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Abstract. This paper presents an innovative framework for addressing the solutions of non-homogeneous lin-
ear systems of differential equations by employing neutrosophic forcing functions and neutrosophic numbers as
initial conditions. In our study, the forcing function is treated as a neutrosophic set of real-valued functions,
which is assumed to be hexagonal. This technique differs from existing approaches by representing the solution
as a neutrosophic set of real vector functions (a neutrosophic bunch), rather than as a vector of neutrosophic
functions. Each component of this solution set satisfies the system to varying degrees of truth, indeterminacy,
and falsity, capturing the multi-dimensional uncertainty inherent in complex systems. The solution will be in the
form of a neutrosophic set, with (a, 3, v)-cuts representing parallelepipeds that describe the uncertainty bound-
aries. An important contribution of this study is the comparative analysis with the differential inclusion-based
method. Unlike differential inclusions, which often overestimate uncertainties and can lose essential qualita-
tive properties such as periodicity and boundedness, the proposed approach preserves these characteristics and
produces narrower, more precise solution sets. The method avoids the divergence of uncertainty over time by
fixing admissible functions across the entire interval. This comparative insight shows the effectiveness of the
proposed approach in maintaining structural integrity in dynamic systems with inconsistent or incomplete data.

A numerical example illustrates its practicality and robustness.

Keywords: Hexagonal Neutrosophic Number, Hexagonal Neutrosophic Bunch, Non-homogeneous system of

differential equations, Differential Inclusion.

1. Introduction

Differential equations are fundamental tools in mathematical modeling that are used
in various scientific fields to describe dynamic systems. Considering the complexity and im-
precision present in real-world phenomena, it has become essential to include uncertainty in

these models. Fuzzy logic [1] was put forward to address uncertainty in real-world problems.
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A comprehensive structure for simulating systems with uncertainty in parameters, initial con-
ditions, or forcing function is offered by fuzzy differential equations (FDEs). By tackling
solutions to FDEs with fuzzy initial conditions, Ahmad et al. [2] and Buckley et al. [3] estab-
lished a solid foundation. Shen [4] expanded on this paradigm by taking into account fuzzy
numbers that are linearly correlated. Dehghan et al. [5], Mosleh and Otadi [6], and Shams et
al. [7] have developed computational techniques. Of these, Najariyan et al. [§] have focused on
systems of first-order equations. Aspects of control and stability been investigated in Nguyen
and Kreinovich [10] and Abbasi and Jalali [9]. Gasilov and co-authors made a significant
contribution by proposing geometric solution techniques [12], methods for non-homogeneous
problems [11], and methods for boundary value problems with fuzzy conditions [13-15]. How-
ever, Gasilov et al. [16] significantly advanced the field by formulating a non-homogeneous
linear system of interval differential equations, where both the initial conditions and the forc-
ing terms are represented as intervals. This formulation facilitated further progress in the
study of uncertainty in differential equations. In parallel, various methodologies have been
proposed to handle fuzzy forcing functions combined with fuzzy initial conditions. Mondal
et al. [17] introduced a geometric approach for solving linear differential equations with real
coefficients and fuzzy initial conditions. Their method yields a fuzzy set of vector-valued func-
tions that satisfy the fuzzy linear differential system and geometrically form an n-dimensional
parallelepiped.

Intuitionistic fuzzy set theory, introduced by Atanassov |1§], is a generalization of classical
fuzzy set theory. It enhances the representation of uncertainty by incorporating both the
degrees of membership and non-membership, thereby capturing hesitation more effectively.
This framework has inspired numerous studies on intuitionistic fuzzy differential equations
and their diverse applications. As a further extension of fuzzy and intuitionistic fuzzy logic,
neutrosophic logic [19,20] provides a comprehensive structure for modeling indeterminacy,
uncertainty, and inconsistency. Analytical and numerical techniques for solving neutrosophic
differential equations have been explored in detail in [21,22].

The neutrosophic differential equation encompasses the neutrosophic number [23-
26], that includes the truth, indeterministic, and falsity functions. Applications of differ-
ential equations in the neutrosophic environment have been discussed in [27H31]. Motivated
by various aspects of neutrosophic numbers in differential equations, we have developed the

solution of system of differential equation in neutrosophic environment.

Motivation:

Many real-world problems involve uncertainty or imprecision, which cannot be represented

using classical Differential equations. Neutrosophic differential equations provide a powerful
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framework to model such uncertainty in dynamic systems. Only a limited number of research
articles have addressed the System of Neutrosophic differential equations [32]. This lack of
extensive literature motivated the present study, which aims to explore and develop effec-
tive solution methods for such equations. Existing approaches to neutrosophic differential
equations, such as those based on Hukuhara derivatives and generalized differentiability, face
significant limitations. They often require restrictive assumptions, with ambiguity in uncer-
tainty propagation, and may not guarantee unique or stable solutions. Moreover, differential
inclusion-based methods, although widely used, tend to overestimate uncertainty, leading to
excessively conservative solution sets and a loss of qualitative system properties such as peri-
odicity and stability.

The main objective is to use a geometric technique to solve a neutrosophic linear system of
differential equations with crisp real coefficients and an initial condition represented by a vector
of hexagonal neutrosophic numbers. We interpret a vector of hexagonal neutrosophic numbers
as a rectangular prism in n-dimensional space, resulting in an n-dimensional parallelepiped
as a neutrosophic set of real vector functions. Each member of the solution set provides the
system with a certain possibility of truth, indeterminacy, and falsity membership. That is a
system of differential equations that involves a bunch of hexagonal Neutrosophic functions,
and their solution is a neutrosophic vector function, i.e., a function that returns a vector of
hexagonal neutrosophic functions.

In addition, we have incorporated a detailed comparison of the proposed solution method
with the differential inclusion [33] approach. This comparison highlights the advantages of
our method in preserving important qualitative properties of the system, such as periodicity,
boundedness, and the realistic representation of uncertainties over time. While the differential
inclusion method allows the solution set to expand as time progresses, often leading to diver-
gence and loss of structural features, our method maintains consistency by fixing admissible
functions throughout the interval. As a result, the proposed approach captures the inherent
dynamics of the system more accurately and avoids the magnification of uncertainty, which is

a common limitation of differential inclusion techniques.

Contributions:
The core contributions of this paper are summarized as follows:

e We present a solution framework for non-homogeneous linear systems of neutrosophic
differential equations using the hexagonal neutrosophic bunch structure.
e The method provides a compact representation of uncertainty, maintaining tighter

bounds in the solution space and avoiding the overestimation of uncertainties.
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e A detailed comparative study with the differential inclusion approach demonstrates
the efficiency of the proposed method in preserving qualitative system properties.
e Numerical examples are provided to illustrate the applicability and effectiveness of the

framework in solving problems with complex and dynamic uncertainty.

