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Abstract: In this paper, we define and study a new fuzzy algebraic structure called ₷Ꝗ-neutrosophic 

fuzzy semigroups (₷Ꝗ-NFS) as a generalization of fuzzy algebra in the framework of ₷-semigroups. 

We achieve our objective by introducing a notion called Ꝗ -neutrosophic fuzzy subsets which define 

the membership, indeterminacy, and non-membership degree along with a restriction map for each. 

With this, we show that the classic fuzzy semigroup theory can be extended to take into account 

uncertainty, contradiction, and membership in partial truth degrees all at the same time. We provide 

formal definitions, symbolic representations, examples and fundamental propositions that outline 

the structure for ₷Ꝗ-NFS. We also look at some features of ₷Ꝗ -NFS that include an identity element 

and inverses, demonstrating that we have created a new kind of algebraic system that has both 

fuzzy and neutrosophic traits. 
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1. Introduction 

"Neutrosophic Sets" were developed by Florentin Smarandache conceptually in 1995 and 

formally published in the first years of the 21st century. The theory was created to address the 

shortcomings of classical and fuzzy set theories when dealing with real-world data that is uncertain, 

unclear, inconsistent, incomplete, and biassed; sets can describe each element using three separate 

functions: its degree of truth (T) which can be any value between 0 and 1, its degree of indeterminacy 

(I) which can also be any value between 0 and 1, and its degree of falsity (F) which can likewise be 

any value between 0 and 1. Neutrosophic sets are able to model more accurately the way things work 

because humans are rarely faced with perfect knowledge, incomplete knowledge, contradictions, and 

a fog of uncertainty. Neutrosophic sets have become used in a wide variety of applications, such as 

decision-making, optimizing engineering systems, medical diagnosis, and artificial intelligence 

fields. 

They began to incorporate fuzziness in an algebraic structure in the late twentieth century with 

fuzzy groups and fuzzy semigroups. In algebra, we have the latest evolution of ₷- Structures, where 

classical structures have partial properties satisfied in their larger structures. Padilla Raul [5] 

developed the notion of ₷-semigroup in 1998, which extended the study of semigroups in a different 
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way. This notion was further developed by W. B. Vasantha Kandasamy [9, 10] in 2003 in exploring 

₷-₣uzzy semigroups. For example, a ₷- semigroup (or group semigroup) is a semigroup possessing a 

proper subset that can behave as a group. These structures clearly show that regularity and 

irregularity can exist side by side together and more realistically embody the complexity of both 

artificial and natural systems. Subsequently, A. Solairaju and R. Nagarajan [8] developed a new 

algebraic structure known as Ꝗ-₣uzzy groups in 2008. Building upon this notion, T. Priya and others 

introduced Ꝗ-₣uzzy normal subgroups in 2013, which further extended the study of fuzziness in 

group theory. With the development of Ꝗ-₣uzzy sets, ₷Ꝗ-₣uzzy semigroups were proposed by R. 

Arul Doss and S. Suganya [12] as a natural generalisation. 

Enad Ghazi and Sinan O. Al-Salihi [17] proposed a robust medical diagnostic framework using 

interval-valued Ꝗ-Neutrosophic soft sets and novel aggregation operators. Their work demonstrates 

the applicability of Ꝗ-Neutrosophic theory to real-world decision-making problems, particularly in 

highly uncertain domains such as healthcare. Ayesha Saeed et al. [18] extended Ꝗ-Neutrosophic 

frameworks further by introducing the Ꝗ-Neutrosophic hypersoft set, combining hypersoft set theory 

with Ꝗ-Neutrosophic logic. Their application in tourism planning illustrates the flexibility of Ꝗ-

Neutrosophic models for multi-attribute decision-making. In the algebraic context, Premkumar et al. 

[19] investigated the properties of 𝜇 -Anti-Ꝗ-fuzzy subgroups, analyzing how anti-Ꝗ-fuzziness 

interacts with group structure and algebraic laws. Their study contributed deeper insights into the 

structural behaviour of Ꝗ-fuzzy groups under certain negation conditions. 

However, earlier models [12] only showed how much something belonged to a group using Ꝗ -

parameterization, without addressing the contradictions and uncertainties. In this paper, we 

introduced a new idea called ₷Ꝗ -Neutrosophic Fuzzy Semigroups (₷Ꝗ-NFS), which includes Ꝗ -

neutrosophic fuzzy subsets that have three parts: truth-membership (T), indeterminacy-membership 

(I), and falsity-membership (F), with each part having its own restriction map. ₷Ꝗ-NFS then provides 

fuzzy logic, neutrosophic logic and ₷- algebra, allowing the simultaneous modelling of partial truth, 

uncertainty and contradiction. Furthermore, while ₷Ꝗ-FS provided a single-valued degree over Ꝗ × 

H, the ₷Ꝗ-NFS rationalizes a richer algebraic model in a complex, uncertain setting. This enhanced 

modelling capacity further empowers the algebraic foundation necessary for the study of systems 

that combine conflicting, incomplete, or imprecise information or to bring a new level of abstraction 

to algebra and its real-world modelling capabilities. 

2. Preliminaries 

Definition 2.1[11]  

Let Ӽ be a non-empty set. A ₣uzzy subset ǜ of the set Ӽ is a function ǜ ∶  Ӽ →  [0, 1]. 

Definition 2.2 [9] 

 Let Ң be a ᵴemigroup. When Ң has a ꝓroper ᵴubset Ꝕ such that Ꝕ is a group under the action 

of Ң, then Ң is a ₷-ᵴemigroup(₷SG). 

Definition 2.3 [8] 

Let Ӽ and Ꝗ be non-empty sets. A Ꝗ-₣uzzy subset Ɲ of Ӽ is a function Ɲ ∶  Ӽ ×  Ꝗ →  [0, 1]. 

Definition 2.4 [8] 

Let Ǥ be a group and Ꝗ be any non- empty set. A Ꝗ-₣uzzy subset Ӑ of Ǥ is said to be Ꝗ -₣uzzy 

group of Ǥ if 

(i) Ӑ(ᾂᾒ, ɋ)  ≥  𝑚𝑖𝑛{Ӑ(ᾂ, ɋ), Ӑ(ᾒ, ɋ)} 

(ii) Ӑ(ᾂ−1, ɋ)  =  Ӑ(ᾂ, ɋ), for all ᾂ, ᾒ ∈  Ǥ and ɋ ∈ Ꝗ. 

