NSS Neutrosophic Sets and Systems, Vol. 96, 2026

University of New Mexico

GV
N1 a

MADM Model Based on Trigonometric Aggregation Operators of Linguistic Neutrosophic Values and
Its Application in Selecting the Crawling Robot Design Schemes

Yongbiao Luo , Hui Pan *

1 School of Information and Mechatronic Engineering, Shaoxing University Yuanpei College, Shaoxing. Shaoxing China;
yongbiaoluo8@gmail.com, panhui33@163.com

* Correspondence: panhui33@163.com; Tel.: (+86 13575585569)

Abstract: Linguistic neutrosophic multi-attribute decision making (MADM) has become one of
critical research topics in decision theory. However, existing aggregation operations of linguistic
neutrosophic values (LNVs) do not contain operational periodicity. As a result, they are difficult to
handle MADM problems with the polytemporal/periodic needs in LNV scenarios. To fill this
research gap, this paper intends to develop a MADM model based on the trigonometric aggregation
operators (TAOs) of LNVs for MADM applications with polytemporal/periodic needs in LNV
scenarios. To do it, we first introduce the linguistic trigonometric t-norms and t-conorms and the
LNV trigonometric operation laws based on the trigonometry 1 (including tangent, cotangent,
inverse cotangent, and arctangent functions) and the trigonometry 2 (including sine, cosine,
arccosine, and arcsine functions). Second, we propose the LNV trigonometric weighted average
(LNVTWAT™M and LNVTWAT) operators and LNV trigonometric weighted geometric (LNVTWGm
and LNVTWGr) operators based on the trigonometry 1 and 2. Third, a MADM model is developed
in terms of one of the proposed four TAOs to address MADM problems with polytemporal
phases/periodicity in a LNV scenario. Lastly, the developed MADM model is used for a MADM
application of crawling robot design schemes to verify its validity and rationality.

Keywords: Linguistic neutrosophic value; Linguistic trigonometric operation; Linguistic
neutrosophic value trigonometric aggregation operator; Decision making; Crawling robot design
scheme

1. Introduction

Linguistic multi-attribute decision making (MADM) has become one of the research hotspots
because the linguistic assessment reflects the qualitative judgments and representation of decision
makers in MADM applications. As a result, linguistic MADM issues have revealed their importance
and necessity in decision theory and methodology. Consequently, they have received a great deal of
attention from scholars since a linguistic variable was presented by Zadeh [1]. For example, linguistic
decision-making (DM) techniques have been developed to perform linguistic DM problems [2-6].
Based on an extension of linguistic DM techniques, linguistic intuitionistic fuzzy DM techniques have
been proposed to solve linguistic intuitionistic fuzzy DM problems [7-13]. However, the linguistic
intuitionistic fuzzy value (LIFV) can only convey membership/truth and nonmembership/falsity
linguistic values but cannot express true, false, and uncertain linguistic values in inconsistent and
indeterminate linguistic DM scenarios. Then, linguistic neutrosophic values (LNVs) and their DM
techniques [14] were proposed because their more general expression and decision frameworks can
fill the research gap of linguistic intuitionistic fuzzy DM techniques. It is well known that LNV
aggregation operators (AOs) play an important role in linguistic neutrosophic DM applications.
Therefore, Fang and Ye [14] first presented the LNV weighted AOs to address linguistic neutrosophic
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group DM issues. Then, Fan et al. [15] introduced LNV Bonferroni mean AOs and their group DM
approach. Liu and You [16] presented some LNV Hamy mean AOs and their group DM technique.
Liang et al. [17] put forward the LNV Hamacher AOs and applied them in the assessment of mine
land reclamation. Liu et al. [18] proposed the power Heronian AOs of LNVs for group DM. Fan et al.
[19] introduced the LNV Einstein AOs and their DM application. Zhang et al. [20] developed the LNV
Dombi AOs for the DM application of slope treatment schemes. Liu and You [21] developed the
partitioned Maclaurin symmetric mean AOs for group DM. Zhang and Ye [22] proposed the single-
valued neutrosophic value (SVNV) and LNV hybrid AOs for group DM. Luo et al. [23] presented the
LNV Maclaurin symmetric mean AOs and used them for the performance evaluation of human
resources. Li et al. [24] introduced the reliability allocation method using the LNV weighted
Muirhead mean AO. Recently, Ye et al. [25, 26] proposed the trigonometric aggregation operators
(TAOs) of SVNVs and single-valued neutrosophic credibility values and their DM techniques, but
these TAOs cannot be used in linguistic neutrosophic DM scenarios.
Considering the emerging LNV operations or aggregation algorithms in the existing literature,
none of them implies the operational properties of polytemporal phases/periodicity in LNV
scenarios. In this case, their DM techniques are also difficult to perform the MADM problems with
periodicity/polytemporal phases in LNV scenarios, which show the research gap. However, LNV is
a more general linguistic framework that includes the linguistic value and IFLV. Therefore, in LNV
scenarios, it is necessary to develop a new MADM technique to fill the existing research gap.
Motivated based on TAOs [25-27], this paper intends to propose a MADM model based on the
TAOs of LNVs for addressing the MADM problem with polytemporal phases/periodicity in the LNV
scenario. First, we propose the linguistic trigonometric operations (LTOs) of the linguistic
trigonometric t-norms and t-conorms and the trigonometric operation laws (TOLs) of LNVs based on
the trigonometry 1 (including tangent, cotangent, inverse cotangent, and arctangent functions) and
the trigonometry 2 (including sine, cosine, arccosine, and arcsine functions). Next, we propose the
LNV trigonometric weighted average (LNVIWAT1 and LNVTWAT?2) operators and the LNV
trigonometric weighted geometric (LNVIWGT1 and LNVITWGT2) operators in terms of TOLs of
LNVs based on the trigonometry 1 and 2. Furthermore, a MADM model is developed based on one
of the four proposed LNV TAOs. Finally, the developed MADM model is used for a DM application
of crawling robot design schemes (CRDSs). Through the comparison of the developed model with
the existing linguistic neutrosophic DM model, the validity and rationality of the linguistic
neutrosophic DM application are verified.
Summerly, this original work mainly creates these new achievements below:
® The new TOLs of LNVs are presented based on the trigonometry 1 and 2 to provide the
polytemporal/periodic benefits for the LNV operations.

® The LNVIWAT, LNVIWAT, LNVIWGTH and LNVTWGr: operators are proposed to provide
the critical mathematical tools for MADM modeling in LNV scenarios.