The subsequent sections of this paper are structured as follows: In Section [2| the preliminaries
relevant to our study are discussed. Section |3| delineates the mathematical formulation of the
proposed model and defines neutrosophic functions which highlights significant contributions.
Section [ presents the systematic approach for solving a non-homogeneous system of differential
equations. Section [ illustrates our methodology with a numerical example. Finally, Section
[6] provides a comparison between the proposed solution method and the differential inclusion-

based approach followed by the conclusion [7] and the future work.

2. Preliminary Concepts

Definition 2.1. [23] The generalized asymmetric non-linear hexagonal neutrosophic number

(GANHNN) is expressed as

T (di,dg,ds,ds,ds, ds; 0, K; Q)

(u1,u2,u3,u4)
NGANHNN = I (€1, €2, €3, €4, €5,€6501,5150) (1) 1) 0500 5

F(f1, f2, 13, a5 f55 f6302, £230) (wy 1m0 04)

where the corresponding membership function is,

x—d; \" .
0 fd < d
<d2d1> L ap S < ap
0+ (¢C—0) S <z<d
d3_d2 ) 2 > 3
¢ ,if dg <z < dy
TT?GANHNN (Q:) = T —ds u3
K+ (¢ — k) > Jifdy < < ds
. 44—ds
T — dg .
<z<
E(df,—d()') ,1fd5_$_d6
0 , otherwise.
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the indeterminacy function,

‘ z—ep \ "
1—91< > Jifep <z <eg
€y — €1
x—ey \?
1—91+(91—0)< ) ,if€2§$<€3
€3 — €9
1-0 Jifeg <z < ey
Ing anunn (z) = T —es\"
1—/<51+(/<51—a)< ) ey <z <es
€4 — €5
x—eg \
1/<;1< > Jifes <z <eg
€5 — €6
1 , otherwise.

and the non-membership function,

r—fi\"" .
1-40 Jf fi <a <
2<f2—f1) 1 fo
T
1—0s+ (02 — Jf fo <z <
2 2 <f3—f2> p) I3
1—1 Af fs<ae < fy
FTIGANHNN ($) = T — fs
1—E2+ IQQ— Jdft fa<ax < fs
; wh*k
T —Je .
1—k f fs < ax <
2<f5_f6) I5 fe
1 , otherwise.

whered1<d2<d3<d4<d5<d6,el<62<63<e4<e5<66,andf1<f2<f3<f4<
f5 < fs, and all d;,e;, fi (i =1,...,6) are real constants, and 0 < 0,k < (, 1 —0 < 01,1 < 1,
1—1 <0,k <1, with {,0,9 € [0,1]

Definition 2.2. [23] The (a, §,7)-cut of GANHNN is defined as,

77(0475,7) = {‘T eX | TUGANHNN( ) > a, InGANHNN (l‘) S 67 FUGANHNN (:C) S 7}'

a-Cut (T,)
Case 1: 0y < kyg.

- n 1
dy + (Oz) ' (dQ—dl),d6+ <oz> “ (d5—d6)] 0<a<by
to Ko
o 1
o 90 ug ug
- 2 - <
T — ds + (C — 90> (d3 dg), dg + <I<;0> (d5 d6)] Oy < a < Ky
o 1 1
0\ U3 _ s
d2—|—<a O> 2(d3—d2), d5+<a HO) 3(d4—d5) ko <a<(
I ¢ — 0o ¢ — Ko
d3, d4] ;= (.
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Case 2: kg < 6.

T

B-Cut (Ip)
Case 1: 01 < k.

,

[e3, ed]
e + (1_5_91) ? (3 —ea), €5+ <1—ﬁ—/€1> ® (ea— 65)]
g — 01 O — K1
Is=1q] B0\ — B\
g e + <1601> (63 — 62), e + (1 /8> (65 — 66)]
i 0'—01 K1
\ e1 + <1 0_1/6)) b (e2 —e1), e + (1;ﬁ> b (e5 — 66)]

Case 2: k1 < 6.

les, ¢4 1 1
es+ (tf;ﬁ) (e3— e2), es + <1;f;1“1) (ea— 65)]
Is = ;1+<1é6>é(@—€ﬁ¢%+(1;ft;ﬂ>é(%—€9]
o <19_15>"11(62—el), e + (1;15>”14(e5—66)]
7-Cut (F)

Case 1: 05 < Ko.

/3, fal
1—v—03\ w2 1—~—ko\ws
_f2+ <¢—92> (fs = f2), 5+ (M) (f4—f5)]

E, = =0y W2 — o\ i
! f2 + (W) (fs = f2), fo + <1/€27> (f5_f6)]
fi+ <19_27> o (fa—f1), fo+ <1H—2’y> B (fs — f6)]

76:1_0_

1—0<B8<1 -k

11_H1<6§1_91

,1—60 < p<1.

,521—0'

dl—0c<B<1-6

a1_91<ﬁgl_ﬁl

11—k <p <1

77:1—¢

a1—¢<7§1—’€2

71_"{2<7§1_92

=0y <y <1
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Case 2: kg < 05.

[f3: f4] y=1-19
_f2+<1;z;292>w2(f3—f2)7f5+(W)wg(h—f%)] 11—y <y<1-0;
F, = N\ N
! f1+<197> (f2 = f)s f5+<m> (f4—f5)] 1—0 <y <1 — ko
r ? 1 'l)b_ﬁ‘/zl
fﬁ(le_”)wl(fg—fl),f6+<1_”>”“<f5—f6>] A=k <y <L,
I 2 K9

Definition 2.3. [26] Let B = (T'g, Ip, F'g) be a neutrosophic set of a classical vector space

V over the field F. For any z,y € V and «a, 5 € F, if it satisfy

T + By) = min{Tg(x), Tp(y)}, Ip(ax + By) < max{Ip(x), I5(y)}

and Fp(azr + By) < max{Fg(x), Fp(y)} then B is called a neutrosophic vector space V.

3. A novel approach to neutrosophic functions

In this section, we consider a neutrosophic function to be a neutrosophic set (bunch) of
real functions, each of which possesses specific degrees of truth, indeterminacy, and falsity
membership. If fl(t) of such a neutrosophic function A at time t implies a neutrosophic set

comprising the outputs of real-valued functions evaluated at t.

