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Abstract: Pythagorean Neutrosophic Fuzzy Graphs integrate the concepts of Pythagorean
neutrosophic sets and graph theory to effectively represent imprecise, inconsistent, and vague
information inherent in many real-world problems. This paper introduces and formalizes the concept
of irregularity in Pythagorean Neutrosophic graphs by defining various classes such as neighbourly
irregular, neighbourly totally irregular, highly irregular, and highly totally irregular Pythagorean
Neutrosophic graphs. The study develops theoretical results related to these irregularities and
provides suitable graphical representations for better understanding. The proposed irregular
Pythagorean Neutrosophic graph models are demonstrated to be significant in areas like pattern
recognition, biological networks, information systems, and other applications involving uncertainty
and vagueness. This work extends the theoretical foundation and practical applicability of
neutrosophic graph theory.

Keywords: Pythagorean Neutrosophic set, Irregular, Pythagorean Neutrosophic graphs,
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1. Introduction

Real life events with vagueness and insufficient information’s can be very well modelled and
solved with the help of one of the most attractive field of mathematics known as fuzzy set theory. Zadeh
[1] pioneered the concept of Fuzzy sets whose membership grade assume values between 0 and 1. The
study in [26] introduces the Wiener index and Wiener absolute index for bipolar fuzzy graphs to
analyze connectivity, highlighting their properties and behavior across various structures like forests,
bridges, and trees. A comparative analysis with connectivity index is presented, concluding with an
application to regular travel routes between Paris and Brest. The concept of the complexity function in
fuzzy graphs based on network load across structures like fuzzy cycles, trees, and complete graphs are
developed in [27]. This article includes the application of analyzing COVID-19 transmission cycles
among countries and identifying high-traffic nodes in wireless network systems. In [28], the authors
explore the operations like Cartesian product, composition, and union, and demonstrates real-life

applications in railway networks and medical science using the picture fuzzy min-tolerance
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competition graph. A comparative analysis with connectivity and Wiener indices is provided, along
with an algorithm and real-world application in ranking key crossroads in Indonesia's tourism network
between BKB and BKS are introduces in [29]. The applications demonstrated in modeling international
relations during the Cold War and enhancing teacher-student communication for better decision-
making using the Algorithms and flowcharts support methods are established in [30]. The application
of the field can be encounted in statistics, computer science, mathematics, engineering, artificial

intelligence, pattern recognition, image analysis and decision making [4 — 10, 21-25].

The extension of fuzzy sets by providing membership and non-membership grades was
introduced by Atanassov in [2]. The fuzzy sets with the sum of membership and non-membership less
than 1 is intuitionistic fuzzy set. Neutrosophic set investigated by Smarandache[3] in which the
elements are characterised with truth, indeterminacy and false membership functions.Yager [11]
developed the notion of Pythagorean sets which has relaxation in the condition as u* + 0% < 1.
Likewise, picture and spherical sets have been developed from neutrosophic sets, and to these concepts,

the Pythagorean Neutrosophic sets (PNS) were introduced.

Relationship between the objects are presented with vertices and edges together forming a
graph. Not all real-life events can be give certain values resulting in uncertainties. This creates a need
for new type of graphs to tackle this uncertainties known as fuzzy graphs. Based on Zadeh'’s [16] fuzzy
relation, Kaufmann established the idea of fuzzy graphs in [17]. Rosenfeld in [18], have discussed and
developed several basic graph theoretical concepts in fuzzy graph. Consequently, more theoretical

concepts and operations in fuzzy graphs have been developed in [19,20].

Pythagorean Neutrosophic Graphs are developed by integrating the concept of PNSs and fuzzy
graphs in [12]. The structural representation of the PNGs are similar to that of graphs with only
disparity in summing up membership grades values being less than 2. Similar idea is followed for the
edges. Main reason for studying Pythagorean neutrosophic graphs is due to their ability to increasing

fuzziness of considered model or system and further theoretical concepts were developed in [13-15].

