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Abstract. Indeterminacy in the data are commonly observed in various fields like biomedicine, finance, mar-
keting and other sphere of sciences, where classical statistical methods is a challenging task to deal such type
of data. This situation may be effecitively handled under neutrosophic framework. In this paper, we proposed
a novel optimal neutrosophic difference to log-type estimator for estimation of population mean, utilizing the
dual of an auxiliary variable. We derived the expression for bias and mean squared error (MSE) of the proposed
estimator up to the first-order of approximation and determined optimal situation for real constants based on
minimum MSE values. We conducted a numerical study using two real-life datasets related to temperature
and atmospheric conditions and the results are validated through a simulation study consisting two artificially
generated datasets. The findings indicates that the proposed neutrosophic estimator exhibited greater efficiency
compared to existing estimators when dealing with uncertain, indeterminate, interval and neutrosophic data.
These results highlights its potential applicability in analyzing uncertain or interval-valued data across various

scientific domains, including environmental monitoring, social sciences and atmospheric sciences.

Keywords: Study variable; Auxiliary variable; Neutrosophic data; Mean squared error; Percent relative effi-

ciency.

1. Introduction

In sample surveys, accurate estimation of population parameters, such as the population mean
Y of a study variable Y, is crucial for researchers to draw cost-effective and time-efficient in-
ferences. The sample mean j is an unbiased estimator of Y, but its sampling variance can
be large, particularly when the study variable exhibits high variability or sample sizes are
limited. This can lead to imprecise estimates of the true population mean. To address this,

survey sampling theory often leverages auxiliary variables to enhance estimator precision. An
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auxiliary variable X, strongly correlated (positively or negatively) with Y, can significantly re-
duce variance when incorporated into estimation techniques. For instance, ratio estimation is
effective for positively correlated variables, while product estimation is suitable for negatively
correlated ones, often assuming a linear relationship through the origin, although adaptations
exist for cases where the relationship does not pass through the origin. These methods are
widely applied in fields such as agriculture (e.g., estimating crop yield using area and pro-
duction), economics (e.g., correlating income with investment), and healthcare (e.g., linking
hospital infrastructure to health indicators). However, traditional estimators may struggle
with complex data structures, such as those involving uncertainty or non-linear relationships.
To address these challenges, this study develops efficient estimation techniques that leverage
auxiliary information to overcome these limitations, offering improved accuracy and robustness

for practical applications across diverse domains.

1.1. Classical Statistics

In classical sampling theory, ratio, product and regression estimators leverage auxiliary infor-
mation to enhance the accuracy of population mean estimation. Ratio estimators, effective
for positively correlated study and auxiliary variables, are introduced by [3] for estimating the
population mean Y. Product estimators, suitable for negatively correlated variables, are de-
veloped by [7] to improve precision in such scenarios. Regression estimators, proposed by [4],
model linear relationships between the study variable Y and auxiliary variable X. Subsequent
research has extended these methods to address specific challenges. For instance, [2] intro-
duced exponential ratio and product estimators to handle non-linear relationships, while [12]
proposed estimators incorporating known population proportions of auxiliary variables. [15]
developed a family of estimators using the known median of the study variable under sim-
ple random sampling and [14] explored estimators combining traditional and non-traditional
auxiliary variables. Recently, [8] proposed generalized exponential-type estimators under post-
stratified sampling and [17] suggested an exponential ratio-type estimator in stratified random
sampling using a linear cost function to optimize efficiency. [1] recommended estimators that
account for extreme values in stratified double-phase sampling, validated through simulations

and real-world data.

1.2. Neutrosophic Statistics

Earlier studies in classical sampling theory have mostly focused on collecting data that is clear,
specific and precise. These methods often give a single accurate result. In many real-world
situations, however, data are uncertain, unclear, or imprecise—what we call neutrosophic data.

Traditional statistical methods cannot handle this kind of data well, so neutrosophic statistics
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is used instead. Neutrosophic data includes observations that are uncertain and fall within a
range of possible values, called interval-valued neutrosophic numbers. This approach helps deal
with situations where the exact value of data cannot be determined at the time of collection.
Such indeterminate data is common in practice and often more available than clear, precise
data, especially when collecting information is expensive or complex.

Addressing this issue, [13] proposed a neutrosophic ratio estimator of the population mean
in the presence of an auxiliary variable. Along these lines, the neutrosophic exponential
type estimator was developed by [5] for the population mean. [11] proposed a neutrosophic
regression cum ratio estimator using population parameters of an auxiliary variable. Some
other researchers such as, [10] recommended neutrosophic Horvitz-Thompson estimators for
estimation of the population mean in unequal probability sampling with ambiguous data.
[9] suggested a robust neutrosophic exponential estimator for population mean estimation
under uncertainty in simple random sampling. [6] developed efficient neutrosophic ranked set
sampling (NRSS) estimators for accurate population mean estimation under uncertain and
imprecise data conditions. They conducted simulation and numerical studies to analyze the
effectiveness of the proposed estimators.