Definition 3.1. Let U denote the set of all continuous functions defined over an interval I.
Suppose that the functions T, (-), ..., T¢(:), 1a(:),..., I#(-), Fal:),...,Fs(-) € U. A neutro-
sophic subset A C U is defined as:

={(, TN, 1), F(f) | feU},

where T'(f), I(f), and F(f) indicate the degrees of truth, indeterminacy, and falsity associated
with the function f.

o, y=T.+($)" (,-T.), 0<a<d,
a, y:Tf—l—(%)‘% T¢), 0<a<k,
1
Ti(y() = o yZTb+(?—g>7T T,), 6<a<
Q, y:Te—i-(O‘ :)ul (Ty—Te), K<a<g(,
0, otherwise,

\
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Indeterminacy Function,

( 1

B, y=h+ (S52)" (l.—1), 1-o<B<1-0,
1

B, y=1lo+ (52

(

(

B (Ii—1), l—o<Bf<1—k,
i) =48, y=1I;+ %JzufJﬁ,1—m<ﬁgL

vl(Ib—Ia), 1—01<ﬁ§1,

ﬂa y:Ia+

1, otherwise,

and non-membership function

Y, y:Fb+

(
7,y=R+<
FAWO) = {5, y=Fp+ (52
(

Y, y:Fa+

is known as a Hexagonal neutrosophic function and is represented by:

A= {(Tav T67 T67 Tf7 Td7 Tb)7 (Iaa Ica Iea va Id7 Ib)7 (Fa7 Fca Fea Ffa Fda Fb)} .

Based on this definition, a hexagonal neutrosophic function represents a neutrosophic set of

real functions.

We interpret a neutrosophic function as a neutrosophic collection of real functions, rather
than the conventional neutrosophic-valued function. To clarify the distinction between these

two types of neutrosophic functions, we provide explanations with illustrative examples.

Example 3.2. Let A : [0,6] — Hg be a function that maps any continous function defined
over the interval [0,6] into the set of hexagonal neutrosophic numbers, denoted by Hg. Let

the function A is defined as follows:

A(t) = {(TOU T07 T€7 Tf7 Td7 Tb)? (IOU IC7 Ie; va Id7 Ib)7 (Fa7 Fc; F67 Ff; de Fb)}

Augus Kurian and Sumathi I R,
An efficient computational technique for differential systems under epistemic uncertainty




Neutrosophic Sets and Systems, Vol. 93, 2025 @

where,

T,=—|t* - = |¢? = —10.7 (> — 6t + 8) |, Ty = |0.7 (t* — 6t + 8) |,
— 0.4 (t* —6t+8)|, Ty =04 (t* — 6t +8)|, Io = — |1 — (t* — 6t +8)|, I, = |1 — (> — 6t + 8)|,
—0.7(1 = (* = 6t +8))| , Iy = [0.7(1 — (* — 6t +8))| , L. = — 0.4(1 — (¢* — 6t + 8))],

I =1(04(1— (*—6t+8))| .Fo=—|1—(t*—6t+8)|,F, = |1 — (* — 6t +8)|,

= —0.7(1 = (* — 6t + 8))],

=[0.7(1 — (t* = 6t + 8))| , Fo = — [0.4(1 — (t* — 6t +8))] ,

Fp=0.4(1— (> — 6t +8))]|.

Att=0 0.1, 0.2,0.3...,5.9,6 (with a step size of At =0.1), the values of A are
(-8 ~3.2,3.2,5.6,8), (—6.41, —4.487, —2.564, 2.564, 4.487, 6.41),

(—6.41, —4.487, —2.564, 2.564, 4.487,6.41)) ,

((—7.41,—-5.187,—-2.964,2.964,5.187,7.41), (—5.84, —4.088, —2.336, 2.336, 4.088, 5.84),
(—5.84,—4.088, —2.336, 2.336, 4.088,5.84)) ,
((—6.84,—4.788,—2.736,2.736,4.788,6.84), (—5.29, —3.703, —2.116, 2.116, 3.703, 5.29),
(— ;

((—7.41,—-5.187,—2.964,2.964, 5.187,7.41 ,( 6.41, —4.487, —2.564,2.564, 4.487,6.41),
(—6.41,—4.487,—2.564,2.564,4.487,6.41)
((—8,—5.6,-3.2,3.2,5.6,8),(—7,—4.9,—2.8,2.8,4.9,7), (=7,—4.9,—2.8,2.8,4.9,7))

respectively. The values of truth, indeterminacy and falsity membership grades are depicted

)
)
)
5.29, —3.703, —2.116,2.116,3.703, 5.29)) , .
)
)

(A) Membership function (B) Indeterminacy function (¢) Non-membership function

FIGURE 1. Hexagonal Neutrosophic function

in Figure[ll The figure employs a grayscale representation, where black corresponds to a truth
membership degree of 1 in figure [1a], and white indicates a truth membership of degree O.
Then in figure [1b| and [Ld where black corresponds to a indeterminacy and falsity membership
degree is 0, and white indicates indeterminacy and falsity membership degree is 1. As t varies
continuously, the graph visualizes the behavior of the neutrosophic function in terms of truth

(T), indeterminacy (I), and falsity (F) membership degrees.
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In the following example, a neutrosophic function is represented by a set of real-valued

functions, each linked to specific degrees of truth-membership, indeterminacy, and falsity.

Example 3.3. Let U denote the universal set comprising all continuous functions defined on

the interval [0, 6], i.e., U = C[0,6]. A neutrosophic subset A is defined within U as follows:

A(t) = {(Taa, Tea» Teas Tras T Toa ), (Tags Leps Leps 185 Lag, 1ng)s (Fay, Feys Feys Fvyy Fayy Fiy) } where,

Toa=—(1—a)|t?—6t+8

Tho = (1—a) [t? =6t + 8|, Teq = —(1 — ) (0.7]t* — 6t + 8]),
Tpo = (1 — ) (0.7 [t* — 6t + 8

), Tea = —(1—a)(0.4|t* — 6t +8

), Tra = (1 — @) (0.4 |t* — 6t +8]),
Ig=—B1— (>~ 6t+8)|,Iys = 8|1 — (> — 6t +8)|,Ig = —0.78 |1 — (t* — 6t +8)| ,
Iyg = 0.78]1 — (t* — 6t + 8)

g =—048|1— (> — 6t +8)| , Iy = 0.48|1 — (t* — 6t + 8)|.
Foy = —y|1— (t* — 6t +8)

,Fyy = 7|1 = (t* =6t +8)|, Foy = 0.7y |1 — (t* — 6t + 8)] ,
Fay =0.Ty[1— (t* = 6t +8)|, Fory = —0.4y |1 — (t* = 6t + 8)| , Fy, = 0.4 |1 — (£ — 6t + 8)|.

where o represents the membership degree, such that: T;(Tia(-)) = o, T;(Tja(-)) = .

