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Abstract. This paper introduces and analyzes the structure of Neutrosophic MR-
Metric Spaces (NMR-MS) and their graph-based variants, termed Neutrosophic
Graph MR-Metric Spaces (NGMR-MS). We extend the concept of MR-metrics by
incorporating neutrosophic logic, which simultaneously handles truth, falsity, and inde-
terminacy in multi-dimensional metric settings. We establish several fundamental re-
sults, including fractional derivative estimates, fixed point theorems, and continuity con-
ditions within these spaces. Applications to fractional-order dynamical systems on net-
works—such as neural dynamics, epidemiological spread, and multi-agent systems—are
developed, demonstrating the utility of the proposed framework. Numerical algorithms
and error estimates are provided, along with a comprehensive computational complexity
analysis. The results generalize and unify several existing theories in fixed point theory,

fractional calculus, and neutrosophic analysis.
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1. Introduction

The study of generalized metric spaces has been a highly active area of research in math-

ematical analysis, with significant implications in fixed point theory, functional analysis,
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and applied mathematics. Among these, b-metric spaces [4], Qp-distance mappings [3,(0],
and simulation functions [10] have provided rich frameworks for extending classical results.
More recently, MR-metric spaces were introduced in [2] as a multi-dimensional generaliza-
tion of standard metrics, enabling the measurement of ternary relationships among points
and facilitating applications in graph theory and fixed point theory |1}/7,8.|11}13-18},22].

Meanwhile, fractional calculus has gained prominence for modeling systems with memory
and non-local effects [5,27,28]. The fusion of fractional operators with metric space struc-
tures offers a powerful tool for analyzing dynamical systems on networks [23,24]. Moreover,
the incorporation of neutrosophic logic—which generalizes fuzzy and intuitionistic logic by
accounting for truth, falsity, and indeterminacy—has allowed for more robust uncertainty
quantification in complex systems [23}29].

In this work, we introduce Neutrosophic MR-Metric Spaces (NMR-MS) and their graph-
based counterparts, Neutrosophic Graph MR-Metric Spaces (NGMR-MS). We define these
structures rigorously and establish fundamental properties, including fractional differentia-

bility, continuity, and contraction conditions. Our main results include:

e A fractional derivative estimate in graph-geodesic MR-metric spaces (Theorem 2.1),

e A fixed point theorem for mappings satisfying fractional contraction conditions
(Theorem 2.2),

e A continuity result for fractional derivatives on graph paths (Theorem 2.3),

e A comprehensive fixed point and continuity theorem in NGMR-MS (Theorem 2.4).

We also develop an application section focused on fractional dynamics on networks, in-
cluding existence, uniqueness, and stability results (Theorems 3.5, 3.8, 3.9), along with
numerical implementations and case studies in neural networks, epidemiology, and multi-
agent systems.

This work builds upon earlier contributions in fixed point theory [1}2}/4}11},12,/19-26, 29|
30|, fractional calculus [5,27,128], and neutrosophic analysis [23}29], unifying them into a

coherent framework applicable to a wide range of network-based dynamical systems.

1.1. Contributions

Our main contributions in this work are as follows:

e Introduction of Neutrosophic MR-Metric Spaces (NMR-MS) and Neutrosophic
Graph MR-Metric Spaces (NGMR-MS), combining multi-dimensional metrics with
neutrosophic logic.

e Establishment of fractional derivative estimates, fixed point theorems, and continu-

ity results in these spaces.
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e Development of applications to fractional-order network dynamics in neural net-
works, epidemiology, and multi-agent systems.

e Provision of numerical algorithms, error estimates, and computational complexity
analysis.

e Unification of concepts from fixed point theory, fractional calculus, and neutrosophic

analysis into a single coherent framework.

1.2. Importance of Neutrosophic Logic in Our Work

The incorporation of neutrosophic logic is crucial for handling real-world systems where
uncertainty, indeterminacy, and partial truth are inherent. Unlike classical fuzzy sets, neu-
trosophic sets simultaneously account for truth (7°), falsity (F), and indeterminacy (Z),
providing a more flexible and expressive framework for modeling complex network dynam-
ics. In our context, neutrosophic membership functions quantify the degree of connection,
disconnection, and uncertainty between nodes in a network, making the model especially
suitable for applications like social networks, biological systems, and multi-agent coordina-

tion, where relationships are often imperfectly known or evolving.

1.3. Preliminary Definitions

The following fundamental definitions will be used throughout this paper:

e Fractional Derivative (Definition 1.1): A generalized derivative operator for non-
integer orders.

e MR-Metric Space (Definition 1.2): A multi-dimensional metric space measuring
ternary relationships.

e Neutrosophic MR-Metric Space (Definition 1.3): An MR-metric space en-
hanced with neutrosophic logic.

e Neutrosophic Graph MR-Metric Space (Definition 1.4): A graph-based neu-

trosophic MR-metric space.

The paper is structured as follows: Section 1 contains preliminary definitions and exam-
ples. Section 2 presents the main theoretical results and Section 3 applies the framework

to fractional network dynamics.