The aforementioned researchers have suggested various types of estimators to increase the
efficiency for the estimation of population mean. In our knowledge, no studies have ever
been addressed using log-type estimator with effective improvement in case of neutrosophic
data. Considering this gap, we have proposed an optimal neutrosophic difference to log-
type estimator for the estimation of population mean in neutrosophic data, which lays the

foundation for establishing more neutrosophic log and difference estimators in sample surveys.

1.3. Flow Chart

Statistical Inference

’ Testing of
Hypothesis

Estimation

L Population= N ——» Sample =n
(SRS)

Determinate Neutrosophic

Data Data
Study variable () = Y1, Y2, o, Yu Study variable (yn) = Yin, Yan, ) Yun

Auxiliary variable (xy) = X1y, Xan, o) Xnn
where yy € [y, yy] and xy € [xg,xy]

Auxiliary variable (x) = xy, x,, ..., X,

—

If pyye > 0 If pye < 0

o ) ' ) iy =0 If pyy < 0
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Figure 1: Flow chart of research outline

SM Afsar Basha and Mahamood Usman, Optimal Neutrosophic Difference to Log-type
Estimators for Population Mean: Some Numerical and Simulation Studies



Neutrosophic Sets and Systems, Vol. 95, 2026 EF

1.4. Terminology

Consider a neutrosophic random sample of size ny € [np,ny|, which is drawn from a finite
population of N units (w1,ws,...,wn). Let yyn; be the i-th sample observation of our neu-
trosophic data, which is of the form yy € [yr,yy]. Similarly, for the auxiliary variable, let
zN € [zp,zy]. Let yn € [yr,yu] be our neutrosophic variable of interest and zy € [z, Zy]
be our auxiliary neutrosophic variable, which is correlated with our study variable yy. In
addition, let Yy € [Y7,Yy] and Xy € [X1, Xy| be the overall mean of the neutrosophic
data set. Let Cyny € [Cynr,Cynu] and Cyn € [Conr, Conu) be the neutrosophic coefficients
of variation for Yy and Xy, respectively. pzyn is the neutrosophic correlation between the
neutrosophic variables Xy and Yy. Furthermore, let By,)n € [@’2(33) L,ﬁ2(m)U} be the neu-
trosophic coefficient of kurtosis for auxiliary variable X . The neutrosophic mean errors are
denoted by é,n € [éyr,€yu] and éyn € [€xr,€zv), Which can be computed by the follow-
ing relations. Similarly, the neutrosophic sets for bias, Bias (yn) € [Biasy, Biasy] and MSE,
MSE (yn) € [MSEL, MSEy], are also computed for the analysis.

eyNn = YN — YN €N = TN — XN

E(eyn) = E (xn) =0

E(ey) = onYiCon:  E(eay) = onXRCox
E (eynezn) = ONXNYNCounCyn paynN

where éyN € [éyLy éyU] ;€xN € [éxL7 éxU] jeyNezN € [éxLéyLa éxUéyU]

673N € [eiu er] sean € [G§L7 eiU]

52
2 2 2 2
CxN = )géV;CxN € [Cerch]
N
S2y
2 YN ~2 2 2
CyN T y2 ’CyN € [CyL’OyU]
N
SzyN
PxyN = S:C]\xfinN;pxyN € [pxyLap:chU]
Y
S.Z‘T’;;N .
PzxryN = mapwrxN € [p(ET;CL?p(IT"':cU]
X Tx
. L—fn. .
LON = e ;ON € (b1, vl snN € [np,ny]

S:%N € [SiLngU] ;SSN S [SzLa SSU] s SzyN € [SayLs Seyu]

The unbiased Neutrosophic estimator can be expressed as

1 _
N = > yni=19n (1)
i=1
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The variance of is given by

Var(non) = (;SNY]%CjN

[13] proposed neutrosophic modified estimators of Yy is given by

(5
MmN =Yn | —
TN

— v [N
2N = YN XN

- Xy -y
TI3N = YN €Xp [XN‘F»TN]
- In — Xn
AN = YN €Xp [fN—FXN]
¢k _ gt
N5N = YN exp |« 1XN N

) T
XL+ (a—1)zh

The bias and MSE of Eqn(3-7) up to first-degree approximation is given by

Bias(nin) = ¢nYn [C2x — paynCanCyn]
Bias(mon) = ¢dnYn [Can + paynCanCyn ]