This article aims at introducing the concepts of neighbourly irregular Pythagorean
neutrosophic graphs, neighbourly totally irregular Pythagorean neutrosophic graphs, highly irregular
Pythagorean neutrosophic graphs, highly totally irregular Pythagorean neutrosophic graphs by
providing suitable graphical representation. The article also focuses on providing some important

results an irregularity.

1.1 Organization of the work

The organization of the work is structured to progressively introduce and develop the concept
of Irregular Pythagorean Neutrosophic Graphs. It begins with an Introduction that outlines the
background on fuzzy sets, neutrosophic sets, and Pythagorean neutrosophic theory, highlighting their
significance in modeling uncertainty and motivating the need for new irregular graph structures. The
Preliminaries section reviews fundamental concepts and related literature essential for understanding
the proposed models. The core contribution is presented in the Development of Irregular Pythagorean
Neutrosophic Graphs, where various irregular graph types-such as neighborly irregular, totally
irregular, highly irregular, and highly totally irregular-are formally defined and illustrated. This is
followed by Theoretical Results that establish key properties and theorems to support structural
analysis. The Applications and Illustrations section demonstrates the practical utility of these graphs in
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handling real-world problems involving uncertain information, such as in pattern recognition,
biological networks, and information systems. Finally, the Conclusion summarizes the findings,
underscores the importance of the proposed models, and suggests directions for future research, with

all supporting literature compiled in the References section.
2. Irregular Pythagorean Neutrosophic Fuzzy Graphs

This section discusses the fundamental principles and past study required to comprehend
Pythagorean Neutrosophic Graphs. It follows the development of fuzzy sets to intuitionistic fuzzy,
neutrosophic, and Pythagorean sets, highlighting their ability to describe uncertainty. To provide the
groundwork for future research, the section also presents their definitions, characteristics, and
integration with graph theory.

Definition 2.1. Let G be PNG. The neighbourhood (ngbd) of a vertex w in G is defined as
N(w) = (N,(w), Ng(w), N;(w)) where,

N,(w) ={o € w:pug(ho) < pa(w) A pa(0)},

Ng(w) = {o € w: Bg(ho) < Ba(W) A Ba(0)},

Ny(w) = {o € wiag(hg) < g4(w) A gy(0)}-

For instance, Consider a PNG G with vertex set V={v1,v2,v3,v4} and edge set E={(v1,v2),(v1,v3),(v2,vs)}.
The Pythagorean Neutrosophic membership values on vertices and edges specify degrees of truth,
indeterminacy, and falsity, but for illustration of neighbourhood, these values are not immediately

needed.

e The neighbourhood of vertex vi is: N(v1)={v2,vs} since vz and vs are directly connected to vi.
e Similarly, the neighbourhood of vertex vz is: N(v2)={v1,va}
e The neighbourhood of vertex vs is: N(vs)={v1}

e The neighbourhood of vertex va is: N(v4)={v2}

The above illustration demonstrates how neighbourhoods are defined within a PNG and forms a

foundational concept for defining neighbourhood degrees and irregularities.

Definition 2.2. Let G be a PNG. The ngbd degree of a vertex w in G is defined by
deg,(w) = Z t#a(0),

0ENy(x)
degs) = D" Ba(o)

oENﬁ(x)
deg,(w) = Z d4(0).

0EN4(x)

Definition 2.3. Let G be a PNG. The closed ngbd degree of a vertex w in G is defined as

deg,[w] = 2 pa(0) +pa(w),

0EN(x)

degglwl = ) Ba(0) +Falw),

oENﬁ(x)
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degolwl = ) a,(0) +,(w).
0EN4(x)

Definition 2.4. Let PNG G, is called regular if all the vertices has the same open neighbourhood degree.

Definition 2.5. Let G be a PNG. If there is a vertex which is adjacent to vertices with distinct
neighbourhood degrees then G is called a irregular PNG.