(A) Membership function (B) Indeterminacy function (¢) Non-membership function

FIGURE 2. Hexagonal Neutrosophic Bunch where «, 8,7 € {0.2,0.6,0.8}

where i,7 € {a,b,c,d,e, f}, B represents the indeterminacy membership degree, such that:
I;(Iig(-)) = B, 1;(U;s(-)) = B. where i,j € {a,b,c,d,e, f}, and 7 represents the non-
membership degree, such that: F;(Fy,(-)) =7, F;(Fjy(-)) =~. where i,j € {a,b,c,d,e, f}.

Remark 3.4. Let the hexagonal neutrosophic number be represented by

Aw = {(@), (W)L, (B}

where T;, I;, and F; (i = 1,...,6) denote the respective truth, indeterminacy, and falsity
membership components.

The function A can be decomposed into a crisp part and an uncertainty structure as

A= <Tcr7 Iy, Fcr> + <<TZ)16:1 ) (Ii)?:l ) (FZ)zG:1> ’
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where the crisp components are given by
T+ Ty I3 + Iy F3 + Fy
9 ’ I, = 9 ) For = 9 .

Furthermore, the intervals (75,T}), (I3, 14), and (F3, Fy) are centered at zero and characterize

Tcr =

the symmetric uncertainty inherent in the system.

bi1 bio

Definition 3.5. Let B = be a 2 x 2 real matrix, and let the vectors

ba1  boo

A= (AT, AL, AFy))_,, B = ((BT;,BI;, BF;))]_,

i=a
represent hexagonal neutrosophic numbers. Then the product

i (011 AT; + b1 BT, AL + biaBI;, AF; + b1sBE))]_,
B ((b21 AT 4 baa BT, ba1 Al + baa BI;, by AF; + b2zBFz)>Zf:a

defines the matrix multiplication of a real matrix with hexagonal neutrosophic Number.

4. The Method of Solving a Non-homogeneous system of DE with initial values in

the Neutrosophic Context

We demonstrate how to find a solution for Non-homogeneous system of DE with initial

values as a neutrosophic set.

x’ b1 b x A
| = 11 bi2 LA (1)
Yy D21 ba2| |y B
with the initial condition as, i
x(0) C
1€ )
1y(0) D

where by1, b1, ba1, boo are real numbers; A, B are given hexagonal neutrosophic functions and
C, D are given hexagonal neutrosophic numbers.
The neutrosophic initial value problem (NIVP), given by equations and , can be
expressed in matrix form as:
x' = Bx + E, (3)
x(0) =F, (4)
bi1 b1z

bo1 b
The problem (equation ([112)) )(or equivalently equation( [3{4))) has neutrosophic functions

where B =

as inputs. Therefore, the solution is also a neutrosophic function. The characteristics of
neutrosophic functions and numbers depends on the forcing terms, the initial conditions, and
the arithmetic operations of neutrosophic numbers defined in [23].

The following approaches can be employed to interpret these components: (1) forcing func-

tions can be expressed as neutrosophic-valued functions or as a neutrosophic set (bunch) of
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real functions; (2) the neutrosophic derivative may follow the Hukuhara approach in (21]. For
example, when the forcing functions in equations and are interpreted as neutrosophic-
valued functions, and both differentiation and arithmetic operations are carried out according
to neutrosophic rules [21,23], then the resulting solutions x(t) and y(t) are neutrosophic-valued
functions.

The NIVP is interpreted as a family of crisp initial value problems (IVPs), constructed by
selecting individual elements from each of the four neutrosophic sets: I(-) € A, m(-) € B,
o€ C,and p € D. Consequently, the NIVP defined in f is reformulated as a set of

classical IVPs:
CL‘/ N b11 b12 T l()
b=l Bl ) ®

o)L o
y(0) 0
where I(-) € A, m(-) € B,n € C, and o € D.

The solution of is a real vector function, say (Zimno(*);s Yimno(*))-

Using deﬁnitionT1 = T;((-), To = Tg(m(-)), T3 = Ta(n), Ty = Tx(o0), I1 = 15(I(-)),

Iy = Igz(m(-), Is = Ia(n), Iy = Iz(0),F1 = F;(I(})), F» = Fz(m(:)), F3 = Fz(n), and
Fy = Tp(0). Define:

T = min{Tl,Tg,T3,T4}, 1= max{Il, IQ, Ig, I4} and F = maX{Fl,Fg, Fg, F4}. (7)

To the vector function (Zmno(), Yimno(+)), we assign the membership, Indeterminacy and fal-
sity degrees as T', I and I respectively. The set comprising all these vector-valued functions is

called the neutrosophic solution and is represented by X.

Remark 4.1. It is important to emphasize that equation serves as a formal representa-
tion of a differential equation system involving neutrosophic uncertainties. A more precise

formulation of the problem is as follows:

.r/ _ b11 b12 xr 121 (8)
Y ba1 ba2| |y B
x(0) c C (9)
y(0)] D

Definition 4.2. Let U represent the universal set composed of vector-valued functions that
are continuous over the interval [0, 00) and differentiable on (0, 00). The neutrosophic set X

defined on U is assigned to a membership function given as follows:

T (x(-), () = min{Tx(2(0)), Tp(y(0)), T5(2" — buz — bray), T (y' — b — baay)},  (10)
Augus Kurian and Sumathi I R,
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Indeterminacy function

Ig(2(-),y() = max{Ix(2(0)), Ip(y(0)), Iz (2" = briw — biay), I5(y" — banx — baoy)},  (11)

and Falsity function

Fg(x(-),y(")) = max{Fg(x(0)), Fp(y(0)), Fx(2" — buiz — biay), F(y' — barz — baoy)} (12)

is referred to as the solution of the NIVP described by equations and .

X (t) represents the neutrosophic solution at the time ¢. Based on Definition X consists
of neutrosophic-valued vector functions. At any specific time ¢, each function yields a vector,
corresponding to a point in the coordinate space. Therefore, X (t) can be understood as a neu-
trosophic set of these points—a neutrosophic region—where every point carries the associated
degrees of truth, indeterminacy, and falsity from its respective vector function.

If multiple vector functions map to the same point, the point is assigned the maximum
truth-membership degree among them and the minimum for indeterminacy and falsity de-
grees.

Formally, for a point (¢, (), we define:

T =a, if 3x(),y(): (Tx@()y() = an(@@®),y®) = ()  (13)

V(). a() : (Tx(p(), a() > a — (p(t), a(t)) # (€, 0)) (14)

Similarly, the indeterminacy-membership is defined as:

Ig)(&¢) =B, if (@(),y()): (Ig(@(),y() = BA(a(t),y(t) = (£,¢)  (15)

V() a() : (I (p(),q()) < B = (p(t),q(t)) # (£,€)) (16)

The falsity-membership is similarly given by:

Fe)(,¢) =, if 3z(),y(): (Fel(),y() =7 A @),y(t) = (&) (A7)

Yp(),a() = (Fg(),a() <v = (p(t), a(t)) # (&0)) (18)

Here, the symbols “A” and “—” denote logical conjunction and implication, respectively.
Here, we have applied the standard t-norm for truth-membership and t-conorm operations for

indeterminacy and falsity memberships:

T(x,y) = min{T(x), T(y)}, I(x,y) =max{Il(z),I(y)}, F(z,y)=max{F(z), F(y)} (19)
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Key Properties

The following properties of linear transformations and neutrosophic vectors should hold for

the solution:

(1) A linear transformation maps the zero vector to itself.