1

. _ [3
Blas(nBN) = ¢NYN gC;%N - C:rNCprxyN:|

2

. ~ [3 1
BlaS(MN) = ¢NYN gCa%N + 2CJ:NCprxyN:|

r 2 2 22
aCxN aCxN o CmN o aCﬂCNCpr:L’yN

Bias(nsn) = ¢n Y =

ah? a2h? + 2a2h? ah

MSE(nlN) = ON ]\2f [CSN + CgN - 2p:vyNCa;NCyN]
N

MSE(”2N) = ¢N Y [CjN + C(iN + 2pxyNCxNCyN]

1

|

MSE(x) = 373 |Cly + 103 + ConCovomn|
MSE(n58 )min = ¢n YN Con (1= poyn)
In the lines of [4] the neutrosophic regression estimator can be expressed as
nen = yn + By (Xn — Zn)
The bias and MSE of Eqn(18) up to first-degree approximation is given by

Bias(ngny) = 0

MSEn63)min = o8N YnCon (1= poyn)
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[5] proposed Neutrosophic exponential-type estimator is given by

_1 1 _1 1 T 1
B X+ Ax Xk —zh Th — Xh
MmN = YN 571 o exp H + (1 —a)exp le _]I (21)
Ty + An Xy +zy Ty + Xy
The bias and MSE of Eqn(21) up to first-degree approximation is given by
) - C? 2eyNCanC,
Bias (n7n) = oY | (B1 — 1) — =25 B3 + 4 PoNZeNTN g, (22)
4h 2h
- wyNCanC,
MSE (178 ) i, = ONYR ((Bl -1’4+ 7 py]VhNy]VBQOptBl) (23)
where
A A A?
Bi=1—-4+-—" — ———
! h Xy Xy
A A 2
Byo=-1—-2a——(1-2 —((1-2 — (1 -2
A A 2
B3 = ——(1-2 ——(3-6 1-2
3 =3 — 6 h( a)—l—hXN( a) — h2XN( a)
A A?
B2Opt =-1- 2a0pt — ﬁ(l - 20[0pt) + m(l — 2a0pt) — m(l — 2a0pt)
a pxyNCmNCyNh
opt = CgN

[11] proposed Neutrosophic regression cum ratio estimators can be rewritten in general form

as
_ aXyn +b
=7 by (Xn — T - 24
I8N = YN + N( N J:N)(a:EN—i—b) (24)
The bias and MSE of Eqn(24) up to first-degree approximation is given by
Bias (778N> = on [(YNAN -+ XNbNAN) CxN YNpggyNCINCyN] (25)
MSE (778N)min = ¢NYJ%7 [A%VC%N + CSN (1 - pymN)] (26)

where Ay = 9XN _ and we have chosen a = Bazyn, b = Cxn (see Singh et al. (2023)) for
aXn—+b ( )

optimal version of 77y

[14] proposed Neutrosophic ratio cum exponential estimator is given by

i (aXN+b)+I€ e (a)_(N+b)—(aa?N+b) (27>
= —_— X —
N = RN\ E o+ b 2YN eXP (aXn +b) + (aZy + b)

The bias and MSE of Eqn(22) up to first-degree approximation is given by
BlaS 779]\7 N K1 (1 — )\QZ)NYNXNCxNCprxyN + )\ QZ)NXN ) (28)

+ro (1 — *<Z5NYNXNCxNCyNPa:yN + )\ PN X% C? > - 1] (29)

MSE(o Jmin = V2 {1 - Q} (30)
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where,
aXy
2 (aXn +b)
2C(DF — BC) (F? — AB) + 2D(CF — AD) (F? — AB)
— 2F(DF — BC)(CF — AD) — (DF — BC) — (CF — AD)
F?— AB)?

(
(14 ¢nYRCoy + 3N on X{ Oy — 4AON YN XN ConCyn pay )
(
(

1+ CZ)NYNC N T+ )\2¢NXNC$N - 2>\¢NYNXNCxNCprxyN)
1+ NonXRC2y — AONYN X NConCyn payn)

O QO & = O
I

1+ §>\2¢NX]2VC£N - 2¢NYNXNCxNCyNPmyN>
F = (1 + oNYNCon + 7>‘2¢NXN N — 3)\¢NYNXNCxNC'yNnyN>

The above researchers have suggested the estimation procedures based on the original infor-
mation available on an auxiliary variable. To the best of our knowledge, so far no one has
studied the use of dual of an auxiliary variable. In the next section, we have proposed a new
estimation procedure utilizing the dual of an auxiliary variable for the estimation of population

mean in case of neutrosophic data.

2. Proposed Neutrosophic estimator

In this section, we have introduced a new log-type neutrosophic estimator in simple random
sampling by utilizing the rank of an auxiliry variable. The proposed difference to log-type

neutrosophic estimator for estimation of population mean Y is given by
k — . _ = _ .’Z‘
Non = [a1yn + B1 (Xn — ZN) + B2(Ran — Tun)] <1 + log <XN>> (31)
N

where a1, 81 and 3y are real constants can be determined later, R,y and 7,n are the rank of
an auxiliary variable for population and sample mean respectively.