Example 2.6. Let G = (4, B) be the PNG withA4 = {x;, x5, x3}, B = {(x1,%5), (X3, x3), (x1,x3)}. G is an
irregular PNG. deg(x;) = (.4,.7,.9),deg(x;) = (.4,.7,.1),deg(x3) = (.2,.6,.7). G is an irregular PNG.
x,(1,.3, .4)

X, (:3, .4, .6) (1,.3,.5) x,(.1,.3,.3)

Table 1: Irregular PN Fuzzy Graph

Definition 2.7. If there is a vertex which is adjacent to vertices with distinct closed neighbourhood
degrees, then PNG G is called a totally irregular PNG.

Example 2.8. Consider a PNG with A = {xq, x, x3, %4, x5}, B = {(x4, X2), (%2, X3), (X3, X4), (X4, X2),

(%1, %3), (X4, X5), (X4, 1) }-
Then, deg[x;] = (1.4,.1.3,2.7), deg[x,] = (1.4, 1.3,2.7),deg[x3] = (1.4,1.3,2.7), deg[x,] = (2,1.8,3.1).
G is a totally irregular PNG.

X, (:2,.3,.9) 1,.3,.7) X.(:3,5,8) X, (.6, .3, .4)

(.5,.2,.5)

X, (4, 3, .6) (4, .2,.6) X,(.5,.2,.7)
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Table 2: Totally Irregular PN Fuzzy Graph

Definition 2.9. Let G be a connected PNG. If every two adjacent vertices of G have distinct open

neighbourhood degrees, then G is called neighbourly irregular PNG.

Example 2.10. Let G = (4, B) be a PNG with 4 = {x4,x;, X3,x,}, and B = {xq, X3, X3, X3, X3, X4, X4, X1 }. The
degrees of vertices are deg(x;) =(.4,.9,1.1),deg(x;) = (.4,.9,1.1),deg(x;) = (.8,.8,.7),deg(x,) =
(.4,.9,1.1). G is a neighbourly irregular PNG.

(.6, .4, .2)
(S 4

(.3,.6,.7)

Table 3: Neighbourly Irregular PN Fuzzy Graph

Definition 2.11. A connected PNG is called neighbourly totally irregular PNG if every two adjacent

vertices of G have distinct closed neighbourhood degree.

Example 2.12. Here the degree value for each vertex is, deg[x;] = (1.1,.1.8,1.7), deg[x,] = (1.2,1.9,1.9),
deg[x;] = (1.3,2.1,2.1), deg[x,] = (1.2,2,2).
Hence G is neighbourly totally irregular PNG.

Definition 2.13. A connected PNG, is called highly irregular PNG if every vertex of & is adjacent to

vertices with distinct neighbourhood degrees
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X, .3, .5,.5) (.3, .5, .6) X, (.4, .6, .6)
S 3
) &

] &
@ ®
x,(4,.7,.7) (4,.7,.7) X, (.5, .8, .8)

Table 4: Neighbourly Totally Irregular PN Fuzzy Graph

NOTE:
(i) A highly irregular PNG may not be neighbourly irregular PNG.
(ii) A neighbourly irregular PNG may not be highly irregular PNG.
(iii) A neighbourly irregular PNG may not be neighbourly totally irregular PNG.
(iv) A neighbourly totally irregular PNG may not be neighbourly irregular PNG.

Proposition 2.14. Let G be a PNG. Then G is highly irregular PNG and neighbourly irregular PNG iff

the neighbourhood degrees of all the vertices of G are distinct.

