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1. Introduction

BC K-algebras form an important class of logical algebras introduced by Iseki [11-13], and
since their inception, they have been extensively investigated by several researchers. One of the
fundamental approaches to studying these algebras is through their ideals, since ideals provide
a powerful tool for understanding the intrinsic properties and internal structure of algebraic
systems. The notions of ideals in BC'K-algebras, along with the concept of positive implicative
ideals (also known as Iseki’s implicative ideals), were first introduced by Iseki himself [11-13].
Later, the study was extended to include commutative ideals and implicative ideals in BC K-
algebras, which were systematically introduced and investigated in [17,19-24]. In a parallel
line of research, Zadeh [36] introduced the concept of fuzzy sets, a groundbreaking idea that
has since found applications across numerous mathematical domains, including group theory,
functional analysis, probability theory, and topology. In 1991, Xi [35] pioneered the application
of fuzzy set theory to BC K-algebras, introducing the notion of fuzzy subalgebras and fuzzy

Single Valued Pythagorean Neutrosophic Implicative Ideals in KU-algebras



Neutrosophic Sets and Systems, Vol. 96, 2026 1@

ideals of BC'K-algebras with respect to the minimum operator. Following this development,
Jun et al. further studied fuzzy ideals in BC' K-algebras [[10,14,[15], and subsequently, a number
of fuzzy structures in BC'C-algebras were proposed and examined [2-9]. Building on these
ideas, Prabpayak and Leerawat [30,31] introduced a new algebraic structure, called the KU-
algebra. They also developed the concept of homomorphisms of KU-algebras and explored
several of their fundamental properties. Extending this work, Mostafa et al. [25,26, 28, B3|
introduced the notion of fuzzy KU-ideals in KU-algebras and investigated their essential
properties, thereby broadening the framework of fuzzy algebraic systems. In addition, Meng
et al. [22,23] introduced the concept of implicative ideals and commutative ideals in BCI-
algebras and studied their fundamental properties. Motivated by this, Mostafa et al. [2§, 33|
extended these notions to K U-algebras, where they defined implicative ideals and commutative
ideals and investigated their structural attributes in detail. Thus, the study of BCK, BCI,
BCC, and KU-algebras, particularly through their ideals and fuzzy extensions, has become a
significant branch of modern algebra, blending classical algebraic structures with fuzzy logic
and neutrosophic theories to model uncertainty in a wide range of applications.

In this paper, we introduce the notion of Pythagorean neutrosophic implicative ideals in
KU-algebras and investigate several of their basic properties. Furthermore, we examine the
conditions under which the image and pre-image of a Pythagorean neutrosophic implicative
ideal, under a homomorphism of KU-algebras, remain Pythagorean neutrosophic implicative
ideals. In addition, we establish the relationship between the product of Pythagorean neutro-

sophic implicative ideals and the product of fuzzy implicative ideals.

2. Preliminaries

Definition 2.1. [30,31] Algebra (Y, x,0) of type (2,0) is said to be a KU-algebra, if it satisfies

the following conditions:

(KUL) (%) % [(7%£) * (1% £)] =0,

(KUs) 1%x0=0,

(KUs) 0% =1,

(KUy) 1x3=0and j7%2 =0 implies 1 = y,
(KUs) 1%x1=0, for all 2,3, € T.

On a KU-algebra (T, #,0) we can define a binary relation < on Y by putting
1<g3&9x1=0.
Thus a KU-algebra T satisfies the conditions:
(KUL) (g% 0) % (1% £) < (2% 7),
(kUp) 0 <nu,
(kU1) + < g,y <o implies o = 3,
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(kUh) 7x1 <.

Theorem 2.2. [26] In a KU-algebra YT, the following axioms are satisfied:
For all ¢,5,£ € Y

(1) e < yimply g% € <ux{,

(2) vx(gxl) =7%(1x4), for all 1,9, 0 € T,
(3) ((2%12)*1) <y,

(4) ((2x2) *2) x2)) = (g%2).

Definition 2.3. [30,31] Let I be a non empty subset of a KU-algebra Y. Then, [ is said to
be an ideal of Y, if

(lo) 0 €1,
(Ily) ¥V 3,6 €X,if (yx€) €l and y€ I, imply £ € I.
Definition 2.4. [26] A non empty subset I of a KU-algebra Y is said to be an KU-ideal of
T if it satisfies:
(K1) 0 €T,
(Kg)1x(g*f) € I and y€ I imply 1 %2 € [ for all 4,7 and £ € Y.
Definition 2.5. [33] A KU-algebra T is said to be implicative if it satisfies the identity
YT = (%)) %, foralle,je Y.
For the properties of KU-algebras, we refer the reader to [12-16].