® The MADM model using one of the proposed TAOs of LNVs can effectively help decision
makers to select the best CRDS and meet the polytemporal/periodic DM requirements in LNV
scenarios.

The remainder of the paper includes the following sections. Section 2 reviews the preliminaries
of LNVs for the further study of this paper. Section 3 introduces the linguistic trigonometric t-norms
and t-conorms and the TOLs of LNVs based on the trigonometry 1 and 2. Section 4 presents the
LNVTWAT, LNVIWAT, LNVIWGH and LNVTWGr: operators based on the TOLs of LNVs and
their properties. In Section 5, a MADM model is developed based on one of the four proposed TAOs
of LNVs in a LNV scenario. Section 6 uses the developed MADM model for a DM application of
CRDSs to verify its rationality and validity, and a comparison with the existing MADM model in the
scenario of LN Vs reflects the superiority of the developed model. Section 7 presents some conclusions
and future research..

2. Preliminaries of LNVs
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Set a linguistic term set (LTS) as AL = {40, 41, ..., &} subject to odd cardinality b+1. Fang and Ye
[14] first defined the LNV Awnv = <Au, Aui, Aw> on Av such that A, A, Au € A and td, ud, fd € [0, b],
where Au, Aus, and Au are the true, uncertain, and false linguistic variables, respectively.

Support that there are two LNV Awnva) = <A, Aua), Aa> and Aunve) = <Aue), Au@, Aue>in AL and
e > 0. Then their operation laws are introduced below [14]:

( ) /lLNV(l) ®/1LNV(2) <ltd(1)’ﬂud(1):ﬂifd(1)> ®<ﬂ’rd(2)’ﬂ’ud(2)’ﬂ’/d(2)> = </Itd(l)+zd(2‘ 1d (1)1d (2) ’ﬂud(l)ud@) ’ﬂ“/d(l)./d(Z) > !
g b

b b
/1LNV(1) ® /1LNV(2) = <ﬂ’td(1) > /1ud(1)a /1/21(1) > ® </1zd(2) > ﬂ’ud(2) > 2’fd(2)>

(ii)
=(4 A A 1
zd(l)brdu)’ ud(1)+ud(2)—ud(l)gd(2)’ fd(l)ﬁd(z)_.fd(l)bfd@)

(i) e- A ypq e'<’1rd<1>’/1ud(1)”1fd(l>>: )“b b(l td(l)j”
U

e ey

e
. e —_ —_
(iv) /’LLNV(I) _<ﬂtd(l)’iud(l)’ﬂffd(l)> =

/1 e /1 e 2’ . e
0] 7 0) 7o)
b b b

Regarding a series of LNVs Ainvg) = <Auj), Audg), s> subject to their weights ej (j=1, 2, ..., p) for
€ [0, 1] and Zil e = 1, the LNV weighted average (LNVWA) and LNV weighted geometric
(LNVWG) operators [14] are introduced below:

LNVWA(A, ,
bH bH

j=1 J=1 Jj=1

p
= = y 1
NV (1)° LNV(Z)’ LNV(p)) E:ej/lLNV(j) A, W) ud(j) () @)
S SIS REICS

LNVWG(A A )@
( LNV (1) LNV(Z)’ LNV(p)) H LNV(/) H[td(j)j b—b]:[(l—wjﬁ b—blj(l—@y

Then, Fang and Ye [14] introduced the score and accuracy equations of Awnve) = <Au(), Aud(), Afigy>:
E(Awnvy) = (2b + td(j) — ud(j) — fd(j))/3b for E(Anve) € [0, 1], (3)
F(Anv) = (td(j) — fA(7))/b for E(Anvg) € [-1, 1], 4)

Regarding two LNVs Awwvg = <Aug, Auw, Afg> for j = 1, 2, their comparative rules [14] are
introduced below:

(1) Anvay > Ainve) if E(Ainvay) > E(Ainve);

(ii) Aenvay > Ainvee) if E(Avvy) = E(Anvie)) and F(Auvvy) > F(Aivve);

(iii) Aenvy = Ainve) if E(Aunvay) = E(Ainv) and F(Aivvay) = F(Anve).
3.LTOs and LNV TOLs

Based on the trigonometry 1 and the trigonometry 2 [25-27], this section introduces the linguistic
trigonometric t-norms and t-conorms and the LNV TOLs.

First, we define the linguistic trigonometric t-norms and t-conorms based on the trigonometry 1
and 2.
Definition 1. Let two linguistic variables be Ay, A, in the LTS A= {4, 41, ..., &s}. Based on the
trigonometry 1 and 2, the linguistic trigonometric t-norms Nri(4y, Ax) and Nr2(4y, Ax) and the linguistic
trigonometric t-conorms Nsi(4, 44) and Ns2(4y, Au) between A, and A, are defined as the following
LTOs:

N (4, /1) A =4 ) )

2b/7cot” (cot( nr+vr/2b)+cot( mr+/ur/2b)) 2b/ ot ™! (cot( vrr/2b)+cot( ,u7r/2b))

Sl( ) 2b/7rtan !(tan(nz+vr/2b)+tan(nz+pn/2b)) = 2b/mtan” (tan(vzr/2b)+tan( uz/2b)) (6)
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Npy (404, )=2 =2 (7)

- 2b//rsin’l(sin(Zn/r+wz'/2b)sin(2n/z'+,u/z'/2b)) - 2b//rsin’l(sin(wz/Zb)sin(wz/Zb))'

Ng,(4,,4,) =4,

b/zcos™ (cos(2n+va/2b)cos(2nm+un/2b)) - /12b/ﬂcos"(cos(vzr/Zb)cos(pfr/Zb)) ’ (8)

It is clear that there are nn (n =1, 2, ..., p) periodicity in Egs. (5) and (6) and 2nn (n=1, 2, ..., p)
periodicity in Egs. (7) and (8). In terms of the LTOs of the trigonometry 1 and 2, we can define the
TOLs of LNVs.