Definition 2.5[16]  
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An item of the system Ɲ={ᾂ; ᵵ(ᾂ), ᵻ(ᾂ), ᵮ(ᾂ)} is a Neutrosophic fuzzy set over X, where ᾂ, 

ᵵƝ(ᾂ), ᵻƝ(ᾂ) and ᵮƝ(ᾂ)  represents generic element, truth-membership function, indeterminacy 

membership function and falsity-membership function respectively with mappings:  

ᵵƝ(ᾂ): 𝑋 →  [0, 1], ᵻƝ(ᾂ): 𝑋 →  [0, 1] and ᵮƝ(ᾂ): 𝑋 →  [0, 1]. 

Definition 2.6   

A Neutrosophic Fuzzy set Ɲ( ᵵ, ᵻ, ᵮ)  on a semigroup E is called a Neutrosophic Fuzzy 

subsemigroup on E if it satisfies the following conditions:  

(i) ᵵ(𝑥𝑦)  ≥ ᵵ(𝑥)  ∧ ᵵ(𝑦)  

(ii) ᵻ(𝑥𝑦)  ≤ ᵻ(𝑥)  ∨  ᵻ(𝑦)  

(iii) ᵮ(𝑥𝑦)  ≤ ᵮ(𝑥)  ∨  ᵮ(𝑦) for all 𝑥, 𝑦 ∈ 𝐸 

Definition 2.7 

Let Ӽ and Ꝗ be non-empty sets. A Ꝗ-Neutrosophic ₣uzzy subset Ɲ of Ӽ is a function 

ᵵƝ: Ӽ × Ꝗ →  [0, 1], ᵻƝ: Ӽ × Ꝗ →  [0, 1] and ᵮƝ: Ӽ × Ꝗ →  [0, 1]. 

Definition 2.8 

Let Ǥ be a group and Ꝗ be any non-empty set. A Ꝗ-Neutrosophic ₣uzzy subset A of 

Ǥ is said to be Ꝗ-Neutrosophic ₣uzzy group of Ǥ if 

(i) ᵵ(ᾂᾒ, ɋ)  ≥  𝑚𝑖𝑛{ᵵ(ᾂ, ɋ), ᵵ(ᾒ, ɋ)}; ᵻ(ᾂᾒ, ɋ) ≤  𝑚𝑎𝑥{ᵻ(ᾂ, ɋ), ᵻ(ᾒ, ɋ)} and  

ᵮ(ᾂᾒ, ɋ) ≤  𝑚𝑎𝑥{ᵮ(ᾂ, ɋ), ᵮ(ᾒ, ɋ)} 

(ii) ᵵ(ᾂ−1, ɋ) =  ᵵ(ᾂ, ɋ); ᵻ(ᾂ−1, ɋ) =  ᵻ(ᾂ, ɋ) and ᵮ(ᾂ−1, ɋ) =  ᵮ(ᾂ, ɋ) 

for all ᾂ, ᾒ ∈  Ǥ and ɋ ∈  Ꝗ. 

3. ₷Ꝗ-Neutrosophic fuzzy ᵴemigroups 

Definition 3.1 

 Let Ș be a ₷-ᵴemigroup and let Ɲ(ᵵ, ᵻ, ᵮ) be a Ꝗ-Neutrosophic fuzzy subset of Ș. Define the 

restriction maps ᵵƝ: Ș × Ꝗ →  [0, 1], ᵻƝ: Ș × Ꝗ →  [0, 1]  and ᵮƝ: Ș × Ꝗ →  [0, 1] where Ꝗ is a non-

empty set. Suppose there exists a proper subset Ꝕ ⊂ Ș, such that Ꝕ forms a group under the operation 

of Ș and Ɲ restricted to Ꝕ satisfies:  

For all ᾂ, ᾒ ∈ Ꝕ and ɋ ∈ Ꝗ 

ᵵƝ(ᾂᾒ, ɋ) ≥ min{ᵵƝ(ᾂ, ɋ), ᵵƝ(ᾒ, ɋ)}, 

ᵻƝ(ᾂᾒ, ɋ) ≤ 𝑚𝑎𝑥{ᵻƝ(ᾂ, ɋ), ᵻƝ(ᾒ, ɋ)} , 

ᵮƝ(ᾂᾒ, ɋ) ≤ 𝑚𝑎𝑥{ᵮƝ(ᾂ, ɋ), ᵮƝ(ᾒ, ɋ)} 

and 

ᵵƝ(ᾂ, ɋ) = ᵵƝ(ᾂ−1, ɋ); ᵻƝ(ᾂ, ɋ) = ᵻƝ(ᾂ−1, ɋ) and ᵮƝ(ᾂ, ɋ) = ᵮƝ(ᾂ−1, ɋ) 

Then Ɲ is called a ₷Ꝗ-Neutrosophic fuzzy ᵴemigroups(₷Ꝗ-NFS) 

Example 3.2 Look into an ₷SG 𝑍6 under multiplication modulo 6. 

 Let Ꝗ = {1}. Let [ᵵƝ, ᵻƝ, ᵮƝ]: 𝑍6  ×  Ꝗ →  [0, 1] be defined by,  

ᵵƝ(𝑥) = {

0.3 𝑖𝑓 ᾂ = (0,1)

0.4 𝑖𝑓 ᾂ = (2,1), (4,1)

0.2 𝑖𝑓 ᾂ = (1,1), (3,1), (5,1)
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ᵻƝ(𝑥) = {

0.4 𝑖𝑓 ᾂ = (0,1)

0.3 𝑖𝑓 ᾂ = (2,1), (4,1)

0.1 𝑖𝑓 ᾂ = (1,1), (3,1), (5,1)

 

ᵮƝ(𝑥) = {

0.3 𝑖𝑓 ᾂ = (0,1)

0.2 𝑖𝑓 ᾂ = (2,1), (4,1)

0.4 𝑖𝑓 ᾂ = (1,1), (3,1), (5,1)

 

It is evident that Ɲ is a Ꝗ-Neutrosophic Fuzzy subset of 𝑍6. 

Consider Ꝕ =  {1, 5}  ⊂ 𝑍6 and is also a group in 𝑍6 under the operation of 𝑍6.  

Here ᾂ = 1, ᾒ = 3, ɋ = 1 

ᵵƝ(5,1) ≥ 𝑚𝑖 𝑛{ᵵƝ(1,1), ᵵƝ(5,1)} 

0.2 ≥ 𝑚𝑖 𝑛{0.2,0.2} 

0.2 ≥ 0.2 

ᵻƝ(5,1) ≤ 𝑚𝑎𝑥{ᵻƝ(1,1), ᵻƝ(5,1)} 

0.1 ≤ 𝑚𝑎𝑥{0.1, 0.1} 

0.1 ≤ 0.1 

ᵮƝ(5,1) ≤ 𝑚𝑎𝑥{ᵮƝ(1,1), ᵮƝ(5,1)} 

0.4 ≤ 𝑚𝑎𝑥{0.4, 0.4} 

0.4 ≤ 0.4 

As expected Ɲ is a ₷Ꝗ-Neutrosophic ₣uzzy ᵴemigroup. 