The equation (31) can be transformed in terms of ey s as follows:

2
. _ _ — e
non = (1 Yn(1 + eon) — SiXnein — B2Ranean) <1 +ein — 12N> (32)

Simplifying Eqn (32) and taking expectations up to the first degree of approximation, we have

— — — — YNQ]. —
nion — YN =Ynar + eonYyar + eoneinYvar — ey ( 5 + XN51>

+eiv (Yvon — XnpB1) — eanRonf2 — eiveanRonfo — Yy (33)
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Taking expectations on both side, we obtain bias of 1}, as

Bias(nfon) =Yn <a1 + 10N PyzNCanCyn — <a1 + )?Vﬁl> ONCoy — 1)
— N Pry NCr, NCon Ran B (34)
To drive the MSE of 1]y, squaring on both side of equation (33) up to power two, we get
MSE(njon) = [}7]\2, — 2}7]\2/a1 + Y/J%oz% + CENY]\%O(%gf)N
+ 2y (YRon + 2XNYNB1 — AXN Yo B + X3 BT) on
+ Cr,NCan (2RenYNB2 — ARonY N1 B + 2Ron XN SB152) par, NON
— 20, NCyn RunYnon Bapyr nON + C2 N RENB5ON

+ ConCyn (—2YRar + 4Y5 0] — 2XNYna1 Br) pyandn | (35)
O(MSE(n*
The optimum values of a1, 51 and B2 can be determine by setting (8(77101\[)) =0, (z =
z

a1, B1, B2) then solving system of linear equations, we obtain

B*
Qlopt = _TA* (36)
C*
S 37
Propt 20, n X N A* (37)
D*(B* + E¥)
ot = — 22 T2 38
/82 pt 2CerRa:A* ( )

where

A*=1-p2 y—4C2non + Cinon + ACEN P2 NON — CprierqﬁN - CSNP§TIN¢N
+ 2C§prerpyerpymN¢N - CﬁNﬂime,
B* = =2+ 2p%, N+ 5CinéN — 5Con e, NON
C* = —2C,NYN + 20N YN P2, N + 2CyNYN Pary N Pyro N — 2CyNY N Pyan
+20NYNON + 20N ConYnoN — 20NN ph nON — 2ConCon YN pr NON
— 5CINCyNYN Pary NPyroNON — 20N Can YN por. NON + 5ConCyn YN pyaNON
+ 4CoNCoNYN Pary N Pyro N PyaNON — 2CanCon YN poru N DN,
D* = —CyNnYNpyroN + CyNYNpzrNPyzN,  E* = 5C2N0N.
Now, putting Equation (36-38) in (35), we obtain minimum MSE of 7{,;, which can be ex-
pressed as
V3o (9C (1= 2, 00w +4C2 77 (=1 + Cyow)
4—4p2 N+ 16C2N(1—p2 \)oN —ACINZ*dN

MSE(njon )min = (39)
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where Z* = (—1 + pier + pirmN + psz - zpnypxerpyer)'
(or)
. —o (A
MSE(n7on ) min = Y]\Qf <A;> (40)

where

A1 = ¢y (9CiN(1 = P2, N)ON +ACNZ* (—1 + Conon))
Do =4 —4p3, n +16CoN(1 = iy, N)ON —4C N Z O

3. Efficiency comparisons

In this section, the effectiveness of the proposed neutrosophic estimator 7],y has been com-
pared with conventional estimators (non to ngn) theoretically as follows:

The proposed neutrosophic estimator 77, is more efficient than noy to ngy if,

(i) Var(non) — MSE(non )min > 0 or,
A
2 1
— | — 41
o (52) >0 (41)
(ii) MSE(mnN) — MSE(nion)min > 0 or,
A
N [CEN + C;%N ~2payNCanCyn| — <A;> >0 (42)
(iii) MSE(nan) — MSEnoN)min > 0 or,
A
On [C2y + C2y +2p5ynCanCyn] — <A;) >0 (43)
(iv) MSE(nsn) — MSEmion)min > 0 or,

1 A
PN [CEN + ZCQEN —PayNCanCyn] — (A;> >0 (44)

(v) MSE(nan) — MSE(nion )min > 0 or,

1 A
éN [CEN + chzv +peynCanCyn| — (Al) >0 (45)

(Vi) MSE(USN)mm - MSE(UTON)mm > 0 or,

Aq
onCyy (1= piyn) = <A2> >0 (46)
(Vll) MSE(UGN)min - MSE(”TON)mzn >0 or,

A
ONC2y (1 p2,n) — <A;> >0 (47)
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(viii) MSE(mN)mm — MSE(nion)min > 0 or,

zuNCaenC. A
MBQoptBl (2} > (48)
h Ag

onvR (81— 1+ it + 5

(iX) MSE(ngN) — MSE(HTQN)min > 0 or,

A
o (32 + G (1 )] - (52 >0 (1)

(x) MSE(non) — MSE(nion)min > 0 or,

{1-2}—(2) >0 (50)

From (i) to (x) denotes the conventional estimators (non to mgn) respectively,theoretically

compared with proposed neutrosophic estimator.