Definition 2. Let Ainvay = <Auqy, Aud), Araay> and Anve) = <Awe), Aue), Aue> be two LNVs in the LTS AL =
{40, &, ..., o} and e > 0. Then, their TOLs of LNVs based on the trigonometry 1 are defined in the
following:

2b/7tan™! (tan(td(1)ﬂ/2b)+tan(td(2)7r/2b)) ?
1) ﬂ'LNV(l) ®T1 ALNV(Z): j‘zb/mot’](cot(ud(1)n/2b)+cot(ud(2);r/zb))’ ’

2b/zcot™! (cot(fd(l)7r/2b)+cot(fd(2)7[/2b))

2b/mcot™! (cot(td(l)ﬁ/2b)+cot(td(2)77/217)) ?
@) ﬂ’LNV(l) ®T1 ﬂ'LNV(Z): ﬂ“zb/man"(tan(ud(1)n/2b)+tan((ud(2)n/2b))’ ’

2b/7tan”! (tan(fd(l)ﬁ/Zb)Han(fd(2)7[/2h))
®) eﬂ“LNV(l) - <ﬂ’2b/7rtan’l(etan(td(l);r/Zb)) > /12b/7rtan’l(etan(ud(l);r/Zb)) ? ﬂ’2b/7rcot’l(ecot(_fd(l);r/lb)) > ’

e __
@) (ALNV(I)) _<i2b/7rcot’l(ecot(td(l);z/Zb))’ﬂZb/zrtan’l(etan(ud(l);r/Zb))’//llb/ﬁtan’l(etan(fd(l);r/Zb))>'

However, the above operation results are still LNVs.
Definition 3. Let Ainva) = <Auqy, Audqy, Aaay> and Ainve) = <Au@), Aude), A#e> be two LNVs in the LTS AL =
{Ao, 44, ..., &} and e > 0. Then, their TOLs based on the trigonometry 2 are defined in the following:

2b/eos™ (cos(td (1)/2b)cos(td (2) /2b))°
A Aray D2 by = ;i'zb/nsin’l(sin(ud(l)zz/2b)sin(ud(2)7r/2b))’ ’

2b/wsin”! (sin( fd (1) 7/2b)sin( fd (2) 7/2b))

A

2b/7sin™! (sin(ed (1) 7/2b)sin(td (2) z/2b))°

N

(2) ALNV(I) ®T2 ALNV(Z): 2b/cos™ (cos(ud (1) /2)cos(ud (2) x/2b))’ ’

N

2b/cos™ (cos( fd (1)/2)cos( fd(2)z/2b))

®) eﬂLNV(l) N <ﬂ“2b/mosl(cos(xd(nn/zb))" ’ ﬂZb/zrsin’l(sin(ud(2)7z/2b))e > le/;zsin’l(sin( Jd(2)7/2b)) >

e __
(ﬂ’LNV(l)) < 2b/msin” (sin(ed (1) /2b)) le/;zcos"(cos(ud(l)zz'/Zb))e i ﬁZb//rcos'](cos(fd(l);r/Zb))e >’

Obviously, the above operation results are still LNVs.
4. TAOs of LNVs based on the trigonometry 1 and 2
According to TOLs of LNVs based on the trigonometry 1 and 2 in Definitions 2 and 3, this section
presents four TAOs of LNVs and their characteristics.
4.1 LNVIWAT™ and LNVTWA™ operators
This part proposes the LNVTWA™ and LNVITWA™ operators based on the TOLs of LNVs in
Definitions 2 and 3.
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Definition 4. Let Ainvg) = <Aug, Audg), Aug> (j=1,2, ..., p) be p LNVs and LNVIWA™ and LNVITWAT:
O — Q. Assume thatei (=1, 2, ..., p) is the weight of Ainvg) with ej € [0, 1] and Zj;l e = 1. Then,
the LNVTWATm and LNVTW A operators are defined, respectively, in the following:

p
LNVTWA,, (ﬂ“LNV(l)’ﬂ’LNV(Z)""’ﬂ’LNV(p)) = elﬂ“LNV(l) D ezﬁ'LNV(z) N epﬂ’LNV(p) T1 ejﬂ’LNV(j) )

Jj=

)4
LNVTWATZ (ﬂ’LNV(l)ﬂ LNV(z)v“'n;tLNV(,;)) = elﬂ‘LNV(l) @TZ eZALNV(Z) G_)TZ T2 epﬂ’LNV(p) = Z Tze/;tLNV(j) ' (10)

J=1

Theorem 1. Let Aunvg) = <Aug), Audi), Augy> (j=1,2, ..., p) be p LNVs. Assume thatej (j=1, 2, ..., p) is the
weight of Awvwvj with ¢ € [0, 1] and Zj:] e =1. Then, the aggregated value of the LNVTWAm

operator is LNV, which is gotten by
LNVTWATl (lLNV(l)’ﬂ’LNVQ)’ LNV(p)) Z T1 j LNV(])

(1)

=( A , A , A ,
2b/ﬁtanl[2(ej tan(td(j)ﬂ/Zb))] 2b/7eot” I[Z(e cot(ud(j)ﬂ/2b))] 2b/meot” ][Z(e cot(fd(/)/r/Zb))]

Jj= Jj= J=

Proof: Mathematical induction is applied to the proof of Eq. (11).
(1) Set p = 2. The operational result corresponding to the TOLs (1) and (3) in Definition 2 is gotten
below:

LNVTWATI (ﬂ’LNV(l)’ﬂ“LNV(Z)) = el/lLNV(l) ®T1 eM'LNV(Z)

A

2b/wtan”! (tan(;r/szzb/ntan"(e] tan(zd(1)n/zb)))ﬂan(;z/szzb/;rtan" (e tan(td(2)7r/2b)))) i

= 4

2b/7mcot” (Cot(ﬁ/beZb//rcot’] (el cot(140[(1)7[/2b)))+c:ot(71'/2b><2b/7n:0fl (ez cot(ud(Z)ﬂ/Zb)))) ’

A

2b/7mcot” ((:0t(7r/2b><2b/7rcot’](el cot(fd(1)7r/2b)))+cot(lr/2b><2b/7rc0t"(ez cot(fd(2)7r/2b))))

(12)

o

2b/ztan™ (¢ tan(td (1) 7/2b)+e, tan(td (2)7/2b))°

|
N

2b/mcot”! (¢ cot(ud (1) /2b)+e, cot(ud (2)7/2b))°

~

2b/zcot™ (e cot( fd (1)w/2b)+e, cot( fd (2)7/2b))

={ A , A , A ,
2b/7rtanI[Ze/-tan(te(j)/r/Zb)] 2b/;rcot‘[Ze,cot(ue(_/)z/zh)] 2b/;rcot"[Ze,cot(_fe(_/)z/zh)]

J=1 J=l J=1

(2) Set p =m. Eq. (11) can keep the equation:
LNVIWA, (ALNV(I)ﬁ ﬂ’LNV(2)’ LNV(m)) Z n€; LNV(])

(13)
=(2 ) A ) A ) ,
2b/7rtan1[2(ej tan(td ( j)ﬂ/2b))] Zb/ﬂCOtl[Z(ej cot(ud( j)ﬁ/Zb))] 2b/ﬂc0tl[2(ef cot( fd( j)/r/2b))}