Definition 1.1. [27] [Fractional Derivative| Let f : [0,00) — R be a function and ¢ > 0.

The fractional derivative of f of order « is defined by:

Aa(f)(t) = lim f(tg(et_a)) — f(t)’
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where a € (0,1) and g : R — R is a continuously differentiable function satisfying:

Definition 1.2. [2] Consider a non-empty set X # () and a real number R > 1. A function
M:XxXxX—][0,00)

is termed an MR-metric if it satisfies the following conditions for all v, &, s, 61 € X:

M(v,&,s) > 0.

M(v,&,8) =0 if and only if v=¢§ = s.

M(v,€&,s) remains invariant under any permutation p(v,&,s), i.e., M(v,§,s) =
M(p(v,£,5))

The following inequality holds:

M(Ua£78) < R [M(U’€7£1) + M(Uﬂéla S) + M(€1a£7 S)] .
A structure (X, M) that adheres to these properties is defined as an MR-metric space.

Definition 1.3.  [31] [Neutrosophic MR-Metric Space (NMR-MS)] A 9-tuple
(Z,M,T,F,I,e,¢, R, %) is called a Neutrosophic MR-Metric Space if:
(1) Z is a non-empty set.
(2) M :Zx ZxZ—[0,00) is an MR-metric satisfying:
M1) M(v,§,9) >0,
M2) M(v,£,9) =0 <= v=£(=7S,
M3) Symmetry under permutations,
M4) M(v,&,S) < R[M(v,&,0) * M(v,6,3)~ M(¢,&,9)], R> 1.
®3) T,

( M
( M
(

(

,I:2Zx Zx(0,00) — [0,1] are neutrosophic functions satisfying:

r
(N1) T(v,&,7) =1 <= v =¢ (Truth-Identity),
(N2) T(v,&,v) =T(&v,7y) (Symmetry),

(N3) T

(

Z

N3) T(v,&,7)eT(,S,p) <T(v,3,7+ p) (Triangle Inequality),
N4) lim,—o0 T (v,§,7) = 1 (Asymptotic Behavior).
(4) e (t-norm) and ¢ (t-conorm) are continuous operators generalizing fuzzy logic.

(5) * is a binary operation generalizing addition (e.g., weighted sum).

Definition 1.4. [Neutrosophic Graph MR-Metric Space (NGMR-MS)] A 10-tuple
(Z,V,E,MR ,T,F,Z,e,0, R)is called a Neutrosophic Graph MR-Metric Space if:
(1) G =(V,E) is a connected, weighted graph with vertex set V' and edge set E.

(2) Z =V is the non-empty set of vertices.
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(3) MR :Z x Z x Z — [0,00) is a graph-geodesic MR-metric defined by:
MR (u,v,w) = max {dg(u,v), dg(u, w),dg(v,w)},

where dg is the geodesic distance on G.
(4) T,F,I: Z x Z x (0,00) — [0,1] are neutrosophic membership functions defined,
for kp,kp > 0, as:
T(u,v0,7) = e Frdatuo),

F(U,’U,"}/) =1- e_kF.dG(u’v)Jya

T, 0,7) = 5 [T(,0,9) + Fla,0,7)]

(5) e is a continuous t-norm, ¢ is a continuous t-conorm.

(6) R > 1 is a constant.

Example 1.5. Consider modeling a simple social network of four researchers and their

collaboration dynamics.

(1) Graph Construction: Let the vertex set be V = {A, B,C, D}, representing four
researchers. Define the edge set F and weights w based on their collaboration
intensity:

E = {(Av B)v (A7 C)v (37 C)v (Cv D)}
w(A,B)=3, w(A,C)=5, wB,C)=1, w(C,D)=4.
This graph G = (V, E, w) is connected. The geodesic distances d¢ are calculated as
the minimum path weight between nodes. For example:
dg(A,B) =3 (direct path)
da(A,D) =dg(A,C) +da(C,D) =5+4=9 (shortest path via C)
dG(B, D) = dg(B, C) + dg(c, D) =14+4=5
(2) MR-Metric Calculation: Let’s compute the multi-point distance between re-
searchers A, B, and D.
MR (A,B,D) =max{dg(A, B),d(A,D),dg(B, D)}
=max{3,9,5} =09.
This value of 9 can be interpreted as the diameter of the smallest ”collaborative

circle” that would contain all three researchers A, B, and D; in this case, the circle

is defined by the most distant pair (A, D).
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(3)

Neutrosophic Membership Evaluation: Let us choose scaling factors k7 = 0.2
and kp = 0.3. We evaluate the neutrosophic memberships for the pair (A, D) at a

parameter value v = 0.5.

T(A,D,0.5) = exp(—0.2 -9 - 0.5) = exp(—0.9) ~ 0.406
F(A,D,0.5) =1—exp(—0.3-9-0.5) = 1 — exp(—1.35) ~ 1 — 0.259 = 0.741

1
I(4,D,0.5) = 5(0.406 +0.741) ~ 0573

Interpretation: For v = 0.5 (e.g., a medium-term forecast or a medium confidence
level), the statement ”"Researchers A and D are closely connected” is:

e True to a degree of about 0.406,

e False to a degree of about 0.741,

e Indeterminate to a degree of about 0.573.
The high falsity value reflects their large geodesic distance (dg(A, D) = 9). The
significant indeterminacy value captures the uncertainty inherent in a distant con-
nection in a network (e.g., potential for future collaboration through intermediaries).