Definition 2.6. [36] Let T be a non empty set, a fuzzy subset p in T is a function
f:T—[0,1].
Definition 2.7. [26] Let T be a KU-algebra, a fuzzy subset p in T is called a fuzzy ideal of
T if it satisfies the following conditions:
(i) 1(0) > (o), for all 1 € T,
(i) V2,7 € T, u(y) = min{p(a* ), n(2)}.
Definition 2.8. [27] Let T be a KU-algebra. A fuzzy set p in T is called a fuzzy KU-ideal

of Y if it satisfies:
(FEK1) 0(0) = pu(a), (FEKs) (o €) = mindpa(o x (5 + €)), ()}, for all 1,5 and £ € T

Definition 2.9. [26] Let p be a fuzzy set in a set Y. For t € [0, 1], the set
pe = {o € Tlp(e) = t}

is called upper level cut (level subset) of u.

Definition 2.10. [29] A non empty subset u of a KU-algebra Y is called a fuzzy implicative
ideal of T, ifV 4,9, €T,
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(Fo) 1(0) = p(2),
(Fo) p((2* ) ) > min{u(l* ((2% ) *2)), u(0)}.

Definition 2.11. [B5] Let f be a mapping from the set T to a set Y. If p is a fuzzy subset
of T, then the fuzzy subset B of Y defined by

sup p(e) if [T ={e X, f() =3} #¢
f(w)(9) = B(y) = {=/710)
0 , otherwise

is said to be the image of p under f. Similarity if 8 is a fuzzy subset of Y, then the fuzzy
subset 4 = fo fin T (i. e. the fuzzy subset defined by u(:) = 5(f(2), for all » € T is called
the primage of 5 under f.

Definition 2.12. [27] Let u be a fuzzy set on a KU-algebra Y, then u is called a fuzzy
KU-subalgebra of T if pu(2 % 7) > min{u(e), u(y)} for all 2,5 € 1.

Lemma 2.13. [27] Let p be a fuzzy ideal of KU-algebra Y. if the inequality ¢ * 3 < ¢ hold
in T, then p(y) > min{u(s), u(0)}.

Lemma 2.14. [27] If u be a fuzzy ideal of KU-algebra T and if + < 5, then p(2) > u(y).

Definition 2.15. [32]. Let T be a non-empty set (Universe) A Pythagorean neutrosophic
set (briefly, PNS) T and F as dependent neutrosophic components A on T is an object of the
form P = {(z, up (1), vp(2), Ap(2)) 2 € T},
where pup (1), vp(2), Ap(2) are the truth, indeterminacy and false respectively such that p, v, \ €
[0,1]. Here when p and A are dependent components, then for all T in Y; (4) u+ A < 1, (i)
0<p?2+ X<, (i) 0 < p? +v2 4 N2 <2

We define these basic operations on PNS which can be described as follows: Let T be
a nonempty set (universe). A Pythagorean Neutrosophic set p and A as dependent neu-
trosophic components P and Q of the form P = {(z, up(2),vp(2),A\p(2))|r € T} and Q =
{{z,po(2),vo(1), Ag(2))]2 € T}. The complement of P is P¢ = {(z, Ap(2),1 —vp(2), up(2))|r €

T}. The union and intersection of P and Q are

(i) PUQ = {maz(up, o), min(vp,vg), min(Ap, Ag)};
(i) PN Q = {min(up, pg), max(vp,vg), max(Ap,Ao)}.

3. Pythagorean neutrosophic implicative ideals

Definition 3.1. Let T be a KU-algebra. A PNS € = {(1, pue(2), ve(2), Ae(2))]2 € Y} is called
a PN single valued ideal (PNSVI) of T if it satisfies:

(i) pe(0) = pe(r), ve(0) < ve(r), Ae(0) < Ae(n),
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(i) pe(r) > min{pe(ex7), pe(?)}, ve(y) < max{ve(1x7), ve(1)}, Ae(y) < max{Ae(2x7), Ae(2)},
Vi, Y.

Definition 3.2. Let T be a KU-algebra, a PNS € = {(1, ue(2), ve(2), Ae(2))|e € T} in T is
called a PN implicative ideal (resp. PNImpI) of T if it satisfies the following conditions:

(PNo) Ve € T, p1e(0) = pe (), ve(0) < ve(2), Ae(0) < Ae(),
(PN1) Vi,3,€ € Y, rel(1 ) 1) > min{pe(C+ ((1%.7) 51)), pre(0)},
ve((2xg) *2) < max{vg(l* ((2x7) *x1)),ve(l)},
Ae((2%9) *2) <max{Ae(£* ((2%7)%12)), \e(£)}.