(2) A linear transformation preserves parallelism, meaning it maps one pair of parallel
straight lines to another. As a result, a parallelepiped is transformed into another
parallelepiped.

(3) The neutrosophic vector b defines a neutrosophic region in R”, where each (v, 8,7)-cut
corresponds to a nested parallelepiped.

(4) According to the existence and uniqueness theorem, solutions starting from distinct

initial points remain distinct for all ¢.
C
(5) The general solution of X'(t) = AX(t) is given by X (t) = eA*v where v € [D] .

As a result, the initial points create a parallelepiped, and the solution at each moment in

time also takes the form of a parallelepiped

4.1. Limaitations

While the proposed method offers an effective framework for solving non-homogeneous linear
systems of differential equations in the neutrosophic context, it is subject to certain limita-
tions.

(i) The approach assumes that the truth, indeterminacy, and falsity membership functions are
well-defined and exhibit smooth or piecewise-smooth behavior.

(ii) The method is not yet generalized to handle the truth or indeterminacy and falsity member
functions fails to be convexity or concavity respectively, which could arise in practical appli-
cations.

(iii) When the dimension of the system increases, the computational effort required is more to

solve the system.

4.2. Algorithm

Step 1 : The system described in equations f can be reformulated in matrix form as

o b1 bio]| [z Aer A
[y’] - | D21 522] [y Ber B|’
subject to the initial condition
[2(0) Clr C
y(0)] | Der D

Here, the terms are defined from remark as follows:
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o« A = (AT, ALy, AF) + <(A7},AL;,AF¢){:LI>, where the uncertainty components
(AT, AT,), (Al., Al,;), and (AF,, AF,;) are intervals symmetric about zero.
e B = (BTer, Bloy, BFey) + <(BJ},BI,~,BFZ-)Z]-;Q>, with the same structure: intervals
(BT,, BTy), (BI.,Bl;), and (BF,, BF,;) centered at zero.
o C = (CTw,Cley,CFo) + <(C’Ti,CIi,CFi){:a>, where the intervals (CTs, CTy),
(CI.,C1y), and (CF,CFy) are likewise centered at zero.
e D= (DT¢r, DIy, DFo) + <(D7},DIZ-,DFZ~){:Q>, again featuring symmetric intervals
(DT,, DT,), (DI, DI;), and (DF,, DFy).
Considering the linearity of the system, the complete solution can be decomposed into the
superposition of three independent subproblems. This decomposition not only clarifies the
contributions of the crisp, interval, and neutrosophic uncertainties separately but also signifi-
cantly simplifies the computational procedure for obtaining the overall solution.

Step 2 : The first subproblem is associated with the corresponding crisp non-homogeneous

initial value problem:

ZL'/ i 1)11 b12 X
Y ba1 ba2| |y
This subproblem admits a unique solution, given by

(Txer(t), Iz (), Fa:cr(t))]
(Tyer(t), Tyer (t), Fyer () |

which can be obtained through either analytical techniques or numerical computation.

ACT
Ber

[x(O)

ZTer(t) =

Step 3 : The next subproblem involves solving the neutrosophic homogeneous problem:

[ZC’] _ [bu 612] [l’] [1‘(0) C
y bar ba2| |y |w(0)

D
At each time t, the solution takes the shape of a parallelogram in the truth, indeterminacy

and falsity part.

C ~ .
a:;wmo(t):eAt D :{v\v:eAtu,u: ,C’EC’,DED},
bi1 bi2| . . . .
where A = - is the system matrix, and the membership degree is:
21 022

T(v) =min {Tx(c),Tx(d)}, the indeterminacy degree is: I(v) = max {I5(c),I5(d)},
and the non-membership degree is: F(v) = max {Fs(c), Fp(d)} .

Remark 4.3. The Hexagonal neutrosophic zero 0 is defined as
0 = {(0,0,0,0,0,0), (0,0,0,0,0,0), (0,0,0,0,0,0)}.

where T(0)=0, 1(0)=1 and F(0)=1.
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Step 4 : The final subproblem addresses the neutrosophic non-homogeneous system,

x - b1 b1 |x $(O) - N
[y,] a [le b22] [y] * [y(O)] = [f)] : (20)

As noted earlier, the neutrosophic system described by equation is treated as a family of

formulated as

(AT;, AL, AF)L_ )
<(BT:H BIZa BFl)z=a>

corresponding crisp systems. In this formulation, the forcing terms are represented by the

neutrosophic bunch
(AT;, AL, AF;)]_) and ((BT;, BI;, BF,)l_)),
which are considered as linear combinations of the form
(AT + (BTj, §ALi+(BIj, {AF,+(BFj),
where £,¢ € [0,1] and 4, j € {a,b,c,d,e, f}.

Consequently, the neutrosophic system reduces to solving three families of crisp initial value

problems. Each subproblem can be expressed individually as:
(1) For the truth membership forcing term:

W ] AR v e et
Yy bo1 bl |y y(0)

(2) For the indeterminacy membership forcing term:

e R P
y bar b2 | |y y(0)

(3) For the falsity membership forcing term:
£(0)
<o

gl g -
Y bar b2 |y 0

Thus, the neutrosophic non-homogeneous problem can be resolved by analyzing the ensemble of

¢ AT,
¢ BT,

Il

| ——
v O
| I

~—

[\

—_

SN—

§ Al
¢ BI;

Il
| —
O D
—_

—

[\

[\

S—

€A,
¢ BE;

these crisp systems, corresponding to different combinations of the neutrosophic components.
For each combination of the solution for equation and[23|z(.) and y(.), the corresponding

membership, indeterminacy, and non-membership degrees are defined as:

Tg =min{l — &, 1 —(},
I = max{¢,(},
Fg = max{¢, (}.
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The collection of solutions to all systems and 23] forms the neutrosophic solution for
To describe this neutrosophic solution efficiently, we employ the following approach.

Each of the systems [21] [22] and 23] can be expressed in the form

xX=Bx +T, x(0)=0 (24)
xX'=Bx +1I, x(0)=0 (25)
xX=Bx +F, x(0)=0 (26)

The solutions for equations[24] [25] and [26] corresponding to six specific cases of the forcing term
T,1,F, associated with the components AT;, Al;, AF;, BT;, BI;, BF; fori € {a,b,c,d,e, f}, are

solved.