Proposition 3.3  

When Ꝗ is a non-empty set and Ɲ is an ₷Ꝗ-NFS of an ₷SG Ș with respect to a groupꝔ, then 

(i) ᵵƝꝔ
(𝑒, ɋ) ≥ ᵵƝꝔ

(ᾂ, ɋ),  ᵻƝꝔ
(𝑒, ɋ) ≤ ᵻƝꝔ

(ᾂ, ɋ) and ᵮƝꝔ
(𝑒, ɋ) ≤ ᵮƝꝔ

(ᾂ, ɋ), where e is the identity 

element of Ꝕ 

(ii) ᵵƝꝔ
(ᾂ−1, ɋ) ≥ ᵵƝꝔ

(ᾂ, ɋ),  ᵻƝꝔ
(ᾂ−1, ɋ) ≤  ᵻƝꝔ

(ᾂ, ɋ)  and  ᵮƝꝔ
(ᾂ−1, ɋ) ≤  ᵮƝꝔ

(ᾂ, ɋ) , for all ᾂ ∈ Ꝕ 

and ɋ ∈ Ꝗ 

Proof 

Assume that Ɲ belongs to an ₷SG Ș and also be an ₷Ꝗ-NFS. Then, ᵵƝꝔ
: Ꝕ ×  Ꝗ →  [0, 1]  , 

ᵻƝꝔ
: Ꝕ ×  Ꝗ →  [0, 1]and ᵮƝꝔ

: Ꝕ ×  Ꝗ →  [0, 1] is a Ꝗ-Neutrosophic ₣uzzy group, and Ɲ is confined 

to at least one ꝓroper ᵴubset Ꝕ of Ș, which is a neutrosophic group.  

Therefore ᵵƝꝔ
(ᾂ, ɋ) ≥ ᵵƝ(ᾂ, ɋ), ᵻƝꝔ

(ᾂ, ɋ) ≤ ᵻƝ(ᾂ, ɋ) and ᵮƝꝔ
(ᾂ, ɋ) ≤ ᵮꝔ(ᾂ, ɋ), for all ᾂ ∈ Ꝕ and ɋ ∈ Ꝗ. 

(i) Let 𝑒 ∈ Ꝕ, where e is the identity element of Ꝕ. Now 

ᵵƝꝔ
(𝑒, ɋ) = ᵵƝꝔ

(ᾂᾂ−1, ɋ) 

≥ min {ᵵƝꝔ
(ᾂ, ɋ), ᵵƝꝔ

(ᾂ−1, ɋ)} 

                     = min {ᵵƝꝔ
(ᾂ, ɋ), ᵵƝꝔ

(ᾂ, ɋ)} 

   = ᵵƝꝔ
(ᾂ, ɋ) 

ᵵƝꝔ
(𝑒, ɋ) ≥ ᵵƝꝔ

(ᾂ, ɋ) 

and  

                              ᵻƝꝔ
(𝑒, ɋ) = ᵻƝꝔ

(ᾂᾂ−1, ɋ) 

                                       ≤ 𝑚𝑎𝑥{ᵻƝꝔ
(ᾂ, ɋ), ᵻƝꝔ

(ᾂ−1, ɋ)}  

                                       = max {ᵻƝꝔ
(ᾂ, ɋ), ᵻƝꝔ

(ᾂ, ɋ)} 
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                                       = ᵻƝꝔ
(ᾂ, ɋ) 

                                      ᵻƝꝔ
(𝑒, ɋ) ≤ ᵻƝꝔ

(ᾂ, ɋ) 

and  

                             ᵮƝꝔ
(𝑒, ɋ) = ᵮƝꝔ

(ᾂᾂ−1, ɋ) 

                                      ≤ 𝑚𝑎𝑥{ᵮƝꝔ
(ᾂ, ɋ), ᵮƝꝔ

(ᾂ−1, ɋ)}  

                                      = max {ᵮƝꝔ
(ᾂ, ɋ), ᵮƝꝔ

(ᾂ, ɋ)} 

                                      = ᵮƝꝔ
(ᾂ, ɋ) 

                                     ᵮƝꝔ
(𝑒, ɋ) ≤ ᵮƝꝔ

(ᾂ, ɋ) 

(ii)                            ᵵƝꝔ
(ᾂ−1, ɋ) = ᵵƝꝔ

(𝑒ᾂ−1, ɋ) 

                                      ≥ min {ᵵƝꝔ
(𝑒, ɋ), ᵵƝꝔ

(ᾂ−1, ɋ)}  

                                      = min {ᵵƝꝔ
(𝑒, ɋ), ᵵƝꝔ

(ᾂ, ɋ)} 

                                      ≥ ᵵƝꝔ
(ᾂ, ɋ)                              [Since by (i)] 

                                   ᵵƝꝔ
(ᾂ−1, ɋ) ≥ ᵵƝꝔ

(ᾂ, ɋ) 

And                    ᵻƝꝔ
(ᾂ−1, ɋ) = ᵻƝꝔ

(𝑒ᾂ, ɋ) 

                                      ≤ max {ᵻƝꝔ
(𝑒, ɋ), ᵻƝꝔ

(ᾂ−1, ɋ)}  

                                          = max {ᵻƝꝔ
(𝑒, ɋ), ᵻƝꝔ

(ᾂ, ɋ)} 

                                      ≤ ᵻƝꝔ
(ᾂ, ɋ) 

                                   ᵻƝꝔ
(ᾂ−1, ɋ) ≤ ᵻƝꝔ

(ᾂ, ɋ) 

And                    ᵮƝꝔ
(ᾂ−1, ɋ) = ᵮƝꝔ

(𝑒ᾂ, ɋ) 

                                      ≤ max {ᵮƝꝔ
(𝑒, ɋ), ᵮƝꝔ

(ᾂ−1, ɋ)}  

                                          = max {ᵮƝꝔ
(𝑒, ɋ), ᵮƝꝔ

(ᾂ, ɋ)} 

                                      ≤ ᵮƝꝔ
(ᾂ, ɋ) 

                                   ᵮƝꝔ
(ᾂ−1, ɋ) ≤ ᵮƝꝔ

(ᾂ, ɋ) 

 

Theorem 3.4 

 If Ɲ is an ₷Ꝗ-NFS of an ₷-ᵴemigroup Ș and Ꝗ is a non-empty set, then  

(i) ᵵƝꝔ
(ᾂᾒ−1, ɋ) = ᵵƝꝔ

(𝑒, ɋ) ⟹ ᵵƝꝔ
(ᾂ, ɋ) = ᵵƝꝔ

(ᾒ, ɋ)  

(ii) ᵻƝꝔ
(ᾂᾒ−1, ɋ) = ᵻƝꝔ

(𝑒, ɋ) ⟹ ᵻƝꝔ
(ᾂ, ɋ) = ᵻƝꝔ

(ᾒ, ɋ) 

(iii)  ᵮƝꝔ
(ᾂᾒ−1, ɋ) = ᵮƝꝔ

(𝑒, ɋ) ⟹ ᵮƝꝔ
(ᾂ, ɋ) = ᵮƝꝔ

(ᾒ, ɋ) 

for all ᾂ, ᾒ ∈  Ꝕ ⊂  Ɲ, where Ș is a group and ƝꝔ is the restriction of Ɲ, ɋ ∈ Ꝗ and e is the identity 

element of Ꝕ. 