Definition 3.3. Let € = (T, ¢, ve, A¢) be PNS in Y. For s,t,r € [0, 1], the set, U(ue,t) =
{v € T/ue(r) >t} is called upper level cut of ug, the set L(ve,s) = {1 € T/ve(r) < s is called
lower level cut of vg and the set L(Ag,7) = {2 € T/A¢(2) < r} is called lower level cut of Ag.

Example 3.4. Let T = {a, b, c,d, e} in which the operation * is given by the table

x|la|lblcl|d|e
alal|lblc|d]|e
blalal|b|d]|e
clalalaldle
dla|lal|lalale
elalalalala

Then (T1,%,0 = a) is a KU-algebra. Define a PNS p : T — [0,1], v : T — [0,1] and
A: T —[0,1] by

pa) = so, p(b) = p(c) = s1, u(d) = s2, p(e) = s3
v(a) = to,v(b) = v(c) = t1,v(d) = to,v(e) = t3
Aa) = ug, A(b) = A(c) = u1, A(d) = ug, A\(e) = ug

where sg, s1, 89,83 € [0, 1] with sg < 51 < s9 < 83, tg,t1,1t9,t3 € [0, 1] with tg < t1 < tg < t3
and ug, u1, u2,us € [0,1] with ug > u; > ug > us

Routine calculation gives that p is a (T, u, v, A) is a PNImpl of KU-algebra Y.

Lemma 3.5. If € = {Y, u¢,ve,A\e} is a PNImpl of KU- algebra Y and if + < ¢, then
pre(2) > pe (), ve(r) < ve(l), Ae(r) < Ae(f).
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Proof. If : < ¢, then £x1 = 0, this together with O%2 =1, 2x1 =1%0 = 0 and pue(0) > pe(f),
ve(0) < ve(l), Ae(0) < Ae(€). Put = 0in (PNy), we get
Cx ((20) %12)), ue(0)}
Cx(0%2)), pe(0)}
J4

# (1 0) x2)), ve(0)}
Cx (0%2)), ve()}
Cx ), ve(0)}

= ve(1) < ve(l).
Similarly we can prove for A¢(2) < A¢(¥).
Lemma 3.6. Let € = (Y, ue,ve,A\e) be a PNImpl of KU-algebra Y, if the inequality,

Cx1 <y hold in Y, then puc(r) > min{pe(y), ue(0)}, ve(r) < max{ve(y),ve(€)} and Ae(z) <
maz{Ae(7), Ae(0)}-

Proof. Assume that the inequality £x2 < jholds in T, then pe(€x2) > ue(y), ve(€x2) < vg(y)
and A¢(£*1) < Ag(y) (by Lemma @) Put + =y in (PN3), we have

(s ((22) %2)), pe(0)}

(€ (0%2)), pe(€)}
pe(2) = minf{pe(f* 1), pe(0)}

(1), e (0)}

pe((2%2) 1) > min{ue

pe((0%12) > min{pue
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and

Ae((2x2) x1) < max{Ae(€* ((1x12) *x12)), \e(£)}

(
Ae(0%2) < max{Ae(£* (0x1)), Ae(£)}
Ae(r) < mazx{Ae(l*1), \e(£)}
()

= maz{Ae(7), Ae(0)}-

Proposition 3.7. The intersection of any collection of PNImpl’s of a KU-algebra Y is also
a PNImpl.

Proof. Let A; = {pa,,va,, A4, } be a family of PNImplI’s of KU-algebra Y, then for any
1, 5,0 €.

(M ra;)(0) = inf (14, (0)) = inf(pa; (1) = (M pa,) @),
(Uva,)(0) = sup(va;(0)) < sup(va,(2)) = (Ura;)(2)
and (U A4,)(0) = sup(Aa,(0)) < sup(Aa,(2)) = (UAra) ().

(Ve +) =t () +)

> inf(min{pa, (€ % (2% 9) % 1)), 4, (0)})
= min{inf(pa, (€ * ((2% 7)) *2)),inf (4, (€))}
= min{( ﬂ,uA (CEY) ﬂ,UA

U va,)((vx7) = sup(va,((2 % 7) *1))

< sup(max{va, (€ * ((2%7) *1)),v4,(£)})
= max{sup(va, (¢ * ((1* 7)) *12)),sup(va,(¢))}

—maX{UyA ((2%7) ), UZ/A

U>\A (1% 9) % 2) = sup(Aa, (2% 9) ¥ 1))

< sup(max{Aa, (€ ((2 % g) *2)), A4, (0)})
= max{sup(A4, (£ * ((2 % 7)) * 1)), sup(Aa,(¥))}
—maX{Ux\A ((1%7) x1)), U)\A

Definition 3.8. Let € = (Y, pe,ve) be PNS in Y for s,¢,7 € [0, 1], the set, U(ue,t) = {2 €

Y /ue >t} is called upper level cut of g, the set L(v, s) = {2 € T/vg > s is called loweer level
cut of vg and the set L(A¢,v) = {1 € T/Ae < 1} is called lower level cut of A¢
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Theorem 3.9. A PNS € = (Y, y¢, v, A¢) of KU-algebra Y is a PNImpl of Y iff, for every
t,s,r €[0,1], U(ue,t), L(vg,s) and L(Ag,r) are either empty or an implicative ideals of T.