Jj=1 = =

(3) Set p = m+1. In terms of the TOLs (1) and (3) in Definition 2 and Egs. (12) and (13)
, the operational result is given below:
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m+1
LNVTWATI (/1LNV(1)’ j“szy(z)a-“a ﬁ‘LNV(m)’ iLNV(mH)) = Z Tlejﬂ“LNFV(j)
j=1
= ﬂ’ m > ﬂ/ m 2 ﬂ/
2b/7rtanl[2(ej tan(td(j)ﬁ/Zb))J 2b/7rcotl[2(ej cot(ud(j);z/2b))] 2b/ﬂcotl[2(ej cot(fd(j)zz/zb))J
Jj=1 Jj=1 =1
D, em+1/1LNV(m+1)
=( 2 ) A A

2h/7ztanI[Z(e/-tan(td(j)zrﬂb))] 2b/mot‘[Z(e/.cot(fd(j)mzb))] 2b/7rcot][i(e/cot(fd(j)ﬁﬂb))}

J=1 J=1

J=1

®T1 <j’2b/man” (e tan(ed (/) 7/20))° izb/ncor‘(emﬂ cot(ud () z/2b))° ﬂ‘zb/mor" (e cOt(fA (j)7/2b)) >

= ﬂ« mal 9/1 m+l ’ﬂ' m+l
2b/7ztanl[Z(Ejtan(td(j)ﬁ/Zb))J 2b/7rcot1[Z(ejcot(ud(j)n/2b))] 2b/;zcot‘[Z(ejcot(_/d(j);z/zb))J

j=1 J=1 j=1
Regarding the results of (1)—(3), Eq. (11) can exist for any p.
Thus, this proof is ended.
Theorem 2. The LNVTW A operator of Eq. (11) implies the characteristics:
(1)Idempotency: Set Ainvi) = <Awq), Audi), > (=1, 2, ..., p) as p LNVs. If Adinvg) = Ainy = <Aud, Aud,
Xi>(j=1,2, ..., p), then LNVIWA, (4

LNV(I)’//i’LNV(Z)"“’/ILNV(p)) = //i’LNV'
(2)Boundedness: Set Ainvg) = <Au(, Audg), A> (=1, 2, ..., p) as p LNVs and set the minimum

and maximum LNVs as Ay min = <min(ﬂtd(j)),max (ﬂ,ud(j) ), max(ﬂfdm )> and
J J J
Ay mas = <m_;‘-‘x (Zucr): min (Zuair)- min (Zuer )> : Consequently,

Ay min < LNVIWA,, (/ILNV(I), ﬂ’LNV(Z)""’ ZLNV(p)) S Ay max €XIStS.

(3)Monotonicity: Set Aivvg) = <Audg, Audg), Afay> and ;i’ZNV(j) = <ﬂ,* YA > G=1,2,...,p)

td(j)> Tud (j)? 77fd ()
as two groups of LNVs. If ﬂ,LNV( S /IZNV( ho then there is
LNVIWA (Aypays Aunvyses Aovvipy) S LNVIWAL (A > Auvw )+ Ainvipy) -

Proof:
(1) Since Awnvg) = ANy = <Au, Aud, Ai> (j=1, 2, ..., p), the aggregated result of Eq. (11) is given below:

p
LNVTWATl(/q“LNV(l)» ﬂ“LNV(2)9"" ﬂ‘LNV(p)) = z Tlejﬂ'LNV
j=1

A

P 9
2b/xtan”!| Y e; tan(td-7/2b)
=i 2b/xtan” (tan(td-7/2b))’
=\ 4 (& - /12b/;zcor‘(cot(ud~;z/2b))’ - <ﬂ“td A /1fd> = Ay
2b/zeot™!| Y e; cot(ud-7/2b)
=l
p) 2b/ 7 cot™ (cot( fd-z/2b))

2b/7rcot1[26j cot(fd-;r/Zb)J

Jj=1
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(2)Since Ainvmin and Arnvmax are the minimum and maximum LNVs, Ainvmin < Ainvi) £ Ainvmax eXists.

P p .
Consequently, Zj:l €Ay min S Z 1€ Ay S Z 1€, Ay max  AlSO exists. In terms of the

characteristic (1) and the characteristics of  the trigonometric functions,
p . .
Apnvmin < E i 1Tlej/lu\,,/(j) S can exist, ie.,

Ay min < LNVTWAL, (2

LNV(])’X’LNV(Z)""ﬂﬂ’LNV(p)) < Ay mas -
. * . p .
(3)Since /1LNVU) < ﬂ“LNV(j) ,  there s z/ €A < Z} o e,/iuwm , e,

LNVI WAT] (//LLNV(I) > ;LLNV(z)s ) ﬂ“LNV(p)) < LNVTWAT] (//lLNV(l) > /1LNV(2)’ ) ﬂ’ZNV(p)) :

Therefore, these characteristics are true.

Theorem 3. Let Aunvg) = <Au, Auii), Api> (j=1,2,...,p) (j=1,2, ..., p) be p LNVs and set ¢j as the weight
of Ainvg) (j=1,2, ..., p) withej € [0, 1] and Z; e; =1.Then, the aggregated value of the LNVTWA
operator is LNV, which is given by

LNVTWATZ(ZLNV(I)’XLNV(ZV LNV(p)) Zn €M)

, (14)
= l » 9 /1 P s /1 i
2b/7rcos'l[l_[(cos(td( j)/r/2b))e!'] 2b/ﬂsin_l[H(sin(ud( j)/r/2b))e/} 2b/7rsin_l[l_[(sin( fd( j)ﬂ/Zb))ef]
=1 -1 =1
Proof: Mathematical induction is applied to the proof of Eq. (14).
(1) Set p = 2. Using the TOLs (1) and (3) in Definition 3, we give the result:
2
LNVIWA,, (/11FV(1)= /11FV(2)) = elﬂ’LNV(l) ®r, ezﬂ’LNV(Z) = Z rze_,';iuvr/(j)
=
2b/7cos! (cos(ﬂ/beZb/ﬂcos’] (cos(td (1)7/2b))? )cos(/r/2b><2b/7z'cos’1 (cos(td (2)/2b))? )) i
- 2b/sin™! (sin(z/szzh/nsin" (sin(ud (1)7/2b))" )sin(;z/szzb/nsirf1 (sin(ud (2)7/2)) )) >
Zb/zrsin’I(sin(ﬂ/beZb/;rsin"(sin(fd(l)/r/Zb))E' )51'n(7z/2b><2b/7rsin’l(sin(fal(Z)/!/Z))E2 ))
(15)

