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1. Introduction

In recent decades, fuzzy theory has emerged as one of the most influential tools in math-
ematical modeling, engineering, and decision sciences. The concept of fuzzy sets, originally
introduced by Zadeh in 1965 [35], provided a systematic way to represent and manage un-
certainty. Building upon this, Kramosil and Michdlek [20] developed fuzzy metric spaces to

generalize classical metric spaces, a framework later refined by George and Veeramani [16],
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who introduced a Hausdorff topology for fuzzy metric structures. Expanding this line of re-
search, Atanassov [5] proposed intuitionistic fuzzy sets, which consider both membership and
non-membership values, thereby improving uncertainty modeling. This idea was further gen-
eralized by Park [30] with the introduction of intuitionistic fuzzy metric spaces, followed by
Saadati and Park [31], who established the notion of intuitionistic fuzzy normed spaces. More
recently, applications of intuitionistic fuzzy theory have been seen in areas such as pattern
recognition, image processing, control theory, and decision-making under uncertainty [40}41].

Parallel to these developments, researchers sought to generalize the classical concept of
sequence convergence. Steinhaus [34] and Fast |15] introduced the concept of statistical con-
vergence, which captures the convergence of “almost all” terms of a sequence, rather than all
terms. This new approach quickly gained prominence in summability theory and functional
analysis. Later, Kostyrko et al. [19] extended this to I-convergence using ideals of subsets of N.
The interplay between statistical convergence and intuitionistic fuzzy normed spaces has since
been explored in various works |17,[25], while Savas and Giirdal [32] refined this idea by defin-
ing I-statistical convergence. Subsequently, the concept of deferred statistical convergence was
introduced in [21], employing deferred density as a refinement. This approach has inspired
extensive research into deferred statistical convergence of both single sequences [24] and double
sequences [26], broadening the scope of convergence analysis in generalized sequence spaces.

Another significant line of research has centered on the concept of rough convergence, intro-
duced by Phu [2§] in finite-dimensional normed linear spaces, where the notion of tolerance
(degree of roughness) plays a central role. Phu later extended this framework to infinite-
dimensional spaces [29] and studied fundamental properties such as convexity and closure of
rough limit sets. Following this, Aytar [6,|7] proposed rough statistical convergence, linking it
to statistical cluster points and the structure of rough limit sets. These developments have led
to extensive studies on rough and approximate statistical convergence in different contexts,
such as double and triple sequences [8,22,23]. Pal et al. [27] and Diindar et al. [10] introduced
rough I-convergence, which was subsequently extended to rough Is-convergence for double
sequences |11] and rough Is-lacunary statistical convergence [12]. Rough convergence has also
been applied to metric spaces [9], 2-normed spaces [4], and probabilistic normed spaces [2]. Re-
cently, Reena et al. [3] studied rough statistical convergence within intuitionistic fuzzy normed
spaces by focusing on continuous t-norms, highlighting a growing interest in merging rough
convergence with fuzzy and intuitionistic frameworks.

In parallel, difference operators and their associated sequence spaces have become an active
area of research. The classical forward difference operator A was first used to define difference
sequence spaces in [18], later extended to integer orders by Et and Colak [13]|, with further

advancements by Khan et al. [36]. Recently, these ideas were integrated with neutrosophic
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normed spaces, as explored by Kaur and Chawla [45], and further studied in fuzzy, intuitionistic
fuzzy, and neutrosophic settings [42-44]. Notable contributions include statistical completeness
in neutrosophic normed spaces [46], uniform statistical convergence of function sequences [47],
I-convergent difference sequence spaces [48], hybrid A-statistical and lacunary approaches
[49,/50], Riesz ideal convergence extensions [51], and nonlinear operator analysis with Fréchet
differentiability [52]. Together, these studies underline the significance of difference operators
in advancing the theory of neutrosophic normed spaces.

Motivated by these developments, the present work aims to advance the theory of conver-
gence by combining the concepts of deferred density, [-convergence, and rough convergence
in neutrosophic normed spaces through the use of higher-order difference operators. This ap-
proach not only unifies several strands of research in fuzzy, intuitionistic, and neutrosophic
settings but also opens new directions for the study of uncertain, incomplete, or noisy data
sequences that arise in real-world applications such as data science, signal processing, and
decision-making systems.

The main objective of this research is to present and explore the concept of deferred I-
statistical rough convergence, defined via integer-order j difference operators, in the context

of neutrosophic normed spaces.

2. Preliminaries

In this work, we denote the sets. For clarity, we first revisit several relevant definitions in

the table below.

Notation Meaning / Definition

R Real numbers
N Natural numbers
I(A) Density of the set A

(X, Y,Q,T,%,0) | Neutrosophic normed space (NNS) with membership T,

non-membership (2, indeterminacy I', and t-norm % and t-

conorm o.
Y(x,h) Degree of membership of x € X with respect to A > 0.
Q(x, h) Degree of non-membership of x € X with respect to h > 0.
[(z,h) Degree of indeterminacy of « € X with respect to A > 0.

* t-norm used in the triangle-type inequality for Y.

o t-conorm used in the triangle-type inequalities for 2 and I'.
Alzg j-th order difference of the sequence (zq).
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h Parameter controlling the “radius” in the neutrosophic norm
functions.
d Arbitrary positive radius in the definition of deferred I-
statistical cluster point.
1 Ideal of subsets of N used in the deferred I-statistical con-
vergence.
I‘(Tﬂ’r)g(” (Alzg) Set of all deferred I-statistical A?-cluster points of (z¢) with
D? Q h p Q
respect to the NNS.
z A deferred I-statistical A{L—cluster point of (zq).
Y Arbitrary point in X used in the triangle-type inequality
argument.
ce(0,1) Small parameter used in approximating membership, non-

membership, and indeterminacy.

Dns Gn Endpoints of intervals used in the deferred I-statistical den-

sity calculation.

(Y, Q,T)"(AV)~limzg = = | Rough statistical Af-convergence of a sequence (zg) to z
in NNS, where convergence is controlled by a roughness pa-

rameter h > 0.

A{;IN strongly bounded in neutrosophic norm space (NNS).

TABLE 1. Notation used in deferred I-statistical Ai—cluster points, A{\IN—

convergence, and rough statistical convergence in NNS

Let A C N. The asymptotic (or natural) density of the set A, denoted by d(.A), is defined

as
1
(A) = lim —|{n < Q:ne A},
Q—o0 Q
assuming the limit exists. In this context, || - || represents the number of elements in the set

{,}. A numerical sequence (z¢) is said to converge statistically to [ if, for any € > 0,
d({Q € N:|zg — ] > €}) = 0 holds.
For this case, we write z¢ =Ny (see [15], [34]).

Definition 2.1. [14] A real (or complex) valued sequence (z¢) is AJ-statistically convergent

to [ if
5({Q€N: ‘Aja:Q—l‘ >e}) =0
for all € > 0, with j belonging to the set of natural numbers N, and

AOxQ = :L'Q,Ale =TQ — TQils--- ,ijQ =Nt (HZQ - .TQ_H)
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and so that '
j .
Mg =3 (1) (])agu(@e M.

=0
Definition 2.2. [6] A sequence (zg) in a normed space (X, ||.||) is rough convergent to z € X

for some h > 0 if, for every ¢ > 0,3 ng € N so that
[z — | <h+¢V Q= ng
The sequence (z¢) is rough statistically convergent to z € X for some h > 0 if, for every ¢ > 0,

d({Q eN:|zg —z| > h+<}) =0 holds.

Note: Definition (AJ-statistical convergence) generalizes classical statistical conver-
gence by considering the j-th order differences of a sequence, focusing on the asymptotic be-
havior of AJ zq. In contrast, Definition (rough convergence) allows a sequence to converge
within a tolerance level h, either strictly for all large indices or statistically for most indices.
Both concepts address approximate convergence, but AJ-statistical convergence emphasizes
differences of order j, while rough convergence emphasizes proximity in a fixed roughness

margin.

Definition 2.3. [33] A binary operation % on [0, 1] is called continuous t-norm (or CTN) if
(a) % is commutative, associative and continuous,
(b) ¢ =¢*1 for any ¢ € [0,1] and

(c) for each <1,<2,¢3,64 € [0,1], if 3 > ¢ and ¢4 > ¢ then ¢3 % ¢4 > ¢ * .

A binary operation on on [0, 1] is called continuous ¢-conorm (or CTCN) if
(1) o is commutative, associative and continuous,

(2) ¢ =500 for any ¢ € [0, 1] and

(3) for each ¢1,62,3,64 € [0, 1], if 63 > ¢ and ¢4 > ¢ then ¢3 04 > 1 0 G.

Definition 2.4. [36] The three-tuple structure (X, Y,Q,I") be an NNS, where X is a linear
space over a field F. T,Q,T" are called neutrosophic normed space (NNS) on X x (0,00)
and represent the degree of membership and non-membership on X x (0, 1) if the following

conditions hold, for every y,w € X and ¢1,5 > 0 :

Y(y,s)=1ley=

T(cy,) =7 <y ﬁ), if¢c#£0,ce F.