Proof 

Let Ɲ be an ₷Ꝗ -NFS of an ₷-ᵴemigroup Ș and let Ꝗ be a non -empty set. Then Ɲ is restricted to at 

least one ꝓroper ᵴubset Ꝕ of Ș which is a group and  ᵵƝꝔ
: Ꝕ ×  Ꝗ →  [0, 1] , ᵻƝꝔ

: Ꝕ ×  Ꝗ →  [0, 1] and 

ᵮƝꝔ
: Ꝕ ×  Ꝗ →  [0, 1] is a Ꝗ-Neutrosophic ₣uzzy group.  

Therefore ᵵƝꝔ
(ᾂ, ɋ) ≥ ᵵƝ(ᾂ, ɋ) for all ᾂ ∈ Ꝕ and ɋ ∈ Ꝗ . 

Let ᾂ ∈ Ꝕ and ɋ ∈ Ꝗ. 

Considering that ᵵƝꝔ
(ᾂᾒ−1, ɋ) = ᵵƝꝔ

(𝑒, ɋ). 

ᵵƝꝔ
(ᾂ, ɋ) = ᵵƝꝔ

(ᾂᾒ−1ᾒ, ɋ) 
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                                               ≥ min {ᵵƝꝔ
(ᾂᾒ−1, ɋ), ᵵƝꝔ

(ᾒ, ɋ)} 

                                               = min {ᵵƝꝔ
(𝑒, ɋ), ᵵƝꝔ

(ᾒ, ɋ)} 

                                               = ᵵƝꝔ
(ᾒ, ɋ)             [Since by proposition 3.3 (i)] 

                                      ᵵƝꝔ
(ᾂ, ɋ) ≥ ᵵƝꝔ

(ᾒ, ɋ) 

Now,  

                                      ᵵƝꝔ
(ᾒ, ɋ) = ᵵƝꝔ

(ᾒᾂ−1ᾂ, ɋ) 

                                               ≥ min {ᵵƝꝔ
(ᾒᾂ−1, ɋ), ᵵƝꝔ

(ᾂ, ɋ)} 

                                               = min {ᵵƝꝔ
((ᾒᾂ−1)−1, ɋ), ᵵƝꝔ

(ᾂ, ɋ)} 

                                               = min {ᵵƝꝔ
(ᾂᾒ−1, ɋ), ᵵƝꝔ

(ᾂ, ɋ)} 

                                               = min {ᵵƝꝔ
(𝑒, ɋ), ᵵƝꝔ

(ᾂ, ɋ)} 

                                               = ᵵƝꝔ
(ᾂ, ɋ) 

                                     ᵵƝꝔ
(ᾒ, ɋ)  ≥ ᵵƝꝔ

(ᾂ, ɋ) 

Therefore  

                                      ᵵƝꝔ
(ᾂ, ɋ) = ᵵƝꝔ

(ᾒ, ɋ) 

for all ᾂ ∈ Ꝕ and ɋ ∈ Ꝗ. 

Similarly, again considering that  ᵻƝꝔ
(ᾂᾒ−1, ɋ) =  ᵻƝꝔ

(𝑒, ɋ). 

                                      ᵻƝꝔ
(ᾂ, ɋ) =  ᵻƝꝔ

(ᾂᾒ−1ᾒ, ɋ) 

                                                ≤ max { ᵻƝꝔ
(ᾂᾒ−1, ɋ), ᵻƝꝔ

(ᾒ, ɋ)} 

                                                = max { ᵻƝꝔ
(𝑒, ɋ), ᵻƝꝔ

(ᾒ, ɋ)} 

                                                =  ᵻƝꝔ
(ᾒ, ɋ)           [Since by proposition 3.3 (i)] 

                                       ᵻƝꝔ
(ᾂ, ɋ) ≤  ᵻƝꝔ

(ᾒ, ɋ) 

Now,  

                                       ᵻƝꝔ
(ᾒ, ɋ) =  ᵻƝꝔ

(ᾒᾂ−1ᾂ, ɋ) 

                                                ≤ max { ᵻƝꝔ
(ᾒᾂ−1, ɋ), ᵻƝꝔ

(ᾂ, ɋ)} 

                                                = max { ᵻƝꝔ
((ᾒᾂ−1)−1, ɋ), ᵻƝꝔ

(ᾂ, ɋ)} 

                                                = max { ᵻƝꝔ
(ᾂᾒ−1, ɋ), ᵻƝꝔ

(ᾂ, ɋ)} 

                                                = max { ᵻƝꝔ
(𝑒, ɋ), ᵻƝꝔ

(ᾂ, ɋ)} 

                                                =  ᵻƝꝔ
(ᾂ, ɋ) 

                                      ᵻƝꝔ
(ᾒ, ɋ)  ≥  ᵻƝꝔ

(ᾂ, ɋ) 

                            Therefore  ᵻƝꝔ
(ᾂ, ɋ) =  ᵻƝꝔ

(ᾒ, ɋ) for all ᾂ ∈ Ꝕ and ɋ ∈ Ꝗ. 

Similarly, again considering that    ᵮƝꝔ
(ᾂᾒ−1, ɋ) =  ᵮƝꝔ

(𝑒, ɋ). 