2b/7c0s™((cos(ed (1)7/2))" (cos(1d (2)7/26))? )
- 2b/zsin”! ((sin(ud(l)ir/zb))q (sin(ud (2)7/2b)) ) >

2b/sin”™ ((sin(fd (1)2/20)7 (sin( fd (2)7/26))?
={A , A , A ,

2b/7zcos’1[H(ccs(td(/’)n/Zb))“J ] 2b/zrsin’1[H(sin(ud(/‘)n/Zb))"J ] 2b/zrsin’1{H(sin(_/d(j)n/Zb))"f ]

(2)Set p = m. Eq. (14) can keep the following equation:
LNVTWArz( IFV (1)° IFV(2) > lFV(m)) Z 72€; LNV(j)
(16)

= 2’ m ’ﬂ/ m ’l m ’
2b/zrcos‘[H(cos(td(j)n/zb))"f] 2b/ﬂsinIEH(sin(ud(j)ﬂ/Zb))"f] 2h/nsin1[H(sin(fd(j);z/2b))<f]

J=1 J= J=1
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(3)Set p = m+1. In terms of the TOLs (1) and (3) in Definition 3 and Egs. (15) and (16), we can give
the result:

m+l

LNVTWAT2 (//lLNV(l)’ LNV (2)°** LNV(m+1)) = Z T2 e]ﬂ/LNV(])

J=1

= A A
m b m ] m
2b/7cos™! H(cos(td(j);r/Zb))g/] 2b/7rsin'l[H(sin(ua’(j)ﬂ/zb))"fJ 2b/7rsin‘1[H(sin(fd(j);r/zb))?/]
j=1

J=1 J=1

@, €,.,4

LNV (m+1)

= ﬂ' m+l ’/1 m+1 ’ﬂ' m+l
2b/7rcosl{H(cos(td( j);r/zb))”f‘] 2b/ﬂsinl[H(sin(ud( j);r/2b))€fl 2b/7rsin][H(sin( Fd( j);z/zb))”f‘]

Jj= j=1 j=1

In terms of the results of (1)—(3), Eq. (14) can exist for any p.

Consequently, this proof is ended. [
Theorem 4. The LNVTWAT operator of Eq. (14) implies the characteristics below.

(1)Idempotency: Set Awnv) = <Aui), Audg), Agy> (j=1, 2, ..., p) as p LNVs. If Ainvg) = Ainv = <Au, Aud,
J> (j=1,2, .., p), then  LNVIWAL, (2,024 y) y)

LNV (1) YNV (2) 2+ > LNV(p)): LNV *

(2)Boundedness: Let Ainv() = <Au(j), A, Aaoy> (j=1, 2, ..., p) be p LNVs and set the minimum and

maximum LNVs as Ay min = <mjin (/@d( ) ) » Max (ﬂudo‘) )’mf‘x (’1fd<j> )> and

AN max = <m;‘,1X (ﬂ’td(j) ) > mjln (/,Lud(j) ) ) mjln (ﬂ“ﬁz(j) )> . Consequently,

exists.

Ay < LNVTWA

2( LNV (1)° LNV(2)9 ;i’LNV(p)) LNV max

(3)Monotonicity: Set Ay = <A, duig, A and A7y, = (A Ay Ay ) (=12, o p) as

two groups of LNVs. LNVTWA,, (Ao s Ao Apww () S LNVIWA,, (JZNV“) ) ALNV&) 200 iZNV(p))
exists when ﬂ’LNV( = j“LNV(D :
Proof:

(1) For Awnvg) = Anv = <Aw, Aud, Ai2> (=1, 2, ..., p), the aggregated result of Eq. (14) is given below:

)4
LNVTWATZ (//i’LNV(l) > ;i’LNV(2) ERRED) lLNV(p)) = Z T2 ej/lLNV(j)
Jj=1

A . A ) A )
2b/;zcos'[H(cos(rd(j)n/zb))"f] 2b/7sin” ‘[H sin(ud () 7/2b))7 J 2b/nsin‘[H(sin(ja(j);z/zb))“’/
j=1

J=1 J=1

A , A , A
2b/zcos™ (cos(td (/) m/2b)) 5 2b/wsin™! (sin(ud (j)w/2b)) 5% 2b/xsin” (sin( fd () 7/2b)) F, £e
= </1td’ ﬂuda/lfd> = /1LNV'
(2) Since Ainvmin and Aunviner are the minimum and maximum LNVs, Ainvinin < Ainvi) < Ainviar exists.
p .
Consequently, Z 12Ny min S Z/ 128y S Z L 72€ ANy me @180 exists. In terms of

the characteristic (1) and the characteristics of the trigonometric functions, there is

Aoy min S Z ) e;/lLNV(;) Ay maxr 1€ Ay min < LNVIWAL, (ﬁ’LNV(l)’/ILNV(Z)""’ALNV(;;) ) < Ay ma -
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* . P P * .
(3) For ﬂ,LNV(j) < ﬂ,LNV(j) , there is ijl 12820y < Z_;=1 1€y o ey
LNVIWA,, (ALNV(I)’j’LNV(Z)""’j“LNV(p)) S LNVIWA, (ﬂ“LNV(l)’ﬂ“LNV(Z)""’lLNV(p)) .

Therefore, the characteristics of (1)-(3) are true. [l
Example 1. Let three LNVs be Auvva) = <Az, A2, 5>, Ainve) = <A, A1, 12>, and Ainvs) = <As, J4, 45> in the
LTS AL = {4, Ay, ..., A8} subject to their weight vector e = (0.3, 0.4, 0.3). Using Eqgs. (11) and (14), their
aggregated values are calculated below:

3
LNVTWATl(/lLNV(I)’ﬂ’LNV(Z)’ZLNV(3)) = z Tlejﬂ’LNV(j)
j=1

N

2x8/7rtan”! (0.3><tan(77z‘/(2><8))+0.4><tan(677/(2><8))+O.3><tan(571'/(2><8))) ’ 7

|
o

2x8/ ot (0.3xcot(277/(2x8))+0.4xcot(/(2x8))+0.3xcot(47/(2x8))) > - </16-32l 1> ﬂ" .6209 ’/12-8234 >

o

2x8/ 7 cot™! (0.3><cot(372/(2><8))+0.4><cot(27z/(2><8 ))+0.3><c0t(57r/(2><8)))

3
LNVTWAD (ZLNV(I)’ ﬂ’LNV(Z)’ ﬂ’LNV(3)) = Z T2 ejﬂ’LNV(j)

J=1

2><8/7z‘cos’1((cos(771'/(2><8)))0'3 ><(cos(67r/2))0'4 x(cos(S;z'/(ZxS)))O'3) ’
2><8/7rsin’l((sin(27r/(2><8)))0'3><(sin(7r/(2><8)))0'4><(sin(47z/(2><8)))0'3)’ = </16~1808’ 21.8287 ’2“2.9061>

2x8/7sin”! ((Sin(37r/(2><8)))0'3x(sin(Z7r/(2><8)))0'4><(sin(5 7r/(2><8)))0'3)

4.2 LNVITWGrm and LNVTWGr: operators
This part proposes the LNVITWGt: and LNVITWGr: operators in terms of the TOLs of LNVs in
Definitions 2 and 3.