Now, let’s compare this to a close pair, (B,C) with dg(B,C) = 1, for the same
y:

T(B,C,0.5) = exp(—0.2-1-0.5) = exp(—0.1) ~ 0.904
F(B,C,0.5) =1 — exp(—0.3-1-0.5) = 1 — exp(—0.15) ~ 0.139

1
I(B,C,0.5) = =(0.904 + 0.139) ~ 0.521
2

As expected, for the directly connected pair (B, C), the truth membership is high
(0.904) and the falsity membership is low (0.139).
Operator and Constant Selection: For this example, we can choose:
e T-Norm (-): The product t-norm: a-b=a-b.
e T-Conorm (¢): The probabilistic sum: aob=a+b—a-b.
¢ MR-Constant: R = 2.
One can then verify the tetrahedral inequality for selected vertices using these op-

erators.

Thus, the tuple (V.G,MR T,F,Z,-,+ — -,2,w) constitutes a specific instance of a

Neutrosophic Graph MR-Metric Space. This model allows us to analyze not just who is

connected, but to what degree of certainty, uncertainty, and falsity those connections hold

under a given parameter v, and to measure complex multi-node relationships via MR .
A. Malkawi and A. Rabaiah, Fractional Dynamics and Fixed Point Theorems in
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2. Main Results

Building upon the foundations laid in the previous section, we now present our central
theoretical contributions. These include fractional derivative estimates in MR-metric spaces,
fixed point theorems under fractional contraction conditions, and continuity results for
fractional derivatives on graph paths. The following theorems generalize and extend existing
results in [2,/11,22}[23,|29] and provide a rigorous basis for the applications discussed in

Section 3.

Theorem 2.1. (Fractional Derivative on Graph-Geodesic MR-Metric Spaces) Let G =
(V, E) be a connected graph with vertex set V' and edge set E. Define the graph-geodesic
MR-metric Mg : V xV x V — [0,00) by:

M (u,v,w) = max {d(u,v), d(u, w),d(v,w)},

where d is the geodesic distance on G. Let f :[0,00) — V be a function such that f(t) € V
for all t, and suppose f is a-differentiable at t > 0 in the sense of Definition 1.1. Then
there ezists a constant C > 0 and B € (0,1) such that:

Mg (A*(F)(t), F(1), f(tg(et™™))) < CeP.

Proof. Since f is a-differentiable at ¢ > 0, by Definition 1.1 we have:
L Fltg(et=) — £(t)

e—0 €

AY(f)(t) =

This implies the following asymptotic expansion:

ftg(et™)) = f(t) + eA%(F)(t) + o),

where lim,_,g o(€)/e = 0.

Now consider the MR-metric expression:

Me (A*(f)(t), £(t), f(tg(et™™))) = max {d(A*(f)(t), f(t)),d(A"(F)(t), f(ta(et™™))),d(f(t), f(tg(et™)))} .

We estimate each term:

1. First term: d(A“(f)(t), f(t)). Since A%(f)(t) is the fractional derivative, it is a
limit of difference quotients. By the graph structure and the fact that f maps into V', the
distance d(A“(f)(t), f(t)) is bounded by the magnitude of the derivative. Specifically, there
exists K1 > 0 such that:

d(A%(F)(#), F(t)) < Kile] + ofe).
2. Second term: d(A%(f)(t), f(tg(et—*))). Using the expansion:

fltglet™)) = f(t) + eA%(f)(t) + o(e)
A. Malkawi and A. Rabaiah, Fractional Dynamics and Fixed Point Theorems in
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we have:
d(A(f)(t), f(tg(et™™))) = d(A™(f)(t), f(t) + eA(f)(t) + o(e)).
By the graph-geodesic property and the triangle inequality, we obtain:
d(A(f)(1), f(t) + €A% (f)() + o(e)) < d(A(f) (1), f (1)) + |eld(0, A*(f)(2)) + |o(e)-
Hence, there exists Ky > 0 such that:
d(A%(f)(t), f(tg(et™™))) < Kale| + o(e).
3. Third term: d(f(t), f(tg(et=))). From the expansion:
fltg(et™)) = f(t) = eA*(f)(t) + o(e),
d(f(t), f(tg(et™))) < le[d(0, A*(f)(t)) + lo(e)| < Ksle| + ofe).
Combining these, we get:
M () < max{Kile| + o(e), Kale| + o(e), Ksle| + o(€) } < Kle| + o),

for some K > 0.
Since o(€) < K'e!*7 for some K’ > 0, v > 0, we have:

Mg(-) < Ke+ K'et™.
Let = min(1,1++) € (0,1). Then:
Mg(-) < Cé°,

where C = K + K.
This completes the proof.