Proof: Let B be a PNG with n-vertices wy, w,, ..., w,,. Suppose G is both highly and neighbourly irregular
PNG. We want to show the neighbourhood degrees of all vertices of G are distinct. Let deg(w;) =
(pl" qil rl:)l = 1;25 e, N

Let the adjacent vertices of wy are w,,ws, ..., w,with ngbd degrees (p,, g2, 12), (P3, 43, 73), ++v» Py Qs 1)
respectively. Since G is highly irregular so p; # ps, ... # Pn, Q2 # Q35 o F QT2 F 13, ... # 1. Also, p; #
D2s oo F Ppy Q1 F G2, o F Qup Ty F T, ... F Ty, because G is neighbourly irregular.

So, (p1,q1,11) # (02,92, 12) # (03,93, 73), ., (Pn, @, ). Hence the neighbourhood degrees of all
vertices of G are distinct.

Conversely, suppose that the neighbourhood degrees of all the vertices are distinct.

Now we want to show that is highly irregular and neighbourly irregular PNG.

Let deg(w;) = (p;,qi, 1), i = 1,2, ...,ngiven p; # Py, oo # Py Q1 # Q2 o # Q11 F 12y e F 1,
Every two adjacent vertices have distinct neighbourhood degrees and to every vertex, the adjacent

vertices have distinct neighbourhood degrees, which completes the proof.

Proposition 2.15. Let G be a PNG. If G is neighbourly irregular PNG and (uy, 84,04) is a constant
function, then G is a neighbourly totally irregular PNG.

Proof: Let B is a neighbourly irregular PNG. Let w;, w; € A, where w; and w; are adjacent vertices with

distinct and neighbourhood degrees (p,q,,71) and (py, g 1) respectively. Let us assume that
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(a(wo), BaWy), 5 (W) = (1a(W)), BaW)), 0a(w))) = (ks kz, ks), where ky ky ks are constants and
ki, ks, k3 € [0,1]. Therefore

deg,[wi] = deg,(w;) + pa(wi) = py + ky,
degglwi] = degg(w;) + Ba(w;) = q1 + ky,
degs[w;] = degs(w;) + o,(w;) =11 + k3,
deg”[wj] = deg”(wj) + ,uA(W]-) =p, +kq,
degﬁ[wj] = degﬁ(wj) + [)’A(Wj) =q, +ky,
deg(,[wj] = dega(wj) + O'A(Wj) =1, +ks
deg,[wi] = deg,[w;]
=>prtki=p+ki=p—p,=0=>p; =p;
which is a contradiction (p; # p,).

degglw;] = degg[wj]
=2qtk;=q1+k;2q—q,=0=>¢q;,=q;
= since (q; # q3).

degs[wil = degs[wj]
>5ntky=rntk;=2r-n=0=>n=n
Which is a contradiction (r; # r3).

Therefore G is neighbourly totally irregular PNG.

Proposition 2.16. Let G be a PNG. If G is neighbourly totally irregular PNG and (u4, 84,04) is a
constant function, then ¢ is a neighbourly irregular PNG.

Proof: Suppose G is a neighbourly totally irregular PNG. Then by definition, the closed neighbourhood
degree of every two adjacent are distinct.

Let w;, w; € A, where w; and w; are adjacent vertices with distinct degrees (p;,q1,71) and (p, gz, 73)

respectively.

Let us assume that (uy(w;), Ba(W), 04(Wy)) = (MA(Wj)fBA(Wj); UA(Wj)) = (kq, ky, k3),where ky, k,, k5 are
constants and ky,k;, k3 € [0,1] and deg[w;] # deg[w;] , so deg,[w;] # deg,[w;] , degglw;] #
degﬁ [Wf]' dego[wi] * deg, [W]]

Now deg,[w;] # deg,[w;] = p1 + k1 =p, + k; = p; # D,
Similarly, degg[w;] = degg|w;] = q1 —qz # k1 —k; =0=>q, # q;
Similarly, deg,[w;] = deg,[w;]

S>nthky;Entk;=o>n#n

Hence the degrees of w;,w; € A are distinct. This is true for every pair of adjacent vertices in B.