Proof. Assume that € = (T, u¢, ve, A¢) is a PNImpl of T, by (PNy), we have ug(0) >
pe(2), ve(0) < vg(1), Ae(0) < A¢(2) for all » € T, therefore pe(0) > pe(z) >t for v € U(ue,t)
and so 0 € U(pe,t), ve(0) < ve(1) < s forv € L(ve, s) and so 0 € L(vg, s), Ae(0) < Ae(z) <7
for + € L(A¢,7) and so 0 € L(A¢,7). Let £ ((2 % 7) *1) € U(ug,t) and £ € U(ug,t), then
pe(@x ((1x7) %2)) >t and pe(f) > t, since pe is a PNImpl it follows that ue((2* ) *12) >
min{pe(¢ * ((2 % ) % 1)), ue(£)} > t and therefore (% 3) * ¢ € U(ue,t). Hence U(ug,t) is an
KU-ideal of Y. Let £ ((2%7) x1) € L(ve,s) and £ € L(vg, s), then ve(€* ((2% 7) 1)) < s and
ve(0) < s, since vg is a PN Impl it follows that ve((2x7)*2) < max{ve({*((2x7)*2)),ve()} < s
and therefore (v % 7) x4 € L(vg,s). Hence vg is an KU-ideal of Y.

Let £ ((2% ) %1) € L(A¢,r) and £ € L(Ag,r), then Ae¢(£* ((2%7) x12)) < r and A\e(¥) < 7,
since A¢ is a PNImpl it follows that A¢((2 * ) *12) < max{A¢(€ * ((2 %)) *1)),\e(£)} < r and
therefore (1% ) 1 € L(Ae,r). Hence A¢ is an KU-ideal of Y.

Conversely, we only need to show that (PN7) pe(0) > pe(2), ve(0) < ve(2), Ae(0) < Ag(2) and
(PN3) pre((vx7) 1) > min{jue(0 (1)), (O}, wel(0x7) 1) < max{ve(Cx((127) 1)), ve(D)},
Ae((2% ) %1) < max{Ae(£ % (1% ) 1)), Ae(£)} are true. If PNy is false then there exist 2 € T
such that pe(0) < pe(t), ve(0) > ve(r), Ae(0) > Ae(r). If we take t = (ue(r) + pe(0))/2,
s = (ve(?) + 1¢(0)/2, ¥ = (Ae(t) + Ae(0))/2, then pe(0) < t', ve(0) > s, Ae(0) > 7 and
0<t <pe(@) 1,128 >we(d)>0,1>7 > Ae(t) >0 thus 7 € Ulpe,t), v €
L(ve,s), © € LOe,r") and U(pue,t') # ¢, L(ve, s ) # ¢, L(Ae,7) # ¢. As pe is KUImpl if
T, we have 0 € U(ue,t ) and so pe(0) > t. This is a contradiction. As v is KUImpl if T, we
have 0 € L(vg, s ) and so v¢(0) < 5. This is a contradiction. As \¢ is KUImpl if T, we have
0 € L(\e,r') and so A¢(0) < 7. This is a contradiction. Now, assume (PNy) is not true, then
there exist ¢, 7 and ¢ such that, pue((2 *7) %1) < min{pe(¢ * (2 * 7)) %)), pe ()}, ve((2
7)) > max{re(€ * (( %7 ) %1),ve(0)}, Ae((2' %) x2) > max{Ae(€ % ((2' %7 ) 1)), Ae(£)}.
Putting ¢ = {ue((v *5) * 1) + min{pe(f = (¢ % 7) # 1), pe(€)}}/2 then pe((4 +5) 1) <t
and 0 < t' < min{pe(l * (4 % 7) *2), ue(@)}/2 < 1, hence {ue(l * (' % 7) *4) > ¢ and
pe(l) >t = (' x7) x4 € Uue,t') and € € U(ug,t'). Since pe is an Impl, it follows that
(' %7) %7 € Upe,t) and that pe((2 7 )*2) >t this is also a contradiction. Hence U (ue,t )
is a PNImpI of Y. Putting s = {ve((2 % 5) %1 ) + max{ve(l (2 7 ) %), ve()}}/2 then
ve((t'))x1) > s and 0 < s* < max{ve(l * (v %7 )*1'), ve(£)}/2 < 1, hence {ve (£ (2 x5 )1') <
s and ve(f) < s = (4 %) %1 € L(vg,s) and £ € L(vg, s ). Since vg is an Impl, it follows
that (2 % 7) %7 € L(ve,s) and that ve((2 % 5) *7) < s this is also a contradiction. Hence
L(ve,s )is a PNImpl of T. Putting ' = {Ae((¢' %) %2 ) +max{Ae(€ % (2 x5)%2"), \e(€')}}/2
then A¢((2' %) *2) > r and 0 < 7 < max{Ae(f * (2" x3) %), e(£)}/2 < 1, hence
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el (0 x5)*7) <r and Ae(0) <" = (' ) %7 € L(\g,r ) and £ € L(\g, 7). Since A¢
is an I'mpl, it follows that (' % 7)) %7 € L(\e,r) and that Ae((2' % 7) %2) < 7 this is also a
contradiction. Hence L(Ag, s/) isa PNImpl of Y.