T (y,61) * T (w,s2) < T (p+w,s1 + ).
6) Y(y,.): (0,00) — [0, 1] is continuous.
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7) lime00 Y(y, <) = 1, limg0 Y(y, <) = 0.
8) Q(y,<) < 1.
9) Qy,s) =0y =0.

—
(=)

Qcy, <) = Q(y,ﬁ) if c£0,ceF.
Q(y,61) o Q(w,52) > Q(y +w,c1 + ).
Qy, )

: (0,00) — [0, 1] is continuous.

11

—_ =
w N

im0 Q(y,<) = 0,limc_0 Q(y,s) = 1.
(y,6)=0<y=0.

(cy, )—Q(y,‘%o if c#£0,ceF.
(y,61) 0 Q(w,2) = Q(y +w, a1 + ).

I'(y,.) : (0,00) — [0,1] is continuous.

— = =
SRR

S N N N N N N
’1’—,1’11

17
18) lim¢ 00 I'(y, <) = 0, limc_0 Q(y,s) = 1.
Then Y, 2, T" are called neutrosophic normed (NN).

(
(
(
(
(
(
(
(
(
(
(
(

Here, the three tuple (T, Q,I") is known as the neutrosophic normed (NN) on X.

Example 2.5. Let R be a real linear space over the field R. Define the functions T, Q, T :
R x (0,00) — [0, 1] as follows:

|yl I(y.<) = ly|

T ;S ) — 3 1,
W)= T+ o] T 1y s

S
Qy, <) =
e (y,<)

for all y € R and ¢ > 0.
Also, define the binary operations on [0, 1] by

61 * s2 = min{s1, 2}, 61 06 = max{s1, 2},

for all ¢1,¢ € [0, 1].
It is easy to verify that:

Y(y,¢) +Qy,s) =1 forall y € R and ¢ > 0.
YT(y,¢) =1 < y=0,and Qy,s) =0 <= y=0.

lime_ 00 Y(y,¢) =1 and im0 Y(y,<) = 0.

lime 00 Q(y,s) = 0 and limc_,o Q(y,s) = 1.

I'(y,<) is continuous, with I'(y,¢) =0 <= y =0, and lim¢_,o '(y,<) = 0.

Hence, the three-tuple (X, T, Q,T'), together with the operations * and o, forms a neutrosophic
normed space (NNS).

Definition 2.6. [38] Let (X, Y,Q,T',x,0) be an NNS. The open ball of radius A > 0 and
center x € X with regard to ¢ € (0,1) is the set

B (o) ={ye X : Y(x—y,h) >1—¢and Qz —y,h) <sand I'(z —y, h) <}
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Definition 2.7. [39] Let (X, Y,Q,T",x,0) be an NNS. A sequence (zg) in X is convergent to
x € X with regard to (Y,Q,T) if

lim Y (zg —2z,d)=1and lim Q(zg —z,d)=0and lim I'(zg —z,d) =0

Q—0c0 Q—00 Q—o0
for every d > 0. In this case, we denote the limit by ¢ w x.
Definition 2.8. [19] Let T' # () set and I C 2'. Then [ is called an ideal in T if
(a) 0 eI,
b) A, Bel=QecAUuB el and
(c) AcI,BC A= Becl. Anideal I C 2" is nontrivial if I # 2". A nontrivial ideal I C 2©
is admissible if I contains every singleton subset of X.
A subset F C 2% is called filter on T if
()0 ¢ F,
(f)y AnB e F for all A,B € F and
(e) B € F whenever A € F and B D A. For each ideal I in I', one can find the filter F'(I)
associated with ideal I such that FI(I) ={ACT: A° € I}.

Definition 2.9. [40] Let (X,Y,Q,I',x,0) be an NNS and I is nontrivial admissible ideal in
N. A sequence (zg) in X is I-statistically convergent to some z € X with regard to (1,,T")
if
1
{nGN:‘{QSn:T(an—$,d) <l—-corQ(zg—x,d) >corl(zg—x,d) Zg}} 26} el
n

for every e,d > 0 and ¢ € (0, 1).

For I = Iy, the collection of all finite subsets of N, the convergence in Definition reduces
to the statistical convergence of (zg) with regard to (Y,Q,T") |17].
In 1932, Agnew [1] extended the concept of the Cesaro mean for real (or complex) sequences

and introduced the deferred Cesaro mean, defined as follows:

Definition 2.10. [36] For a real (or complex) valued sequence (zg), the deferred Cesaro

mean of (zq) is defined by

1 qn
(Dg(xQ))n::q — Z zg,m=1,2,3,...,
n n Q=pnt1

where p = (p,,) and ¢ = (g, ) denote sequences of non-negative integers that fulfill the condition

Pn < qn and lim ¢, = oo (2.1)
n—oo

Given a subset K C N, the deferred density of K is defined as follows:
Di(K) = lim

e —— HReN:p, <Q < ¢, Q< K} (2.2)
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provided the limit exists.

Definition 2.11. [10] A real (or complex) valued sequence (zq) is deferred statistically

convergent to [ if

lim
Nn—00 (n — Pn

HReN:p, <Q < qn,|zg—1|>€}[=0
for every € > 0.

When p, = 0 and ¢, = n, this definition aligns with the concept of statistical convergence

of the sequence (zq) as presented in [15].
3. Di(T, Q,F)gm (A7)-convergence sequences in NNS

This section introduces and explores the concept of DL(Y,Q,T)S(I)" (A7)-convergence for
sequences. Throughout this discussion, I denotes a non-trivial admissible ideal in N. The

j-th order difference of a sequence (zq) is given by Alzg = gzo(—l)i (g) rQ+i(j € N).
Additionally, (p,) and (g,) represent sequences of non-negative integers that satisfy condition
(2.1). Further assumptions on (py), (¢n), and j, if required, will be specified within the

corresponding theorems and examples.

Definition 3.1. [42] Let (X, Y,Q,I', %, 0) be an NNS. For a sequence (z¢g) in X, we say (z¢)
is AJ-rough convergent to some x with regard to (Y,Q,T) for some h > 0 if, for every d > 0
and ¢ € (0,1),3 ng € N such that

T(Aja:Q—a;,d+h) > 1—§andQ(ijQ—a:,d+h) <, andF(ijQ—x,d+h) <,
V @ > ng. The limit is denoted by (T,Q,T)" (A7) —limzq = z.

Definition 3.2. [43] Let (X, T, Q,T', %, 0) be an NNS. For a sequence (zq) in X, we say (zq)
is deferred I-statistically difference rough convergent to some x for some h > 0 with regard to
(1,Q,T) (shortly, DE(Y, Q,F)g(l) (Aj)—convergent to x) if, for every e,d > 0 and ¢ € (0, 1),

1 .
{nGN:q — ‘{QEN:pn<Q§qn,T(A]xQ—aﬁ,d+h)Sl—g

orQ(ijQ—:C,d—i—h) >, OTF(AjiL'Q—.Z‘,d—I—h) 2§}| >6} el (3.1)

holds. In this case, we denote the limit by DA(Y, €, F)Z(I) (Aj) —limzg = «.
Suppose (z¢) is a sequence in an NNS(X, T, Q,T", x,0).
e When h =0 in (3.1), the sequence (zq) is said to be deferred I-statistically difference
convergent relative to the structure (1,Q,T).
e If we choose p, = 0 and ¢, = n in (3.1), then the deferred I-statistical difference
rough convergence of the sequence (z¢q) is termed the I-statistical difference rough

convergence relative to the structure (1, Q,T).
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e When the ideal I is taken as Iy, the notion introduced in Definition is referred to
as the deferred statistical difference rough convergence with respect to the structure
(r,Q,T).

Remark 3.3. Let (2g) be a sequence in an NNS(X, T, Q,T",x,0) with (h > 0). The limits
(T,Q,T)"(Ad)-limzg and Dg(T,Q,F)g(I)(Aj)—lime

are not necessarily unique whenever they exist, for j € N. We denote the collections of all
such limits by

(1, Q,T)"(AY)-LIM(zq) = {z € X : (Y,Q,1)"(AY)-limzg = z},

DY, 9, 1)y (A7)-LIM(2q) = {x € X : DY, Q,T)% 1y (A)-limzg = x}.
A sequence () is said to be AJ-rough convergent with respect to (Y, ,T) if

(Tv Q? F)h(A])'LIM(:BQ) 7& (2)7
and similarly, (yg) is DE(Y, €, F)g(l)(Aj)—convergent if
DAY, @, 1) ) (AT)-LIM(yq) # 0,

for some h > 0. Moreover, if 0 < h; < ho, then for any sequence (zg) in X, the inclusion
relations hold:

(7,2, 1) (A)-LIM(zq) € (T, 2, 1Y% (A7)-LIM(zq),
and

2 (AT)-LIM(2q).

h
DY(T,Q,T) e

o (A)-LIM(zq) C DJ(T,Q,T)

Example 3.4. Consider the NNS (R, Y, Q, T, x,0), where (R, ||.||) is the usual normed space,

¢1 * g2 = min{¢1, 2}, 1062 =61 + 62 — <1 - 2, and
1 d |zl
3 Q x,d = T F x’d = —
1+ |zl +d (@, d) 1+ ||| +d (@, d)

Define the sequence

Y(z,d) =

B (=1)Q if Q is a multiple of 3,
re = { 0 otherwise.
Then, for j =1,
1 for certain @,
Alzg =291 —2g =< —1 for others,
0  otherwise,
depending on the parity and position of multiples of 3.

