S{s (F (i), 2 (F(i,))})

= min (HErB)(T(ﬁ'H))'5(+73)(7:(ﬁ11))'26r73)(7:(ﬁ11)),H?B)(T(ﬁiz)),5?3)(5['(15'12)),2&)(?@12)))

= min{F 1 (B) (1)), F 1 (B) (vi1,)}
Therefor, F~1(B) € BN(®,).
Corollary 3.17. Let F be a homomorphism mapping from classical groups ®, to classical groups
®, and A be a BN-subgroup of ,, then F~1(F(A )) =A .
Corollary 3.18. Let F be a homomorphism mapping from classical groups ®, to classical groups

®, and A be a BN-subgroup of ®,, then F(A ) = A ifand onlyif F (A )=A .

4. Bipolar neutrosophic normal subgroup (BNNSG)

Definition 4.1.Let (%) be aclassical group and A be a bipolar neutrosophic set on classical group
® . Then A is named bipolar neutrosophic normal subgroup (BNNSG) of & if the following
condition satisfies A (t * fi * 1~1) > A (i) for all 11, #i € G. That means

M5 G it m™t) > MHGD), ELGr«iixm 1) > EL@G) and I (o« it mt) < 24 Gi).

M, Gi*it« ™) < MLGH), EL( =i« 1) < EZ() and I (it x 1) > 27 (i).

Here, the collection of all the bipolar neutrosophic normal subgroups of classical group ® is
indicated by BNNS(®).

Example 4.2. Assume that the classical group (63 ={1,-1,i,—i}, ) Where . is natural

multiplication. Then the bipolar neutrosophic set A on 6 given as following:

(0.3,0.4,0.5,—0.4, —0.6,—0.7) {0.3,0.4,0.5,—0.4, —0.6, —0.7)
A= 1 ’ 1 '

(0.3,0.4,0.5,—0.4,—0.6,—0.7) (0.3,0.4,0.5,—0.4,—0.6, —0.7)}
i ’ —i

Based on definition 4.1, it is clear that the bipolar neutrosophic set A is a bipolar neutrosophic

normal subgroup of .

Theorem 4.3. Let ® be a traditional group and A, B € BNNS(®)then ANB € BNNS(®) also.
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Proof. In this proof we will only deal with the positive memberships side and the rest of the sides the
proof is similar based on above definitions. Therefor,

Since A, B € BNNS(®),then

Y (o« di+ ™) = ML G and T (i * it = 1) > 115 (i)

Now based on the definition of N then,

I g (s it 1) = min{I10 (i + i« 1), TIE (o fio+ 1)}

> min{IL% i), 115 ()<L 05 ().

By a similar step result, we get

Eqnp (it it x 1) 2=E55(it) and Ijnp(f it x 1) 2=35(i).

Therefore, the intersection of two BNNSGs is also a BNNSG.

Proposition 4.4. Assume that (6,#) be a classical group and A is a bipolar neutrosophic set on

classical group . Then the following point are fulfilled.

i A € BNNS(6).
ii. A x i * ) > A(H) for all t,1i € 6.
iii. AT * 1) = A * 1) for all i1, i € 6.

Proof. In this proof we will only deal with the positive memberships side and the rest of the sides the
proof is similar based on above definitions. Therefor,

(i) = (ii):Let A isabipolar neutrosophic normal subgroup of classical group & and for all 1, i €
®. Then by definition

I3 G s i« M) > ML), , EZ@nxiixm™) > EL(H) and  Ih (i +it+m™t) < ZX(H).

Thus, taking advantage of ®, i.e., the arbitrary property of ti, the following is obtained for the
truth-membership of A.

I (ot # fi o m) = M5 (ML = i+ (M) ™Y = M4 ()

Therefor, T} () = ML * (s i« mot) ) < TG« it « ) < T (),

i.e., MG it «m™1) = M5 GH).

And with steps similar to the rest of the borders,

Er(mxitxm 1) = EL () and and TH (i it x ) = 3F ().

Now, (ii) —(iii) It can be accessed directly through substitution i for ii * 1t in proof steps of (ii) .
Now, (iii) — (i) regarding A(iit * it) = A(it * ) for all 1, it € &. Then A (it * it * 1) = A (1t *
o x i) = A(H) = A(H).

Hence it satisfied.

Proposition 4.5. Let & be a traditional group and A be a bipolar neutrosophic normal subgroup of
® if and only if for all B € [~1,1], B —levelset of A II{y, s Mewy By By Sy Zw, are
classical subgroups of traditional group ®.

Proof. Clear and similar to the proof steps mentioned in above Proposition.

Definition 4. 6. Let (%) be a classical group and A be a bipolar neutrosophic set on classical group

®. The the normalizer of a BN-subgroup and A classical group G is given as following:
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N(A) = {it € &, AG™L * 1 * it) = min{A (), AG * i+ 1)} < A1), Vit € G}

Theorem 4.7. Let ® be a traditional group and A € BNSG(®), then
i. N(A) is subgroup of &.
ii. A BNNSG of & ifand only if N(A) = 6.

Proof (i). In this proof we will only deal with the positive and negative true memberships side and
the rest of the sides the proof is similar based on above definitions. Therefor,
Suppose that it,, i, € N(A) and to prove that fi,it," € N(A).

Therefor for any 1it € G we have,

25 ((fufiz") " i(ifiz!) ) = 25 (i rin(iit "))

24 (i, (i ity ity 1) = 25 (] Miity) = B ()

and,

5 ((ﬁlﬁgl)'lm(ﬁlﬁgl)‘l) =z ((ﬁzﬁgl)m(ﬁlﬁgl))

£ (1t (7 ity )itz ) < B (f7 ity ) < E5 (1)
Thus, we got
i,it;' € N(A) = (A) is subgroup of &.
Proof (ii). Direct depending on the definition of BNNSG of & mention above.

5. Conclusion

In continuation of the recent research work presented in the fuzzy algebraic environment, and to
explains the apparatus of operation of the bipolar system in the fuzzy algebraic environment. In this
studied, we applied this idea in an algebraic environment when we initiated the novel concept of
bipolar single value neutrosophic subgroups and proved that every bipolar single value neutrosophic
subgroup generates two bipolar single value neutrosophic subgroups. we explained the level set,
support, kernel for bipolar single value neutrosophic set, bipolar single value neutrosophic
characteristic function, and bipolar single value neutrosophic point. Then, we illuminated the bipolar
single value neutrosophic subgroup, bipolar single value neutrosophic normal subgroup, bipolar
single value neutrosophic conjugate, normalizer for bipolar single value neutrosophic subgroup,
bipolar single value neutrosophic abelian subgroup, and bipolar single value neutrosophic factor
group. Furthermore, we presented the linked theorems and examples and prove these theorems.
Finally, we discussed the image and pre-image of bipolar single-value neutrosophic subgroups under
homomorphism and proved the related theorems. However, the result presented in this work has
some limitations as well, and the investigated work cannot be employed for the examination of
molecule structures. BN subgroups can be generalised to bipolar complex neutrosophic subgroups,
bipolar complex picture fuzzy subgroups, bipolar complex neutrosophic soft groups, etc. In the
future, we aim to expand this research to bipolar bipolar complex neutrosophic soft sets [31,32], and
complex bipolar complex neutrosophic N-soft sets [33-35]. We hope that these concepts will form the
basis for innovative research on subgroups.
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