4. Empirical Study

In this section, we have conducted numerical analysis using two real interval-based tempera-
ture datasets to appraise the merits of the proposed estimator. The data sets are given below:
Population 1 [Source:https://www.kaggle.com/datasets/abdullahOa/urban-air-quality-and-
health-impact-dataset /data |: The data describes the average, minimum and maximum tem-
peratures of U.S. city recorded between 07/09/24 to 21/09/24. Let the average temperature
be the study variable yx and (yr,yy) be the minimum and maximum temperatures. Let xy
be the heat index value of each day.

Population 2 [Source: https://www.kaggle.com/datasets/abdullahOa/urban-air-quality-and-
health-impact-dataset /data |: The dataset outlines the average, minimum and maximum tem-
peratures recorded in a U.S. city from 07/09/24 to 21/09/24. Let the average temperature
as the study variable yy, with (yr,yyr) denotes the minimum and maximum temperatures,
respectively. Let zy denote the atmospheric pressure (in hPa).

To evaluate the performance of the proposed estimator nj,, compared to conventional neu-
trosophic estimators (non to m9x) on the basis of mean squared error (MSE) and percentage

relative efficiency (PRE), Which can be computed using the formula given by

L

MSE(© Z (0. -Vn)? (51)
MSE

PRE(O, n1y) = MSE(?&) x 100% (52)

where © = 11 to nj,y. The results are presented in Tables 2 and 3 for population 1 and 2.

SM Afsar Basha and Mahamood Usman, Optimal Neutrosophic Difference to Log-type
Estimators for Population Mean: Some Numerical and Simulation Studies


https://www.kaggle.com/datasets/abdullah0a/urban-air-quality-and-health-impact-dataset/data
https://www.kaggle.com/datasets/abdullah0a/urban-air-quality-and-health-impact-dataset/data
https://www.kaggle.com/datasets/abdullah0a/urban-air-quality-and-health-impact-dataset/data
https://www.kaggle.com/datasets/abdullah0a/urban-air-quality-and-health-impact-dataset/data

Neutrosophic Sets and Systems, Vol. 95, 2026 EF

Table 1: Datasets description of classical and Neutrosophic Values

Neutrosophic Values Classical Values Neutrosophic Values Classical Values
Parameters
Population 1 Population 2

Ny [15,15] 15 [15,15] 15

ny [6, 6] 6 6, 6] 6

Xy [88.81221, 88.81221] 88.81221 [1006.873,1006.873] 1006.873

YN [82.76,101.0067] 91.71333 [82.76,101.0067] 91.71333
Cyn [0.04439109, 0.03994192] 0.03578257 [0.04439109, 0.03994192] 0.03578257
Cin [0.04288694, 0.04288694] 0.04288694 [0.00252778,0.00252778] 0.00252778
Cr.N [0.559017,0.559017] 0.559017 [0.5585176, 0.5585176] 0.5585176
PyzN [0.8159744, 0.6993929] 0.903539 [0.1310409, —0.2716254] -0.02646475
PyraN [0.8051589, 0.6571827] 0.8663093 [0.1359812, —0.190793] 0.03482949
PrraN [0.9876591, 0.9876591] 0.9876591 [0.8868817,0.8868817] 0.8868817
Ba@)N [2.06003, 2.06003] 2.06003 [3.932583, 3.932583] 3.932583

Table 2: Comparaison of proposed 7;,, neutrosophic and conventional 7oy to ngn
neutrosophic estimator based on MSE and PRE values for population 1
Estimators MSE Neutrosophic PRE Neutrosophic ~ MSE Classical PRE Classical

NoN [1.34969, 1.62764] [100, 100] 1.07698 100
MN [0.45105, 0.83148] [299.23482, 195.75] 0.19775 044.6111422
2N [0.48147, 1.05956] [280.32552, 153.61] 0.29148 369.4885283
N3N [4.73744, 5.94873] [28.48977, 27.36] 4.95666 21.7279614
TNAN [0.60064, 0.87447] [224.70944, 186.13] 0.29746 362.061626
N5N [2.72862, 3.31906] [49.46404, 49.04] 2.63005 40.949099
NeN [0.45105, 0.83148] [299.23482, 195.75] 0.19775 544.6111422
NN [0.83034, 1.39333] [162.5452, 116.82] 0.67057 160.6072094
1IN [1.26863, 2.04932] [106.38947, 79.42] 1.20180 89.6138763
NN [0.45104, 0.83143] [299.23653, 195.76] 0.19775 544.6121402