                                        ᵮƝꝔ
(ᾂ, ɋ) =  ᵮƝꝔ

(ᾂᾒ−1ᾒ, ɋ) 

                                                 ≤ max { ᵮƝꝔ
(ᾂᾒ−1, ɋ), ᵮƝꝔ

(ᾒ, ɋ)} 

                                                 = max { ᵮƝꝔ
(𝑒, ɋ), ᵮƝꝔ

(ᾒ, ɋ)} 

                                                 =  ᵮƝꝔ
(ᾒ, ɋ)           [Since by proposition 3.3 (i)] 

                                        ᵮƝꝔ
(ᾂ, ɋ) ≤  ᵮƝꝔ

(ᾒ, ɋ) 

Now,  

                                         ᵮƝꝔ
(ᾒ, ɋ) =  ᵮƝꝔ

(ᾒᾂ−1ᾂ, ɋ) 

                                                  ≤ max { ᵮƝꝔ
(ᾒᾂ−1, ɋ), ᵮƝꝔ

(ᾂ, ɋ)} 

                                                  = max { ᵮƝꝔ
((ᾒᾂ−1)−1, ɋ), ᵮƝꝔ

(ᾂ, ɋ)} 
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                                                  = max { ᵮƝꝔ
(ᾂᾒ−1, ɋ), ᵮƝꝔ

(ᾂ, ɋ)} 

                                                  = max { ᵮƝꝔ
(𝑒, ɋ), ᵮƝꝔ

(ᾂ, ɋ)} 

                                                  =  ᵮƝꝔ
(ᾂ, ɋ) 

                                        ᵮƝꝔ
(ᾒ, ɋ)  ≥  ᵮƝꝔ

(ᾂ, ɋ) 

                              Therefore  ᵮƝꝔ
(ᾂ, ɋ) =  ᵮƝꝔ

(ᾒ, ɋ) for all ᾂ ∈ Ꝕ and ɋ ∈ Ꝗ. 

Theorem 3.5   

Let Ș be an ₷-ᵴemigroup, Ꝗ any nonempty set and let Ꝕ be a ꝓroper ᵴubset of Ș which is a group 

in Ș. Then  ᵵƝꝔ
: Ș ×  Ꝗ →  [0, 1] , ᵻƝꝔ

: Ș ×  Ꝗ →  [0, 1]and ᵮƝꝔ
: Ș ×  Ꝗ →  [0, 1] is an ₷Ꝗ-NFS relative 

to Ꝕ if and only if ᵵƝꝔ
(ᾂᾒ−1, ɋ) ≥ min {ᵵƝꝔ

(ᾂ, ɋ), ᵵƝꝔ
(ᾒ, ɋ)} , ᵻƝꝔ

(ᾂᾒ−1, ɋ) ≤ max {ᵻƝꝔ
(ᾂ, ɋ), ᵻƝꝔ

(ᾒ, ɋ)} 

and ᵮƝꝔ
(ᾂᾒ−1, ɋ) ≤ max {ᵮƝꝔ

(ᾂ, ɋ), ᵮƝꝔ
(ᾒ, ɋ)} for all ᾂ ∈ Ꝕ and ɋ ∈ Ꝗ. 

Proof  

 Assume that ᵵƝꝔ
: Ș ×  Ꝗ →  [0, 1] , ᵻƝꝔ

: Ș ×  Ꝗ →  [0, 1]and ᵮƝꝔ
: Ș ×  Ꝗ →  [0, 1]is an ₷Ꝗ-NFS 

relative to Ꝕ. Then Ɲ is restricted to Ꝕ and ᵵƝꝔ
: Ꝕ ×  Ꝗ →  [0, 1] , ᵻƝꝔ

: Ꝕ ×  Ꝗ →  [0, 1]and ᵮƝꝔ
: Ꝕ ×

 Ꝗ →  [0, 1]   is a Ꝗ- Neutrosophic ₣uzzy group. Then ᵵƝꝔ
(ᾂ, ɋ) = ᵵƝꝔ

(ᾂ, ɋ), ᵻƝꝔ
(ᾂ, ɋ) = ᵻƝꝔ

(ᾂ, ɋ) and 

ᵮƝꝔ
(ᾂ, ɋ) = ᵮƝꝔ

(ᾂ, ɋ) for all ᾂ ∈ Ꝕ and ɋ ∈ Ꝗ.  

Let ᾂ, ᾒ−1  ∈  Ꝕ and ɋ ∈ Ꝗ .  

Then ᵵƝꝔ
(ᾂᾒ−1, ɋ) ≥ min {ᵵƝꝔ

(ᾂ, ɋ), ᵵƝꝔ
(ᾒ−1, ɋ)} 

                                             = min {ᵵƝꝔ
(ᾂ, ɋ), ᵵƝꝔ

(ᾒ, ɋ)} 

Therefore, ᵵƝꝔ
(ᾂᾒ−1, ɋ) ≥ min {ᵵƝꝔ

(ᾂ, ɋ), ᵵƝꝔ
(ᾒ, ɋ)} 

Conversely, assume that, 

ᵵƝꝔ
(ᾂᾒ−1, ɋ) ≥ min {ᵵƝꝔ

(ᾂ, ɋ), ᵵƝꝔ
(ᾒ, ɋ)}                                                         (1) 

For all ᾂ, ᾒ ∈  Ꝕ and ɋ ∈ Ꝗ .Put ᾒ =  ᾂ in (1).  

Then, ᵵƝꝔ
(ᾂᾂ−1, ɋ) ≥ min {ᵵƝꝔ

(ᾂ, ɋ), ᵵƝꝔ
(ᾂ, ɋ)} 

ᵵƝꝔ
(𝑒, ɋ) ≥ ᵵƝꝔ

(ᾂ, ɋ)                                                                            (2)                                                                                                  

Now,                             ᵵƝꝔ
(ᾒ−1, ɋ) = ᵵƝꝔ

(𝑒ᾒ−1, ɋ) 

                                              ≥ min {ᵵƝꝔ
(𝑒, ɋ), ᵵƝꝔ

(ᾒ, ɋ)}               [since by (1)] 

                                  ᵵƝꝔ
(ᾒ−1, ɋ) ≥ ᵵƝꝔ

(ᾒ, ɋ)                              [since by (2)] 

Also,                               ᵵƝꝔ
(ᾒ, ɋ) = ᵵƝꝔ

(𝑒(ᾒ−1)−1, ɋ) 

                                             ≥ min {ᵵƝꝔ
(𝑒, ɋ), ᵵƝꝔ

(ᾒ−1, ɋ)}             [since by (1)] 

                                    ᵵƝꝔ
(ᾒ, ɋ) ≥ ᵵƝꝔ

(ᾒ−1, ɋ)                            [since by (2)]    

           ᵵƝꝔ
(ᾒ, ɋ) = ᵵƝꝔ

(ᾒ−1, ɋ).                                     (3) 

 Now                             ᵵƝꝔ
(ᾂᾒ, ɋ) = ᵵƝꝔ

((ᾂᾒ)−1, ɋ). 

                                             = ᵵƝꝔ
(ᾒ−1ᾂ−1, ɋ). 

                                             ≥ min {ᵵƝꝔ
(ᾒ−1, ɋ), ᵵƝꝔ

(ᾂ−1, ɋ)}      

                                             ≥ min {ᵵƝꝔ
(ᾒ, ɋ), ᵵƝꝔ

(ᾂ, ɋ)}               [since by (1)] 

Therefore, ᵵƝꝔ
(ᾂᾒ, ɋ)  ≥ min {ᵵƝꝔ

(ᾒ, ɋ), ᵵƝꝔ
(ᾂ, ɋ)}                                                     (4) 

Similarly, let ᾂ, ᾒ−1  ∈  Ꝕ and ɋ ∈ Ꝗ . 