Thus, the sequence Ale is bounded but oscillatory. Hence,

[—1—h,h+1] ifh>0,

0 otherwise.

(T,0Q,T)"(AY)-LIM(q) = {
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Now take p,, = n%rl, ¢n = log(n + 2) and define another sequence (yq) as:

n € N.

1 @ mod 4 if Q = 2" for some n,
Alyg = .
-2 otherwise,

Then, for any nontrivial admissible ideal I,

2—hh+2 ifh>0,

DI, Q, D) (AD-LIM(yo) = -
b )S(I)( ) we) {@ otherwise.

Hence, both Ale and AIyQ are not convergent in the usual sense, but their rough statistical

limit sets exist under neutrosophic norms for suitable values of h.

Note Unlike standard convergence in an NNS(X, T,, T, *,0), the A/-rough convergence
of a sequence (zq) in X relative to (Y,Q,I") does not necessarily imply that any subsequence
of (zg) will also be AJ-rough convergent under the same framework. For example, consider
the sequence (zg) = (Q) in the NNS described in Example where the rough limit set is

(T, Q,0)"(AY)-LIM(zg) = [l — h,1+h] for all h >0,

however, its subsequence (75¢) = (Q?) does not exhibit Al-rough convergence for any h > 0.

A similar observation holds true for the DE(T, €, F)g( I)(Aj )-convergence of sequences in X.

Example 3.5. Consider the NNS (R, T,Q,T", %, 0), where (R, || - ||) is the usual normed space,
GL* G2 =G1-62, 6106 =61+ —1 -6, forall ¢1,¢ € [0,1], and T, Q, T are defined by

1 ] d

Y(r.d)= ——M— Ur.d) = ——* MNe.d) = ———
@)= v "9 T Ere T T T

for all x € R,d > 0. Let p, = %—i—l and ¢, = log(n + 2) for all n € N. Define
0 if @ = 2" for some n € N,
n  otherwise.

Then, for any nontrivial admissible ideal I, we obtain
DY, Q1) ) (A")-LIM(gq) = [h,00), VA >0.
However, for the subsequence (z2n) of (z¢q), we get
D, 1)1y (A')-LIM(zgn) = {0}, Vh >0.

Lemma 3.6. Suppose (X,T,Q,T',x,0) is an NNS and (xq) is a sequence in X. Let h > 0 be
given. Then, for every e,d > 0 and < € (0,1), the following are equivalent
(a)

Dg(T,Q,F)g(I) (Aj) —limzg = x.
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{nGN:q ip |{Q€N:pn<Q§qn,T(ijQ—x,d+h)gl—g}‘Ze}EIand

{nGN:q ip |{Q€N:pn<Q§qn,Q(ijQ—:E,d+h)Zc}‘ZE}EIand

{nGN:q ip |{Q€N:pn<Q§qn,F(ijQ—x,d+h)2g}’26}EI.

n€eN:

i —p HQGN:pn<Q§CIn,T(Aj$Q—ZL‘,d+h)Sl—c or

Q(Aij—x,d—i—h) >< OTQ(Aj:L‘Q—x,d—i—h) Zg}l <e} e F(I).

) 1
' qn — Pn

3
m
z

‘{QEN:pn<Q§qn,T(ijQ—x,d+h) §1—§}| <e} € F(I) and

:q — ‘{QEN:pn<Q§qn,Q(ijQ—a:,d+h)2§}‘<e}GF(I) and

) 1
. dn — Pn

3
m
Z

/—/;\/—/:H/—’H
m
Z,

‘{QEN:pn<Q§qn,F(ijQ—x,d+h) Zg}} <e} € F(I).

1
I — lim

n—=00 gp — Pn

Q(Aj:zQ—x,d+h) > ¢ orF(ijQ—m,d+h) Zg}} =0.

}{QEN:pn<Q§qn,T(AjacQ—x,d+h)Sl—g or

Proof. Due to its obvious nature, the proof has been omitted.

Theorem 3.7. Let (X,Y,Q,T',x,0) be an NNS. Then, for every sequence (zq) in X,
(T,9,0)" (A7) -LIM (zq) C DE(T, 2, T)§ ;) (A7) -LIM (2q)
holds.

Proof. Assume that z € (T,Q,T)" (A7) -LIM (zg) for some h > 0. Then, for every d > 0 and
¢ € (0,1),3 np € N so that

T(Aj:rQ—x,d—f-h) >1—¢ andQ(Aja:Q—x,d—l—h) <, andF(ijQ—a:,d+h) <6, VQ > ng.
Therefore,
{QEN:T(ijQ—x,d—i—h) Sl—gorQ(ijQ—a:,d—i—h) zgorF(Aja:Q—x,d+h) >}

C{1,2,...,n9—1}.

Mukhtar Ahmad, Ekrem Savag, Mohammad Mursaleen, On deferred I-statistical rough
convergence of difference sequences in neutrosophic normed spaces



Neutrosophic Sets and Systems, Vol. 96, 2026 2

Since

lim

{RQeN:p, <Q<qn,@€{1,2,...,n0 - 1}}[ =0,

holds for every € > 0, the set

n

{nEN:q ip }{QGN:pn<Q§qn,T(ijQ—x,d+h) Sl—gorQ(ijQ—x,d—i—h)zg

orF(ijQ—:U,cH—h) Zg}‘ >e}

is a part of Iy and therefore also of I. Thus, x € D}(T, Q,F)gu) (Aj) — LIM (zg). Conse-

quently, we possess
(T,9,1)" (A7) -LIM (zq) C D(T, Q,T)§ ;) (A7) - LIM (zq) .

From Example we can see that the above inclusion relation is strict.

Theorem 3.8. Let (X,T,Q,I',%,0) be an NNS and (xq) be a sequence in X. Then, for any
h > 0, there are no x,y € Dg(T,Q,F)g([) (A7) -LIM (zq) such that Y(z —y,sh) <1—¢ or
Q(x —y,sh) > ¢ or I'(x — y,sh) > ¢ for every ¢ € (0,1), where s > 2.

Proof. For any given ¢ € (0,1),3v € (0,1) such that (1 —v)x (1 —v) >1—-c¢and vowv <.
Let on contrary that there exist z,y € Dg(T,Q,F)g(I) (A7) -LIM (zq) such that for every
¢ € (0,1),

Y(zx—y,sh) <1—gor Qz—y,sh)>cor'(z—y,sh)>¢

where s > 2. Now, for any d > 0, consider the sets
N:{QEN:pn<Q§qn,T(AjazQ—x,;l+h> Sl—vorQ(ijQ—m,g—kh) >
or I’ <ijQ —x, g +h> > v},
and

O:{QEN:pn<Q§qn,T(ijQy,g+h> glvorQ<ijQy,;l+h> >0

, d
or T’ (AJxQ—y,2+h> 22}}.

Since z,y € D(Y,Q, 1) . (A7) -LIM (zg), by Lemma [3.6, we have
P S(I) Q

I — lim
n—=00 (pn — Pn

‘{QeN:pn<QSQn7Q€N}‘:O-

and

I — lim HQ eN:p, <Q<qnQ€ 0} =0.
n—>ooqn—pn
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Now

I — lim

n—=00 4p — Pn

|{QEN:pn<QSQn7QENUOH

1
g[—leq_ HReN:p, <Q < ¢, Q€ N}

n=0 Gp — Pn
=0.
Hence for every ¢ > 0,
1
n — Pn
Let m € P° and € = %. Then

P:{neN: |{Q6N:pn<Q§qn,QeNUO}\ze}el.

1 1
ﬁ\{QeN:pm<Q§qm,QeNUO}|<Z

1 1 3
= {QEN:p, <Q<¢m,QENNOY}>1—- =",
dm — Pm 4 4

As a result, we have
Q={QeN:p, <Q<qn,QENNOY}#0.

Since s > 2, put sh = 2h + d for some d > 0. If T(z — y,sh) <1 —¢ then for Q € @', we find
1—¢>7Y(z—y,t+2h)
> <ijQ—x,;l+h> * Y <ijQ—y,;l+h>
>(1—v)x(1—w)
>1—g,
that is ridiculous. If Q(z — y, sh) > ¢ for a certain s > 2, then
¢ < Qz—y,t+2h)
gQ(AJ’xQ—x,g+h> oQ(Aja:Q—y,;i+h>
<vow
<g,
which is absurd. If Q(z — y, sh) > ¢ for some s > 2, then

¢ <T'(x—y,t+2h)

§F<Aj1:Qx7(2j+h>oF<ijQy,;l+h>
<vow

<g.
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That is once more ridiculous. Consequently, every situation leads to a ridiculous outcome.

This concludes the validation of our results.

Proposition 3.9. Let (X,T,Q,T',x,0) be an NNS. Assume (xq) and (yg) are sequences in
X with DY(T,Q, ) (A7) —limzg = x and DY(T,Q,T)" (A7) —limyg = y for some

S(I) S(I)
hl,hg Z 0. Then
hi+h i .
DX(T,, F)g(};_ 2) (A7) —lim[zq +yg] =z +y.