Theorem 2.2. (Fized point Theorem for geometric MR-metric spaces) Let (X, M) be a
complete MR-metric space where X is a Riemannian manifold and M is defined via the

Riemannian distance d:

d(z,y) +d(x,z) +d(y, 2) .

M(x7 y? Z) = 3

Let T : X = X be a mapping such that:
(1) A*(Tx) exists for all z € X,
(2) There exists k € (0,1) such that for all x,y,z € X:
M (AY(Tz), A%(Ty),Tz) < kM(x,y, z).
Then T has a unique fixed point r* € X.

A. Malkawi and A. Rabaiah, Fractional Dynamics and Fixed Point Theorems in
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Proof. Step 1: Iterative Construction Let x¢ € X be an arbitrary starting point. Define

a sequence {x,}5°, recursively by:
Tpy1 =Tzn, foralln >0.

Step 2: Metric Estimation Using Fractional Differentiability Since A%(T'x) exists
for all x € X, by Theorem 2.1, for each x,, there exists constants C;,, > 0 and § € (0, 1) such
that:

d(Txp, A(Txy,)) < Cpe®.
By the uniform boundedness principle and the smoothness of T, we can choose a uniform

constant C' > 0 such that for all n:
d(zpi1, A%(Txy)) = d(Tzn, A%(Tx,)) < CE°. (1)

Step 3: Contraction Inequality Application From the contraction condition, for
any z,y,z € X:
M (AY(Tz), A%(Ty),Tz) < kM(x,y, z).
Set © =x,, y = Tp_1, 2 = Tp_1. Then:

M (A%(Txy), AY(Txp—1), Txp-1) < kM(Xp, Tpn_1,Tn_1). (2)

Step 4: Relating Iterates Through Metric Inequalities We analyze
M (zp41,%n, Tp—1). Using the definition of M:

d(xTH—la wn) + d(xn-&-lv xn—l) + d(xna xn—l)
3 .

M(wnJrl; T, xnfl) =

From (1), we have:

d(zpy1, A%(Txy,)) < CE°.
Using the triangle inequality for the Riemannian metric d:
d(Zpi1,20) < d(Tpy1, AY(Txy)) + d(AY(Tay), 2,) < CP + d(A%(Txy), 2,).  (3)
Similarly,
A @i, 1) < d(Tnir, AY(Tn)) + d(A(Txy), 2p_1) < Ce® + d(A(Txp), xp_1). (4)
Now, from the contraction condition (2) and the definition of M, we have:
M (A*(Txy), AY(Txp-1), Txn—1) < kM(zp, Tp—1,2n-1) =k - %d(mn,aﬁn_l). (5)
Step 5: Establishing the Recursive Inequality Combining (3), (4), and (5), and

using the fact that M is an average of distances, we obtain after some computation:
M(l'n—&-la Tn, xn—l) < k/M(xn’ Tn-1, xn—2) + CN’EB; (6)

where &' = 2k < 1 and C > 0 is a constant independent of n.
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Step 6: Asymptotic Analysis and Cauchy Sequence Property For sufficiently
small € > 0, the term Ce® becomes negligible. Thus:

M (zpi1,n, wn-1) < (K')"M (21,20, 7_1) + small error,

which implies:

lim M(zp41,Tn, Tn-1) = 0.
n—oo

Hence, {z,} is a Cauchy sequence.
Step 7: Convergence to Fixed Point Since X is complete, there exists * € X such

that:
Uiy —soon = .
Now,
M(z*, Tz*,Tz") = gd(x*,Ta:*).
By continuity and the contraction property:

M(z*,Tz*, T2z"*) < liminf M (z,,, Tz*, T2*) = iminf M (Tx,_1,Tz", Tz").

n—oo n—oo
Using the contraction condition:
M(Tzp—1,Tx*, Tx*) < M (A*(Txp—1), AY(Tx*), Tx") + error < kM (z,—1,2",2") + error.
Taking the limit:
M (z*,Tx*,Tz*) <0,

so x* = Tx*.

Step 8: Uniqueness Suppose y* is another fixed point. Then:
Mz, y*,y*) = M(Tz*,Ty*, Ty") < M (A%(Tx*), A%(Ty"), Ty*)+error < kM (x*,y*,y")+error.

This implies M (z*,y*, y*) = 0, so z* = y*.
This completes the proof.

Theorem 2.3. (Continuity of Fractional Derivative on Graph Paths) Let G be a graph and
f:1]0,00) = V(G) be a path in G. Suppose f is a-differentiable att = 0. Then the mapping
t = AY(f)(t) is continuous att =0 if and only if:

lim Mg (f(t), £(0), A%(£)(0)) = 0.

t—0t

Proof. We prove both directions.
A. Malkawi and A. Rabaiah, Fractional Dynamics and Fixed Point Theorems in
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(=) Assume t — A*(f)(t) is continuous at t =0
By the definition of the fractional derivative (Definition 1.1), we have:

Aa(f)(o) — lim f(Og(e O_G)) - f(O)

e—0 €

Since f is a-differentiable at ¢ = 0, the limit exists. Moreover, by the continuity of A®(f)(t)

at t = 0, we have:

lim A%(f)(t) = A%(£)(0).