Then ᵻƝꝔ
(ᾂᾒ−1, ɋ) ≤ max{ᵻƝꝔ

(ᾂ, ɋ), ᵻƝꝔ
(ᾒ−1, ɋ)} = max {ᵻƝꝔ

(ᾂ, ɋ), ᵻƝꝔ
(ᾒ, ɋ)} 

Therefore, ᵻƝꝔ
(ᾂᾒ−1, ɋ) ≤ max {ᵻƝꝔ

(ᾂ, ɋ), ᵻƝꝔ
(ᾒ, ɋ)} 

Conversely, assume that, ᵻƝꝔ
(ᾂᾒ−1, ɋ) ≤ max {ᵻƝꝔ

(ᾂ, ɋ), ᵻƝꝔ
(ᾒ, ɋ)}                                (5) 
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for all ᾂ, ᾒ ∈  Ꝕ and ɋ ∈ Ꝗ .Put ᾒ =  ᾂ in (5).  

Then                          ᵻƝꝔ
(ᾂᾂ−1, ɋ) ≤ max {ᵻƝꝔ

(ᾂ, ɋ), ᵻƝꝔ
(ᾂ, ɋ)}    

                                   ᵻƝꝔ
(𝑒, ɋ) ≤ ᵻƝꝔ

(ᾂ, ɋ)                                         (6)                                                                                                  

Now,                           ᵻƝꝔ
(ᾒ−1, ɋ) = ᵻƝꝔ

(𝑒ᾒ−1, ɋ) 

                                            ≤ max {ᵻƝꝔ
(𝑒, ɋ), ᵻƝꝔ

(ᾒ, ɋ)}                [since by (5)] 

                                 ᵻƝꝔ
(ᾒ−1, ɋ) ≤ ᵻƝꝔ

(ᾒ, ɋ)                               [since by (6)] 

Also,                              ᵻƝꝔ
(ᾒ, ɋ) ≤ ᵻƝꝔ

(𝑒(ᾒ−1)−1, ɋ) 

                                            ≤ max {ᵻƝꝔ
(𝑒, ɋ), ᵻƝꝔ

(ᾒ−1, ɋ)}              [since by (5)] 

                                   ᵻƝꝔ
(ᾒ, ɋ) ≤ ᵻƝꝔ

(ᾒ−1, ɋ)                              [since by (6)]    

                        Therefore ᵻƝꝔ
(ᾒ, ɋ) = ᵻƝꝔ

(ᾒ−1, ɋ).                                       (7) 

 Now,                           ᵻƝꝔ
(ᾂᾒ, ɋ) = ᵻƝꝔ

((ᾂᾒ)−1, ɋ). 

                                            = ᵻƝꝔ
(ᾒ−1ᾂ−1, ɋ). 

                                            ≤ max {ᵻƝꝔ
(ᾒ−1, ɋ), ᵻƝꝔ

(ᾂ−1, ɋ)}      

                                            ≤ max {ᵻƝꝔ
(ᾒ, ɋ), ᵻƝꝔ

(ᾂ, ɋ)}                  

                  ᵻƝꝔ
(ᾂᾒ, ɋ) ≤ max {ᵻƝꝔ

(ᾒ, ɋ), ᵻƝꝔ
(ᾂ, ɋ)}                        (8) 

Similarly, let ᾂ, ᾒ−1  ∈  Ꝕ and ɋ ∈ Ꝗ .  

                          Then ᵮƝꝔ
(ᾂᾒ−1, ɋ) ≤ max{ᵻƝꝔ

(ᾂ, ɋ), ᵮƝꝔ
(ᾒ−1, ɋ)}  

                                            = max {ᵮƝꝔ
(ᾂ, ɋ), ᵮƝꝔ

(ᾒ, ɋ)} 

                    Therefore, ᵮƝꝔ
(ᾂᾒ−1, ɋ) ≤ max {ᵮƝꝔ

(ᾂ, ɋ), ᵮƝꝔ
(ᾒ, ɋ)} 

Conversely, assume that , ᵮƝꝔ
(ᾂᾒ−1, ɋ) ≤ max {ᵮƝꝔ

(ᾂ, ɋ), ᵮƝꝔ
(ᾒ, ɋ)}                              (9) 

ᾂ, ᾒ ∈  Ꝕ and ɋ ∈ Ꝗ .Put ᾒ =  ᾂ in (5).  

Then                         ᵮƝꝔ
(ᾂᾂ−1, ɋ) ≤ max {ᵮƝꝔ

(ᾂ, ɋ), ᵮƝꝔ
(ᾂ, ɋ)}    

                                  ᵮƝꝔ
(𝑒, ɋ) ≤ ᵮƝꝔ

(ᾂ, ɋ)                                         (10)                                                                                                  

Now,                           ᵮƝꝔ
(ᾒ−1, ɋ) = ᵮƝꝔ

(𝑒ᾒ−1, ɋ) 

                                            ≤ max {ᵮƝꝔ
(𝑒, ɋ), ᵮƝꝔ

(ᾒ, ɋ)}                [since by (9)] 

                                 ᵮƝꝔ
(ᾒ−1, ɋ) ≤ ᵮƝꝔ

(ᾒ, ɋ)                              [since by (10)] 

Also,                              ᵮƝꝔ
(ᾒ, ɋ) ≤ ᵮƝꝔ

(𝑒(ᾒ−1)−1, ɋ) 

                                            ≤ max {ᵮƝꝔ
(𝑒, ɋ), ᵮƝꝔ

(ᾒ−1, ɋ)}              [since by (9)] 

                                   ᵮƝꝔ
(ᾒ, ɋ) ≤ ᵮƝꝔ

(ᾒ−1, ɋ)                            [since by (10)]    

                         Therefore ᵮƝꝔ
(ᾒ, ɋ) = ᵮƝꝔ

(ᾒ−1, ɋ).                                     (11) 

 Now,                            ᵮƝꝔ
(ᾂᾒ, ɋ) = ᵮƝꝔ

((ᾂᾒ)−1, ɋ). 

                                             = ᵮƝꝔ
(ᾒ−1ᾂ−1, ɋ). 

                                             ≤ max {ᵮƝꝔ
(ᾒ−1, ɋ), ᵮƝꝔ

(ᾂ−1, ɋ)}      

                                             ≤ max {ᵮƝꝔ
(ᾒ, ɋ), ᵮƝꝔ

(ᾂ, ɋ)}                  

                   ᵮƝꝔ
(ᾂᾒ, ɋ) ≤ max {ᵮƝꝔ

(ᾒ, ɋ), ᵮƝꝔ
(ᾂ, ɋ)}                       (12) 

From (3), (4), (7), (8), (11) and (12) ƝꝔ is an ₷Ꝗ-NFS relative to a group Ꝕ. 