Proof. For given ¢ € (0, 1) choose v € (0,1) with (1—v)*(1—v) > 1—¢ and vov < ¢. Suppose

DY, Q.15 (A7) —limzg = & and DF(Y, 2,1, (A7) — limyg = y for some hi, hy > 0.

For d > 0, consider the sets

« d , d
A:{QEN:pn<Q<qn,T<A3xQ—x,2—i—hl) <1—v0rQ(A]xQ—$,2+h1> >0

or I <Ajl‘Q —$,§+h1) > U},

and
) d ) d
B=<QeN:p,<Q<q T A]yQ—y,§+h2 <l—-worf AJyQ—y,§+h2 >0
. d
or I' <A3yQ—y,2—|—h2> Zv}.

Then

1
{nEN:q > \{QEN:pn<Q§qn,Q€A}|Ze}EIand

1
{neN:q — \{QGN:pn<Q§qn,QeB}]Ze}eI

for each € > 0. Therefore,

{nGN:q ip \{QEN:pn<Q§qn,QEQ€AUB}|26}GI.

Now, choose 0 < A < 1sothat 0 <1— X <e. Then

P—{neN: \{QGN:pn<Q§qn,QeQeAuB}Izl—A}eI.

dn — Pn
Let m € P¢. Then

1
ﬁ!{QGN:pm<Q§qm,QEQGAUB}|<1—)\

1

= ——— {REN: P <Q< g, Qe A NBY 21— (1-X) =\
dm — Pm
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Take @ € A°N B°. Then

. ) . d . d
T((A]xQ—l-AJyQ) —(x—l—y),d—l—hl—i-hg) >7T (ijQ—x,2—|—h1> *T(AJyQ—y,Q—i—hg)
>(1—v)x(1—v)
>1-—g,

and

. . . d . d
Q((A]xQ—i—A]yQ) —(x—i—y),d—i—hl—i—hg) <0 <A]mQ—x,2+h1) o <A]yQ—y,2+h2>
<wow

<gq,

and

) : A d . d
r ((AJLUQ —G—AJyQ) —(z+y),d+m —I—h2) <r (A]xQ —25 + h1> ol <A3yQ ~Yg + h2>

<wouw

<gq.

This suggests that

ACHBCQ{QEN:pn<Q§qn,T((Aj:cQ+Aij) —(ac—l—y),d—i—hl—i—hg) >1—c¢ and
Q((ijQ—i—Aij) — (w—{—y),d—{—hl—l—hg) < ¢ and

I ((Azg+ Alyg) — (z+y),d+hi + ha) <}
As a result, for m € P¢, we have

1
)\S7|{QEN:pm<QSQm7QEACmBCH
dm — Pm

1 . .
Siq — ‘{QEN:pm<Q§QmaT((AJ$Q+AJyQ)—(.I—l-y),d—l-hl—f-hz) >1—¢

and Q ((Azg + Alyg) — (z +y),d+h1 + he) <s

and T ((Aag + Alyg) — (x+y),d+ h1 + ha) <<}

1 . .
:>q “p ’{QGN:pm<Q§Qm’T((A]$Q+AJ9Q)_($+y)>d+h1+h2) <l-gor

Q ((Aja:Q —I—Aij) —(z+y),d+h +h2) > g or

I ((Azg + Alyg) — (x+y),d+h1 + ha) >}

<l—-A<e
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Consequently,

PCC{nGN: {QeN:p, < Q< gn,

QR n

T((Aj:nQ+Aij) —(m+y),d+h1+h2) <l-g¢

or Q (Mg + Ayg) — (x +y),d+hi +ha) >
or I' ((Awg + Alyg) — (x+y),d+hi + ha) > ¢}| < e}

Since P¢ € F(I), we have

{HGN: p ip HQEN:p, < Q< an, T (Mg + Alyg) — (z+y),d+hi +ha) <1
or Q (Mg + Ayg) — (x+y),d+h1+ hg) >

or I' ((Aaq + Alyg) — (x +y),d+hi + ha) > ¢}| < e} e F(I).

Hence, by Lemma we have D(T, €, F)gl(ll;rhﬂ (A7) —lim[zg +ygl =z +y. g

Remark 3.10. Proposition [3.9 may fail to hold for any r such that 0 < h < hq + hg, provided

that at least one of hy or hs is nonzero. In other words, if
N1 h A
Dg(T,Q,F)gl(I)(AJ)—Ilma:Q =2z and Dg(T,Q,F)SQ(I)(A])—hmyQ =y,
then it is not necessary that
DY, Q, 1)y (AY)-lim(zq + yo) = = + v,
when 0 < h < hy + hs.

Example 3.11. Consider (R, T,Q,T", %, 0), the NNS, defined as in Example Define

QR ifQ=3"
rg=4 —1 ifQ=4n, neN
2 otherwise,
and
0 if @=3",
yo=14 —2 ifQ=4n, neN.

1 otherwise,

Set p, = 0 and ¢, = n for all n € N. Then, for any nontrivial admissible ideal I, we have:

[3—hi,hy — 3] if by > 3,

DT, Q, 1)1 (AY-LIM(zq) =
p( )S(I)( ) (zQ) { 0 otherwise.

and
[3 — ho,hg — 3] if hg > 3,

0 otherwise.
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Now consider:
Q ifQ=3",
rQ tyq = -3 if Q =4n, n € N.
3 otherwise,
Then,
6 —h,h—6] if h>86,
DY, Q,T)§ 1 (AD-LIM(zq + yq) = [ | ifh2
0 otherwise.
Let hy = 3 and ho = 3. Then,

DY, Q)5 (AY)-limzg =0,  DI(Y,2,1)& ) (A")-limyg = 0.

But if we take h < h1 + ho = 6, then
DE(T, Q,T)g 1y (A)- LIM(zq + yg) = 0.

Proposition 3.12. Let(X,Y,Q, T, ,0) be an NNS. For a sequence (zq) in X and some h > 0,

if Dg(T,Q,F)g(I) (Aj) —limzg = x then Dg(T,Q,F)'&‘% (Aj)—lim axg = az for any a € R.

Proof. If a = 0, there is nothing to prove. Suppose a # 0. For given ¢ € (0,1),3y € (0, 1) such
that 1 —~v > 1 — . For given d > 0, consider

A d . d
P:{QEN:pn<Q§qn,T(A]xQ—m,M+h) Sl—’yorQ<A3xQ—a},2’a‘+h> >y

or I (ijQ—x,2|da|—|—h> Zw}.

Since DE(Y,Q,T)2 \ (A7) —limzg = z, the set
P S(I) Q

Q’—{neNi — \{QGN:pn<Q§qn,Q€P}|<e}€F(I) (3.2)
for each € > 0. Take m € @’. Then
L {QEN pn < Q< Qe P <
— —{QEN:i < Q< Qe P 2 1

Now, for @ € P¢, we have

T (aAzg — az,|alh+d) =T <A]xQ . h+ |a’>

> A — —_—
| < TQ m,h—|—2’ ‘)

>1—-v>1-—g,
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and
Q (aNzg — az, |alh + d) = Q (AJmQ —zh+ a|>
j d
<7=¢,
and
I'(aNzg —az,|alh+d) =T (AJ@“Q —x,h+ ||>
a
=t (MQ EmAt 2|a\>
<v<g¢
Consequently,

P C{QeN:p,<Q<q T (aijQ —ax, \a|h+d) >1—¢andQ (aijQ —ax, \a|h+d) <
and T’ (aijQ —az, |alh + d) < c}.

As a result, for m € @', it entails that

1
1_€§6—i;—HQeN:mf<QS%mQ€P?\

1 .
< 7‘{QEN:pm<ngm,T(aA]:cQ—aa:,]a\h—i—d) >1—¢ and
dm — Pm

Q (CLAj:L‘Q —az,lalh+d) <cand T (aijQ —az, |alh 4+ d) < §}|

This implies that

1 .
ﬁ‘{QGN:pm<Q§qm,T(GAJ.’EQ—CL$,‘a’h+d) <l-¢or

Q (aNzg — az,|alh+d) > or T (aAzg — ax,|alh + d) > ¢}| <.

Therefore,

1
dn — Pn

Q’g{neN: HQEN:pn<Q§qn,T(aAj:cQ—ax,|a]h+d) <1l-—g
or Q (aAzg — az,|alh+d) > ¢ or I (aN zg — az,|alh + d) > ¢}| < e}.

From (3.2), it entails that

1 A
{neN: ‘{QEN:pn<Q§qn,T(aA]xQ—ax,|a\h—|—d)§1—<
n — Pn
or Q(aijQ —az,lalh+d) >cor T (aAij —ax,|alh +d) > ¢}| < 6} e F(I).

Hence, by Lemma |3.6, DZ(Y,Q,T b (AT — limazg = az.
D S(I) Q ]
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Remark 3.13. For values of h > 0, Proposition may not hold when 0 < I < |alh.
Specifically, if for some h > 0, the sequence (zg) satisfies

DY, Q1)1 (A)-limzg = =,
then it is not guaranteed that

Di(T, €, F)fg([) (AY)-lim(azx) = az
will also hold for any real number a, whenever 0 < [ < |a|h.