Definition 5. Let Avvg) = <Auq), Auwg), Aug> (j=1,2, ..., p) be p LNVs and LNVTWGr and LNVTWGr:
Qr — Q Assume thatej (j=1, 2, ..., p) is the weight of Ainvi) subject to ¢ € [0, 1] and Zle e = 1.

Then, the LNVTWGm and LNVTWGr: operators are defined below:
LNVIWGr (Apyyys Ay 2y v ()
o 8 T ¢ 17)
= (A )" O Ay 2))” By - Oy (Apy() " = H n(Aww)”

J=1

LNVTWGT2 (ﬂ’LNV(l) 5 ZLNV(Q) LRRRY] iLNV(p))

4 e e T e (18)
= (A“LNV(I)) ' ®p, (X‘LNV(Z)) P Q.. (ﬂ’LNV(p)) "= H T2 (/ILNV(]')) !

=1
Theorem 5. Let Aunvg) = <Aug, Auig), Augy> (j=1,2, ..., p) be p LNVs and set ¢ as the weight of Aunvg) (j =

1, 2, ..., p) subject to ¢ € [0, 1] and Zle e =1. Then, the aggregated value of the LNVITWGn
operator is LNV, which is gotten by

P
LNVTWGTI (/1LNV(1)’ lLNV(Z)""7lLNV(p)) = H Tl (ZLNV(]')) ’
j=1

»(19)
_{ 2 p A p vl
2b/7rcot1[2(ej cot(td(j);z/zb))] 2b/7z’tanl[2(ej tan(ud(j)n/zb))] 2b/ﬂtanl[2(ej tan(ﬁz(j);z/zb))J

J=1 J=1 J=
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Proof: By a similar proof of Theorem 1, Theorem 5 can be verified (omitted here).
Theorem 6. The LNVTWGnm operator of Eq. (19) contains the characteristics below:

(1)Idempotency: Set Awnv) = <Aui), Audg), Aigy> (j=1, 2, ..., p) as p LNVs. If Ainv) = Anv = <Au, Aud,
A>(j=1,2, ..., p), then LNVTWGy, (2052 y) =2

LNV (1)> ZYLNV (2) 2 > YNV (p) ) LNV *

(2)Boundedness: Set Aunv) = <Au, Audi), Ay> (j=1, 2, ..., p) as p LNVs and set the minimum and

maximum LNVs as v min = <m/1n (/Ild(j) ) , mflx (/Iud(j) ), mjax (;i(fd(j) )> and

A ma :<max(/1t d(_/)),min(iu d(_j)),mjn(ifd(_/))> . Consequently, there is this inequation

ﬂ’LNme <LNVTWGT1( LNV (1)* LNV(2)’ oA

LNV(p)) LNV max *

/1*

(3)Monotonicity: Set Aunvj = <A, Audg, Aag> and A ()

LNV (j) < Ay fd(1)> (=12 ..p)as

two groups of LNVs. If /”LLNV( 5 S),LNV() , then there is the inequation
LNVIWGr (A qys Ay > o)) S ENVIWGH (A 1y Ay s+ A ) -

Proof. In view of a similar proof of Theorem 2, Theorem 6 can be verified (omitted here).
Theorem 7. Let Aunvg) = <Aui), Auiiy, > (j=1,2,...,p) (j=1,2, ..., p) be p LNVs and set ¢j as the weight

of Ainvg) (j =1, 2, ..., p) subject to ¢j € [0, 1] and Zf:] e, = 1. Then, the aggregated value of the
LNVTWGr: operator is LNV, which is gotten by

P
LNVTWGTz (]“LNV(l)a /1LNV(2) 90ty //tLNV(p)) = H T2 MLNV(,’)) !
=1

. (20)
(2 A, A
2b/zsin~ ][H sm(td(j)ﬂ/2b) ] 2b/7cos™! [H(cos(ud(j)ﬁ&b))ef] 2b/7weos”™ I[H cos(fd(j)zr/2b) ]
J=l Jj=1 J=
Proof: According to a similar verification of Theorem 3, Theorem 7 can be verified (omitted here).
Theorem 8. The LNVTWGr: operator of Eq. (20) contains the characteristics below:
(1)Idempotency: Set Aunvi) = <A, Audi), Augy> (=1, 2, ..., p) as p LNVs. If dinvg) = Ainv = <Au, Aud,
4> (j=1,2, ..., p), then LNVTWGy, (A A 2

LNV (1)> YNV (2) 20> LNV(p)) = //LLNV :

(2)Boundedness: Set Aunv) = <Aug), Audi), Ay> (j=1, 2, ..., p) as p LNVs and set the minimum and

maximum LNVs as Ay min = <mjin(ﬂ,td(j)),m;’;lx(ﬂud(j)),mjax(/lfd(j))> and

A ma :<m?x(lt d(_/)),mjin(/lu d(_j)),rlljin(/lfd(_/))> . Consequently, there is this inequation

ﬂ’LNVmin < LNVTWGTZ (ﬂ’LNV(l)’ ;l’LNV(Z) L ZLNV(p)) < ﬂ’LNVmax :

(3)Monotonicity: Set Anv() = <Auq), Audg), Asiy> and A :

LNV (j) </1

d(j)>

Ay fd(/)> (=12 ..p)as

Z,LNV(_I.) S/lZNV( 5 o+ then there is the inequation

LNVTWGrz (//LLNV(I) > //LLNV(Z)’ i) //LLNV(p)) <LNVI WGT2 (ﬂ’ZNT/(IP AZNV(Z)’ ) ;LZNV(p)) .