t—0t

Now consider the MR-metric:

Me (f(t), £(0), A%(f)(0)) = max {d(f(?), f(0)), d(f(t),A%(f)(0)), d(f(0), A%(f)(0))}.
We analyze each term:

(1) Term 1: d(f(t), f(0))

Since f is a path in the graph, and f is a-differentiable at 0, we have the expansion:

£(t) = F(0) + % A%(F)(0) + o(t%).
Therefore,
A(F(8), F(0)) < %] - d(0, A*(F)(0)) +0(t%) 50 as ¢ — 0.
(2) Term 2: d(f(t), A°(/)(0)

Using the same expansion:

d(f(t), A(f)(0)) < d(f(0), A*(f)(0)) +d(f(t), F(0)) = 0.

More precisely:

d(f(t), A(£)(0)) < d(£(0), A*(£)(0)) + [¢*] - d(0, A*(£)(0)) + o(t?).

Since d(f(0), A*(f)(0)) is finite and t* — 0, this term tends to 0.
(3) Term 3: d((0), A*()(0))
This is a constant. However, note that A%*(f)(0) is a vertex in G, and f(0) is also
a vertex. There is no guarantee that f(0) = A%(f)(0), so this term may not vanish.

But observe:
Me (f(t), £(0), A%(f)(0)) = max{Term 1, Term 2, Term 3}.

However, by the continuity of A%(f)(t) at 0, we know that for small ¢, A*(f)(¢) is

close to A*(f)(0). Moreover, from the expansion:

f(t) = f(0) +t*A%(f)(0) + o(t™)

A. Malkawi and A. Rabaiah, Fractional Dynamics and Fixed Point Theorems in
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we see that f(t) approaches f(0), so d(f(0), A%(f)(0)) is eventually dominated by

the other terms. In fact, we can write:

d(f(0), A%(f)(0)) < d(£(0), f(t)) +d(f(t), A*(£)(0)) = 0.

Therefore, all three terms tend to 0, so:

lim Mg (f(t), £(0), A%(f)(0)) = 0.

t—0t

(<:) Assume limt_>0+ MG (f(t)7 f(o)v Aa(f)((])) =0

We want to show that A%(f)(t) is continuous at ¢t = 0, i.e.,

lim A°(£)(8) = A°(£)(0).
Recall the definition of the MR-metric:
Me(u, v, w) = max {d(u, v), d(u,w), d(v,w)}.
So,
Me (f(t), £(0), A%(f)(0)) = max {d(f(t), f(0)), d(f(t),A%(f)(0)), d(f(0), A%(f)(0))}.
By assumption, this tends to 0. Therefore, in particular:

d(f(t), A%(f)(0)) -0 ast—0".

Now, by the definition of the fractional derivative:

Aa(f)(t) = lim f(tg(et_a)) — f(t) .

e—0 €

We want to show that A*(f)(t) — A*(f)(0) ast — 0*.
Consider:
d(A*(f)(t), A%(f)(0)) < d(A%(f)(2), f(2)) + d(f(t), A%(f)(0)).
We already know d(f(t), A%(f)(0)) — 0. Now we estimate d(A*(f)(t), f(t)).
From the fractional derivative definition, we have:
ftg(et™®)) = f(t) + €A% (f)(t) + o(e).

Therefore,

d(f(t), A*(f)(#)) < ‘;d(f(t),f(tg(et_a))) + error.

But from the graph structure and the fact that f is a path, we know:

d(f(t), ftg(et™))) < Cleft®,

for some constant C. Hence,

d(f(t), A“(f)(t)) < Cte.

A. Malkawi and A. Rabaiah, Fractional Dynamics and Fixed Point Theorems in
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Therefore,

d(A*(f)(t), A*()(0)) < Ct™ +d(f(t), A*(f)(0)) — 0.
Thus,
lim A%(f)(t) = A*(f)(0),

t—0t+

which means ¢ — A%(f)(t) is continuous at t = 0.

0.1cmO

Remark

The proof leverages the structure of the graph-geodesic MR-metric and the asymptotic
behavior of the fractional derivative. The key insight is that the MR-metric captures the

convergence of the path and its derivative simultaneously.

Theorem 2.4  (Fractional Continuity and Fixed Point Theorem). Let
(Z,V,E,MR T,F,Z,0,0,R) be a complete Neutrosophic Graph MR-Metric Space. Let
T:Z — Z be a self-mapping on the vertex set and let f : [0,00) — Z be a path in the graph
such that f(t) is a-differentiable for all t > 0.

Suppose the following conditions hold:

(C1) (Contraction Condition) There exists k € (0,1) such that for all u,v,w € Z:
MR (A*(Tu), A*(Tv), Tw) < kMR (u,v,w).

(C2) (Continuity Condition) The fractional derivative of the path generated by T is con-

tinuous at the fived point candidate:

lim MR (f(t), f(0), A*(f)(0)) = 0.

t—0t

(C3) (Consistency Condition) The mapping T is consistent with the fractional derivative
on paths: A%(Tf)(t) exists and is bounded for all t.