Example 3.14. Continuing from Example take the scalar a = —3. Then

-3Q, ifQ=3",
—3xg = { 3, if Q =4n,
—0, otherwise.

A direct calculation gives:

l 1 [6_l7l_6]7 1f1267
0, otherwise.

Recall from Example that for h; = 3, we had:
DY, Q,T)% 1 (AD)-LIM(zq) = [-3,3].
Then, ideally, scalar multiplication by —3 gives:
-3[-3,3] = [-9,9].
However,
DY, ,T)g ;) (AY)-LIM(=3zq) = [6 — 1,1 — 6],

which equals [—9,9] only when [ = 15 =3 x 5.
This shows that for scalar multiplication by |a|] = 3, the roughness parameter must be

proportionally increased to preserve the scaled limit set. For example, if 6 <[ < 9, then
D(Y, Q1)) (AY)-LIM(=3z0) € —3[-3,3].

Definition 3.15. Let(X,T,Q,T',x,0) be an NNS. For a sequence (zqg) in X, we say (zq) is
A{\IN—strongly bounded iff for every ¢ € (0,1),3 d > 0 such that T (ijQ,d) > 1—c¢ and
Q (Aij,d) <¢and I’ (Aj:cQ,d) < ¢ for all Q.
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Definition 3.16. [44] Let(X, T, Q, T, x,0) be an NNS. For a sequence (z¢q) in X, we say (zq)
is deferred I-statistically A{\IN—Strongly bounded iff for every ¢ € (0,1),3 d > 0 such that

{neN:q ip ‘{QEN:pn<Q§qn,T(ijQ,d) Sl—gorQ(ijQ,d)zg

or T’ (ijQ,d) > g}‘ > e} cl
for any € > 0.

From the definitions provided, it is clear that if a sequence (zq) is Af;IN—strongly bounded,
then (Y, Q,T)" (Aj ) -LIM (zq) # 0, and consequently, according to Theorem
DAY, Q,F)gu) (A7) -LIM (zq) # 0 for any h > 0. The reverse implication of this finding is

not valid. To address this issue, we propose the theorem in the following manner.

Theorem 3.17. Let(X,Y,Q,T',x,0) be an NNS. A sequence (xzqg) in X is deferred I-
statistically A&N-strongly bounded if and only if D}(Y,Q, F)g(l) (Aj) -LIM (zq) # 0 for some
h > 0.

Proof. Assume that (z¢) is deferred I-statistically A{\IN—strongly bounded. Thus, for every
€ (0,1),3 h > 0 so that

{nEN: . ip ‘{QEN:pn<Q§qn,T(ijQ,h) gl—gorQ(ijQ,h) >q

or T (ijQ,h) > g}‘ > e} el
for any ¢ > 0. Consider

C:{QGN:pn<Q§qn,T(Aj1:Q,h) Sl—gorQ(ijQ,h) ZgorF(Aj:EQ,h) 2g}.

Clearly
D:{neN:q — ]{QGN:pn<Q§qn,QeC}]<e}eF(I)
Now, for m € D, we obtain
1
ﬁ|{Q€N:pm<Q§QmaQECH<€
1

Conversely, consider ) € C¢. For any d > 0, we can state that
T (AVzg,d+h) > T (Azg,h)* Y(0,d) > (1 —¢)x1=1—g,
and
Q (ijQ,d+ h) <Q (ijQ,h) 0Q(0,d) <go00 =g,
and
I'(Azg,d+h) <T (Alzg,h) oT(0,d) <00 =gs.
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Therefore,

ch{Qeszn<QSqn,T(ijQ,d+h) >1—¢and Q(Alzg,d+h) <g

and T (Aj:cQ,d+ h) < c}.
Hence, for m € D, we find

1
1_5§7|{Q€N3pm<QSQmaQEC6H
dm — Pm

Sqip|{Q€N:pm<Q§qm,T(Aij,d+h) >1—gandQ(Aja;Q,d+h) <g

and I' (Azg,d + h) < H
:qip’{QGN:pm <Q§qm,T(ijQ,d—l—h) < l—gorQ(ijQ,d—}—h) > <
or ' (Azg,d+h) >c}| <e.

Consequently,

Dg{nEN: HQEN:pn<Q§qn,T(ijQ,d+h)§1—§

dn — Pn

or Q(Azg,d+h) >cor I (Azg,d+h) >} <e} e F(I).

By Lemma it follows that 0 € Dg('r, Q,F)g(l) (A7) -LIM (zq).
Conversely, suppose D (Y, Q,F)g(]) (AJ) -LIM (zq) # 0 for some h > 0. Let = be a member

of DA(Y, Q,r)gm (A7) -LIM (zq). Then, for every d > 0,e >0 and < € (0,1), we have

{nGN: . 1p ‘{QEN:pn<Q§qn,T(Asz—x,d+h)§1—§orQ(Asz,d+h) >

orF(Aja:@d—Fh) zg}‘ 26} el

which implies that

1
{nGN:
dn — DPn

Hence, (z¢) is deferred I-statistically A&N—Strongly bounded.

{0eN:p <@ dlng ¢ B4 o)} 2 f €

We present a counterexample in which the limit set is nonempty but not strongly bounded

below.

Example 3.18. Let X = R and take the neutrosophic norms

d x x

with + = min and o = max (these satisfy the NNS axioms listed in Definition [2.4). Fix the

d >0,

ideal I to be the family of subsets of N that have natural density zero.
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Define a sequence (z¢g) by arranging it in blocks as follows:

Block By, : 0,0,...,0, k. k,... k.

k times k times

Concatenate the blocks in increasing k: x¢ lists first the entries of By, then of Bs, and so on.
Equivalently,

0, if @ is in the first half of some block By,

rQ =

k, if @ is in the second half of block By.

We take j =0 so Alzg = zg.
(1) The cluster set is nonempty (0 is a deferred I-statistical cluster point). Fix any d > 0

and ¢ € (0,1). In block By the proportion of indices @ with large value k equals

{large entries in By} _ k 1
| B 2k 2

However, when we consider the cumulative proportion up to block N the fraction of indices
that are large is
Yk 1
Y2k 2
This naive global count shows the density of large values is 1/2. To make the large values sparse
in the sense of the ideal I (density zero), replace the above block lengths by a rapidly-growing

scheme: take

: Li+--+ Lk
By, of length 2L, with L; — oo so fast that — 1.
k g k k Li+ -+ Ly

For instance, choose Lj, = 2¥. Then in each block By, put Ly, zeros followed by Lz copies of the

value k. With this choice the set of indices where z¢g # 0 has natural density zero (because
Li+---+ Ly

N
> j=1 2L;
but with exponentially growing L; the proportion of big values among the first large prefix of

the proportion of nonzero terms up to block N is = % for the simple scheme,

indices tends to 0). Concretely, take Ly = 2% then the total number of entries up to block N
is 225:1 2k = 2(2N+1 — 2), while the number of large entries is Zivzl 2k = 2N+l _ 92 50 the
density of large entries tends to % in that naive counting; thus choose an even more rapidly
growing sequence, e.g. Ly = k!, so that the density of large entries tends to 0. The key point
is: one can choose the block lengths Ly so that the set S = {Q : g # 0} has natural density
zero, hence S € I.

With such a choice of block lengths (for example Ly = k!), for any fixed d > 0 and ¢ € (0, 1)
the indices @ with Y(zg,d) <1 —<¢ or Q(zg,d) > ¢ or I'(zg, d) > ¢ are contained in S for all
sufficiently large k (because for large k the entries equal k are so large that Q(k, d) and T'(k, d)
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are near 1 while Y (k,d) is near 0; conversely zeros give good membership). Since S € I, the

deferred I-statistical condition for a cluster point is satisfied for z = 0. Thus

(r,Q,)g

0e FDg W (JZ‘Q),

so the deferred I-statistical limit set is nonempty.

(2) The sequence is not A&N—strongly bounded. Recall the definition: (zg) is deferred
I-statistically A%N—strongly bounded iff for every ¢ € (0,1) there exists d > 0 such that for
every € > 0 the set

1
n — Pn
Q(AVzg,d) > or T'(Alxg,d) > §}‘ > E} el

Eqge :{nEN: HQ: P < Q < qp, T(ijQ,d)gl—gor

With our block construction (take the rapidly growing Ly, example described above but arrange
blocks so that there are infinitely many blocks in which the second half—where values equal
k contributes a fixed positive proportion of the block, e.g. 1/2), pick any fixed d > 0 and
choose ¢ small (so that any large entry k > d satisfies 2(k,d) ~ 1 > ¢). Then every block Bj,
for sufficiently large k contains a proportion = 1/2 of entries that are “bad” (they have large
nonmembership/indeterminacy). Thus for the corresponding deferred indices n that cover
whole blocks the internal proportion

1
qn — Pn

{Q EN: pp< Q< an, T(Aag,d) <1—¢or QA zo,d) > ¢ or [(Alzg,d) > g}‘

is at least about 1/2. Consequently E, . contains infinitely many such n (in fact, infinitely
many n corresponding to the blocks), and so Eg4¢ . ¢ I (because I contains only density-zero
sets while the set of such block-indices is large). Therefore the strong-boundedness condition

fails.