two groups of LNVs. If

Proof: According to a similar verification of Theorem 4, Theorem 8 can be verified (omitted here).
Example 2. Let three LNVs be Awnvva) = <Az, A1, As>, Ainvve) = <Ae, A3, 43>, and Ainvve) = <As, A2, 42> in the
LTS AL = {4, Ay, ..., As} subject to the weight vector e = (0.3, 0.3, 0.4). Using Eqgs. (19) and (20), their
aggregated values are given below:
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3
LNVTWGm (ﬂ“LNV(l)’ /1LNV(2)J“LNV(3)) = H Tl (lLNV(j))ef

J=

A

2x8/zeot ! (0.3xcot(77/(2x8))+0.3xcot(6.7/(2x8))+0.4xcot(57/(2x8))) °

4

|
~

2x8/ztan ™" (0.3xtan(7/(2x8))+0.3xtan(3 7/(2x8))+0.4xtan(27/(2x8)))° o </15.8413’ /1240502’12-6254>

~

2x8/rtan”! (043><tan(3ﬂ/(2><8))+0.3><tan(3/r/(2><8))+0.4><tan(27z/(2><8)))

3
LNVIWG 1, (Aipy 1y v ays v sy) = H 12 (A ) )
1

A
2x8/ 7sin”! ((Sin(7ﬂ/(2><8)))0'3><(sin(671/(2><8)))0'3x(sin(S/r/(ZxS)))O'4) ’

={ A =(A A A
zxs/mos*1((cos(n/(zxs)))°'3x(cos(37z/(2x8)))°‘3x(cos(2;;/(zxs)>)"~“)’ < 572372 7421617 2‘654>
A

2x8/ 7 cos”! (((:05(37!/(2><8)))0‘3 ><(<:os(3171'/(2><8)))0'3 x(cos(27z'/(2><8)))0'4)

5. MADM model using one of the four proposed LNV TAOs

This section develops a MADM model using one of the LNVTWAT, LNVITWAT™, LNVTWGN
and LNVTWGr: operators to handle MADM issues in the scenario of LNVs.

In a MADM problem, there are a set of s alternatives Ka= {Ka1, Ka, ..., Kas} and a set of p attributes
Ra = {Ra, Raz, ..., Rap}. In the assessment process, the alternatives must meet the attribute
requirements, then their assessment values can be assigned by the LNVs obtained from the LTS 4. =
{Ao, A4, ..., A} with odd cardinality b+1. All the assessed LNVs are formed as their decision matrix Mt
= (ALNVik))sxp, Where Aunvi) = <Awj), Aud, Afac> for Auag, Auwawi), Auoy € AL (j=1,2, ..., p;k=1,2, ..., 5) are
LNVs to express the decision makers’ true, false and uncertain linguistic values corresponding to
their satisfactory degrees of each alternative Kar on the attributes Raj. The weight vector of the

attributes is given by e = (e, ez, ..., ep) subject to 0 < ¢ <1 and ZP e =1 Regarding the MADM
=

problem in the scenario of LNVs, the decision algorithm of the MADM model is indicated below.
Step 1: Get the aggregated value Aivvy for each Kax (k=1, 2, ..., s) by one of the following LNVTW ATy,
LNVTWAT™, LNVIWGT and LNVTWGr: operators:

P
ﬂ“LNV(k) = LNVTWATI (ﬂ’LNV(kl) ) ﬂ’LNV(kZ)’ “ee ﬂ“LNV(kp)) = Z Tle_//lLNV(lq')

j=1
, (21)
={ 4 p ? A p ? A p
2b/7ztanI[Z(eitan(td(kj)ﬂ/Zb))] 2b/7rcotI[Z(eicot(ud(kj)ﬁ/Zb))] 2b/7rcotI[Z(ejcot(fd(lg')ir/Zb))]
j=1 j=l j=l
J
/ILNV(k) = LNVTWArz (Z‘LNV(kl)’ ﬂ“LNV(kZ)’ e A‘LNV(kp)) = Z T2 ejﬂ‘LNV(k/‘)
j=1
, (22)

=( A A A
2b/7rcos"l[ﬁ(cos(td(/_cj);r/Zb))ef] 2b/7rsin_l[ﬁ(sin(ud(/_{j)ﬁ/Zb))EI] 2b/7rsin'l[ﬁ(sin(_fd(kj)ﬂ/zb))e/]

Jj=1 1

J=1 J
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P
ﬂ“LNV(k) = LNVTWGT] (Z’LNV(kl)ﬂﬁ’LNV(kZ)""’ ﬂ“LNV(kp)) = H Tl (/1LNV(1;/)) !
j=1

,(23)
=( A A ) A )
2b/ﬂcot'l[2(ejcot(td(kj);r/Zb))] 2b/man"[2(e_,1an(ud(kj>;r/zb))] zb/man"[Z(e_,tan(fd(/g');r/zb))
Jj=1 Jj= =]
L e
/ILNV(k) = LNVTWGTZ(/,LLNV(kl)’ ﬂLNV(k2) s0ees Z’LNV(kp)) = H T2 (//”LNV(Ig')) '
j=1
(24)

=2 , A , A ,
Zb/ﬁsinI(H(sin(td(/g‘)ﬂ/Zb))"fJ 2b/7rcosI[H(cos(ud(kj)zr/Zb))e/J 2b/7rcos1[H(cos(fd(1g‘)n/2b))@/]

j=1 j=1 Jj=1

Step 2: Calculate the score (accuracy) values of E(Anvw) (F(Awvvw)) (k=1, 2, ..., s) by Eq. (3) (Eq. (4)
for necessity).

Step 3: Rank alternatives based on the descending order of the score values (accuracy values) and
decide the best one.

Step 4: End.

6. Practical application of the proposed MADM model
6.1 Selection of CRDSs

This part applies the proposed MADM model in the choice problem of CRDSs for a
manufacturing company in China to show the validity of the developed MADM model in the
scenario of LNVs.