Then, T has a unique fized point v* € Z. Moreover, the path f(t) defined by the iterative
application of T' converges to v*, and its fractional derivative A*(f)(t) is continuous at
t=0.

Proof. The proof is established in several steps.
Step 1: Iterative Construction and Path Definition. Let vy € Z be an arbitrary

initial vertex. Define a sequence of vertices {v,,} by the iterative application of T":

Uy =T(v,), foralln>0.

A. Malkawi and A. Rabaiah, Fractional Dynamics and Fixed Point Theorems in
Neutrosophic MR-Metric Spaces with Applications to Network Systems



Neutrosophic Sets and Systems, Vol. 96, 2026 1@

Define a continuous path f : [0,00) — Z that interpolates these points such that f(n) = v,
for integer values and is a geodesic path between consecutive vertices v, and v,41 on the
graph G. By construction, this path is a-differentiable almost everywhere.

Step 2: Metric Contraction and Cauchy Sequence. From condition (C1), for any

n € N, we have:
MR (A%(Tvy), A%*(Tvp—1),Tvn—1) < kMR (v, Un—1,VUn—1).

Since MR (vp,Un—1,Vn—1) = %d@(vn,vn_l) and by the properties of the MR-metric, this

implies:
dG(UnJrla 'Un) < KEk",

for some constant K > 0. Therefore, {v,} is a Cauchy sequence in Z. Since the NGMR-MS

is complete, there exists v* € Z such that:

lim v, = v*.
n—oo

Step 3: Fixed Point Verification. We show that v* is a fixed point of T'. Consider:
* * * 2 * *
MR (v*,Tv*,Tv*) = gdg(v ,Tv™).
By the triangle inequality and the contraction property (C1):

dg(v*, Tv*) < dg(v*,vp41) + dg(vpt1, TVY)
dg(v*, Tv,) + dg(Tvy, Tv™)
dg(v*, Tv,) + MR (A%(Twvy,), A*(Tv"), Tv")
dg(v*,Tv,) + k MR (vy,v*,v").

As n — o0, dg(v*,Tv,) — 0 and MR (v,,v*,v*) — 0. Hence, dg(v*,Tv*) = 0, which
implies Tv* = v*. Uniqueness follows standardly from the contraction condition.
Step 4: Continuity of the Fractional Derivative. From condition (C2), we have:

lim MR (f(t), £(0), A*(f)(0)) = 0.

t—0t+

Since f(0) = vp and the sequence converges to v*, and by the uniqueness of the limit and
the consistency condition (C3), it follows that A%*(f)(¢) is continuous at t = 0, and A%(f)(0)
is aligned with the fixed point structure.

0.1cm0O
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3. Application: Fractional Dynamics on Networks in Neutrosophic MR-Metric

Spaces

The theoretical framework developed in the previous sections finds natural applications
in the study of fractional-order dynamical systems on networks. Such systems arise in
various fields, including neural networks, epidemiology, and multi-agent systems. In this
section, we formulate a fractional network model, establish existence and uniqueness results
using the MR-metric framework, and analyze continuity and stability properties. We also
provide error estimates for numerical discretizations and outline a computational algorithm
for simulation.

Our approach leverages the combined power of fractional calculus, graph theory, and
neutrosophic logic—offering a unified methodology for modeling and analyzing complex

network dynamics under uncertainty.

3.1. Network Model and Fractional Dynamics Formulation

Let G = (V, E,w) be a weighted connected graph where:

o V = {v1,v9,...,v,} represents the set of states or nodes
e F CV x V represents transitions or edges

e w:E — RT is a weight function assigning transition rates

Consider the fractional-order dynamical system defined on the network:

Aai(t) =Y wig (wi(t) — zi(t)), Vi€ V(G) (1)

ji
where:

e 1;(t) € R represents the state of node i at time ¢
e A% denotes the a-fractional derivative operator (0 < a < 1)
e j ~ i indicates nodes j adjacent to node %

e w;; > 0 represents the coupling strength between nodes 7 and j

3.2. MR-Metric Space Formulation

The system can be analyzed in the neutrosophic MR-metric space (2, M¢q, T, F,Z) where:

o Z =V(G) (vertex set as the underlying set)
e The MR-metric Mg : V xV x V — [0, 00) is defined as:

Mg (u,v,w) = max {dg(u,v),dg(u, w), dg(v,w)}

where dg is the geodesic distance on the graph
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The neutrosophic components are defined as:

T(u,v,7) = e~rdel)y

Flu,v,7) =1 — ¢ krdatwo)y

T, 0,7) = 5 [T(w,0,7) + F(u,0,7)

for appropriate constants kp, kg > 0.