AT; . Ti(t
o For T' = ‘|, the solution is: Tj(t) = v f( )
0 yTi(t)
Al - I(t
e For I = ‘|, the solution is: I;(t) = xf( ) .
0 yIi(t)
AF; . E (t
e For F = ‘|, the solution is: Fj(t) = v f( )
0 yFi(t)
0 5 Ti(t
e For T = , the solution is: T;(t) = v AZ( )
i yT;(t)
0 . L(t
e For I = , the solution is: [;(t) = xf( ) .
. Fy(t
e For ' = , the solution is: F;(t) = o AZ( ) . where i=a,b,...,f
i yFi(t)

The solution of equation and (where T= ¢T;+ (T, 1= €I;+CI; and F= £F;+CF})
is x=£® + (A (where @ € {Ti(t), Li(t), Fi()}, A € {Ti(t), Li(¢), Fi(1)}).

Theorem 4.4. Consider the NIVP defined by equation [20, where the forcing terms A and B

are given as hexagonal neutrosophic functions:

A= ((AT)L,, (AL, (AR)L,), B=((BT)!

i=a’ i=a’ = i=a’

(B, (BR)L,).

We define the corresponding solution components as follows:

. Ti(t N (t N [ Fy(t
yTi(t) | (yli(t) | Y Fi(t)

. T3(1)] L] - (2 Fy (1))

E(t): xA() 7 Il(t): '/I’.A() ’ E(t): xA() ’
yTi(t) | \yli(t) Ly Ei(t) ]

where each pair (T;,T;), (I;, I;), and (Fy, F}) corresponds to the particular forcing terms
AT;(t ATL(t AF;(t
AT;(t) = O( ) . AL(t) = 0( ) , AF;(t) = 0( ) ,
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and
0

BT,(1)

0
BI;(t)

0

I = BF(t)

. BLi{t) = . BE(t) =

i

respectively.

It follows that there exists a unique neutrosophic solution X(t) associated with this problem,
which can be interpreted as a neutrosophic ensemble of vector functions. The complete solution
is then expressed through a membership function that aggregates the contributions from the
truth, indeterminacy, and falsity components.

The membership function Ty (x(-)) is defined as:

T () min{l — &1 - ¢}, if 3i,j € {a,b,e.dye, f}, 3, €[0,1] 1 T =T, + (T,
(2() =
* 0, otherwise.

The indeterminacy function I ¢(x(-)) is defined as:

max{¢,¢}, if 3,5 € {a,b,e,dye, f},36,¢ € [0,1] : I = €L; + (I,

Ig(a() =
0, otherwise.

The non-membership function F'g(x(-)) is defined as:

max{¢, ¢}, if 3i,j € {a,b,c,de, f},3¢, ¢ €[0,1] : F = EF; + CFj,

0, otherwise.

Fg(a() =

Proof. The proof follows from the decomposition of the neutrosophic initial value problem
into three families of crisp systems for the truth-membership, indeterminacy, and non-
membership components. By solving these systems for all possible combinations of parameters
¢,¢ €10,1] and indices i, € {a,b, c,d, e, f}, we construct the neutrosophic solution X (t).
The bunch of all such vector functions x defines the neutrosophic solution Zponhomo Of
characterized by its corresponding membership, indeterminacy, and falsity functions as

specified below,

Znonhomo (f(I) + CA) = <T)~((x(t))7 IX(x(t))v FX(x(t)» )

where Zponhomo(t) denotes the nonhomogeneous part of the solution.
The collection of all such individual solutions constitutes the neutrosophic solution X, de-

scribed through the membership functions:
Tg(x(t)) = min{l — &, 1 —(},
the indeterminacy function:

I (x(t)) = max{¢, ¢},

and the non-membership function:

Fg(2(t) = max{¢, (.
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Next, we analyze ZTyonhomo(t), Which represents the solution value at a particular time ¢.

The corresponding (0, 1, 1)-cut of the solution is expressed as:

Lnonhomo,(0,1,1) (t) = U Parauelogram{@v A}7 (21)

where
Parallelogram{p,q} = {{p+ (¢ |0 <{ <1,0< (<1}

denotes the set spanned by vectors p and q.

The membership, indeterminacy, and non-membership functions are then obtained by as-
sociating the degrees min{l — &, 1 — ¢} and max{&, (} with each combination, as specified in
the theorem. Uniqueness and existence of the solution follow from the linearity of the system
and the properties of the neutrosophic set construction. By the linearity of the problem, the

(a, B,7)-cut can be similarly determined using scaling similarity:

Lnonhomo,(a,3,7) (t) = (1 - a)xnonhomo,O (t) U /anonhomo,l(t) U r)/wnonhomo,l(t)‘

Therefore, the neutrosophic solution of the differential equation takes the form:

z(t) = ZTer(t) + Thomo(t) + Tnonhomo ()- (27)

5. Numerical Example

An example is given to illustrate the suggested approach.

Example 5.1. We now proceed to analyze the set of differential equations outlined below:

z! 4 =2| |z A
- k (28)
Y 5 =3| |y B
with initial conditions:
x(0) C B ((13,14,15,16,17,18),(13,14,15,16,17,18), (13,14, 15,16, 17, 18)) (29)
y(0) D ((3,4,5,6,7,8),(3,4,5,6,7,8),(3,4,5,6,7,8)) '

Here, the forcing functions and initial conditions are defined as:

A= Agta, Ag= (4% — 14t — 24, 4¢% — 14t — 24,447 — 14t — 24) ;a = ((—3e ", —2e 7, —e e 7!, 2e7", 3e71),
(=3e7t, —2.5e7", —1.5e7 ", 1.5e ", 2.5 3¢ "), (—3e, —1.5e” ", —.5e 7, Be !, 1.5, 3e7Y)),

B = Be+b, B = (9t — 9t — 39,9t> — 9t — 39,92 — 9t — 39) ,b = ((—3e 2, —2¢7 %, —e7%,1,2,3)

(—3e™ 2, —2.5e7 %, —1.5e"%,1.5,2.5,3), (=3¢ %, —1.5¢ %, —.5e"%,0.5,1.5,3)).
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(1) Solving the crisp problem The crisp problem is:

x |4 -2 =
y| |5 3] |y
z(0)]  [(15.5,15.5,15.5)

y©)| | (55,5555 |

9 9 9
Ter(t) = <5t + 11 + 3t + 50t + 11e? + 3¢2 + 50t + 11e? + 362 + >

ACI‘
BCI‘

)

The crisp solution is:

2
11 11 11
Yer(t) = <11th + 82 — o 11e* + 8t — o 11e* + 8t — 2>.
Figure [3]illustrate these results.
(A) Membership function (B) Indeterminacy function (¢) Non-membership function

FIGURE 3. Crisp Solution

(2) Uncertainty due to initial conditions.