Theorem 3.6   

Let Ɲ be an ₷Ꝗ-NFS of an ₷-ᵴemigroup Ș relative to a group Ꝕ. If 

(i) ᵵƝꝔ
(ᾂᾒ−1, ɋ) = 1, then ᵵƝꝔ

(ᾂ, ɋ) = ᵵƝꝔ
(ᾒ, ɋ)  

(ii) ᵻƝꝔ
(ᾂᾒ−1, ɋ) = 0, then ᵻƝꝔ

(ᾂ, ɋ) = ᵻƝꝔ
(ᾒ, ɋ) and 
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(iii)  ᵮƝꝔ
(ᾂᾒ−1, ɋ) = 0, then ᵮƝꝔ

(ᾂ, ɋ) = ᵮƝꝔ
(ᾒ, ɋ) 

for every ᾂ, ᾒ ∈ Ꝕ ⊂ Ș and ɋ ∈ Ꝗ. 

Proof 

  Let Ɲ be an ₷Ꝗ-NFS of an ₷-ᵴemigroup Ș relative to a group Ꝕ. Then ᵵƝꝔ
: Ꝕ ×  Ꝗ →  [0, 1] , 

ᵻƝꝔ
: Ꝕ ×  Ꝗ →  [0, 1] and ᵮƝꝔ

: Ꝕ ×  Ꝗ →  [0, 1] is a Ꝗ-Neutrosophic ₣uzzy group. Therefore 

ᵵƝꝔ
(ᾂ, ɋ) = ᵵƝꝔ

(ᾒ, ɋ) ∀ ᾂ in Ꝕ and ɋ in Ꝗ.  

Let ᾂ, ᾒ ∈ Ꝕ and ɋ ∈ Ꝗ.  

Assume that ᵵƝꝔ
(ᾂᾒ−1, ɋ) = 1 

ᵵƝꝔ
(ᾂ, ɋ) = ᵵƝꝔ

(ᾂᾒ−1ᾒ, ɋ) 

                                              ≥ min {ᵵƝꝔ
(ᾂᾒ−1, ɋ), ᵵƝꝔ

(ᾒ, ɋ)} 

                                              = min {1, ᵵƝꝔ
(ᾒ, ɋ)} 

                                              = ᵵƝꝔ
(ᾒ, ɋ), 

     ᵵƝꝔ
(ᾂ, ɋ) ≥ ᵵƝꝔ

(ᾒ, ɋ) 

Now, 

                                      ᵵƝꝔ
(ᾒ, ɋ) = ᵵƝꝔ

(ᾒ−1, ɋ) 

              = ᵵƝꝔ
(ᾂ−1ᾂᾒ−1, ɋ) 

                                                     ≥ min {ᵵƝꝔ
(ᾂ−1, ɋ), ᵵƝꝔ

(ᾂᾒ−1, ɋ)} 

                                                     = min {ᵵƝꝔ
(ᾂ−1, ɋ), 1} 

                                                     = ᵵƝꝔ
(ᾂ−1, ɋ) 

                                                     = ᵵƝꝔ
(ᾂ, ɋ) 

                                           ᵵƝꝔ
(ᾒ, ɋ) ≥ ᵵƝꝔ

(ᾂ, ɋ) 

Therefore, ᵵƝꝔ
(ᾂ, ɋ) = ᵵƝꝔ

(ᾒ, ɋ) for all ᾂ, ᾒ ∈ 𝒫 and ɋ ∈ Ꝗ. 

Similarly, Assume that ᵻƝꝔ
(ᾂᾒ−1, ɋ) = 0 

                                       ᵻƝꝔ
(ᾂ, ɋ) = ᵻƝꝔ

(ᾂᾒ−1ᾒ, ɋ) 

                                                ≤ max {ᵻƝꝔ
(ᾂᾒ−1, ɋ), ᵻƝꝔ

(ᾒ, ɋ)} 

                                                = max {0, ᵻƝꝔ
(ᾒ, ɋ)} 

                                                = ᵻƝꝔ
(ᾒ, ɋ), 

                                       ᵻƝꝔ
(ᾂ, ɋ) ≤ ᵻƝꝔ

(ᾒ, ɋ) 

Now, 

                                       ᵻƝꝔ
(ᾒ, ɋ) = ᵻƝꝔ

(ᾒ−1, ɋ) 

                                                     = ᵻƝꝔ
(ᾂ−1ᾂᾒ−1, ɋ) 

                                                     ≤ max {ᵻƝꝔ
(ᾂ−1, ɋ), ᵻƝꝔ

(ᾂᾒ−1, ɋ)} 

                                                     = max {ᵻƝꝔ
(ᾂ−1, ɋ), 0} 

                                                     = ᵻƝꝔ
(ᾂ−1, ɋ) 

                                                     = ᵻƝꝔ
(ᾂ, ɋ) 

                                           ᵻƝꝔ
(ᾒ, ɋ) ≥ ᵻƝꝔ

(ᾂ, ɋ) 

Therefore,ᵻƝꝔ
(ᾒ, ɋ) = ᵻƝꝔ

(ᾂ, ɋ) for all ᾂ, ᾒ ∈ Ꝕ and ɋ ∈  Ꝗ. 

Similarly, Assume that ᵮƝꝔ
(ᾂᾒ−1, ɋ) = 0 

                                       ᵮƝꝔ
(ᾂ, ɋ) = ᵮƝꝔ

(ᾂᾒ−1ᾒ, ɋ) 

                                                ≤ max {ᵮƝꝔ
(ᾂᾒ−1, ɋ), ᵮƝꝔ

(ᾒ, ɋ)} 

                                                = max {0, ᵮƝꝔ
(ᾒ, ɋ)} 

                                                = ᵮƝꝔ
(ᾒ, ɋ), 
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                                       ᵮƝꝔ
(ᾂ, ɋ) ≤ ᵮƝꝔ

(ᾒ, ɋ) 

Now, 

                                       ᵮƝꝔ
(ᾒ, ɋ) = ᵮƝꝔ

(ᾒ−1, ɋ) 

                                                     = ᵮƝꝔ
(ᾂ−1ᾂᾒ−1, ɋ) 

                                                     ≤ max {ᵮƝꝔ
(ᾂ−1, ɋ), ᵮƝꝔ

(ᾂᾒ−1, ɋ)} 

                                                     = max {ᵮƝꝔ
(ᾂ−1, ɋ), 0} 

                                                     = ᵮƝꝔ
(ᾂ−1, ɋ) 

                                                     = ᵮƝꝔ
(ᾂ, ɋ) 

                                            ᵮƝꝔ
(ᾒ, ɋ) ≥ ᵮƝꝔ

(ᾂ, ɋ) 

Therefore,ᵮƝꝔ
(ᾒ, ɋ) = ᵮƝꝔ

(ᾂ, ɋ) for all ᾂ, ᾒ ∈ Ꝕ and ɋ ∈  Ꝗ. 