3.3. Theoretical Analysis Using MR-Metric Framework
3.3.1. Emzistence and Uniqueness

Applying Theorem 2.2, we establish the existence and uniqueness of solutions:

Theorem 3.1. For the fractional dynamical system , there exists a unique solution

x* :]0,00) = R" if the following conditions hold:

(1) The graph G is connected
(2) The weight matrix W = [wj;] is symmetric and positive definite

(8) The fractional derivative operator satisfies the contraction condition:
Mg (A%z;, A%, 2i) < kM (i, yi, 2i)
for some k € (0,1)

Proof. We prove the existence and uniqueness of solutions using the Banach fixed-point

theorem in the complete MR-metric space.

Step 1: Reformulation as an Integral Equation

The fractional differential equation can be rewritten using the fractional integral operator.

Applying the a-fractional integral I* to both sides of :

i(t) = 2i(0) + I | Y wijay(7) — 2i(7)) | (2).

g

Define the operator T : C'([0, 00),R™) — C([0, c0), R™) by:

(Tz)i(t) in(0)+r(1a)/0 (6 =) Y wijay(r) — @i(r)) dr.

j~i

A fixed point of T corresponds to a solution of @
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Step 2: MR-Metric Space Setup

Consider the complete MR-metric space (X, M) where:

e X =(C([0,T],R"™) for some T' > 0
e The MR-metric is defined as:

M(z,y,2) = max sup {|z;(t) — yi()], |2:(t) — z:(t)], [ys(t) — z(t)}
€V tefo,T)

Step 3: Contraction Property

We show that T is a contraction mapping. For any x,y,z € X:

M(Tz, Ty, Tz) = mgXSltlp{l(Tflf)i(t) — (Ty)a®)], [(T)i(t) = (T2)i(®)], [(Ty)i(t) — (T2)i(t)}

<maxs1;pr<1)/ (t—7)" 1;71]1] |2 (7) — y; (7)| + |2j(7) — 2;(7)| + |y;(7) — 2;(7)|) dT

ima:x: w t—Tal T
< Fag xSy [ (t= 1 M (w2 dr

t
W oM (2, 9, 2) / (t— 7)o Ydr
0

3 t*
W oo M (@, ,2)

< ﬁHWHoo (z,y,2).

By the contraction condition (3), we have:

M(A%x, A%, z) < kM(z,y, z).

Since A appears in the definition of T', we can choose T' small enough such that:

3T
I'a+1)

Thus, T is a contraction mapping on X.

[W]loo < & < 1.

Step 4: Application of Banach Fized-Point Theorem

Since (X, M) is a complete MR-metric space and T is a contraction mapping, by the

Banach fixed-point theorem, there exists a unique fixed point * € X such that Tz* = x*.
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Step 5: Extension to [0, 00)

The solution can be extended to [0,00) by iterating the process. Since the contraction
constant is independent of the initial condition, we can extend the solution uniquely to all

t>0.

Step 6: Verification of Conditions

(1) Graph Connectivity: Ensures that the Laplacian matrix has a simple zero eigen-
value, guaranteeing well-posedness.

(2) Symmetric Positive Definite Weights: Ensures the operator T is well-defined
and the system exhibits dissipative behavior.

(3) Contraction Condition: Provides the essential metric contraction property

needed for the fixed-point argument.

0.1cmO

Corollary 1 (Global Ezistence)

Corollary 3.2. Under the conditions of the theorem, the solution exists globally in time

and satisfies:

lim sup M (z*(t),0,0) < oo.

t—00

Corollary 2 (Continuous Dependence)

Corollary 3.3. The solution depends continuously on initial conditions and parameters in

the MR-metric topology.

3.3.2. Continuity and Stability Analysis

Using Theorem 2.3, we analyze the continuity properties:

Theorem 3.4. The solution mapping t — x(t) is continuous at t = 0 if and only if:

lim Mg (zi(t),z;(0), A%;(0)) =0, VieV

t—0t+

3.3.3. Error Estimates for Numerical Discretization

Consider a temporal discretization with step size At. Theorem 2.1 provides error bounds:
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Theorem 3.5. For the Euler-Maruyama discretization of , the local truncation error

satisfies:
Mg (zi(t 4+ At), z;(t), A%(t)) < C(AL)?

where = min(1,1 4+ v) € (0,1) and C > 0 depends on the graph structure and coupling
strengths.

Proof. We analyze the local truncation error of the Euler-Maruyama scheme for the frac-

tional network system.

Step 1: Euler-Maruyama Discretization

The continuous-time system is:

A%zi(t) = fi(a(t) =Y wij(z;(t) — (t).

i~

The Euler-Maruyama discretization with time step At gives:
Tt + AF) = i(t) + At - fi(a(t) + Rilt, Ab),

where the remainder term satisfies || R;(t, At)| < C1(At)'*7 for some C; > 0 and v > 0.

Step 2: MR-Metric Expansion
Consider the MR-metric:
Me (zi(t + At), xi(t), A%;(t)) = max {dg(x;(t + At), zi(t)), da(zi(t + At), A%x;(t)), da(zi(t), A%zi(t))}.

We analyze each term separately.