Corollary 3.10. If a PNS € = (T, ug, Vg, A¢) of KU-algebra T is a PNImpl then for every
te Im(lu‘@)a s € Im(”@)a S Im(AC)v U(Mﬁat)7 L(V€78)7 L(A€7T) is an Impl of T.

Theorem 3.11. An onto homomorphic preimage of a PNImpl is also a PNImpl.

Proof. Let ( : T — Y be an into homomorphic of KU-algebras, B = (3, up,vp,Ap) is a
PNImpl of Y and € = (T, e, ve, A¢) the preimage of B under ¢, then

1e(C(1) = pe(r), V2 €T
vp(C(2) = ve(r), Yee T

Let 1 € T then, pue(0) = pp(¢(0)) = pa(C(
ve(0) = vB(C(0)) < vB(C()) = ve(), Ae(0) = Ap(C(0)) < AB(C(1)) = Ae(s). Now, let 1,0 € ¥
then

~—
~—
I
=
)
—
~
~—

pe((ex g) % 2) = up(C((2 % ) ¥ 1))
= 1B((C(1) * (7)) * C(2))
> min{up(C(6) * ((C() * C(2)) * ¢(2))), n(C(£)}
= min{up(C(€* ((72) * 1)), up(C(£))}
= min{pue(lx ((7%12) %)), pe(0)}

ve((2x ) *2) = vB(C((2% ) *2))
= vB((¢(2) * (1) * C(x))
< max{vp(C(€) * ((C(2) ¥ C(2)) * C(+))), v(C(€))}
= max{vp(C(£x ((2+7) *2)),v5(C(£))}
= max{ve (€ (%) *2)), ve(£)}
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Ae((vg) 1) = Ap(C((1* 7) x2))
= AB((¢(2) ¥ ¢(9)) * C(x))
< max{Ag(C(€) * ((C(2) * C(2)) * C(2))), AB(C(€))}
= max{Ap(C(£x ((2% ) ¥ 1)), AB(C(£)}
= max{Ae(£* (2 7) *2)), Ae(£)}

Hence the proof.

Definition 3.12. A PNS € = (T, ug, Ve, Ae) of T has sup property if for any subset T =
(Y, pr, v, Ar) of Y there exist tg, sg, 70 € 1" such that
pe(to) = supue(t)
teT

ve(so) = infve(s)

= inf .
Ae(ro) ;gT)\c(T)

Theorem 3.13. Let ( : T — Y be a homomorphism between KU-algebras T and Y. For
every PNImpl € = (T, pe,ve, Ae) in ¥, B = ({(ue), ((ve), ((Ae)) isa PNImpl of Y.

Poof. By definition pug(y') = ((ue)(y) = sup pe(2), ¥4 € Y and sup ¢ = 0.

wEfL(y

v(J) = Clve)(y) = el e, Vi ey aljid gl?fcﬁ = 0.

Ap(f) =Ce)() = Cizllf(j/)M(Z), V) €Y and inf ¢ = 0.

We have to prove that

pB((x g) +2') > min{pp (€'« (2 * f') « 1), up(€)}

vp((t 1) x") <max{vg(l'« (' x ) x),vp(l)}

(/% 7) %)) <max{Ag(!  (/ x /)« ), A\p(€)} Vi, 5,0 €Y.

Let ( : T — Y be an onto homomorphism of KU-algebras, € a PNImpl of T with sup
property and B the image of € under (, since € is a PNImpl of T, we have

)\@(0) < /\@(Z), Vie Y.