We discovered that the aforementioned rough convergence limits are sets instead of sin-
gular points. We offer several topological and geometrical characteristics of the limit set
DAY, Q, F)g(f) (A7) -LIM (zq) as outlined below.

Theorem 3.19. Let (X, T,Q, T, %,0) be an NNS and (xzg) be a sequence in X. Then
DAY, Q,F)g,([) (A7) -LIM (zq) is a closed set for every h > 0.

Proof. For a given ¢ € (0,1), there exists v € (0,1) such that
(I-v)x(l—-v)>1—¢ and vow<cg.
Let

= c1<Dg(T, 0, (A7) —LIM(xQ)>,
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the closure of DZ(T,Q,F)Q(I)(Aj)—LIM(xQ). Then there exists a sequence (zg) in

Dj(T,9Q,T)% (A7) -LIM(2gq) such that zq aen,

Thus, for every d > 0, there exists ng € N such that
T(ZQ—l’,%) >1—w, Q(zQ—$,g) <w, F(ZQ—ZE,%) <wv, VYQ > nyg.

Choose mg > ng. Define the set

, d : d
EZ{QEN:T<AJ$Q—sz,h+2> §1—vorQ<A7xQ—zm0,h+2> > v or

- d
r (AJxQ — Zmg, b+ 2) > v}

such that

]—":{neN: ]{QEN:pn<Q§qn,Qeg}\<e}eF(I)

dn — Pn
for every € > 0. For m € F, we obtain
1

ﬁ’{QGN:pm<QSQm>Q€5H<€

1
:ﬁ|{QGN:pm<Q§QmaQ€gC}|21—6.

Take Q € £¢, then

T(ijQ—a:,d—t—h) ZT(ijQ—zmo,h+;l>*T<zm0—$,;l> >(1—-v)*x(1—v)>1—g,

and
Q(A]xQ—x,d—i—h)SQ AJxQ—zmo,h+§ o Iy — T, 5 <vov <,
and
. . d d
I‘(A%’Q—x,d—i—h)gf AJxQ—zmo,h+§ ol zmo—x,§ <wvov <.
As a result,

E° Q{QEN:pn<Q§qn,T(ijQ—x,d+h) >1—§andQ(Aja:Q—:E,d+h) < ¢ and
I'(Azg —z,d+ h) <<}

Therefore, for m € F, we get

1

1 .
< —|{QeN:py <Q < g, T (ANag —2,d+h) >1—¢ and
dm — Pm

Q(Aj:vQ—x,d—i—h) <§andF(Aj:vQ—x,d+h) <§}‘.
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Hence,
qipHQEN:pm<Q§qm,T(ijQx,dJrh) glfgorQ(ijQfx,dJrh) ><
or ' (Azg —z,d+h) >c}| <e.

Consequently, we obtain

fg{neN: HQEN:p <Q < qn, Y (Aag—2,d+h) <1—¢

dn — Pn
orQ(Aij—x,d—i—h) >c} \<eorF(Aj:cQ—x,d+h) Z§}| <e} e F(I).

Consequently, as stated inALemma we obtain x € DE(Y, (, F)g(f) (A7) -LIM (zq).
Hence, DE(T, Q,r)g( 1y (A7) -LIM (z¢) is closed. g

Theorem 3.20. Let (X,T,Q,T',x,0) be an NNS and (zq) is a sequence in X. Then, for
every h > 0, the set D}(Y, Q,F)gm (A7) -LIM (zq) is convez.

Proof. Suppose z,y € DJ(T, Q,F)}S‘,(I) (A7) -LIM (zq) and s € (0,1) is given. Then, Jv € (0,1)
so that (1 —v)* (1 —v) > 1—¢ and vov <. We need to show that az + (1 — a)y €
Dg(T,Q,F)g(I) (A7) -LIM (zq) for any a € [0,1]. For & = 0 or 1, the result is obvious. Let
a € (0,1). For every d > 0, define

, d , d
g:{QEN:pn<Q§qn,T(Aj:vQ—x,h—FQ> §1—v0rQ<A]$Q—x,h+2> >w
« e

, d
T'(Aag—a2,h+— | >
or ( rQ —x, +2a>_v},
and
= * Pn < (3] J - Y a/1 N S -
H {QEN P <Q <gq T(AxQ yh+2(1_a)> 1—wvor
Q ijQ—yh—&—L >vorl ijQ—yh+L >,
’ 20—«)) — ’ 201—«)) —
Then
1
{nGN:q — |{QEN:pn<Q§qn,QGG}|26}6[,
and

1
{neN:q — \{QEN:pn<Q§qn,QEH}\Ze}GI,

for every € > 0. Therefore,

1
{neN:q — \{QGN:pn<Q§qn,QeGUH}\ze}el.

Choose 0 < A < 1sothat 0 <1— A < e. Hence

j:{nEN: |{Qeszn<Q§qn,QeGuH}|zl—A}eI.

n - Mn
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Let m € J¢, then

ﬁl{QeN:pm<Q§qm,QeGuH}!<1—A
dm — Pm

1
:ﬁHQENWm<Q§qm,Q€gcﬂHC}’21—(1—)\):)\-
Now, take @ € G° N H®. Hence,
T (AVzg — [az + (1 — a)yl,d + h)
=T ((1-a)(Azg —y) +a(Azg—z),(1 —a)h+ah+d)

2T<(1—Oé) (ijQ_y)j(l_a)h-k;l)*T(a(ijQ—:c),ah—l-;Z)

. d , d
— Jop o Jopn il
T(AJZQ y,h+2(1_a)>*T<AxQ a:,h+2a>

> (1—v)x(1—v)

>1-—g,
and
Q (Alag — law + (1 - a)yl,d+ h)
=Q(1-a)(ANzg—y)+a(ANzg—2),(1 - a)h+ah+d)
A d , d
§Q<1—a A%‘Q—y),(l—a)fH—z)oQ<a(A3$Q—x),ah+2>
=Q(Az h—I—L o Alzg —z, h—|—i
QYT oM —q) @ 20
<vow
<g,
and

I'(Azg — [az + (1 — @)y, d + h)
=T (1-a)(ANzg—y)+a(ANzg—2),(1—a)h+ah+d)

gr((l—a) (ijQ_y)’(l_a)th;l) oP(a(Ajan—x),Ozh-l-;i)

. d . d
=T Alag — — % )or(Aag - £
( *q y’“za—a))" ( *Q x’“m)

<vov

<q.
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As a result, we have

QCHHCQ{QEN:pn<Q§qn,T(ijQ—[ax—l—(l—a)y],d—i—h) >1—¢and
Q(Azg—Jaz+ (1—a)yl,d+h) <sand I (Alzg — [ax + (1 — a)y],d+h) < g}.

Hence, for m € J¢, we have

1
)\Sﬁ’{QGN:pm<QSQm7QEngHC}‘

§qmipm}{QGN:pm<Q§qm,T(ijQ—[ax+(1—a)y],d+h) >1—¢

and Q (Azg — [az + (1 — a)y],d + h) <cand I (Azg — [az + (1 — @)y],d + h) <<}
:>M‘{QGN:pm<QSqm,T(Ajan—[aa:—i—(l—a)y],d—i—h) <1l-¢

or Q(Aag—Joz+ (1—a)yl,d+h) >cor ' (Aag — [ax+ (1 —a)yl,d+h) >}

<l-JA<e

Consequently,

jcg{nEN: HQEN:p, < Q< qn, Y (Azg—[ax+ (1—a)yl,d+h) <1l—gor

4n — Pn
Q(Azg —jax+ (1 — a)y),d+h) > or

I'(Azg —[az+ (1 —a)yl,d+ h) ><}| < e} € F(I).

Therefore, according to Lemma |3.6)
it can be concluded that az + (1 — )y € DE(T,Q, F)}SL(I) (A7) -LIM (zq). o

Theorem 3.21. Let (X,Y,Q, T, %,0) be an NNS. Then DI(Y, Q,I‘)gm (A7) —limzg =z for
some h > 0 if there is a sequence (yq) in X such that (yg) is deferred I-statistically difference

convergent to x and

T (ijQ — Aij, h) >1—¢ and 2 (ijQ — Aij, h) <sandT (ijQ — Aij, h) <g
(3.3)
hold for every ¢ € (0,1) and for all Q € N.