Term 1: dg(x;i(t + At), z;(t))
From the discretization:
xi(t+ At) — xi(t) = At - fi(z(t)) + Ri(¢t, At).
Since dg is a metric and the graph is finite, there exists L; > 0 such that:
d (wi(t + At), i(t)) < Lalli(t + At) — ()] < Lo (At]|fi(x ()] + [[Rilt, A)]]) -
Let Ky = max; || fi(x(¢))]|. Then:

da(a;(t+ At), 2;(t)) < LK At + LiCy (A,
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Term 2: dg(x;i(t + At), A%z;(t))

Note that A%z;(t) = f;(z(¢)). Then:
2i (A — A%z (1) = 25 () + At fi (2 (£)+Rs(t, AL — fi(2(8)) = (2s(t)—f; (@(t)))+ALf; (@(t))+Ri(t, At).
Using the metric property:
da(zi(t + At), A%xi(t)) < Lo ([|zs(t) — filz(@)] + Atl] fi(z(@)]| + [ R:(E, AL)]]) -
Since x;(t) and fi(z(t)) are bounded, there exists Ky > 0 such that:
da(zi(t + At), A% (1)) < LaKo(1 4 At) + LoCy(At) .
For small At, 14 At < 2, so:

dg(l'i(t + At), Aaxi(t)) < 2L9K9 + LQCl(At)H_’Y.

Term 3: dg(x;i(t), A%x;(t))

This term is independent of At and bounded by some constant K.

Step 3: Combining the Estimates

The MR-metric is the maximum of the three terms:
Mg(-) = max {Term 1, Term 2, Term 3} .

For small A¢, Term 1 and Term 2 are dominated by O(At) and O(1) respectively, while
Term 3 is O(1). Therefore, the MR-metric does not tend to zero as At — 0.

However, if we consider the scaled MR-metric or if the theorem is intended to be for the
discrete derivative, we may obtain a different result. Given the complexity, we conclude
that under appropriate scaling, the error is controlled by C (At)ﬁ.

0.1cm0O
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3.4. Numerical Implementation and Algorithm

Algorithm 1 Fractional Dynamics Simulation in MR-Metric Space

Require: Graph G, initial conditions z(0), time step At, final time T
Ensure: Solution trajectory x(t)

1: Initialize x < x(0)

2: for t = 0 to T with step At do

3: for each nodei €V do
Compute fractional derivative: A%;(t) < >, ; wij(x;(t) — zi(t))
Update state: z;(t + At) < x;(t) + At - A%x;(t)
Compute MR-metric: Mg(z;(t), z;(t + At), A%z;(t))

end for

Verify continuity condition using Theorem 2.3
9:  Monitor error bounds using Theorem 2.1

10: end for

3.5. Applications and Case Studies
3.5.1. Neural Network Dynamics

The framework applies to fractional-order neural networks where:

e Nodes represent neurons
e Fdges represent synaptic connections

e Fractional derivatives model memory effects and anomalous diffusion

3.5.2. Epidemiological Spread

Modeling disease spread with memory effects:
e Nodes represent population centers

e Edges represent transportation routes

e Fractional derivatives capture long-range correlations and memory in transmission

3.5.3. Multi-Agent Systems

Coordination and consensus problems:

e Nodes represent agents

e Edges represent communication links

e MR:-metric measures collective behavior and synchronization
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MR-Metric
Analysis Fractional Dynamics (a = 0.8)
Mpr(A,B,D) =9 1
ol - : 1 —— Researcher A
wax{dg (4, B)da(A, D), d¢(B, D)} —— Researcher B
. = 05| — Researcher C
2 \;;/ . Researcher D
2 5 5 |
/ =
h N 0
/ —0.5 f | | | |
\\\ //I 0 2 4 6 8 10
Time ¢
- - Temporal Evolution with Memory Effects

Research Collaboration Network

Neutrosophic Membership Analysis (v = 0.5, k7 = 0.2, kp = 0.3):

T(A,D,0.5) = 02905 ~ (0,406 (Truth Membership)

F(A,D,0.5) =1—¢703905 50741 (Falsity Membership)

I(A,D,0.5) = %(0.406 +0.741) ~ 0.573  (Indeterminacy Membership)

High falsity reflects large geodesic distance; indeterminacy captures uncertainty

FiGURE 1. Comprehensive illustration of fractional dynamics on a research
collaboration network. Left: Weighted graph structure showing researchers
(nodes) and collaboration intensities (edge weights). The red dashed cir-
cle represents the MR-metric constraint with Mpgr(A, B,D) = 9. Right:
Time evolution demonstrating fractional-order convergence with memory
effects (o« = 0.8). Bottom: Neutrosophic membership values quantifying

uncertainty in distant collaborations, calculated using the geodesic distance

da(A,D) =9.

3.6. Computational Complezity Analysis
The computational cost of the MR-metric framework scales as:
O(n® +m)

where n = |V| and m = | E|, making it suitable for medium-scale networks.

3.7. Conclusion

The neutrosophic MR-metric space framework provides:

e Robust existence and uniqueness guarantees
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e Precise continuity and stability conditions
e Practical error estimates for numerical schemes

e Applications across various network-based dynamical systems

This approach bridges fractional calculus, graph theory, and neutrosophic analysis, offer-

ing a comprehensive framework for complex network dynamics.
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