Note that 0 € ¢'(0), where 0,0  are the zero of T and Y respectively.
Thus, up(0') = sup pe(t) = pe(0) > pe(2),

te¢—H(0)
vp(0) = tecizllf((y)u@(t) =vg(0) < ve(v),
Ap(0) = inf  A¢(t) = Ae(0) < Ae(2),
teC—H(0)
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for all « € T, which implies that
pp(0) > sup pe(t) = pp(?),
teC1 ()

VB(Ol) < teci?f‘(z/)l/@(t) = VB(Z/)7

Ap(0) < inf Ae(t) = Ag(Y), Vo' € Y. Forany o/, f, £ €Y, let 19 € (L), g0 €

te¢— ()
¢y, fo € ¢"1(¢) be such that

pe(lo * ((20 * 30) * %)) = sup pe(t),
te¢~1 (Lo*((20%j0)*20))

pe(lo) = sup  pe(t)

te¢=H(¢)
and
pre (Lo * ((20 * 30) * 20)) = p(C(Lo * (20 * Jo) * 20))
= pup(l' + (' x5') 7))
= sup pre (Lo * (20 * Jo) * 10)
(Lo*((r0%J0)*20))ECTL (L' ((+/ x5 )%2'))
= sup pe(t).
tECTH(L* (v % )x2")
Then
pp(( +)*d)= " sup = pe(t)
te¢—H((v/ 5" )x1/)
= pe((20 * Jo) * 20)
> min{ e (fo * (20 * Jo) * 20), e (fo) }
= min{ sup pe(t), sup pe(t)}
teC— (W x(v/ x5 )x1) tGC’l(E/)
=min{ug(l'* (' * 7)), up()}.
ve(lo * ((10 * 70) x 10)) = inf  ve(t)
teCTH(l (4 x5 %)
ve(lp) = inf  we(t)
te¢1()
and

ve (Lo * (10 % Jo) * 20) = vB(C(lo * (10 * Jo) * 20))
=v(l'x (' *j)*1)

= inf lo * ((29 * %1
Eo*((zo*jo)*zo)GC*l(f’*((z’*g’)*z’))'uc(O ((20 * 70) * 20))

= inf pre(t)-

e (Vg )
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Then
k) %)) = inf t
p((4 *g) *1) et e(t)

= pe((20 * Jo) * 10)

< max{pue(fo * (20 * Jo) * 20), pe(fo) }

= min inf t), inf t

{tec‘*(z’*((z’*a’)*z’))w( ) tecl(z’)M( )}
— minf{us (¢ (/ * ) ), up(E)).
Ae(lo * ((20 * 70) * 20)) = inf  Ae(?)
te¢—H(L *(2 %y )¥1)
Ae(lo) = inf  pe(t)
te¢—1(¢)
and
pre (o * ((20 * 30) *20)) = uB(C(o * ((20 * J0) * 10)))
= Al x (( x7) x1"))
= inf by * ((29 * *
(Zo*((lo*]o)*zo))€§_1(Z’*(Z’*]’)*z’)’ue( 0 * ((20 * J0) *20))
= inf t).
rec 1@y €

Then

pe(t)

> max{pe(lo * ((20 * Jo) * 20)), pe(€o) }

Vxg) k) = inf
MB(( ) ) te¢—1((v x5 )*xa')

= max{ inf pe(t), inf pe(t)}

teC (U x(v %7 )x2’) te¢—1(0)

— max{pup(¢ « (0 ) * ), up(€)}.

Hence B = (3, up,vp,A\p) is a PNImpl of Y

4. Cartesian product of Pythagorean neutrosophic implicative ideal

Definition 4.1. Let € = (T, ug,ve, A¢) and B = (Y, up,vp,Ap) be PNS of a set T, the

Cartesian product of ug X up, ve X vg and A¢ X Ap is defined by

(te x pB)(2,7) = min{ue(2), pp(7)}
(ve x vB)(1,) = max{ve(2),vB(7)}

(Ae X Ap)(2,7) = max{A¢(2),\g(y)} V2,7 € Y.
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Definition 4.2. If € = (Y, pe, ve, A¢) is a PNS of a set Y, the strongest PN relation on T,
that is, a PN relation on € is ,ujé given by

(1, 9) = min{yf (), 1if ()}
v (1,9) = max{v{ (1), vl ()}
)\Jé(l,]) = max{)\é(z), )\]é(])} Vi,7€ T,

Proposition 4.3. For a given PNS € = (T, ¢, vg, A¢) of KU-algebra T, let (ué, l/g, )\é) is a
PNImpl of T x T, then

Proof. Since, ;ﬂé, I/éc, /\Jé are PNImpl of T x Y, it follows from (PNj) that

where (0,0) € T x T, then

Remark 4.4. Let € = (T, pe, ve, A¢) and B = (T, up,vp, Ag) be KU-algebras, we define
on € x € for every (1,7), (u,v) € €x B, (1,7) * (u,v) = (1% u,7*v), then clearly (zx 3,*, (0,0))
is a KU-algebra.