2 4 =2| |z
The homogeneous system is: = ,
Y 5 =3] |y

z(0)]  [((-2.5,-1.5,-0.5,0.5,1.5,2.5), (2.5, ~ 1.5, -0.5,0.5,1.5,2.5), (=2.5, 1.5, —0.5,0.5, 1.5,2.5))
((=2.5,-1.5,-0.5,0.5,1.5,2.5), (—2.5, 1.5, —0.5,0.5, 1.5, 2.5), (—2.5, —1.5, —0.5,0.5, 1.5,2.5)) |

The uncertainty due to initial values is expressed as:

C

D

Thomo (t) - eAt

_ 1 [562t — 2t —2e%t 4 2¢t
3

52 — et Het — 2¢%

(—2.5,-1.5,-0.5,0.5,1.5,2.5), (2.5, — 1.5, —0.5, 0.5, 1.5, 2.5, (2.5, — 1.5, —0.5, 0.5, 1.5, 2.5))
(=2.5,-1.5,-0.5,0.5,1.5,2.5), (2.5, — 1.5, —0.5, 0.5, 1.5, 2.5, (=2.5, — 1.5, —0.5, 0.5, 1.5, 2.5))
Figures and [6] illustrate these results.

Augus Kurian and Sumathi I R,
An efficient computational technique for differential systems under epistemic uncertainty




Neutrosophic Sets and Systems, Vol. 93, 2025 @

3 3
ar ar
. .
] T2 ¥ 1 L] ] £ ] T ¥ 1 L] ] £ ]
@ @

(A) Membership function (B) Indeterminacy function (¢) Non-membership function

FIGURE 4. Homogeneous Solution (Uncertainty due to initial condition) at

t=0
(A) Membership function (B) Indeterminacy function (¢) Non-membership function

FIGURE 5. Homogeneous Solution (Uncertainty due to initial condition) at
t=0.25

(A) Membership function (B) Indeterminacy function (¢) Non-membership function

FIGURE 6. Homogeneous Solution (Uncertainty due to initial condition) at
t=20.5

(3) Uncertainty due to forcing functions. The corresponding non-homogeneous neutro-

sophic system is given by:
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(—3e7t, =27t —e7t et 2e7t 3e7h),
< (—3e7t, —2.5e7t, —1.5e7t, 1.5e7t, 2.5¢7 ¢, 3e7t), >
(=3e7t, —1.5e7t, —0.5e7t, 0.5e7t, 1.5e7t, 3e™t)
y 5 —3| |y (—3e72t, —2e72t —e7% 1, 2, 3),
< (=3¢, —2.5e72 —1.5e72 1.5, 2.5, 3), >
(—3e72, —1.5e72!, —0.5¢7%, 0.5, 1.5, 3)

z(0)| 0
y(0)] |0
The solutions for specific forcing terms are:

et (6t —5e3 +5 S5e~t (3t —e3t +1
vpa(t) = 2, (1) = 2, (1) = @ = ( 3 ) Yra(t) = Y () =y, (1) = ( 3 )

10e7t (3t — et + 1 5e~t (6t — 5e3t + 5
:Efb(t) = 7y’fb(t) = ( ) ’:Efb(t) = ( ) )
9 9 18

e~ (6t —5e3 + 5 Semt (3t — e +1)
il = 2D gy - T DEAD) gy BB

e~ (6t — 5e3 +5) 5e~t (3t —e* 4+ 1) et (6t — 5e* +5)

x’fc(t) = 9 ’yfc(t) = 9 ,[L‘fc(t) = 6 y

5et (3t —e3t + 1 et (6t —5e3t +5 et (6t —5e3 +5

et (6t — 5e3 +5 et (6t — 5e3t 4 5)
xfd(t) = - ( 9 )7yfd(t) = - 9 7x[~d(t) = ( 6 ;

et (6t — 5e* 4 5) Se~t (3t — e 4+ 1)
Yra(t) = — G T pg(t) = — IS Ypa(t) = — 15 ,

10e7t (3t — et + 1 5e~t (6t — 5ed3t + 5
xfe(t) = - 7yfe(t) = - ( )7$]~e(t) = - ( )?
9 9 18

o=t (6t — 5edt
2 (0) = 2 () = @) = — (6t 35 +5) () = s (8) = v () = — -
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i) = 2,0 = 2, (0) = 22 S () = 1) = e ) = 0D,
2y () = e 2 — 463_t n 63%’ vy (1) = G —3106t +9) (1) = 561;% B 563_t N 5{357
yo(t) = He 2t (e4t1—2 10e + 9) 2y (1) = 361122& ety 642t, ypo(t) = S —4106t +9) |

ﬂfgﬁc(t) _ e_;t B 21‘;_t n f)yfc(t) _ e~ (e4t 6106t + 9) 75171”0(75) _ 361;% ety 64275’
e 2 (e* — 10e’ + 9) e et o2 e 2 (e* — 10e’ 4 9)
alt) = 10E9) = = 0O
rrt)=1- S 2 =2 =R e
b =3- 5 -2 e =ty =1
e =2- 20 2 = 2 =
vy =52 B = ety =s-S -2

xTAf(t) = xy(t) = wFAf(t) =3 — Qe_t,yff(t) = yie(t) = yﬁf(t) =6—e? —5et.
Figures [7} and [§] illustrate these results.
The Total Uncertainty of equation [28] from step [2 and [3] is given by figure [9] and

(A) Membership function (B) Indeterminacy function (¢) Non-membership function

FIGURE 7. Non-Homogeneous Solution (Forcing term) at ¢t = 0.25

Augus Kurian and Sumathi I R,
An efficient computational technique for differential systems under epistemic uncertainty



Neutrosophic Sets and Systems, Vol. 93, 2025

(A) Membership function (B) Indeterminacy function (¢) Non-membership function

F1GURE 8. Non-Homogeneous Solution (Forcing term) at ¢t = 0.5

(A) Membership function (B) Indeterminacy function (¢) Non-membership function

Ficure 9. Total Uncertainty at ¢ = 0.25

L Ll

(A) Membership function (B) Indeterminacy function (¢) Non-membership function

Ficure 10. Total Uncertainty at ¢t = 0.5

The General solution of equation 28] with initial condition 29| is given by figure and

[13] using 27]

6. Comparison with the Differential Inclusion-Based Approach

In this section, we contrast the Neutrosophic solution obtained through our method with
the one derived using the classical differential inclusion (DI) framework. The DI approach ad-
dresses neutrosophic differential equations by interpreting the neutrosophic right-hand side as

a family of time-dependent intervals and solving the resulting differential inclusion accordingly.