Therefore, G is neighbourly irregular PNG.
3. Applications

Graph theory plays an important role in the application part of the networks that are used in
real-life scenarios. The internet-related issues, road-transportation networks are few examples of
technological networks. Various real-life networks, are vague and not well-defined in nature. The

Pythagorean Neutrosophic graph is more compatible to model the ambiguous information in a network
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when compared to the fuzzy or vague graph. A graph is a way of modelling real-life networks, which

has relationships between objects.

If there is uncertainties because of vague information about relations, or vertices then the
Pythagorean neutrosophic graph model is very efficient in designing such networks. Pythagorean
Neutrosophic graphs are important in the area of mathematical modelling, pattern recognition,
biological networks and information systems. Pythagorean neutrosophic graphs and applied in
information technology and computer science such that these graphs are used to illustrate data

optimization, chip design and much more.

Moreover, the recent studies highlight the extended use of neutrosophic and fuzzy graphs in
environmental and climatic analyses. For instance, interval intuitionistic neutrosophic sets and graphs
have been employed to model climatic data with inherent uncertainties, enabling more accurate
environmental assessments and forecasting. These models facilitate better understanding of complex
ecological interactions where information is often incomplete or imprecise. Additionally, the flexibility
of neutrosophic graphs in representing varying degrees of truth, indeterminacy, and falsehood makes
them particularly suitable for applications in climate modeling, resource management, and ecological
decision support systems, where uncertainty is a fundamental challenge. This demonstrates the
broadening scope of neutrosophic graph theory, extending its applicability beyond traditional network

and decision contexts to environmental science and sustainability studies.

Recent research highlights diverse applications of graph theory and fuzzy graphs across

various domains:

¢ Robotic Production Systems: [21] Graph theory has been applied to design communication
systems within robotic production cells, enhancing flexibility and adaptability in
manufacturing processes.

e Smart City Development: [22] Fuzzy graph structures have been utilized to analyze the growth
of smart cities in India, providing insights into urban infrastructure development and planning.

e Traffic Management: [23] Edge colouring of fuzzy graphs has been employed to model and
improve traffic light systems, accounting for varying traffic conditions and congestion levels.

e Manufacturing Industries: [24] Extensions of fuzzy competition graphs have been used to
model relationships and competition within manufacturing sectors, aiding in strategic
decision-making.

¢ Intelligent Transportation Systems: [25] Graph-based machine learning approaches have been
developed for smart urban transportation systems, facilitating efficient traffic management and

route optimization.
4. Conclusion

Herein, we have defined the new concept of irregular Pythagorean Neutrosophic graphs. Also,
we defined the concepts of neighbourly irregular Pythagorean neutrosophic graphs, neighbourly
totally irregular Pythagorean neutrosophic graphs, highly irregular Pythagorean neutrosophic graphs,
highly totally irregular Pythagorean neutrosophic graphs by providing suitable graphical

representation.
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The current study has certain limitations, as it primarily focuses on irregularity concepts within
static Pythagorean Neutrosophic Graphs (PNGs), without addressing dynamic or evolving networks
where vertex and edge membership values may vary over time. Theoretical results are derived from
idealized graph structures, which may require modifications for application to large-scale or noisy real-
world datasets. Additionally, while the proposed applications are conceptually outlined, empirical
validations using real-world data remain limited, and computational complexity aspects related to
detecting or constructing irregular PNGs are not extensively examined. Future work aims to extend
irregularity concepts to dynamic or temporal PNGs to model time-varying uncertainties, and to
develop efficient algorithms for detecting and measuring irregularities in large-scale graphs. Further
directions include applying irregular PNG models to practical domains such as social network analysis,
bioinformatics, and decision-making under uncertainty, supported by experimental validations.
Moreover, exploring the relationship between irregularities in PNGs and other neutrosophic graph
structures like picture fuzzy and interval-valued neutrosophic graphs, as well as investigating
optimization techniques and machine learning frameworks that incorporate irregular PNGs, could

enhance uncertainty management in data-driven applications.
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