Theorem 4.5. Let € = (Y, g, ve, A¢) and B = (Y, up,vp,Ag) be a PNImpl’s of KU-
algebra X, T x Bisa PNImpl of T x 1.
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Proof. For any (¢,7) € T x T, we have,

(ne x 1p)(0,0) = min{ue(0), up(0)}
> min{pe (), uB(2)}
= (pe x pB)(T,2)

(ve x vB)(0,0) = max{re(0),v5(0)}
< max{ve(2),vp(1)}
= (ve xvp)(Y,x)

(Ae x Ap)(0,0) = max{Ae(0), Ap(0)}
< max{A¢(2), Ap(2)}
= (Ae X A)(T, ).

NOWa let (11722)7 (]17]2)3 (61762) €T x Ta thena

(ke % pp) (11 % 1) * 11), (22 * J2) * 12))

= min{ue((21 % g1) * 1), uB((12 * J2) * 12)}

> min{min{pue (¢ * (11 * 1) * 11), pe(l1)}, min{pp(€z * (22 * J2) *12), np(l2)}}
= min{min{pe(l1 * (11 % 1) * 1), (L2 * (12 * J2) * 12) }, min{ e (€1), pp(2)}}
= min{(pe X pp) (01 * ((11 % 1) * 11), €2 * (12 % J2) * 12), (e X pp)(l1,L2)}-

Hence, pug X pup is a PNImpl of T x Y.

(ve x vB) (011 % 1) *11), ((12 % g2) * 12))

= max{ve((11 * g1) * 1), vB((12 * J2) * 12)}

< max{max{ve(f1 * (21 % 1) * 11)), ve(€1) }, max{vp(ls * (12 * j2) *12)), vp(£2)}}
= max{max{ve(l1 * (11 * 1) * 11), vp(la * (22 * J2) * 12) }, max{ve(l1), vp(€2) }}
= max{(ve X vg)(f1 (11 * J1) * 11), b2 * (12 % J2) *12), (ve X vB)(1, (2)}.

Hence, vg x vg isa PNImpl of T x 1.

(Ae X Ag)((u * g1) 01, (12 * J2) * 12)

= max{A¢((u * 1) *21), AB((12 % J2) * 22)}

< max{max{A¢ (1 * (11 % J1) * 21), Ae(f1) }, max{Ap(£2 * (12 * j2) *22), Ap(£2)}}

= max{max{Ae(f1 * (11 * g1) * 11)), AB (L2 * ((12 % J2) * 12)) }, max{Ae(£1), Ap(¢2) }}
= max{(A¢ X Ap) (€1 * ((11 % g1) * 1), bo * ((12 % J2) * 22)), (Ae X Ap)(£r X £2)}.

Hence, A\¢ x Ap isa PNImpl of T x Y.
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Theorem 4.6. Let € = (T, ue, vg, A¢) and B = (T, up,vp, Ag) be a PNS of KU-algebra T,
such that € x B is PNImpl of T x T, then

(i) either pe(z) < pe(0) or pp(r) < up(0), ve(r) > ve(0) or vp(1) > vp(0), Ae(?) > Ae(0) or
A5(2) > Ap(0), Vi € T.

(ii) if pe(2) < pe(0) Vo € T, then either pe(2) < up(0) or pup(z) < up(0),
if vg(1) > ve(0) Vo € Y, then either vg(2) > vp(0) or vp(2) > vp(0),
if A¢(2) > Ae(0) Vo € T, then either A\¢(z) > Ap(0) or Ap(2) >

(iii) if pp(r) < pp(0) Ve € Y, then either ue(r) < pe(0) or pup(r) < pe(0),
if vg > vp(0) Ve € Y, then either vg(2) > ve(0) or vp(2) > ve(0),
Ap(1) > Ap(0) Vo € T, then either A¢(2) > Ae(0) or Ap(2) > A¢(0).

(iv) either € or B is PNImpl of T.
Proof. The proof is similar to previous Theorem @

Theorem 4.7. Let € = (T, u¢, Vg, A¢) be a PNS of KU—algebra T and let ,u{, z/g, )\f be the
strongest PN relation on Y, then € is a PNImpl of T iff uc, y@, )\f are PNImpl of T x T.