NoN [0.45071, 0.75624] [299.45589, 215.23] 0.16734 643.591064
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Table 3: Comparaison of proposed 7j,,y neutrosophic and conventional 7oy to ngn

neutrosophic estimator based on MSE and PRE values for population 2

Estimators MSE Neutrosophic PRE Neutrosophic ~ MSE Classical PRE Classical
NON [1.34969, 1.62764] [100, 100] 1.07698 100
MN [1.32651, 1.50755] [101.74717, 107.97] 1.07623 100.0701
NoN [1.33392, 1.69012] [101.18193, 96.3] 1.08638 99.1346
N3N [1.3742, 1.5782] [98.21577, 103.13] 1.07833 99.875
AN [1.34071, 1.65725] [100.66958, 98.21] 1.08034 99.6893
N5N [1.36085, 1.60129] [99.17953, 101.65] 1.07631 100.0622
NN [1.32651, 1.50755] [101.74717, 107.97] 1.07623 100.0701
NN [1.36961, 1.58106] [98.54517, 102.95] 1.14015 94.4596
N8N [1.32823, 1.51011] [101.61545, 107.78] 1.07834 99.8741
NoN [1.32626, 1.50737] [101.76637, 107.98] 1.07609 100.0828
NoN [1.32379, 1.48819] [101.95649, 109.37] 1.05894 101.7032

Comments on the results:

From Tables 2 and 3, it is found that:

(i) The MSE values of the proposed neutrosophic estimator 7j,y are the smallest among

all available neutrosophic estimators for populations 1 and 2.

(ii) The PRE values of 0}, are the highest among all available neutrosophic estimators

for populations 1 and 2.

(iii) Among all conventional neutrosophic estimators 79y shows good performance popula-

tions 1 and 2, while the proposed neutrosophic estimator 7}, has minimum MSE and

maximum PRE values over ngy.

(iv) The proposed estimator 7j,, consistently achieves better performance compared to

all conventional estimators, which have minimum MSE and maximum PRE values for

populations 1 and 2.

(v) Overall, the results validate the efficiency of the proposed estimator 7} ,. For a closer

view of the results obtained in Tables 2 and 3, we have presented in Figures 2-5.
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Figure 2: MSEs comparison neutrosophic vs classical of existing (non to non) and proposed nj,y

neutrosophic estimator for population 1
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Figure 3: PREs comparison neutrosophic vs classical of existing (nmon to ngn) and proposed njon

neutrosophic estimator for population 1
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neutrosophic estimator for population 2
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5. Simulation study

In this section, we have conducted simulation study to validate the numerical results. For
this purpose, we have artificially generated neutrosophic data sets and comparison is made
based on MSEs and PREs among all the neutrosophic estimators. The study variable Yy and
auxiliary variable Xy follows the bivariate normal distribution, further simulation process is
mentioned as follows:

Simulation Procedure for Neutrosophic Data:

For Population 3

(i) A covariance matrix is constructed to fix the correlation between Yy and Xy.

5] o [4 s4] 0
= s = an = U.J.
= 1o 54 9 rx

(ii) A bivariate normal distribution is used to simulate correlated random variables for ¥
and X.

(iii) The study variable Y is transformed into Yy € [Yz,Yy] using Y7, =Y — § and Yy =
Y + 5, where « is interval width, which can be arbitrary constant.

(iv) The auxiliary variable X remains a single-valued variable as X .

(v) we have generated N = 2000,n = 40 neutrosophic study Yn € [YL,Yy]| and neutro-

sophic auxiliary Xy € [X, Xy] variables is taken for detailed analysis.
For Population 4

(i) A covariance matrix is constructed to fix the correlation between Yy and Xy.

5 4 —54
= , E = and = *09
8 [10] [—5.4 9 ] e

(ii) A bivariate normal distribution is used to simulate correlated random variables for Y
and X.

(iii) The study variable Y is transformed into Yy € [Yz,Yy] using Y7 =Y — § and Yy =
Y + g, where « is interval width, which can be arbitrary constant.

(iv) The auxiliary variable X remains a single-valued variable as Xy.

(v) we have generated N = 2000,n = 40 neutrosophic study Yy € [Yz,Yy] and neutro-

sophic auxiliary Xy € [X, Xy] variables is choosen for detailed analysis.