Augus Kurian and Sumathi I R,
An efficient computational technique for differential systems under epistemic uncertainty



Neutrosophic Sets and Systems, Vol. 93, 2025

(A) Membership function (B) Indeterminacy function (¢) Non-membership function

FiGURE 11. Neutrosophic Solution at t = 0.25

i tH tH
3 3 3
£ [ W x - 5 [ = £ i % x - 5 [ = £ i % x - 5 [ P
aty aty aty

(A) Membership function (B) Indeterminacy function (¢) Non-membership function

FIGURE 12. Neutrosophic Solution at ¢ = 0.5

(A) Membership function (B) Indeterminacy function (¢) Non-membership function

FIGURE 13. Neutrosophic Solution at ¢ = 0,0.25,0.5

Example 6.1. Consider the following neutrosophic differential problem:

y'(s) = G(s), y(0)=0
where the input G(s) is a Hexagonal Neutrosophic-valued function defined as:
(—3coss, —2coss, —coss, COSS, 2c0ss, 3COSS),
G(s) = { (—3sins, —2sins, —sins, sins, 2sins, 3sins),

(—sins, —0.5sins, —0.2sins, 0.2sins, 0.5sins,sin s)
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and
0 = {(0,0,0,0,0,0), (0,0,0,0,0,0), (0,0,0,0,0,0)}.
Using the Neutrosophic Bunch Interpretation:

Here, we will apply our approch to solve the initial value problem. The solution is given by

(—3sins, —2sins, —sins, sins, 2sins, 3sins),

G(s) = (3coss —2, 2coss —1, coss, 2—coss, 3—2coss, 4—3coss),
cos § n 1 coss n 4 6 coss 3 coss
2 27 5 5 5 5 72 2
This solution remains hexagonal for each value of s, centered at zero, and exhibits symmetric

(cos s, , 2 —coss)

periodic bounds given in figure [14}

(A) Truth Membership (B) Indeterminacy Membership (¢) Falsity Membership

F1GURE 14. Neutrosophic components by Neutrosophic Bunch.

Using the Differential Inclusion Framework:
In contrast, the differential inclusion method views G(s) as an interval-valued function for

each s, and the equation becomes:
y'(s) = G(s), y(0)={(0,0,0,0,0,0), (1,1,1,1,1,1), (1,1,1,1,1,1)}.

where

(—3|coss|, —2|coss|, —|coss|, |coss|, 2|coss|, 3|coss|),
G(s) = { (—3|sins|, —2|sins|, —|sins|, |sins|, 2|sins|, 3|sins]|),
(—|sins|, —0.5|sins|, —0.2|sins|, |sins|, 0.2|sins|, 0.5/sin s|)

we can arrive at the solution

3sins, for s € _0, g
hi(s) = [(2k — D)7 (2k + )]
6k + (—1)k3sins, for s e ( 2 )W, ( ; )™ , keN
2sin s, for s € -0, g
Ya(s) = [(2k — 1 2k + 1)7 ]
4k + (—=1)*2sins, for s € ( k2 )W, ( k; )™ , keN
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sin s, for s € [0, E}
(2k—1)m (2k+ 1)m
2 ’ 2 ’

y3(s) = LN
€

2k + (—1)*sins, for s € [

Ya(s) = {Gk — 24 (=1)%3coss, forse|[(k—1)r, kr], keN
Us(s) = {4k — 1+ (=1)*2coss, forse[(k— 1), kn], keN
Us(s) = {2k + (=1)*coss, forse[(k—1)m, kx], keN

Gr(s) = {2k + (~1)F coss, forse[(k—Lm, kn], keN

~ 2k 4+ 1+ (—1)*
ys(S)—{ T +(2 J7C08S o s € [(k— D), kn], keEN

)

for s € [(k— 1), kn], keN

_1\k
Tol(s) = {2kz +4+4+(-1) coss,
5
Therefore, the neutrosophic-valued solution in this case is:

~ ~ ~

<_§/\1(3)7 _Z//\Q(S), _@\3(8)’ yg(S), y2(8)7 y1(8)>7

y(s) = 4 (=bals), =4s(s), —¥s(s), Ue(s), ¥s(s)

(=ur(s), —us(s), —Ya(s), Yols), Us(s), yr(s))

V2]
<
~
—~

Vo)
S~—
Nyt

»

(A) Truth Membership (B) Indeterminacy Membership (¢) Falsity Membership

F1GURE 15. Neutrosophic components by Differential Inclusion.

Unlike the solution obtained via the proposed neutrosophic bunch method, this solution
grows over time and lacks the oscillatory behavior of the original system, despite having the

same input dynamics as shown in figure
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From this comparison, it is evident that the proposed methodology maintains the periodic
and bounded nature of the underlying system, accurately reflecting the characteristics of the
input function. In contrast, the DI-based method leads to an expanding uncertainty range,

which may misrepresent the system’s true dynamic behavior.

7. Conclusion

In this paper, neutrosophic hexagonal numbers are used as the initial conditions and forcing
functions in linear systems of differential equations and a new approach is proposed to solve
this system. The framework that has been proposed enhances the current methods of solving
neutrosophic differential equations, making it an efficient tool for managing uncertainty on a
broader scale. The investigation provides both theoretical and geometrical interpretations of
the solutions by describing the stability of these systems within a neutrosophic framework.

This framework ensures the existence and uniqueness of the solution while offering signifi-
cant advantages such as a gradual reduction in uncertainty over time and the preservation of
periodicity, which are not commonly observed in existing methods. However, this approach
currently has limitations. It is not directly applicable to systems involving more complex
neutrosophic numbers, particularly those that are non-convex or contain nested uncertainty.
Additionally, the method is presently restricted to linear systems and does not yet accommo-

date nonlinear neutrosophic differential equations.

Future Work

As part of our future work, we aim to extend this framework to linear neutrosophic differ-
ential equations using the hexagonal bunch structure and explore generalizations to broader
classes of neutrosophic numbers. We can anaylyse the approach for addressing systems when
the truth, indeterminacy, and falsity membership functions fails to be convex or concave,
which would significantly enhance the applicability of the approach to real-world scenar-
ios uncertainty patterns. Another direction involves extending the methodology to non-
linear systems of differential equations to determine whether the uncertainty-reducing and
periodicity-preserving properties observed in the linear case can be retained. We also intend
to investigate computational strategies to improve the scalability of the proposed approach
for high-dimensional systems. Additionally, incorporating time-varying uncertainties and dy-
namic switching of admissible functions could provide a more realistic modeling framework for
systems where the nature of uncertainty evolves over time.
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