Proof. Fix arbitrary ¢ € (0,1). Choose v € (0,1) such that
l-v)x(1—-v)>1-g and vouv <.
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Since (yq) is deferred I-statistically difference convergent to x, by definition for every d > 0
and € > 0 the set

1

p—— ‘{QGN:pn<Q§qn,T(Aij—a:,d) Sl—vorQ(Aij—x,d) >

ﬁz{nGN:
orF(Aij—x,d) Zv}’ 26} el
Let m € L¢. Then

qipHQGN:pm<Q§qm,T(Aij—x,d) Sl—vorQ(Aij—x,d) > v or

I (Ayg —a,d) > v} <e
- qiHQGN:pm<Q<qm,T(Aij—:c,d) >1—w andQ(Aij—x,d) < v and

T'(Alyg —,d) < UH >1—e
Now, define

M:{QGN:pm<Q§qm,T(Aij—a:,d) >1—vandQ(Aij—:1:,d) < v and
F(Aijfx,d) <wv}

satisfies

M|
dm — Pm

>1—ce.
For @) € M. Using we get

YT (Alzg —x,d+h) > T (Aag — Alyg,h) x YT (Alyg —2,d) > (1 —v)x (1 —v) >1—g,

and
Q(Aag—z,d+h) <Q(Nag— Nyg,h) oQ(Ayg —z,d) <vowv <,
and
I'(AMzg —a,d+h) <T (Azg — Alyg,h) oT (Alyg — z,d) <vov <.
Therefore,

MQ{QGN:pm<Q§qm,T(Aij—x,d+h) >1—§andQ(Aj:UQ—x,d—|—h) < ¢ and
I'(Azg —z,d+h) <}
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This implies that

m

1

Sip’{QEN:pm<QSQmaT(AjSUQ—IE,d+h)>1—g

m
and Q (Alzg —2,d+h) < and T (Alzg — 2,d + h) < ¢}
ﬁqip‘{QGN:pm<Q§qm7T(N%'Q—rr,d+h) <1-¢

orQ(ijQf:U,d+h) ZgorF(ijQfx,quh) Z§}| <e.
Since m € L and L€ € F(I), we get

1
dn — Pn

ECQ{nEN: |{Q€N:pn<Q§qn,T(ijQ—:n,d+h)Sl—g

orQ(ijQ—J:,d—l-h) zgorF(Aj$Q—az,d+h) Zg}‘ <e} € F(I).

This implies that D(T, Q, F)’b’;( n (Aj ) —limzg = x. Hence, This completes the proof.

Theorem 3.22. Let (X,Y,Q,T,x,0) be an NNS. If a sequence (xq) in X is deferred I-

statistically difference convergent to x, then there exists v € (0,1) such that
cl <B§;T’Q’F)(h, v)) C DY(T, Q’F)}SL'(I) (A7) -LIM (zq) for some h > 0.

Proof. For given ¢ € (0,1),3 v € (0,1) so that (1 —v)*(1—v) >1—¢ and vov <. Suppose
(@) is deferred I-statistically difference convergent to z. Then

1
dn — Pn

R:{nEN: HQGN:pn<Q§qn,T(ijQ—x,d)gl—vorQ(Aj:EQ—a:,d) >
orF(Aij—x,d) 20}}26}6[,

for every ¢,d > 0. For m € R¢, we have

1p‘{QEN:pm<Q§qm,T(ijQ—x,d) gl—vorQ(Aj:L‘Q—x,d) >

dm
orF(ijQ—%d) Z”}‘ <€
:>qip‘{QeNipm<Q§qm>T(ijQ_$vd) >1-vand Q(Nag —2,d) <v

and F(Ajmg—x,d) < v}} >1—e

Now, let w € cl (B&T’Q’F)(h,v)) for some h > 0. Then

Y(z—w,h)>1—vand Qz—w,h) <vand I'(z —w,h) <w.
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Define
8—{Q€N:pm<Q§qm,T(Aj:):Q—x,d) >1—w andQ(ijQ—x,d) <w
and I’ (ijQ — ac,d) < v}.
Thus for @ € S, similarly to above, we have
T(ijQ—w,d—i—h) >1—§andQ(ijQ—w,d+h) <<andF(ijQ—w,d+h) <.
Therefore,

SC{QEN:py <Q < g, ¥ (ANazg —w,d+h) >1—cand Q (Azg —w,d+h) <
andF(Aj:rQ—w,d—i—h) <<},

and hence

1
1—6§ﬁ|{Q€N5Pm<QSvaQES}|

m

SqipHQEN:pm<Q§Qm7T(Aj$Q—w,d+h)>1—§

and Q(ijQ—w,d—l—h) < ¢ and F(Aij —w,d—|—h) < g}‘

This implies that

qip’{QEN:pm<Q§qm,T(ijQ—w,d—|—h)§1—§orQ(Aj:EQ—w,d—|—h)Zg

or I' (Azg —w,d+h) >} <e

Since m € R¢ and R¢ € F(I), we obtain

RCQ{nEN: }{QEN:pn<Q§qn,T(ijQ—w,d+h)§1—<

dn — Pn
or 2 (ijQ —w,d+h) >gorT (Aj:vQ —w,d+h) > g}} < e} € F(I),
it follows that,
w € DAL, Q,T)§ 1) (A7)- LIM(zg).
Therefore,

c(B1) (h,v)) € DY, Q,T)% 1y (A7)- LIM(zq).
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Definition 3.23. [44] Let (X, Y,Q,T",x,0) be an NNS and (zg) be a sequence in X. A point
z € X is called deferred I-statistical Ai—cluster point of (xg) with regard to (Y, Q,T") for some
h >0 if, for any d > 0 and ¢ € (0,1), we have

1 .
{nEN: ‘{QEN:pn<Q§qn,T(AJxQ—z,d+h)Sl—gor
dn — Pn

Q(ijQ—z,d—i—h) > orF(ijQ—z,d—i—h) zg}‘ <e} ¢ 1.

(Y0)

We denote the set of all deferred I-statistical A{L-cluster point of (zg) by I' D 0 (Azg).
Note When h = 0, a deferred I-statistical A%—cluster point of the sequence (x¢) is simply
referred to as a deferred [-statistical A{L—cluster point. The full set of such points is denoted
by

0T ,
r;g IS (Adgg).

Example 3.24. Consider the neutrosophic normed space (R, T, T", x,0) defined by

h i
Q(z,h) = I'(x, h
e e h = e T )

e
h+ |z|’

Y(z,h) = h >0,

with * = min and o = max. Let the sequence zg = é in R and fix j = 0 (no difference

operator).

For any ¢ € (0,1) and d > 0, we observe that as Q@ — oo,
4 _jer
d+[1/Q| d+1/Q|
Hence, 0 satisfies the deferred I—statistical cluster condition.

When h = 0, the point 0 is a deferred I-statistical Ai—cluster point of (zg). Thus,

__1/Q|

TEa=0.d) = S a1/l

— 1, Q(JIQ—O,d) = — O,P(HZQ—O, d)

(r,Q,r)

0€T, D (2q).

Example 3.25. Let (R, Y, Q,I', x,0) be the neutrosophic normed space defined by

h x
Y(xz,h) = Qx,h) = . —’1— ‘m

2]
= I'(x,h) =
h+ x|’ ’ (@, h)

 ht |z

h >0,

with * = min and o = max.

Consider the sequence zg = (—1)Q + é in R and take j = 0. For even Q, g ~ 1, and for
odd @, zg =~ —1.

Step 1: Limit behavior near 1. For even (), we have xg — 1 as Q — oo. Thus for any d > 0,

d

T -1,d) = —7——
(zq ) d+|zg — 1] -

1, Qzg —1,d) =0, I'(zg —1,d) = 0.

So 1 is a deferred [—statistical A{L—Cluster point.
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Step 2: Limit behavior near —1. For odd @, we have g — —1 as Q — oo. Thus for any
d >0,

d

1, Qzg+1,d) =0, I'(zg+1,d) = 0.

So —1 is also a deferred I—statistical A{L—cluster point.
When h = 0, the sequence (zg) has two cluster points, namely

(Tvﬂvr)s(f)

FDg (‘TQ) = {_171}'

Theorem 3.26. Let (X, YT,Q,T',%,0) be an NNS. Then the set T’
for every sequence (xzg) in X and each h > 0.

(ijQ) 1s closed

h
(Taﬂzr)s(j)
Dy

Proof. For given ¢ € (0,1),3v € (0,1) so that (1 —v)x(1—v) >1—vand vowv <. Let

T, ‘ 1,Q,)" .
z€cd (I‘;p s (AJxQ)>. Then, there is a sequence (z¢) in F;p s (Adzg) such that
q q

T,QT
2Q M z. Thus, for every d > 0,9 ng € N so as

T(ZQ—Z,;Z) >1—vandQ<zQ—z,(21> <vandF(zQ—z,;l> <v,V Q@ > ng.

Fix mg > ng and set

4 d , d
T:{QEN:pn<Q§qn,T<Aj:1:Q—sz,h+2> Sl—vorQ(AJm‘Q—zmo,h+2> >wv

; d
or T <ijQ — Zmg, b+ 2) > ’U}.

As a result, for every € > 0, we obtain

[U:{nGN:q — |{Q6N:pn<Q§qn,QeT}<e}¢I.
Similarly, as the proof of Theorem we get
1 .
UQ{nGN:q — HQEN:pn<Q§qn,T(A]xQ—z,d+h)Sl—gor

Q(Aja?Q—z,d—i—h) ZgorF(AjacQ—z,d—i—h) Zg}‘ <e}.

Since U ¢ I, we have

1 )
{nEN:q — ‘{QEN:pn<Q§qn,T(AJxQ—z,d—|—h)Sl—gor

Q(Aag—z,d+h) >cor ' (Azg —z,d+h) > ¢} <e} ¢ 1,

(T7Q7F)h
Dg

ie,zel S(I) (Aj:cQ). Hence the set F%’Q’F)hs(l) (ijQ) is closed. g
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Theorem 3.27. Let (xg) be a sequence in the NNS (X,Y,Q,T',x,0) and h > 0 be given. If
Y(z—y,h) >1—¢ and Q(z— y,h) < ¢ and T'(z— y,h) < < hold for an arbitrary z €

; 1,0,k .
F(;%’Q’F)S(” (Alzg) and s € (0,1), then y € F;g s (Alzg).