To compute the MSE and PRE of proposed optimal difference to log-type neutrosophic esti-
mator 77,y and conventional neutrosophic estimators (non to ngn) using formulae (40) and

(41), the results are presented in table 4 and 5 for population 3 and 4.
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Table 4: Comparaison of proposed 7j, neutrosophic and conventional (non to n9n)

neutrosophic estimator based on MSE and PRE values for population 3 (py.n = 0.9)

Estimators MSE Neutrosophic PRE Neutrosophic ~ MSE Classical PRE Classical
NON [0.21988, 0.21988] [100, 100] 0.21988 100
MN [0.04047, 0.04047] [543.37498, 543.37] 0.04047 543.375
MoN [0.05988, 0.1098] [367.20136, 200.26] 0.081 271.4709
N3N [1.01363, 1.27359] [21.69271, 17.26] 1.13976 19.2919
NAN [0.06066, 0.04689] [362.45896, 468.96] 0.05282 416.324
N5N [0.53754, 0.62878] [40.90565, 34.97] 0.5822 37.7676
N6N [0.04047, 0.04047] [543.37498, 543.37] 0.04047 543.375
NTN [0.12045, 0.15987] [182.55753, 137.54] 0.13918 157.984
N8N [0.16956, 0.23268] [129.68167, 94.5] 0.19955 110.1888
NoN [0.04046, 0.04047] [543.5057, 543.38] 0.04046 543.417
NN [0.03813, 0.03678] [576.62201, 597.85] 0.03749 586.5058

Table 5: Comparaison of proposed 77, neutrosophic and conventional (non

to 79N ) neutrosophic estimator based on MSE and PRE values for population 4 (py.n = —0.9)

Estimators MSE Neutrosophic PRE Neutrosophic ~ MSE Classical PRE Classical
NoN [0.22137, 0.22137] [100, 100] 0.22137 100
MmN [0.04109, 0.04109] [538.78439, 538.78] 0.04109 538.7844
NoN [1.03416, 1.3007] [21.40616, 17.02] 1.16347 19.0269
N3N [0.06279, 0.11568] [352.54503, 191.36] 0.08528 259.5772
NN [0.54599, 0.63933] [40.54532, 34.63] 0.59167 37.4149
N5N [0.06031, 0.04682] [367.07322, 472.78] 0.05258 421.048
N6N [0.04109, 0.04109] [538.78439, 538.78] 0.04109 538.7844
MmN [0.12365, 0.16429] [179.02978, 134.75] 0.14296 154.8474
NN [0.17166, 0.23541] [128.96199, 94.04] 0.20196 109.6146
NoN [0.04013, 0.04028] [551.65676, 549.64] 0.04021 550.5098
NN [0.03859, 0.03715] [573.68999, 595.89] 0.03791 584.0203

Comments on the results:

From the Tables 4 and 5, it is observed that:

(i) The MSE values of the proposed neutrosophic estimator 7}, are the smallest among

all the conventional estimators for populations 3 and 4.

(ii) The PRE values of 1}, are significantly higher than all conventional estimators.

(iii) Among all conventional neutrosophic estimators ngy shows good performance popu-

lations 3 and 4. While the proposed neutrosophic estimator 77,, has minimum MSE

and maximum PRE values over ngy.
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(iv) The proposed estimator Njon gives superior performances over conventional neutro-
sophic estimators in terms of achieving the lowest MSE and the highest PRE values in
populations 3 and 4.

(v) Overall, the results validate that 1}, is efficient neutrosophic estimator under different
population structures (pyzn = 0.9 and py,ny = —0.9). For an instant view of the results

obtained in Tables 4 and 5, we have presented in Figures 6-9.
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Figure 6: MSEs comparison neutrosophic vs classical of existing (non to ngn) and proposed 0,y

neutrosophic estimator for population 3
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6. Conclusion

In the present study, we introduced an optimal neutrosophic difference to log-type estimator
under simple random sampling. The effectiveness and performance of the proposed estimator,
NN have been evaluated through numerical and simulation studies using two real and two
artificially generated datasets, respectively. The results have been compared with the usual
unbiased, ratio, product, regression and other existing estimators discussed above as 1oy —n9n-
From the results in Tables 2-5, it has been found that the proposed estimator, 7], is more
efficient than all existing neutrosophic estimators considered in this study, as evidenced by
lower MSE values and higher PRE values.
Thus, the present study reveals the nice behavior of the proposed estimator for estimating the

population mean in case of indeterminate or neutrosophic data. Hence, survey practitioners

may be motivated to use it for their practical applications. Moreover, this work may be

extended to multi-auxiliary variables in the presence of non-response using an EWMA statistic
under stratified random sampling, ranked set sampling and machine learning techniques. The
proposed estimator may be applied in real life situation when the population mean of the

auxiliary variable is known. It may provide attractive results for highly correlated data sets
when the simple random sampling scheme is used.

SM Afsar Basha and Mahamood Usman, Optimal Neutrosophic Difference to Log-type
Estimators for Population Mean: Some Numerical and Simulation Studies



Neutrosophic Sets and Systems, Vol. 95, 2026 Ell

Acknowledgements

Authors are highly thankful to Vellore Institute of Technology for providing financial assistance

and the necessary infrastructure to accomplish the present work, authors are thankful for VIT
SEED GRANT (RGEMS) Sanction Order No.SG20230035 for technical assistance.