Proof. Assume that (ue, ve, A¢) is PNImpl on T, we note from (PNI) that

1150, 0) = min{ye(0), e (0)}
> min{ue(2), pe(2)}
> (1, 9).
vL(0,0) = max{e(0), ve(0)}
< max{re(1), ve()}
< v{(, ).
A5 (0,0) = max{A¢(0), Ae(0)}
< max{Ae(2), \e()}
<AE(2) V(,0) €T X T,
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Now, for any (u1,122), (J1,72), (¢1,€2) € T x T, we have from (PN2)

(1 % 1) %01, (12 % 92) % 12)

= min{ue((e1 % g1) * 1), pe((2 * J2) *12)}

= min{min{pe(ly * ((u * 1) *21)), pe (1)} minfpe(bo = ((12 * 32) *22)), pe(f2)}}
= min{min{ue(l1 % ((10 % 1) % 01)), pe(la * ((12 * J2) *02)) }, min{pe(l1), pe(f2)}}
= min{ (e X pe) (€r* ((11 % 1) % 21)), (€2 % ((22 % g2) * 22)), (e X pe)(l1,£2)}
V(% 1) 10, (12 % 32) % 12)

= max{ve((1 % 1) * 11), ve((12 * J2) * 22)}

< max{max{ve(f1 * (1 * J1) * 1)), ve(£1) }, max{ve(ly * ((12 * g2) * 12)), ve(€2) }}
= max{max{ve(l1 * (11 * 1) * u)), ve(le * (12 * J2) * 12)), max{ve(l1), ve(€2) }}
= max{(ve X ve) (1 * ((11 % g1) * 1)), (b2 * ((22 % g2) % 12)), (ve X ve)(l1,£2)}

Similarly, )\é((zl % J1) * 11, (12 % J2) * 12) < max{(Ae X A¢)(f1 * ((21 % 71) *21)), (b2 * ((22 * 72) *
12)), (Ae X A¢)(€1,¢2)} Hence (,uC 1/€, )\f) is PNImpl of T x Y.

Conversely, V(z,7) € T x T, we have

min{e(0), pe(0)} = (2, 7) = min{pe (1), pe ()}

It follows that ug(0) > pe(z), Vo € T

max{ve(0), ve(0)} = v (,7) =

It follows that v¢(0) < vg(2),

max{Ae(0), Ae(0)} = Ag (1, 7)

It follows that A\g(0) < Ag(2)
Y x Y, then

= max{ve (1), ve(7)}-
Ve T

= max{A¢(2), Ae(9) }
V2 € Y which proves (PN7) Now, let (21,22), (71,72), (¢1,€2) €

min{pe((21 % 71) * 21), pe((22 * J2) *12)}

= pf (1 % 1) * 11, (12 * Jo) % 12)

> min{pf (61, £2) * (11, 22) * (31,92)) * (11, 22)), (1, £2)}

= min{uf (61 (1% 1) * 1), ba * (12 % 32) * 12), (01, 2)}

= min{min{pe(f1 * (11 * 1) * 1)), pre(Co * (12 % 2) * 12)) b min{ e (41), pe(£2) }}

= min{min{ue (€1 * ((11 % J1) * n)), pe(l1) }, min{pe(le * (12 * J2) * 12)), pe(l2)}}-
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In particular, if we take 13 = 72 = fo = 0, then ue((21 * 71) * 21) > min{ue(f1 * (11 * 1) *
1), pe(£1)}

max{ve((21 * 1) * 21), ve((22 * J2) *12) }

= ¢ (% 31) # 1), (12 % 32) *12))

< max{v{((f1, £2) * (11 % 12) (91 % 32)) * (11 * 12)), v (€1, £2) }

= max{vd ((1 * (11 % 1) % 1)), (Lo * (12 % 32) 1)), VL (€1, £2) }

= max{max{vg ({1 * (11 * J1) * 21), Ve (l2 * (22 * 72) * 12) }, max{ve({1),ve(l2)}}

= max{max{ve(fy * (11 % 1) * 1), ve (1) }, maz{ve (€2 * (12 * 32) *12)), ve(£2) }}.

In particular, if we take 12 = j3 = o = 0, then ve((21 * 1) * 11) < max{ve(f1 * (21 * J1) *
1), ve(£1) }. Similarly, max{A¢((21 * 31) * 21), Ae((22 * 72) * 22)} < max{max{A¢(f1 * ((211 * 31) *
1)), Ae(€1) }, max{Ae(l2 * ((22 * J2) *12)), Ae(l2) }-

In particular, if we take 19 = 72 = £ = 0, then A¢((21 * 71) * 21) < max{Ag(l1 * ((21 * J1) *

1)), Ae(£1)}.

5. Conclusions

We have investigated Pythagorean neutrosophic Impls in KU-algebras and discussed sev-
eral related results. In particular, we defined the image and pre-image of Pythagorean neutro-
sophic Impls under homomorphisms of KU-algebras and studied the conditions under which
these images remain Pythagorean neutrosophic Impls. Moreover, we established the prod-
uct of Pythagorean neutrosophic Impls as a product Pythagorean neutrosophic Impl. As a
direction for future work, we aim to explore the foldedness of other classes of Pythagorean neu-
trosophic ideals with special properties, such as bipolar intuitionistic (interval-valued) fuzzy
n-fold I'mpls in certain algebraic structures.
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