Crawling robots have been used in a wide range of fields due to their flexibility and adaptability.
For search and rescue missions into hazardous areas after earthquakes, floods, and other disasters,
the technical department of a manufacturing company in China presents the four potential design
schemes of crawling robots: the track-driven crawling robot (Ka1), the wheeled crawling robot (Kaz),
the crawler robot (Kas), and the wheel-track crawler robot (Kas), then they are expressed as a set of
the four alternatives Ka = {Ka, Ka2, Kas, Kas} for the choice of decision makers. In the assessment
process, the four design schemes must meet four key requirements (attributes): technical conditions
(Rm), manufacturing cost (Ra2), flexible and fast movement ability (Ras), and adaptability to complex
environments (Ras), then their weigh vector is given by e = (0.3, 0.3, 0.2, 0.2) as the known attribute
weights. In this MADM issue, decision makers/engineers are invited to assess the satisfaction of the
four CRDSs corresponding to the four attributes. Subsequently, the assessment values of their
satisfaction are presented by the true, false, and uncertain linguistic values obtained from the given
LTS Av = {Ao(Extremely low), Zi(Very low), A2(Low), A3(Slightly high), A4(Medium), A5(Slightly high),
As(High), A7(Very high), As(Extremely high} with b = 8. Thus, all the given LNVs Awnvij) = <Auj), Audi,
Asaqy> for Ay, Auitp, A € AL (k, j=1, 2, 3, 4) can be created as their assessment matrix:

<A A A > <A 44> <AL A4 AL > <A A4 A4 >

<A, > <44 A4> <A 44> <A, A4 A >
Eol<dn A > <A, A > <AL A> <A, A, A >

<A > <A A A > <A AL > <A 44>
First, using one of Egs. (21)—(24), we get the aggregated values of Ainvi for Kax (k=1, 2, ..., s):
(1) The aggregated values of the LNVTW AT operator are Ainv) = <As.3688, A1.7826, 12>, ALnvi2) = <As.8875,
A2.4076, A2.5168>, ALNVE) = <As, A2, A2.0655>, and Ainvi) = <Aesa1s, A1.8304, A2.2073>;
(2) The aggregated values of the LNVTWAT operator are Ainvy) = <As2502, A1.9671, A2>, ALNv(2) = <Ae.8534,
A2.4407, A25724>, AINvE) = <As, A2, A22819>, and Ainva) = <Ae.763, A1.9503, A2.2503>;
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(3) The aggregated values of the LNVTWGr1 operator are Ainva) = <Ae.0603, A22651, 42>, ANvi2) = <A6.7909,
A2s264, A2.7806>, ALNVE) = <As, A2, A2.7436>, and ALnvie) = <Ae.5495, A2.1423, A23221>;
(4) The aggregated values of the LNVTWGr: operator are Ainv) = <As9617, A23853, A2>, ANvie) = <A67313,
A2sssa, A2sa>, ANv) = <A, A2, A2s7aa>, and ALnvi) = <Ae3651, 22272, A23534>.
Then using Eq. (3) (Eq. (4)), the score (accuracy) values of E(Anvw) (k=1, 2, 3, 4) and the ranking
results of the four CRDSs are shown in Table 1.
Table 1. Decision results of the developed MADM model and the existing MADM model

AO Score value Ranking Best CRDS
LNVTWAT operator 0.7744, 0.7485, 0.7473, 0.7827 Kas > Ka1 > Ka2 > Kas Kaa
LNVTWAT operator 0.7618, 0.7433, 0.7383, 0.7733 Kas > Kar > Ka2 > Kas Kaa
LNVTWGr operator 0.7415, 0.7285, 0.7190, 0.7535 Kas > Ka1 > Ka>> Kas Kas
LNVTWGr: operator 0.7324, 0.7222, 0.7136, 0.7410 Kas > Ka1 > Kaz2 > Kas Kas

LNVWA operator [14] 0.7604, 0.7420, 0.7365, 0.7721 Kas > Ka1 > Kaz2 > Kas Kas
LNVWG operator [14] 0.7415, 0.7293, 0.7201, 0.7535 Kas > Ka1 > Kaz2 > Kas Kas

In terms of the ranking results in Table 1, there is the same ranking order based on the four
proposed TAOs of LNVs, which shows the ranking validity and robustness of the developed MADM
model using one of Egs. (21)—(24) in the scenario of LNVs.

6.2 Comparison with the existing MADM model using the LNVWA and LNVWG operators

To indicate the validity of the developed MADM model using one of the four presented TAOs,
it is compared with the existing MADM model using the LNVWA and LNVWG operators [14] by the
selection example of the four CRDSs in the scenario of LNVs.

Applying Egs. (1)—(3) based on the existing DM model [14], we get the aggregated values of
LNVs and the score values of E(Ainvvw) (k =1, 2, 3, 4) and the ranking results of the four CRDSs are
also shown in Table 1.

In terms of all the ranking results in Table 1, there is the same ranking order regarding the
existing LNVWA and LNVWG operators and the proposed four TAOs of LNVs, which shows the
ranking validity and rationality of the developed MADM model using one of Egs. (21)—(24) in the
scenario of LNVs. Then, the developed MADM model using the proposed TAOs of LNVs contains
periodic property and can perform MADM problems with periodicity/polytemporal phases, while
the existing MADM model using the LNVWA and LNVWG operators [14] cannot contain the
periodic properties so as to difficultly perform DM problems with periodic/ploytemporal needs. It is
clear that in the LNV scenario the developed MADM model significantly outperforms the existing
MADM model in the periodic/polytemporal DM capability.

7. Conclusion

This paper first defined the linguistic trigonometric t-norms and t-conorms based on the
trigonometry 1 and 2 and the TOLs of LNVs, which contained periodic operational properties. Then,
the LNVITWAT™, LNVIWA™, LNVTWGn and LNVIWGr: operators were proposed to provide
appropriate mathematical tools for solving MADM issues with periodicity/ploytemporal phases in
the scenario of LNVs. Meanwhile, the TAOs of LNVs can compensate for the defects of existing AOs
that lack periodic operations of LNVs. Furthermore, the developed MADM model using one of the
LNVTWAT™, LNVTWAT™, LNVIWGH and LNVTWGr: operators can effectively address MADM
problems with periodicity/ploytemporal phases in LNV scenarios. Finally, the developed MADM
model was used for the MADM application in the choice problem of CRDSs and reflected its validity
and robustness of the ranking results. By comparison with the existing MADM model in the LNV
scenario, the developed MADM model verified the validity and rationality of the decision results and
significantly outperformed the existing MADM model.

Generally, the MADM model using one of the LNVITWAm, LNVIWArR, LNVITWGn and
LNVTWGr2 operators proposed in this study can not only extend the existing linguistic neutrosophic
DM models, but also handle linguistic or linguistic intuitionistic fuzzy DM problems by a special case
of the proposed MADM model. However, this study developed the TAOs of LNVs and their DM
method for the first time. Therefore, we need to provide more research work in the future. To do so,
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it is necessary to further develop some new LNV TAOs, including LNV trigonometric Einstein,
Hamacher, Bonferroni, Maclaurin, and Heronian AOs, etc., and their applications in computer
science, medical diagnosis, civil engineering management in LNV scenarios.
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