Conflict of interest

There is no conflict of interest associated with the present article.

References

1]

2]

[10]

[11]

[12]

[13]

[14]

Alghamdi, A. S., & Alrweili, H. (2025). New class of estimators for finite population mean under stratified
double phase sampling with simulation and real-life application. Mathematics, 13(3), 329.

Bahl, S., & Tuteja, R. (1991). Ratio and product type exponential estimators. Journal of information and
optimization sciences, 12(1), 159-164.

Cochran, W. G. (1940). The estimation of the yields of cereal experiments by sampling for the ratio of
grain to total produce. The journal of agricultural science, 30(2), 262-275.

Hansen, M. H., Hurwitz, W. N., & Madow, W. G. (1953). Sample survey methods and theory. Vol. I
Methods and applications.

Kumar, S., Kour, S. P., Choudhary, M., & Sharma, V. (2022). Determination of population mean us-
ing neutrosophic, Exponential-Type estimator. Lobachevskii Journal of Mathematics, 43(11), 3359-3367.
https://doi.org/10.1134/s1995080222140219

Kumar, A., & Alomair, A. M. (2025). Efficient classes of estimators for estimating indeterminate population
mean using neutrosophic ranked set sampling. AIMS Mathematics, 10(4), 8946-8964.

Murthy, M. N. (1967). Sampling theory and methods. Sampling theory and methods.

Nigam, P., & Singh, H. P. (2025). A Generalized Class of Exponential-type Estimators for Estimating the
Population Mean in Post Stratified Sampling. Model Assisted Statistics and Applications, 20(2), 110-129.
Priya, & Kumar, A. (2025). Robust neutrosophic exponential estimators of population mean in the presence
of uncertainty. Quality & Quantity, 1-24.

Shahzad, U., Zhu, H., Albalawi, O., & Arslan, M. (2025). Neutrosophic developments in Horvitz-Thompson
type estimators. Mathematical Population Studies, 1-14.

Singh, A., Aslam, M., Vishwakarma, G. K., Dhital, A., & Patrascu, I. (2023). Neutrosophic regression
cum ratio estimators for the population mean: an application in medical science. In Elsevier eBooks (pp.
313-333). https://doi.org/10.1016/b978-0-323-99456-9.00018-0

Singh, H. P., & Solanki, R. S. (2012). Improved estimation of population mean in simple random sampling
using information on auxiliary attribute. Applied Mathematics and Computation, 218(15), 7798-7812.
https://doi.org/10.1016/j.amc.2012.01.047

Tahir, Z., Khan, H., Aslam, M., Shabbir, J., Mahmood, Y., & Smarandache, F. (2021). Neutrosophic
ratio-type estimators for estimating the population mean. Complex & Intelligent Systems, 7(6), 2991-3001.
https://doi.org/10.1007/s40747-021-00439-1

Yadav, S. K., & Smarandache, F. (2023). Generalized Neutrosophic Sampling Strategy for Ele-
vated estimation of Population Mean. Zenodo (CERN European Organization for Nuclear Research).
https://doi.org/10.5281 /zenodo.7536011

SM Afsar Basha and Mahamood Usman, Optimal Neutrosophic Difference to Log-type
Estimators for Population Mean: Some Numerical and Simulation Studies



Neutrosophic Sets and Systems, Vol. 95, 2026 Elz

[15] Yadav, S. K., Sharma, D. K., & Baghel, S. (2021). Upgraded family of estimators of population mean using
known parameters of auxiliary and study variables. International Journal of Mathematical Modelling and
Numerical Optimisation, 11(3), 252-274.

[16] Yadav, S. K., & Zaman, T. (2021). Use of some conventional and non-conventional parameters for improving
the efficiency of ratio-type estimators. Journal of Statistics and Management Systems, 24(5), 1077-1100.

[17] Yadav, S. K., Kumar Verma, M., & Varshney, R. (2025). Optimal strategy for elevated estimation of
population mean in stratified random sampling under linear cost function. Annals of Data Science, 12(2),

517-538.

Received: June 6, 2025. Accepted: Sep 9, 2025

SM Afsar Basha and Mahamood Usman, Optimal Neutrosophic Difference to Log-type
Estimators for Population Mean: Some Numerical and Simulation Studies



	1. Introduction
	1.1. Classical Statistics
	1.2. Neutrosophic Statistics
	1.3. Flow Chart
	1.4. Terminology

	2. Proposed Neutrosophic estimator
	3. Efficiency comparisons
	4. Empirical Study
	5. Simulation study
	6. Conclusion
	Acknowledgements
	Conflict of interest
	References