Definition 3.7 

  Let Ӽ and Ꝗ be non-empty sets. Let A and B be two Ꝗ-Neutrosophic fuzzy subsets of Ӽ, where 

𝐴(ᾂ, 𝑞) = {ᵵ𝐴(ᾂ, 𝑞), ᵻ𝐴(ᾂ, 𝑞), ᵮ𝐴(ᾂ, 𝑞)}, 𝐵(ᾂ, 𝑞) = {ᵵ𝐵(ᾂ, 𝑞), ᵻ𝐵(ᾂ, 𝑞), ᵮ𝐵(ᾂ, 𝑞)} 

for all ᾂ, ᾒ ∈ Ӽ and ɋ ∈  Ꝗ. The intersection of A and B, denoted 𝐴 ∩ 𝐵, is defined as: 

(𝐴 ∩ 𝐵)(ᾂ, 𝑞) = {min{ᵵ𝐴(ᾂ, 𝑞), ᵵ𝐵(ᾂ, 𝑞)} , 𝑚𝑎𝑥{ᵻ𝐴(ᾂ, 𝑞), ᵻ𝐵(ᾂ, 𝑞)}, 𝑚𝑎𝑥{ᵮ𝐴(ᾂ, 𝑞), ᵮ𝐵(ᾂ, 𝑞)} 

for all ᾂ ∈ Ӽ and ɋ ∈  Ꝗ. 

Theorem 3.8 

 The intersection of two ₷Ꝗ-NFS of an ₷-semigroup Ș relative to a group Ꝕ is also an ₷Ꝗ-NFS of 

Ș. 

Proof  

 Let A and B be two ₷Ꝗ-NFS of an ₷-semigroup Ș relative to a group Ꝕ 

 is also an ₷Ꝗ-NFS of Ș. Then 𝐴Ꝕ(ᵵ, ᵻ, ᵮ):Ꝕ × Ꝗ → [0,1] × [0,1] × [0,1] and 𝐵Ꝕ(ᵵ, ᵻ, ᵮ):Ꝕ × Ꝗ → [0,1] ×

[0,1] × [0,1]. 

Then the intersection 

(𝐴 ∩ 𝐵)(ᾂ, 𝑞) = {min{ᵵ𝐴(ᾂ, 𝑞), ᵵ𝐵(ᾂ, 𝑞)} , 𝑚𝑎𝑥{ᵻ𝐴(ᾂ, 𝑞), ᵻ𝐵(ᾂ, 𝑞)}, 𝑚𝑎𝑥{ᵮ𝐴(ᾂ, 𝑞), ᵮ𝐵(ᾂ, 𝑞)} 

Let ᾂ, ᾒ ∈ Ꝕ and ɋ ∈  Ꝗ. Since 𝐴Ꝕ and 𝐵Ꝕ are neutrosophic fuzzy semigroups, they satisfy: 

ᵵ𝐴(ᾂᾒ, 𝑞) ≥ min{ᵵ𝐴(ᾂ, 𝑞), ᵵ𝐴(ᾒ, 𝑞)}, 

    ᵻ𝐴(ᾂᾒ, 𝑞) ≤ max{ᵻ𝐴(ᾂ, 𝑞), ᵻ𝐴(ᾒ, 𝑞)} and 

ᵮ𝐴(ᾂᾒ, 𝑞) ≤ max{ᵮ𝐴(ᾂ, 𝑞), ᵮ𝐴(ᾒ, 𝑞)} 

So, min{ᵵ𝐴(ᾂᾒ, 𝑞), ᵵ𝐵(ᾂᾒ, 𝑞)} ≥ min{𝑚𝑖𝑛{ᵵ𝐴(ᾂ, 𝑞), ᵵ𝐵(ᾂ, 𝑞)} , 𝑚𝑖𝑛{ ᵵ𝐴(ᾒ, 𝑞), ᵵ𝐵(ᾒ, 𝑞)}} 

                            = min {ᵵ𝐴∩𝐵(ᾂ, ɋ), ᵵ𝐴∩𝐵(ᾒ, ɋ)} . 

Hence, ᵵ𝐴∩𝐵(ᾂᾒ, 𝑞) ≥ min{ᵵ𝐴∩𝐵(ᾂ, ɋ), ᵵ𝐴∩𝐵(ᾒ, ɋ)}. 

Likewise, 

  ᵻ𝐴∩𝐵(ᾂᾒ, 𝑞) ≤ 𝑚𝑎𝑥 {ᵻ𝐴∩𝐵(ᾂ, ɋ), ᵻ𝐴∩𝐵(ᾒ, ɋ)} and  

  ᵮ𝐴∩𝐵(ᾂᾒ, 𝑞) ≤ 𝑚𝑎𝑥 {ᵮ𝐴∩𝐵(ᾂ, ɋ), ᵮ𝐴∩𝐵(ᾒ, ɋ)} 

Also, for ᾂ−1 ∈  Ꝕ, ᵵ𝐴∩𝐵(ᾂ−1, ɋ) = min{ᵵ𝐴(ᾂ−1, 𝑞), ᵵ𝐵(ᾂ−1, 𝑞)} 

                               = min{ᵵ𝐴(ᾂ, 𝑞), ᵵ𝐵(ᾂ, 𝑞)} 

                               =  ᵵ𝐴∩𝐵(ᾂ, ɋ). 

Similarly, ᵻ𝐴∩𝐵(ᾂ−1, ɋ) = ᵻ𝐴∩𝐵(ᾂ, ɋ) and ᵮ𝐴∩𝐵(ᾂ−1, ɋ) = ᵮ𝐴∩𝐵(ᾂ, ɋ). 
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4. Conclusions   

The emergence of ₷Ꝗ-Neutrosophic Fuzzy semigroups (₷Ꝗ-NFS) is a major extension of 

traditional fuzzy semigroup theory when coupled with the rich and flexible neutrosophic sets. This 

is accomplished by adding the more so rigid structure of Ꝗ-Neutrosophic sets to the structure of ₷- 

fuzzy semigroups. With the flexibility to represent simultaneous truth, indeterminacy, and falsity 

through stipulated structure's restriction maps, the ₷Ꝗ-NFS concept provides a much richer algebraic 

structure capable of representing incomplete and inconsistent information than fuzzy semigroups 

alone. Also, our intuitive definitions, supported by examples and propositions, sufficiently establish 

internal consistency and is rich in mathematical structure as a useful concept. 
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