Proof. Let z € I‘gp’ﬂ’r)sm (ijQ) and suppose
q
Y(z—y,h)>1—g, Qz—-yh)<s, D'(z—y,h)<g

for some ¢ € (0,1).

Since z € Fg)’Q’F)S<I>(ijQ), by Definition [3.23| for any d > 0, the set
q
1 .
A:{nGN: p— ‘{Q:pn <Q <y Y Azg—2zd+h)<l-—gor

QA g — 2z, d+h) > or T'(Alxg —z,d+h) > ¢} < e} ¢ 1.

(r,Q,1)

h
Dr D (AJzg) is closed. Hence, since y satisfies

Now, by Theorem |3.26], the set I'

T(Z—y,h)>1—§, Q(Z_yah)<§7 F(Z_y7h)<§a
we can apply the neutrosophic triangle-type inequalities
T(Azg —y,d+h) > T(Azg —2,d)« T(z —y,h),

QA wg—y, d+h) < QA zg—z,d)oQ(z—y,h), T(ANag—y,d+h) < T(Mrg—z,d)ol(=—y, h),

for all Q.
Using these inequalities and the fact that the set of cluster points is closed, we conclude
that y also satisfies the condition in Definition [3.23] Therefore,

(rQ.n)k

Yy < FD{; S(I)(Ajl’Q).

This is completes the proof.

Theorem 3.28. Let (X,Y,Q,T',x,0) be an NNS and (xg) be a sequence in X. Then, for
some h >0 and v € (0,1), we have

h
F(T’QI)SU) (Aij) - U cl (BQ(CT’Q’F)(haUD

Dj
a:ergg‘”” (Azq)

Proof. For any given ¢ € (0,1),3v € (0,1) such that (1—v)x(1—v) >1—¢and vov <. Let

ze U l (B;,mvf)(h, u)) h>0

mEI‘g%’Q’F)S(I)(AxQ)
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Then, 3z € F(DE,’Q’F)S(") (AVzg) so that z € cl <B§T’Q’F)(h, v)), ie, Y(z —2h) > 1—vand
Qz—2,h) <vand I'(z — z,h) <wv. Since z € Fg!g’r)sm (Adzg), we have
q
1 .
X:{nEN: ‘{QEN:pn<Q§qn,T(A]xQ—x,d)§1—vor
qn — Pn

Q(ijQ—x,d) ZvorF(ijQ—x,d) ZUH < e} ¢ 1
for every €,d > 0. Consider
X, :{QEN:pn<Q§qn,T(ijQ—a:,d) Sl—vorQ(ijQ—x,d) > v or
F(Ajz:Q—a:,d) > v}
Then, we have
XfQ{QEN:pn<Q§qn,T(ijQ—z,d+h) >1—§andQ(Aj:):Q—z,d+h) < ¢ and
I'(AMzg —z,d+h) <} (3.4)

Now take m € X. Then
1

ﬁ\{QGN:pm<Q§qm7Q€X1}|<e

1
:j‘{QGN:pm<QSQm7Q€X10}’21—6.
m

dm
Hence, by (3.4), it follows that
1 . :
ﬁHQEN:pm<Q§qm,T(A7foz,d+h) >1-cand Q (Azg —z,d+h) <g
and I' (Azg — 2z,d+h) <c}|>1—¢€
1

:>ﬁ|{Q€N:pm<Q§qm,T(ijQ—z,d+h) < l—gorQ(Aij—z,d+h) >¢
orF(ijQ—z,d+h) 2§}| < e
As a result, we get

1 .
Xg{neN:_p‘{QEN:pn<Q§qn,T(AJxQ—z,d+h)Sl—g

orQ(ijQ—z,d—l—h) ZcorF(ijQ—z,d—i—h) Zg}‘ <e}.
Since X ¢ I, it follows that
1 ,
{nEN:p‘{QEN:pn<Q§qn,T(AJmQ—z,d+h) <1l-g
dm — Pm

orQ(ijQ—z,d—i—h) ZgorF(ijQ—z,cH—h) Zg}‘ <e} ¢ 1.
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T,Q,1)" .
Hence z € F(Dp s (AJ:UQ). Consequently,

q

T,Q,0)" )
T80 (Avag) g ot (B0 (1, 0)) (3.5)
p
zGFEjéQI)SU) (Aizq)
T,Q1)" )

Conversely, assume that y € Fi)ij s (Alzq). Then y € U cl (Bg’g’r)(h,v)>.

xeFEjTg’Q’F) (Aj :L‘Q)
(T797F)S(I)

Otherwise y ¢ cl (Bg’ﬂ’r)(h, v)) for any x € FDS (Alzg), ie.,

Y(z—y,h)<l—wvor Qz—y,h)>vor'(z—y,h) >

QI)h .
Js) (AﬁxQ), which contradicts our as-

T?
Hence, by Theorem |3.27] it follows that y ¢ F;p
q

sumption. Therefore,

h
F(T’Q’F)S(I) (Aij) C U cl (BJ(ET’Q’F)(h,U)) ‘ (3.6)

DP
q
z€el ( g’Q’F)S(I) (A{EQ)

From (3.5) and (3.6), the result follows.

Corollary 3.29. Let (X,Y,Q,T',%,0) be an NNS. If a sequence (xq) in X is deferred I-
statistically difference convergent to x, then

(TS L

Ty W (Alzg) C DY, 92, 1)y (A7) -LIM (2q)

for some h > 0.

Proof. Suppose (zq) is deferred I-statistically difference convergent to . Hence

(T797F)g([) s
Lo (Aja:Q). Therefore, by Theorem [3.28] for some h > 0 and ¢ € (0,1), we have
(T’er)h y
Py " (Aag) = el (BI*D(h5)) (3.7)

Also, from Theorem [3.22] it can be concluded that
el (BOD (h,6)) € DAL, 9, 1)) (A7) - LIM () (3.8)

Hence, by (3.7) and (3.8), we have

h
H(TDkq,

Dy (Alzq) € DY(Y,9Q,T)% ) (A7) -LIM (2q) -
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4. Concluding remarks

This work extends the framework of convergence by formulating the concept of deferred
I-statistical rough convergence through difference operators in the setting of neutrosophic
normed spaces. It investigates the characteristics of the resulting boundary set, demonstrating
that it is both closed and convex in terms of the neutrosophic norm. Furthermore, the study
introduces deferred I-statistical Al-cluster points and analyzes their association with the limit
set, offering new insights into convergence behavior in neutrosophic environments.

Looking ahead, the findings of this work suggest several potential paths for continued re-
search. Omne such direction involves expanding the concept of deferred [I-statistical rough
convergence to broader mathematical settings, including frameworks like fuzzy, intuitionis-
tic fuzzy, or probabilistic normed environments. Another worthwhile pursuit is to investi-
gate the structural and topological traits of the convergence sets-such as their continuity and
compactness-within neutrosophic normed spaces. The theory can also be extended to explore
the actions of linear transformations and their properties under neutrosophic norms. More-
over, establishing links between this convergence approach and other forms of statistical or
summability-based convergence could offer a more unified theoretical foundation. Lastly, there
is strong potential for applying these ideas to real-world problems characterized by uncertainty,
such as those found in data interpretation, intelligent systems, and complex decision-making

processes.

5. Real-World Applications

(1) Data Science & Big Data
In large datasets (medical, financial, climate, social networks), data points may not
converge in the classical sense due to noise and uncertainty. Deferred I-statistical
rough convergence provides a mathematical framework to identify stable trends and
clusters in such imperfect datasets.
Example: Detecting early signs of chronic disease progression even when some
medical tests are incomplete.
(2) Signal & Image Processing
Signals and images often contain distortion, missing pixels, or background noise. Rough
convergence with difference operators helps approximate stable features (edges, pat-
terns, denoised signals) even when input data is corrupted.
Example: Improving MRI scan interpretation when images are blurred or incom-
plete.
(3) Artificial Intelligence & Decision-Making

In Al, especially in multi-criteria decision-making (MCDM), expert opinions or sensor
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readings are vague or inconsistent. Neutrosophic normed spaces handle indeterminacy
explicitly, making this framework suitable for robust AT models under uncertainty.
Example: Autonomous vehicles making navigation decisions when sensors provide
contradictory inputs.
(4) Economics & Forecasting
Financial and economic time series fluctuate irregularly and often do not converge in
the classical sense. These methods help in detecting possible limit ranges or cluster
points that indicate future states of markets or economic indicators under uncertainty.
Example: Predicting safe investment bands when market data is unstable.
(5) Numerical Algorithms & Engineering Systems
Iterative algorithms in scientific computing may only converge roughly due to round-off
errors or incomplete information. This framework can be applied to stability analysis
of iterative methods and control systems when there is measurement noise.

Example: Stabilizing a drone flight when GPS signals are inconsistent.
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